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Foreword

The problem of scale pervades both the natural sciences and the vi-
sual arts. The earliest scientific discussions concentrate on visual per-
ception (much like today!) and occur in Euclid’s (¢. 300 B.C.) Optics
and Lucretius’ (¢. 100-55 B.C.) On the Nature of the Universe. A very
clear account in the spirit of modern “scale-space theory” is presented
by Boscovitz (in 1758), with wide ranging applications to mathemat-
ics, physics and geography. Early applications occur in the cartographic
problem of “generalization”, the central idea being that a map in order
to be useful has to be a “generalized” (coarse grained) representation of
the actual terrain (Miller and Voskuil 1964). Broadening the scope asks
for progressive summarizing. Very much the same problem occurs in the
(realistic) artistic rendering of scenes. Artistic generalization has been
analyzed in surprising detail by John Ruskin (in his Modern Painters),
who even describes some of the more intricate generic “scale-space sin-
gularities” in detail: Where the ancients considered only the merging of
blobs under blurring, Ruskin discusses the case where a blob splits off
another one when the resolution is decreased, a case that has given rise
to confusion even in the modern literature.

It is indeed clear that any physical observation of some extended quan-
tity such as mass density or surface irradiance presupposes a scale-space
setting due to the inherent graininess of nature on the small scale and its
capricious articulation on the large scale. What is the “right scale” does
indeed depend on the problem, i.e., whether one needs to see the forest,
the trees or the leaves. (Of course this list could be extended indefinitely
towards the microscopic as well as the the mesoscopic domains, as has
been done in the popular film Powers of Ten (Morrison and Morrison,
1984)). The physicist almost invariably manages to pick the right scale
for the problem at hand intuitively. However, in many modern applica-
tions the “right scale” need not be obvious at all, and one really needs a
principled mathematical analysis of the scale problem.

In applications such as wvision the front end system has to process
the radiance function blindly (since no meaning resides in the photons
as such) and the problem of finding the right scale becomes especially
acute. This is true for biological and artificial vision systems alike. Here
a principled theory is mandatory and can o priori be expected to yield
important insights and lead to mechanistic models. The modern scale-
space theory has indeed led to an increased understanding of the low level



ii Foreword

operations and novel handles on ways to design algorithms for problems
in machine vision.

In this book the author presents a commendably lucid outline of the
theory of scale-space, the structure of low level operations in a scale-
space setting and algorithmic schemes to use these structures such as to
solve important problems in computer vision. The subjects range from a
mathematical underpinning, over issues in implementation (discrete scale-
space structures) to more open ended algorithmic methods for computer
vision problems. The latter methods seem to me to point a way to a range
of potentially very important applications. This approach will certainly
turn out to be part of the foundations of the theory and practice of
machine vision.

It was about time for somebody to write a monograph on the subject
of scale-space structure and scale-space based methods, and the author
has no doubt performed an excellent service to many in the field of both
artificial and biological vision.

Utrecht, October 4th, 1993 Jan Koenderink



Preface

We perceive objects in the world as having structures both at coarse and
fine scales. A tree, for instance, may appear as having a roughly round
or cylindrical shape when seen from a distance, even though it is built
up from a large number of branches. At a closer look, individual leaves
become visible, and we can observe that the leaves in turn have texture
at an even finer scale.

The fact that objects in the world appear in different ways depending
upon the scale of observation has important implications when analysing
measured data, such as images, with automatic methods. A straightfor-
ward way of exemplifying this is to note that every operation on image
data must be carried out on a window, whose size can range from a single
point to the whole image. The type of information we can get from such
an operation is largely determined by the relation between structures in
the image and the size of the window. Hence, without prior knowledge
about what we are looking for, there is no reason to favour any particular
scale. We should therefore try them all and operate at all window sizes.

These insights are not completely new in computer vision. Multi-scale
representations of images in terms of pyramids were developed already
around 1970. A main motivation then was to achieve computational effi-
ciency by coarse-to-fine strategies. This approach was also supported by
findings in neurophysiology about the primate visual system. However,
it was soon discovered that relating structures from different levels in
the multi-scale representation was far from trivial. Structures at coarse
levels could sometimes not be assigned any direct interpretation, since
they were hard to trace to finer scales. Despite considerable efforts to
develop techniques for matching between scales, a theoretical foundation
was missing.

In 1983, Witkin proposed that scale could be considered as a con-
tinuous parameter, thereby generalizing the existing notion of Gaussian
pyramids. He noted the relation to the diffusion equation and hence found
a well-founded way of relating image structures between different scales.
Koenderink soon furthered the approach, which has been developed into
what we now know as scale-space theory.

Since that work, we have seen the theory develop in many ways, and
also realized that it provides a framework for early visual computations
of a more general nature. The aim of this book is to provide a coherent
overview of this recently developed theory, and to make material, which

iii
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has earlier existed only in terms of research papers, available to a larger
audience. The presentation provides an introduction into the general foun-
dations of the theory and shows how it applies to essential problems in
computer vision such as computation of image features and cues to surface
shape. The subjects range from the mathematical foundation to practical
computational techniques. The power of the methodology is illustrated
by a rich set of examples.

I hope that this work can serve as a useful introduction, reference, and
inspiration for fellow researchers in computer vision and related fields such
as image processing, signal processing in general, photogrammetry, and
medical image analysis. Whereas the book is mainly written in the form
of a research monograph, the level of presentation has been adapted so
that it can be used as a basis for advanced courses in these fields..

The presentation is organized in a logical bottom-up way, following
the ordering of the processing modules in an imagined vision system. It
is, however, not necessary to read the book in such a sequential manner.
Several of the chapters are relatively self-contained, and it should be pos-
sible to read them independently. A guide to the reader describing the
mutual dependencies is given in section 1.7 (page 22). I wish the reader
a pleasant tour into this highly stimulating and challenging subject.

Stockholm, September 1993, Tony Lindeberg



Abstract

The presentation starts with a philosophical discussion about computer
vision in general. The aim is to put the scope of the book into its wider
context, and to emphasize why the notion of scale is crucial when deal-
ing with measured signals, such as image data. An overview of different
approaches to multi-scale representation is presented, and a number of
special properties of scale-space are pointed out.

Then, it is shown how a mathematical theory can be formulated for
describing image structures at different scales. By starting from a set of
axioms imposed on the first stages of processing, it is possible to derive a
set of canonical operators, which turn out to be derivatives of Gaussian
kernels at different scales.

The problem of applying this theory computationally is extensively
treated. A scale-space theory is formulated for discrete signals, and it
demonstrated how this representation can be used as a basis for expressing
a large number of wvisual operations. Examples are smoothed derivatives
in general, as well as different types of detectors for image features, such
as edges, blobs, and junctions. In fact, the resulting scheme for feature de-
tection induced by the presented theory is very simple, both conceptually
and in terms of practical implementations.

Typically, an object contains structures at many different scales, but
locally it is not unusual that some of these “stand out” and seem to be
more significant than others. A problem that we give special attention to
concerns how to find such locally stable scales, or rather how to gener-
ate hypotheses about interesting structures for further processing. Tt is
shown how the scale-space theory, based on a representation called the
scale-space primal sketch, allows us to extract regions of interest from an
image without prior information about what the image can be expected
to contain. Such regions, combined with knowledge about the scales at
which they occur constitute qualitative information, which can be used
for guiding and stmplifying other low-level processes.

Experiments on different types of real and synthetic images demon-
strate how the suggested approach can be used for different visual tasks,
such as image segmentation, edge detection, junction detection, and focus-
of-attention. This work is complemented by a mathematical treatment
showing how the behaviour of different types of image structures in scale-
space can be analysed theoretically.
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It is also demonstrated how the suggested scale-space framework can
be used for computing direct cues to three-dimensional surface structure,
using in principle only the same types of visual front-end operations that
underlie the computation of image features.

Although the treatment is concerned with the analysis of visual data,
the notion of scale-space representation is of much wider generality and
arises in several contexts where measured data are to be analyzed and
interpreted automatically.



Acknowledgments

This book is based on the author’s thesis Discrete Scale-Space Theory
and the Scale-Space Primal Sketch, presented at KTH (Royal Institute of
Technology) in Stockholm in May 1991. The material has been updated
and extended with respect to research conducted since then.

It is a pleasure to take this opportunity to express my deep gratitude
to the following people for their important contributions in various ways:

o Jan-Olof Eklundh for introducing me into this inspiring field, for ex-
cellent supervision during my period as a PhD student, and for pro-
viding the stimulating and pleasant research environment to work
in known as the CVAP group at KTH.

e Jan Koenderink for his outstanding contributions to the field and
for serving as the opponent at my defense.

o Kjell Brunnstrom for the enjoyable collaboration with the work on
junction classification.

e Jonas Garding for the fruitful and inspiring collaboration on shape-
from-texture and our many discussions.

e Harald Winroth with whom I shared office during a number of years.
Our many talks and discussions have contributed substantially to
the presentation of this work.

o Fredrik Bergholm for many discussions about scale-space as well as
valuable comments on an endless number of manuscript drafts.

o Demetre Betsis for always being a reliable source of good advice.

e Stefan Carlsson for useful discussions, which served as a large source
of inspiration to the discrete scale-space theory.

o Ambjérn Naeve and Lars Svensson for always sharing their intuition
and insights into many aspects of mathematics.

o Thure Valdsoo for providing the interesting aerosol problem.

e Matti Rendahl for maintaining an excellent systems environment at
our laboratory, and for always providing wizardly help when needed.

vii



viil Acknowledgments

I would also like to thank my other colleagues at the Computational Vi-
sion and Active Perception Laboratory, CVAP, for their friendship and
for the help they have given me in so many ways: Magnus Andersson,
Ann Bengtson, Kiyo Chinzei, Antonio Francisco, Akihiro Horii, Meng-
Xiang Li, Anders Lundquist, Oliver Ludwig, Atsuto Maki, Peter Nord-
lund, Niklas Nordstrom, Goéran Olofsson, Lars Olsson, Kourosh Pahla-
van, Eva Setterlind, Tomas Uhlin, and Wei Zhang.

T would like to express my gratitude to the other colleagues at KTH
with whom I've had valuable interactions. In particular, I would like to
mention Michael Benedicts, Anders Bjorner, Germund Dahlquist, Lars
Holst, Torbjorn Kolsrud, Heinz-Otto Kreiss, Anders Liljeborg, Bengt Lind-
berg, Jesper Oppelstrup, and Johan Philip.

This work has also benefitted from discussions with other colleagues
in the field, in particular the partners in our national, European, and
transatlantic collaborations. Especially, I would like to thank Luc Flo-
rack, Peter Johansen, Bart ter Haar Romeny, Stephen Pizer, and Richard
Weiss with all of whom I have had several highly interesting discussions.

In preparing this manuscript I would like to thank Jan Michael Ryn-
ning for valuable advice on IXTRX and typesetting, Birgitta Krasse for
redrawing many of the figures, and Mike Casey at Kluwer Academic Pub-
lishers for his enthusiasm and patience with this manuscript.

Moreover, I would like to thank my parents Paul and Inga-Lill for
always being there when I needed help in any way.

The research presented in this book has been made possible by a grad-
uate position, “excellenstjanst,” and a postgraduate position, “forskaras-
sistenttjanst,” provided by KTH together with financial support from
the Swedish National Board for Industrial and Technical Development,
NUTEK. Parts of the work have been performed under the ESPRIT-BRA
projects InSight and VAP. This support is gratefully acknowledged.

All implementations have been made within the Candela and CanApp
programming environment for image analysis developed at the Compu-
tational Vision and Active Perception Laboratory.



Contents

Introduction and overview

1.1 Theory of a visual front-end . . . . . . .. .. ... .. ... ...
1.2 Goal . . e
1.3 The nature of the problem . . . . . .. .. ... ... ......
1.4 Scale-space representation . . . . . ... ... ...
1.5 Philosophies and ideas behind the approach . . . . .. ... ...
1.6 Relations to traditional applied mathematics . . . . ... .. ..
1.7 Organization of thisbook . . . ... ... ... ... ......

Part I:
Basic scale-space theory

Linear scale-space and related multi-scale representations

2.1 Early multi-scale representations . . . . ... ... ... .....
2.2 Quad-tree . . . . .. ..
2.3 Pyramid representations . . . . . ... ... oL
2.4 Scale-space representation and scale-space properties . . . . . . .
2.5 Uniqueness of scale-space representation . . . . . ... ... ...
2.6 Summary and retrospective . . . . ... ..o
2.7 Wavelets . . . . . . . . e
2.8 Regularization . .. ...... ... .. ... ..
2.9 Relations between different multi-scale representations . . . . . .

Scale-space for 1-D discrete signals

3.1 Scale-space axioms in one dimension . . ... ... .. ... ...
3.2 Properties of scale-space kernels . . . . .. ... ... ...
3.3 Kernel classification . . . . . ... ..o L.
3.4 Axiomatic construction of discrete scale-space . . . . . .. .. ..
3.5 Axiomatic construction of continuous scale-space . . . . . .. ..
3.6 Numerical approximations of continuous scale-space . . . . . ..
3.7 Summary and discussion . . . . ... ... L
3.8 Conclusion: Scale-space for 1-D discrete signals . . . . . ... ..

Scale-space for N-D discrete signals

4.1 Scale-space axioms in higher dimensions . . . . ... .. ... ..
4.2 Axiomatic discrete scale-space formulation . . . . . . ... . ...
4.3 Parameter determination . . ... ... ... oL
4.4 Summary and discussion . . . . . ... ..o
4.5 Possibleextensions . . . . . ... ..o

Discrete derivative approximations with scale-space properties
5.1 Numerical approximation of derivatives . .. ... ... ... ..

ix

31
32
32
33
39
47
53
55
56
58

61
62
65
76
82
88
91
98
100

101
103
106
112
118
119

123



10

Contents

5.2 Scale-space derivatives . . . . . ... .. ... L.
5.3 Discrete approximation of scale-space derivatives . . .. . ... .
5.4 Computational implications . . . . ... ... .. .........
55 Kernelgraphs . . . .. .. ... .. Lo L
5.6 Summary and discussion . . . ... ...

Feature detection in scale-space

6.1 Differential geometry and differential invariants . . . . . . ... .
6.2 Experimental results: Low-level feature extraction . . ... ...
6.3 Feature detection from differential singularities . . . ... ... .
6.4 Selective mechanisms . . . . ... ... ... .. ... L.

Part II:
The scale-space primal sketch: Theory

The scale-space primal sketch

7.1 Grey-levelblob . ... .. ... ... ... L
7.2 Grey-levelblobtree . . ... ... ... ... ... .. .. ... .
7.3 Motivation for introducing a multi-scale hierarchy . .. ... ..
7.4 Scale-spaceblob . .. ... .. ... ... . ... .. . ... ...
7.5 Scale-spaceblobtree . . . . . ... ... ... ... ...
7.6 Grey-level blob extraction: Experimental results. . . . . ... . .
7.7 Measuring blob significance . . .. .. ... ... ... ... ...
7.8 Resulting representation . . . . . ... ... ... ...

Behaviour of image structures in scale-space: Deep structure

8.1 Trajectories of critical points in scale-space . . .. ... ... ..
8.2 Scale-spaceblobs . . . ... ... ... .. ... ..
8.3 Bifurcation events for critical points: Classification . . . ... ..
8.4 Bifurcation events for grey-level blobs and scale-space blobs . . .
8.5 Behaviour near singularities: Examples . . . . ... ... .. ...
8.6 Relating differential singularities acrossscales . . . . .. .. ...
8.7 Density of local extrema as function of scale . . . . ... .. ...
88 Summary . . ... ..

Algorithm for computing the scale-space primal sketch

9.1 Grey-level blob detection . . . ... ................
9.2 Linking grey-level blobs into scale-space blobs . . . . .. ... ..
9.3 Basic blob linking algorithm . . . . .. ... ... .........
9.4 Computing scale-space blob volumes . . . . ... .........
9.5 Potential improvements of the algorithm . . . . . ... ... ...
9.6 Data structure . . .. ... ... ...

Part III:
The scale-space primal sketch: Applications

Detecting salient blob-like image structures and their scales

10.1 Motivations for the assumptions . .. ... .. ... .......
10.2 Basic method for extracting blob structures . . . . . .. ... ..
10.3 Experimental results . . . . . .. ... ... ... ... ...,



Contents

11

12

13

14

15

10.4 Further treatment of generated blob hypotheses . . . . . . . . ..
10.5 Properties of the scale selection method . . . ... .. ... ...
10.6 Additional experiments . . . .. . .. .. ... ...

Guiding early visual processing with qualitative scale and region
information

11.1 Guiding edge detection with blob information . . . . .. .. ...
11.2 Automatic peak detection in histograms . . . .. ... ... ...
11.3 Junction classification: Focus-of-attention . . .. ... ... ...
11.4 Example: Analysis of aerosol images . . . . ... ... ......
11.5 Other potential applications . . . . . ... .. ...........

Summary and discussion

12.1 Scale-space experiences. . . . . . . . . . . ...
12.2 Relations to previouswork . . . . . .. ... ...
12.3 Grey-level blobs vs. Laplacian sign blobs . . . . . .. ... . ...
12.4 Invariance properties . . . . . . . . .. ..o
12.5 Alternative approaches and further work . . . . . ... ... ...
12.6 Conclusions . . . . .« v v v it e e e

Part IV:
Scale selection and shape computation in a visual front-end

Scale selection for differential operators

13.1 Basic idea for scale selection . . . . . . .. ... ...
13.2 Proposed method for scale selection . . . ... ... .......
13.3 Blob detection . . . ... .. ... ... oL
13.4 Junction detection . . . . . . ... .. oo
13.5 Edgedetection . . . . .. ... ... e
13.6 Discrete implementation of normalized derivatives . .. ... ..
13.7 Interpretation in terms of self-similar Fourier spectrum . . . . . .
13.8 Summary and discussion . . . . ... ..o

Direct computation of shape cues by scale-space operations

14.1 Shape-from-texture: Review . . . . .. ... ... ... ......
14.2 Definition of an image texture descriptor . . . . . . ... ... ..
14.3 Deriving shape cues from the second moment matrix . . . . . . .
14.4 Scale problems in texture analysis . . .. ... ... ... ....
14.5 Computational methodology and experiments . . . . . ... ...
14.6 Spatial selection and blob detection . . . . . . ... ... ... ..
14.7 Estimating surface orientation . . . . . .. ... .. ... ...
14.8 Experiments . . . . . . . . ...
14.9 Summary and discussion . . . . . ... ..o

Non-uniform smoothing

15.1 Non-linear diffusion: Review . . . . . ... ... ... ... . ...
15.2 Linear shape-adapted smoothing . . . ... ... ... ... ...
15.3 Affine scale-space . . . . . . . ...
15.4 Definition of an affine invariant image texture descriptor . . . . .
15.5 Outlook . . . . . . . . e

xi

256
257
259

271
272
282
285
300
304

307
308
310
311
311
312
313

317
318
320
325
328
339
345
346
347

349
350
353
357
359
365
371
374
376
379



xii Contents

Appendix
A Technical details 395
A.1 Implementing scale-space smoothing . . . ... ... ... .. .. 395
A.2 Polynomials satisfying the diffusion equation . ... ... . ... 398
Bibliography 399

Index 415



