Statistical Models of Shape



Rhodri Davies ¢ Carole Twining e« Chris Taylor

Statistical Models of Shape

Optimisation and Evaluation

@ Springer



Rhodri Davies
Division of Imaging Science
and Biomedical Engineering (ISBE)
University of Manchester
UK
rhodri.davies @manchester.ac.uk

Carole Twining
Division of Imaging Science
and Biomedical Engineering (ISBE)
University of Manchester
UK
carole.twining @manchester.ac.uk

Chris Taylor
Division of Imaging Science
and Biomedical Engineering (ISBE)
University of Manchester
UK
chris.taylor@manchester.ac.uk

ISBN: 978-1-84800-137-4
DOI: 10.1007/978-1-84800-138-1

e-ISBN: 978-1-84800-138-1

British Library Cataloguing in Publication Data
A catalogue record for this book is available from the British Library

Library of Congress Control Number: 2008933222

(© Springer-Verlag London Limited 2008

Apart from any fair dealing for the purposes of research or private study, or criticism or review, as
permitted under the Copyright, Designs and Patents Act 1988, this publication may only be reproduced,
stored or transmitted, in any form or by any means, with the prior permission in writing of the publishers,
or in the case of reprographic reproduction in accordance with the terms of licenses issued by the
Copyright Licensing Agency. Enquiries concerning reproduction outside those terms should be sent to
the publishers.

The use of registered names, trademarks, etc., in this publication does not imply, even in the absence of a
specific statement, that such names are exempt from the relevant laws and regulations and therefore free
for general use.

The publisher makes no representation, express or implied, with regard to the accuracy of the information
contained in this book and cannot accept any legal responsibility or liability for any errors or omissions
that may be made.

Printed on acid-free paper
987654321

Springer Science+Business Media
springer.com



If fy rhieni, diolch am eich holl gefnogaeth.
Rhodri

To my wife Jo, and to the memory of
my father.
Carole

To Jill, Andrew, and Alison, for keeping
me sane.

Chris



Acknowledgements

Whilst undertaking the research that formed the basis for this book, Carole
Twining and Rhodri Davies were funded by the MIAS' Inter-disciplinary
Research Consortium (IRC) project, EPSRC grant No. GR/N14248/01, UK
Medical Research Council Grant No. D2025/31.

During his doctoral training, which also contributed to that research,
Rhodri Davies was funded on a BBSRC Industrial CASE studentship with
AstraZeneca.? During the writing of this book, Rhodri Davies was fortunate
to receive financial support from the Foulkes Foundation.?

A special thank you to Tomos Williams, Anna Mills, Danny Allen, and
Tim Cootes (ISBE, Manchester) for their assistance, humour, and forebear-
ance. Thanks also to John Waterton (AstraZeneca) and Alan Brett (Optasia
Medical?).

A special mathematical thank you to Stephen Marsland (Massey Univer-
sity, New Zealand) for his many contributions to the development of this
work, and for many fruitful arguments.

The hippocampus dataset was kindly provided by Martin Styner, Guido
Gerig, and co-workers from the University of North Carolina, Chapel Hill,
USA,; the schizophrenia study from which this data was drawn was supported
by The Stanley Foundation. The surfaces of the distal femur were provided by
Tomos Williams, Chris Wolstenholme, and Graham Vincent of Imorphics.®
The authors also wish to extend their thanks to their colleagues within the
MIAS IRC, and to their ISBE colleagues at Manchester, for helping to provide
the sort of intellectual environment in which excellent research can flourish.

I “From Medical Images and Signals to Clinical Information.”

2 AstraZeneca Pharmaceuticals, Alderley Park, Macclesfield, Cheshire, SK10 4TF.
3 Foulkes Foundation Fellowship, 37 Ringwood Avenue, London, N2 9NT.

4 Optasia Medical Ltd, Haw Bank House, High Street, Cheadle, SK8 1AL.

5 Imorphics Ltd, Kilburn House, Lloyd Street North, Manchester Science Park, Manchester,
M15 6SE.



Contents

1 Introduction ........... ... . .. .. . 1
1.1 Example Applications of Statistical Models ................ 2
1.1.1 Detecting Osteoporosis Using Dental Radiographs .... 2

1.1.2  Detecting Vertebral Fractures ...................... 4

1.1.3 Face Identification, Tracking, and Simulation of Ageing 6

1.2 OVerVIEW ..ot 7

2 Statistical Models of Shape and Appearance.............. 9
2.1 Finite-Dimensional Representations of Shape............... 10
2.1.1 Shape Alignment .......... ... .. . i, 11

2.1.2  Statistics of Shapes . ...... ... ... .. ... L. 14

2.1.3 Principal Component Analysis ..................... 14

2.2 Modelling Distributions of Sets of Shapes.................. 18
2.2.1 Gaussian Models ....... ... .. . i i 19

2.2.2 Kernel Density Estimation......................... 20

2.2.3 Kernel Principal Component Analysis............... 21

2.2.4  Using Principal Components to Constrain Shape . . ... 25

2.3 Infinite-Dimensional Representations of Shape.............. 30
2.3.1 Parameterised Representations of Shape............. 33

2.4 Applications of Shape Models .. .......................... 40
2.4.1 Active Shape Models .............. ... ... ... ..... 44

2.4.2 Active Appearance Models ........................ 45

3 Establishing Correspondence ............................. 49
3.1 The Correspondence Problem ............................ 50

3.2 Approaches to Establishing Correspondence................ 51
3.2.1 Manual Landmarking .............. ... ... ... ..... 51

3.2.2  Automatic Methods of Establishing Correspondence .. 52

3.2.2.1 Correspondence by Parameterisation ........ 52

3.2.2.2 Distance-Based Correspondence ............ 53

3.2.2.3 Feature-Based Correspondence ............. 54



Contents

3.2.2.4 Correspondence Based on Physical Properties 55

3.2.2.5 Image-Based Correspondence............... 56
3.2.3  SUMIATY .« o ettt et ettt 57
3.3 Correspondence by Optimisation ......................... 57
3.3.1 Objective Function ......... .. ... .. ... .. ..... 59
3.3.2 Manipulating Correspondence. ..................... 60
3.3.3 Optimisation ...............o ... 63
Objective Functions ......... .. .. .. .. .. .. .. . .. .. .. ... 67
4.1 Shape-Based Objective Functions. ........................ 68
4.1.1 Euclidian Distance and the Trace of the Model
Covariance . .......c..uuii i 68
4.1.2 Bending Energy ........ .. .. . i 71
4.1.3 Curvature .. ..o 73
4.1.4 Shape Context .......oouuinin i, 74
4.2 Model-Based Objective Functions ........................ 76
4.2.1 The Determinant of the Model Covariance........... 76
4.2.2 Measuring Model Properties by Bootstrapping ....... 78
4.2.2.1 Specificity . ... 78
4.2.2.2  Generalization Ability ..................... 78
4.3 An Information Theoretic Objective Function .............. 80
4.3.1 Shannon Codeword Length and Shannon Entropy .... 82
4.3.2 Description Length for a Multivariate Gaussian Model 84
4.3.3 Approximations to MDL .......................... 89
4.3.4 Gradient of Simplified MDL Objective Functions . . ... 91
4.4 Concluding Remarks .. ..... ... ... .. i i 94
Re-parameterisation of Open and Closed Curves.......... 95
5.1 0pen CUIVES. ..o vttt 97
5.1.1 Piecewise-Linear Re-parameterisation ............... 97
5.1.2 Recursive Piecewise-Linear Re-parameterisation ... ... 98
5.1.3 Localized Re-parameterisation ..................... 100
5.1.4 Kernel-Based Representation of Re-parameterisation .. 104
5.1.4.1 Cauchy Kernels........................... 106
5.1.4.2 Polynomial Re-parameterisation ............ 107
5.2 Differentiable Re-parameterisations for Closed Curves . ... ... 110
5.2.1 Wrapped Kernel Re-parameterisation for Closed Curves111
5.3 Use in Optimisation ................ ... 114
Parameterisation and Re-parameterisation of Surfaces .... 117
6.1 Surface Parameterisation ................ ... ... ... ... ... 118
6.1.1 Initial Parameterisation for Open Surfaces........... 120
6.1.2 Initial Parameterisation for Closed Surfaces.......... 121
6.1.3 Defining a Continuous Parameterisation ............. 123

6.1.4 Removing Area Distortion ......................... 124



Contents xi

6.1.5 Consistent Parameterisation ....................... 125

6.2 Re-parameterisation of Surfaces ....................... ... 126

6.2.1 Re-parameterisation of Open Surfaces............... 127

6.2.1.1 Recursive Piecewise Linear Re-parameterisation127

6.2.1.2 Localized Re-parameterisation.............. 130

6.2.2 Re-parameterisation of Closed Surfaces.............. 134

6.2.2.1 Recursive Piecewise-Linear Re-

parameterisation. .......... ... .. .. ... 134

6.2.2.2 Localized Re-parameterisation.............. 136

6.2.2.3 Cauchy Kernel Re-parameterisation ......... 138

6.2.2.4 Symmetric Theta Transformation ........... 138

6.2.2.5 Asymmetric Theta Transformations ......... 139

6.2.2.6 Shear Transformations .................... 141

6.2.3 Re-parameterisation of Other Topologies ............ 142

6.3 Use in Optimisation ......... .. .. .. . . .. 144

7  Optimisation .......... .. .. ... .. .. . 147

7.1 A Tractable Optimisation Approach ...................... 148

7.1.1 Optimising One Example at a Time ................ 149

7.1.2  Stochastic Selection of Values for Auxiliary Parameters 149

7.1.3 Gradient Descent Optimisation..................... 150

7.1.4 Optimising Pose........ ... i, 152

7.2 Tailoring Optimisation ......... ... ... .. . i ... 152

7.2.1 Closed Curves and Surfaces........................ 153

7.2.2 Open Surfaces ........ . . i 153

7.2.3 Multi-part Objects ...........c i, 154

7.3 Implementation Issues ........... .. . ... 154
7.3.1 Calculating the Covariance Matrix by Numerical

Integration ....... ... ... ... L 154

7.3.2 Numerical Estimation of the Gradient............... 155

7.3.3 Sampling the Set of Shapes ........................ 156

7.3.4 Detecting Singularities in the Re-parameterisations ... 159

7.4 Example Optimisation Routines .......................... 160

7.4.1 Example 1: Open Curves ..............c.oiiin.... 160

7.4.2 Example 2: Open Surfaces .. ....................... 167

8 Non-parametric Regularization ........................ ... 177

8.1 Regularization ........ ... .. . .. 177

8.1.1 Non-parametric Regularization..................... 178

8.2 Fluid Regularization ......... ... .. . .. i 182

8.3 The Shape Manifold ....... ... ... .. .. . i i, 185

8.3.1 The Induced Metric ....... .. ... .. 188

8.3.2 Tangent Space ...... ...t 189

8.3.3 Covariant Derivatives .............. ... ... ... ..... 192

8.4 Shapelmages ....... ... 199



xii Contents

8.5 Implementation Issues ......... .. .. . .. . . . 203
8.5.1 TIterative Updating of Shape Images................. 205
8.5.2 Dealing with Shapes with Spherical Topology ........ 206
8.5.3 Avoiding Singularities by Re-gridding ............... 209

8.6 Example Implementation of Non-parametric Regularization .. 209
8.7 Example Optimisation Routines Using Iterative Updating of

Shape Images .. .. ..ot 220
8.7.1 Example 3: Open Surfaces Using Shape Images ...... 220
8.7.2 Example 4: Optimisation of Closed Surfaces Using
Shape Images .. ...... .. . i 222
9 [Evaluation of Statistical Models .......................... 231
9.1 Evaluation Using Ground Truth ....... ... ... ... ... ...... 232
9.2 Evaluation in the Absence of Ground Truth................ 236

9.2.1 Specificity and Generalization: Quantitative Measures . 237
9.3 Specificity and Generalization as Graph-Based Estimators ... 240

9.3.1 Evaluating the Coefficients B, .................... 245

9.3.2 Generalized Specificity ......... .. ... .. o 251

9.4 Specificity and Generalization in Practice............... ... 252

9.5 DiSCUSSION . . ..ot 255
Appendix A Thin-Plate and Clamped-Plate Splines ......... 259
A.1 Curvature and Bending Energy.............. ... .. ....... 259

A.2 Variational Formulation ............. ... ... .. ... ...... 261
A.3 Green’s Functions ......... ... ... i, 262
A.3.1 Green’s Functions for the Thin-Plate Spline.......... 263

A.3.2 Green’s Functions for the Clamped-Plate Spline . . .. .. 264
Appendix B Differentiating the Objective Function ......... 265
B.1 Finite-Dimensional Shape Representations ................. 265
B.1.1 The Pseudo-Inverse . ............... ... ... ... ..... 266

B.1.2 Varying the Shape.......... .. ... .. ... .. .. ... 267

B.1.3 From PCA to Singular Value Decomposition ......... 272

B.2 Infinite Dimensional Shape Representations................ 273
GloSSary . ..o 277
References. . ... ... .. .. 285



	Acknowledgements
	Contents


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




