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Preface

Mathematics is a beautiful subject. Its symbols, notation and abstract structures per-
mit us to define, manipulate and resolve extremely complex problems. However, the
symbols by themselves are meaningless – they are nothing more than a calligraphic
representation of a mental idea. If one does not understand such symbols, then the
encoded idea remains a secret.

Having spent most of my life using mathematics, I am still conscious of the fact
that I do not understand much of the notation used by mathematicians. And even
when I feel that I understand a type of notation, I still ask myself “Do I really un-
derstand its meaning?” For instance, I originally studied to be an electrical engineer
and was very familiar with i =

√
−1, especially when used to represent out-of-phase

voltages and currents. I can manipulate complex numbers with some confidence, but
I must admit that I do not understand the physical meaning of ii. This hole in my
knowledge makes me feel uncomfortable, but I suppose it is reassuring to learn that
some of our greatest mathematicians have had problems understanding some of their
own inventions.

Some people working in computer graphics have had a rigorous grounding in
mathematics and can exploit its power to solve their problems. However, in my
experience, the majority of people have had to pick up their mathematical skills on
an ad hoc basis depending on the problem at hand. They probably had no intention
of being mathematicians, nevertheless they still had to study mathematics and apply
it intelligently, which is where this book comes in.

To begin with, this book is not for mathematicians. They would probably raise
their hands in horror about the level of mathematical rigour I have employed, or
probably not employed! This book is for people working in computer graphics who
know that they have to use mathematics in their day-to-day work, and don’t want to
get too embroiled in axioms, truths and Platonic realities.

This book originally appeared as part of Springer’s excellent “Essential” series,
and was revised to include chapters on analytical geometry, barycentric coordinates
and worked examples. This edition includes a new chapter on geometric algebra,
which I have written about in my books Geometric Algebra for Computer Graphics
and Geometric Algebra: An Algebraic System for Computer Games and Animation.
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viii Preface

Although I prepared the first book using Microsoft WORD, for this last edition
I have used LATEX 2ε which has greatly improved the layout. This, however, has re-
quired me to type in every equation again, which was not only tedious, but an oppor-
tunity to correct a handful of typos that always seem to find there way into books. I
have also redrawn all the illustrations to bring a consistent graphical appearance to
the book. LATEX 2ε is an amazing software system – extremely fast and robust. The
entire book only takes 4 s to typeset, which permitted me to edit the final draft and
recompile every time I changed a single punctuation mark!

Whilst writing this book I have borne in mind what it was like for me when I
was studying different areas of mathematics for the first time. In spite of reading
and rereading an explanation several times it could take days before “the penny
dropped” and a concept became apparent. Hopefully, the reader will find the fol-
lowing explanations useful in developing their understanding of these specific areas
of mathematics, and enjoy the sound of various pennies dropping!

Once again, I am indebted to Beverley Ford, General Manager, Springer UK, and
Helen Desmond, Assistant Editor for Computer Science, for persuading me to give
up holidays and hobbies in order to complete this book! I would also like to thank
Springer’s technical support team for their help with LATEX 2ε .

Ringwood, John Vince
January 2010



Contents

1 Mathematics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Is Mathematics Difficult? . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.3 Who Should Read This Book? . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.4 Aims and Objectives of This Book . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.5 Assumptions Made in This Book . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.6 How to Use This Book . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2 Numbers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.2 Natural Numbers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.3 Prime Numbers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.4 Integers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.5 Rational Numbers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.6 Irrational Numbers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.7 Real Numbers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.8 The Number Line . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.9 Complex Numbers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.10 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

3 Algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
3.2 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
3.3 Algebraic Laws . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

3.3.1 Associative Law . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
3.3.2 Commutative Law . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
3.3.3 Distributive Law . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

3.4 Solving the Roots of a Quadratic Equation . . . . . . . . . . . . . . . . . . . . 16
3.5 Indices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

3.5.1 Laws of Indices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
3.5.2 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

ix



x Contents

3.6 Logarithms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
3.7 Further Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
3.8 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

4 Trigonometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
4.2 The Trigonometric Ratios . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
4.3 Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
4.4 Inverse Trigonometric Ratios . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
4.5 Trigonometric Relationships . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
4.6 The Sine Rule . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
4.7 The Cosine Rule . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
4.8 Compound Angles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
4.9 Perimeter Relationships . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
4.10 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

5 Cartesian Coordinates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
5.2 The Cartesian xy-Plane . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

5.2.1 Function Graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
5.2.2 Geometric Shapes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
5.2.3 Polygonal Shapes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
5.2.4 Areas of Shapes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
5.2.5 Theorem of Pythagoras in 2D . . . . . . . . . . . . . . . . . . . . . . . 31

5.3 3D Coordinates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
5.3.1 Theorem of Pythagoras in 3D . . . . . . . . . . . . . . . . . . . . . . . 33
5.3.2 3D Polygons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
5.3.3 Euler’s Rule . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

5.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

6 Vectors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
6.2 2D Vectors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

6.2.1 Vector Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
6.2.2 Graphical Representation of Vectors . . . . . . . . . . . . . . . . . . 37
6.2.3 Magnitude of a Vector . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

6.3 3D Vectors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
6.3.1 Vector Manipulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
6.3.2 Multiplying a Vector by a Scalar . . . . . . . . . . . . . . . . . . . . . 40
6.3.3 Vector Addition and Subtraction . . . . . . . . . . . . . . . . . . . . . 41
6.3.4 Position Vectors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
6.3.5 Unit Vectors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
6.3.6 Cartesian Vectors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
6.3.7 Vector Multiplication . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
6.3.8 Scalar Product . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45



Contents xi

6.3.9 Example of the Scalar Product . . . . . . . . . . . . . . . . . . . . . . 47
6.3.10 The Dot Product in Lighting Calculations . . . . . . . . . . . . . 48
6.3.11 The Scalar Product in Back-Face Detection . . . . . . . . . . . . 49
6.3.12 The Vector Product . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
6.3.13 The Right-Hand Rule . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

6.4 Deriving a Unit Normal Vector for a Triangle . . . . . . . . . . . . . . . . . 55
6.5 Areas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

6.5.1 Calculating 2D Areas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
6.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

7 Transforms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
7.2 2D Transforms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

7.2.1 Translation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
7.2.2 Scaling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
7.2.3 Reflection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

7.3 Matrices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
7.3.1 Systems of Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
7.3.2 The Determinant of a Matrix . . . . . . . . . . . . . . . . . . . . . . . . 65

7.4 Homogeneous Coordinates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
7.4.1 2D Translation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
7.4.2 2D Scaling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
7.4.3 2D Reflections . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
7.4.4 2D Shearing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
7.4.5 2D Rotation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
7.4.6 2D Scaling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
7.4.7 2D Reflection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
7.4.8 2D Rotation About an Arbitrary Point . . . . . . . . . . . . . . . . 74

7.5 3D Transforms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
7.5.1 3D Translation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
7.5.2 3D Scaling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
7.5.3 3D Rotation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
7.5.4 Gimbal Lock . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80
7.5.5 Rotating About an Axis . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81
7.5.6 3D Reflections . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

7.6 Change of Axes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83
7.6.1 2D Change of Axes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83
7.6.2 Direction Cosines . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85
7.6.3 3D Change of Axes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

7.7 Positioning the Virtual Camera . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
7.7.1 Direction Cosines . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
7.7.2 Euler Angles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

7.8 Rotating a Point About an Arbitrary Axis . . . . . . . . . . . . . . . . . . . . . 93
7.8.1 Matrices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
7.8.2 Quaternions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99



xii Contents

7.8.3 Adding and Subtracting Quaternions . . . . . . . . . . . . . . . . . 100
7.8.4 Multiplying Quaternions . . . . . . . . . . . . . . . . . . . . . . . . . . . 101
7.8.5 Pure Quaternion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101
7.8.6 The Inverse Quaternion . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102
7.8.7 Unit Quaternion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102
7.8.8 Rotating Points About an Axis . . . . . . . . . . . . . . . . . . . . . . 102
7.8.9 Roll, Pitch and Yaw Quaternions . . . . . . . . . . . . . . . . . . . . 106
7.8.10 Quaternions in Matrix Form . . . . . . . . . . . . . . . . . . . . . . . . 107
7.8.11 Frames of Reference . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

7.9 Transforming Vectors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109
7.10 Determinants . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111
7.11 Perspective Projection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115
7.12 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

8 Interpolation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
8.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
8.2 Linear Interpolation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
8.3 Non-Linear Interpolation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

8.3.1 Trigonometric Interpolation . . . . . . . . . . . . . . . . . . . . . . . . . 122
8.3.2 Cubic Interpolation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

8.4 Interpolating Vectors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128
8.5 Interpolating Quaternions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131
8.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

9 Curves and Patches . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135
9.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135
9.2 The Circle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135
9.3 The Ellipse . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136
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9.6 Bézier Curves Using Matrices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

9.6.1 Linear Interpolation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146
9.7 B-Splines . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149

9.7.1 Uniform B-Splines . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150
9.7.2 Continuity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152
9.7.3 Non-uniform B-Splines . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153
9.7.4 Non-uniform Rational B-Splines . . . . . . . . . . . . . . . . . . . . . 153

9.8 Surface Patches . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154
9.8.1 Planar Surface Patch . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154
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