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Abstract. In the paper, we propose an efficient method based on the
use of a bicubic Hermite finite element coupled with collocation for the
diffusion equation. This enables one to reduce the dimension of the sys-
tem of equations in comparison with the standard finite element scheme.
Numerical experiments confirm a theoretical convergence estimate and
demonstrate the advantage of the proposed method.
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1 Introduction

The application of Hermite finite elements to the solution of a partial differential
equation results in a system of linear algebraic equations whose dimension is
several times less than in the case of full or incomplete (serendipity) Lagrange
elements of the same degree which provide the same order of convergence [8].
Besides, a finite element with the values of second-order derivatives at the nodes
in the set of degrees of freedom (DoF) provides a way to use the collocation
technique for some equations. Requiring the residual to vanish at the nodes, we
express one DoF in terms of other ones from the original equation and eliminate
the related equations from the system. This enables one to reduce still further
the dimension of the system of equations. In [4] we propose this approach for
the Poisson equation and confirm its efficiency with numerical experiments.

In the paper, we extend this approach to the diffusion equation with a con-
stant coefficient on a rectangular domain. To construct a discrete problem, we
use the bicubic Hermite element on a rectangular cell proposed in [4] and elimi-
nate the unknowns being the values of the second-order derivative with respect
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to one of variables. We prove an error estimate for the modified problem. Nu-
merical experiments confirm that the elimination of 1/3 of the unknowns and
the equations retains the order of convergence of an approximate solution.

A direct application of Hermite elements on a rectangular cell is restricted to
the case of domains composed of rectangles. However, to extend the area of the
application of the bicubic Hermite element considered in the paper to the case of
a polygonal domain or a domain with the curved boundary, we can complement
it with the appropriate triangular elements proposed and studied in [5].

2 Notations

Let Q = (0, Hy) x (0, H2) C R? be a rectangle with the boundary I'. To construct
a uniform triangulation 7}, we subdivide Q into N; x Ny closed rectangles by
the lines

l‘:ihl, y:jhg, iZO,...,Nl, jZO,...,NQ,

where hy = Hy /N, k = 1,2. Denote
h =max {hy, ha}.

For functions u, v defined and measurable on €2, introduce the inner product
and the induced norm:

(u,v) = /uv s, lulo.q = (u,u)'/2.
Q

Denote by L2(€2) the space of all functions u defined and measurable on 2 with
the finite norm |u|g,o. Introduce also the semi-norms

O,Q)

Denote by H*(Q) the space of all functions u defined and measurable on
together with their partial derivatives up to order k with the finite norm [1]

oFu
dx1Qyt2

o = ( 5

i1+io=k

lu llke= (Julg o + lul? o + .. + [uli o) /2.

Denote by Pj the space of all polynomials in two variables up to degree k:

E i1 ,,12
Qiq 35T 1y .

0<i1+iz<k

Define a “reference” finite elements as a triple (é, ]57A2) where é is a “refer-
ence” cell, P is a space of polynomials defined on é, and ¥ is a set of functionals
called degrees of freedom.
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3 A Bicubic Hermite Element

In [4] we propose a new Hermite element defined as follows (Fig. 1):

é=1[0,1]2
P =span{1,#,7, 29,22, 9% 229, 9%, 2°, 9%, %7, 29°},
S = {ts,i(s = 0,1,2) : Yo:(p) = p(a:), ¥1,(p) = 9*p/0i*(as), (1)
Po.i(p) = 0*p/09*(as), i =1,...,4, Vp € P}.
A
~ =
a, s
&
~ >—L>
a, s

Fig. 1. A double arrow shows the DoF being the value of the second-order derivative
it the corresponding direction at the node.

The Lagrange basis for (1) is given by

@0,1 - (1 - j:)(l - ZQ ) @0,3 = g7

P11 =2(1—2)(@—2)(1-9)/6, ¢13=a(2* - 1)5/6,

@2,1 = (1 - ‘(i')g(]- - g)(g - 2)/67 @2,3 = ‘%Q(QQ - 1)/63 (2)
$o,2 = 2(1 - 9), $o0,4 = (1 - 2)7,

P12 =2(2* — 1)(1 - 9)/6, ¢14=2(1—2)(% —2)9/6,

P22 =2Y(L = §)(§ —2)/6, Poa=(1-2)5(y° —1)/6.

For the partition 7, the usual affine mapping of the ”reference” element onto
an elementary cell [z;, z; + hi] X [y;j,y; + ho] is of the form

r=ux;+ M, Yy=1vy; + hgg (3)

Since P O Ps, for the interpolant @ of a function u € H*(Q2) on the trian-
gulation 7, we have the usual accuracy estimates [3, 2]

lu —dirloa < ch* || u a0,

| u—ir [ro< ch®™* || ullue, &=1,2 (4)

From here on, ¢ denotes a positive constant independent of v and h.
A feature of element (1) is that for some partial differential equations we can
use the collocation technique requiring the residual to vanish at the nodes of
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the elements. This results in considerably reducing the number of unknowns in
the system of linear algebraic equations of the finite element method. In [4] this
approach is applied to the Poisson equation with numerical results confirming
its efficiency.

4 A Discrete Problem for the Diffusion Equation

Without loss of generality, for simplicity sake we assume that = (0,1) x (0, 1).
Consider the problem
—Au+ku=finQ, (5)

u=0onTl, (6)

where A = 02 /022 + 02 /0y? is the Laplacian, f € H?(f), k=const > ¢ > 0.

For (5)—(6) we construct the standard scheme of the finite element method
with Hermite element (1). Notice that when constructing the partition of {2, we
have Ny = Ny = N, h; = ho = h. We look for an approximate solution in the
form

N—-1
"= @"(zi) 04w y) +
ij=1
N
02> (@ (i) (@, y) 4y (292,05 (2, 9))
i,j=0

where 2; ; = (x;,y;), i = ih, y; = jh; the unknowns @"(z; ;), @?,(zi;), and
ﬂZy (zi,;) are the values of the approximate solution and the approximate val-
ues of the second-order derivatives of the solution of (5)—(6) at the grid nodes,
respectively. The functions ¢, ; ; form a basis of the finite element space. They
are obtained from basis functions (2) of the ”reference” element with the affine
mapping of the form (3).

As a result, we get a system of linear algebraic equations. The number of
equations (and the number of unknowns) equals 3N, where N, is the number
of interior nodes. The values of @", aZ,, and @!, at the boundary nodes are
determined from (5)—(6).

For convenience sake, we introduce some notations. Consider the grid expres-
sion

J+1 il
Z Z ak,lgh(zk,l)

I=j—1 k=i—1

where ay, ; are coefficients and gh(sz) is a grid function. Introduce the nine-point
stencil
Ai—1,5+41 Qi j4+1 Qitl,5+1
[Al = |ai-1; @iy @iy (7)
Aj—1,5—-1 Qi 5—-1 Qi41,5-1



A Special Hermite FE Coupled with Collocation 5

(xkl’ym) (X,ay/+1) (X,+1>y,+|)

(xl—Dy/) (x,’y;) (X,“,y/)

(xxfl’y/fl) (xny/—l) (x,my,q)

Fig. 2. The nodes of nine-point stencil (7).

where the coeflicients aj,; are arranged according to the position of the related
nodes (Fig. 2).

Put
J+1 a1
[A]ghz Z Z ak,zgh(zk,l)-
I=j—1 k=i—1

Besides, we use the notation [AT] for the stencil with the coefficients a£ | = O k-

Introduce the grid functions w”, u},, and u}, defined by u”(z; ;) = @"(z;),

ul,(zi;) = W, (ziy), and ull (z;) = @}, (2 ;). Calculating directly the entries
of the stiffness matrix, we arrive at the grid equations of three types

(o] + kP*[ A+ ([Ao] + Bh*[Aa]) B2u, ®)
+ ([Ag]+kh2[A } h2 h /fLPO i dQ,

([A2) + kh*[Aq])u" + ([A3] — [A4] + kh*[As]) hPul, + (9)

+ kh*[Ag]h*ul, /f@ludQ

(AT + WELAT]) o+ P AT (10)
+ (1AT] — [AT) + 21T 2l / Fori 49

forall 7,5 =1,...,N — 1 with the stencils

~1/3-1/3 -1/3 1/36 1/9 1/36
[Ao] = | —1/3 8/3-1/3|, [A] =] 1/9 4/9 1/9],
~1/3-1/3-1/3 1/36 1/9 1/36
7/360 2/45 7/360 —31/15120 —4/945 —31/15120
[Ag] = | —7/180 —4/45 —7/180 | , [As]= | 31/7560 8/945 31/7560 | ,

7/360 2/45 7/360 —31/15120 —4/945 31/15120
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—7/2160 —1/135 —7/2160 31/90720 2/2835 31/90720
[Ag = | —7/540 —4/135 —7/540 | , [As] = | 31/22680 8/2835 3122680 | ,
—7/2160 —1/135 —7/2160 31/90720 2/2835 31/90720

49/129600 7/8100 49/129600
[Ag] = 7/8100 4/2025 7/8100
49/129600 7/8100 49/129600

At the nodes near the boundary equations (8)—(10) are modified in an obvious
way.

Notice that the values of v/, and ugy are equipped with the factor h2. We use
the DoF woﬂ',j(ah) = ah(zi,j), '(/)l,i,j(ah) = hQ’D,Qw(Z’iJ‘), wgﬂ',j(ﬂh) = hQQZy(ZiJ)
as the unknowns of system (8)—(10). This is convenient for several reasons, in
particular, this improves properties of the stiffness matrix.

5 The Elimination of Unknowns by Collocation

h , and u!, satisfy the algebraic identity

The grid functions u”, u”_, vy

—ul (zi5) — ul, (zig) + ku(z5) = [ (zi5) — 7" (zi), (11)

where r is the residual, f" is a grid function defined by f"(z: ;) = f(z ;)

Assuming the residual is known, neglect one group of equations, for instance,
(10); express u;by(z”) from (11) and substitute it into (8)—(9). As a result, we
obtain the following system

([Ao] + kh? ([A1] + [AZ]) + KR AT ])u" +
+ ([A2] — [AZ] + kh® ([Ad] — [AT])) PPulf, = (12)

:/f<P0,i,j d+ ([A3] + kR?[AT]) B2 (" — ™),
Q

([A2] + kh?[A4] + K*h*[Ag))u" + ([A3] — [Ad] + kh* ([A5] — [Aq))) RPul, =

_ /ﬂpm A9 + KR [Ag) (f" — ), (13)
Q

for alli,j5 =1,..., N — 1, reducing the number of equations by a factor of 1/3.
Now introduce grid functions v", v"_, and v?';y being the values of a new
approximate solution and new approximate values of the second-order derivatives

at the nodes, respectively, and require that the residual vanish at the nodes:
h h h h
—y(2i,5) = vy (205) + k0" (2i5) = " (2i5). (14)

In (12)—(13), replace u” and u, by v" and v?,, respectively, and put 7" = 0.

This gives a system of equations for the new unknowns. Once the system has
been solved, vf!, (z; ;) can readily be determined from (14).
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We are interested in accuracy of the new approximate solution. In [4] we use
finite element (1) coupled with collocation for the Poisson equation. Numerical
experiments show that a solution on the reduced system is of the same order of
accuracy as that of the original system of the finite element method. Below we
prove this result.

6 An Error Estimate

Consider an arbitrary function

N-1 N
w = Z wi ;90,15 (x,y) + h? Z ((wm:v)z] P11, (T, y) + (Wyy), ; P2, (%?ﬂ)
1,j=1 1,j=0

of the finite element space. To this function, there corresponds the vector of the
coeflicients

W = <{wi’j}j\;_11’ {h2 (wzz)i7j}ji:0, {h2 (wyy)i,j}j\;o>

of a linear vector space M. The function w is called a prolongation of the vector
w.
In the vector space M we introduce the weighted Euclidean norm

N—-1 N 1/2
2 2
W= | 30wyt [ 30 ((wea)?, + (w2,
ij=1 i,5=0

It is equivalent to the norm |@|g o of the prolongation up to the factor h [7]:
Ch|WS [@log < R | W (15)

Denote the prolongation of the vector

vh = <{vh(2i7j)}1‘\/‘—17 {h%gx(zi,j)}fj:o’ {hzvgy(ziﬁj)}fj—0>

1,7=1
by o".

Theorem 1. An approzimate solution ©" of problem (5)—(6) satisfies the esti-

mate
lu— "0 <ch® | ullag- (16)

Proof. We have system (12)-(13) for the unknowns u” and h%u”, and the sys-
tem with the same matrix for the unknowns v" and kv . The only difference
between these systems is in the terms

60" = ([A]] + kR?[AT]) 0", (17)
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Lh _ 134 h
= ol
) kh*[Agr (18)

in the right-hand side.
Introduce the vectors

N
({“ Zi,j }u 10 {h2 g s Zw)}zg ) {h2 Z’J)}i,j:o)’

Uh ({U Zm)}jvj 11a {h2 " (Zlﬂ)}szo)

N

7= (Pl ).

The matrix of system (12)—(13) is equivalent to the matrix of finite element
system with less number of DoF which are reduced by equality (11). Therefore
it has the same property of stability. Thus, taking into account (17)—(18), we
have the estimate [6]

U™ =V < eh® || r" ] (19)

All vector norms are the Euclidean norms in the vector spaces of corresponding
dimension.

Now we estimate || U" — V" ||. Using (11), (14), and the algebraic inequality
(a+b+c)? <4(a®+b? + ?), we get

N-1
U7 =V 2= 3 () = 0" (ei)’
ij=1
N 2
+ 3 (h4 (ul (zi,5) — vl (215))

3,j=0
+ Bt (k (W (2i5) = 0" (2i5)) + vl (zig) — ulp(zi5) + Th(zi,j))z)

N-1 N

el D () - " (2i,1))" + b > (ul(zig) - ot (zi5))
ij=1 i7=0
N 2
+ ch* Z (rh(zm)) =c|| U=V |2 +ch® || 7" |2 .
1,7=0

Combining this inequality with (19) gives
U™ =V < en® || " | (20)

From (5) and (11) we have

0%u 9%u

r(zij) = ul(zi5) — Fp2 id) + up (zi5) — 872(%‘) +k (u(zig) —u(zi;)) -



A Special Hermite FE Coupled with Collocation 9

n (uZy(Zz',j) - ?)Zz(zi’jo 2))

\ N-1 . 0%u ?
<ch~ Z z” —u z” + Z h ( zl,]) 922 (z”)>

1,j=1 %,7=0
R 2
+ ht ( up (7)) — W(Zi,j)) )) =ch™ || U= U |?

where the vector U; consists of the coefficients of the interpolant ;. Taking into
account norm equivalence (15), we obtain

| 7" I< ch=3a" — dir|o.q- (21)

For the interpolant @; we have estimate (4). Besides, the approximate solu-
tion @" satisfies the estimate [4]

lu — o0 <ch* | ulsq - (22)
Hence, with the help of the triangle inequality from (21) we get
[ 7" 1< ch™ (Ju — @"|o.0 + |u —drloe) < ch || ulan - (23)
Finally, from (20), (15), and (23) we conclude that
@ — 5"l < ch || UM — VI < ch* | u g,

which together with (22) proves the theorem. O

7 Numerical Results

Let 2 = (0,1) x (0,1) and I" be the boundary of Q. Consider the boundary value
problem

—Au+05u=f inQ, (24)
0 for x =0,
" 0 for y =0, (25)

—10000y sin y for z =1,
—10000y sin for y=1

with the right-hand side

flz,y) =5000 (4(x 4+ y) cos(1 — z — y) + bzysin(l —z — y)) . (26)
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The exact solution of (24)—(26) has the form
u(z,y) = 100002y sin(1 — x — y). (27)

To construct a discrete problem, we subdivide () into elementary squares
for mesh size h = 1/N. In numerical experiments we use N = 5,10, 20, 40, 80.
On the obtained partition, along with the standard system of the finite element
method for Hermite element (1), we construct and solve the modified system of
smaller dimension obtained with the help of collocation.

Since exact solution (27) is known, the error wu(z;;) — u(z;) or
u(z;, ;) —v"(2; ;) of an approximate solution at the node z; ; can be calculated ex-
plicitly. Besides, we can calculate 0%u/0x%(z;;) — uly(z;) and

?u/0y? (zi5) —up, (zi5) or *u/0x>(z; ;) — vk, (2i;) and O®u/dy? (zi ;) — vy, (2i ;)
to estimate convergence of the second-order derivatives. We use the discrete
norms

1/2
N—-1 9
[u® = Y (W"(zi) %]
ij=1
N_1 1/2
2
fu—u = | Y (u(ziy) —u"(zi))" B
ig=1

In addition, we also use the following discrete norm for a relative error:

rel __

. h
ot gz Lol

[RZD

Table 1. Accuracy of the approximate solution for the standard system.

h " (u") oz (u") oy (u") o (u")
02 422E—1 | 146E+2 | 146E+2 | 286E +2
0.1 297E—2 | B390E+1 | 3.90E+1 7.60E + 1
0.05 1.97TE—3 | 9.93E+0 | 9.93E+0 L94E + 1
0.025| 127E—4 | 251E+0 | 251E+0 | 491E+0
0.0125| 7IA7TE—6 | 630E—1 | 6.30E—1 1.24E + 0

In Tab. 1-3 we present results of calculations for the standard system of the
finite element method. We use the following notations:

el = u—ul |ln, () =] u—ul |
o%u 0%u rel

h h h —h h h
) =g -l e = 5 ok,
O%u 0%u rel

h( hy __ h —h/, h\ __ h
ay(u FH@‘“W\M oy (u >—H572‘”w .
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Table 2. Relative error for the standard system.

h " (u") g (u") 7y (u") A (u")
0.2 1.86E—4 L50E—2 L50E—2 L.68E—2
0.1 1.47E-5 4.02E—3 4.02E—-3 4.38E—3

0.05| 1.05E—6 1.02E-3 1.02E-3 L11E-3

0.025| 6.99E—8 2.58E—4 2.58E—4 2.78E—4
0.0125| 4.03E-9 6.49E—5 6.49E—5 6.98E—5

Table 3. A numerical convergence estimate for the standard system.

Ry 2R Ry 2R R 2k R/, 2R

h| log <E h(u - )> log (amh(u )> log <ayh(u )) log <Uﬁ(u )

el (uh) oz (uh) oy (u") o4 (uh)
0.1 3.8 1.9 1.9 1.9
0.05 3.9 2.0 2.0 2.0
0.025 4.0 2.0 2.0 2.0
0.0125 4.1 2.0 2.0 2.0
rel
ol (uh) = HAu - Auh‘ ) ol (uh) = HAu — Auh .

where Au(z; ;) =

node.

Observe that the error £"(u") tends to be of order 4 as h decreases while
(u") and o} (u") tend to be of order 2. This is in good agreement with theo-

h

Oy

retical estimate (22).

ul (zi5) + ugy(z”) is an approximate value of Au at the

Another series of calculations is related to the solution of the reduced system
for the unknowns v"(z; ;) and v}, (% ;). In this case the values of vf!, are deter-
mined from (14). Besides, from (14) we also directly determine the approximate
values of Au at the nodes:

A" (zi5) = k" (2i5) — f*(21)- (28)

The results of calculations are presented in Tab. 4-6.

Table 4. Accuracy of the approximate solution for the reduced system.

h e"(W") oz (v") oy (V") oA (0")
02]  2.45E—1 1.30E+2 130612 12261
0.1  1.87E—2 3.84E+1 3.84E+1 9.34E—3

0.05| 1.21E-3 9.88E+0 9.88E+0 6.04E—4

0.025  T.59E—5 2.50E40 2.50E+0 3.79E—5
0.0125|  5.18E—6 6.30E—1 6.30E—1 2.59E—6

Notice that the errors e (v"), o (v"), and o}l(v") are close to those for u”
which confirms estimate (16). Moreover, in the case of the reduced system the
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Table 5. Relative error for the reduced system.

D ECR) FACD) ACH) ACH)
0.2 1.0TE—4 1.44E—-2 1.44E—-2 7.20E—6
0.1 9.28E—6 3.96E—-3 3.96E—3 5.38E—-7
0.05 6.42E—7 1.02E-3 1.02E-3 3.44E—8
0.025 4.19E—8 2.58E—4 2.58E—4 2.15E—9
0.0125 2.92E-9 6.49E—5 6.49E—5 1.46E—10

Table 6. A numerical convergence estimate for the reduced system.

e (2T i (22Tt (2T (20)
e (v") o (v") oy (v") ol (v")
0.1 3.7 1.9 1.9 3.7
0.05 4.0 2.0 2.0 4.0
0.025 4.0 2.0 2.0 4.0
0.0125 3.9 2.0 2.0 3.9

accuracy is even slightly better. In addition, from (28) we can calculate approx-
imate values of Au within O(h?).

Thus, numerical experiments confirm the theoretical estimate and demon-
strate the advantage of the proposed approach.
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