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Abstract. This paper deals with interaction between criteria in a gen-
eral Choquet integral model. When the preference of the Decision Maker
(DM) contains no indifference, we first give a necessary and sufficient
condition for them to be representable by a Choquet integral model.
Using this condition, we show that it is always possible to choose from
the numerical representations, one relatively for which all the Shapley
interaction indices are strictly positive. We illustrate our results with an
example.
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1 Introduction

In Multiple Criteria Decision Making (MCDM), the independence hypothesis of
preferences is often considered to be restrictive. Thus, several other models that
do not require the independence hypothesis have been developed, including the
Choquet integral model. The Choquet integral model assumes that the criteria
has been constructed so as to be commensurate. Here, we are not concerned with
the commensurability hypothesis and therefore we assume that the criteria have
been constructed to be commensurate.

In [6] we find two necessary and sufficient conditions for a preferential infor-
mation on set of binary alternatives to be represented by a 2-additive Choquet
integral model (i.e., a Choquet integral model using a 2-additive capacity). This
result is extended by using a representation of the general model based on a
set of generalized binary alternatives. We extend this result. Indeed, our first
result gives a necessary and sufficient condition for preferential information on
generalized binary alternatives to be representable by a general model of Cho-
quet integral. In [5] it is proven that in the framework of binary alternatives,
if the preferential information contains no indifference, and is representable by
a 2-additive Choquet model, then we can choose among these representations
one for which all Shapley interaction indices between two criteria are strictly
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positive. We extend also this result. Indeed, under the conditions of our first
result, we shows that in the framework of generalized binary alternatives, if the
preference information contains no indifference, it is always possible to represent
it by a general Choquet integral model which all interaction indices are strictly
positive.

This paper is organized as follows. After having recalled in the second section
some basic elements on the model of the Choquet integral in MCDM, in the third
section, we talk about of concept of necessary and possible interaction introduced
in [5]. Then, in the fourth section, we expose our two results. Indeed, we begin by
giving a necessary and sufficient condition for preferential information on the set
of generalized binary alternatives containing no indifference to be represented
by Choquet integral model. Under this condition, we show that it is always
possible to represent this preferential information by a Choquet integral model
where all interaction indices are strictly positive. We illustrate our results with
an example, and we end with a conclusion.

2 Notations and Definitions

2.1 The Framework

Let X be a set of alternatives evaluate on a set of n criteria N = {1, 2, ..., n}.
The set of all alternatives X is assumed to be a subset of a Cartesian product
X1 × X2 × ... × Xn.

The criteria are recoded numerically using, for all i ∈ N, a function ui from
Xi into R. Using these functions allows to assume that the various recoded
criteria are “commensurate” and, hence, the application of the Choquet integral
model is meaningful [4].

For all x = (x1, ..., xn) ∈ X, we will sometimes write u(x) as a shorthand for
(u1(x1), ..., un(xn)).

We assume the DM is able to identify on each criterion i ∈ N two reference
levels 1i and 0i:

– the level 0i in X is considered as a neutral level and we set ui(0i) = 0;
– the level 1i in X is considered as a good level and we set ui(1i) = 1.

For a subset S ⊆ N we define the element aS = (1S ; 0−S) of X such that ai = 1i

if i ∈ S and ai = 0i otherwise. We suppose that for all S ⊆ N, aS ∈ X.

2.2 Choquet Integral

The Choquet integral [3] in an aggregation function known in MCDM as a tool
generalizing the arithmetic mean. It is based on the notion of capacity μ defined
as a function from the powerset 2N into [0, 1] such that:
μ(∅) = 0,
μ(N) = 1,
∀S, T ∈ 2N , [S ⊆ T =⇒ μ(S) ≤ μ(T )] (monotonicity).
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For an alternative x = (x1, ..., xn) ∈ X, the expression of the Choquet integral
w.r.t. a capacity μ is given by:

Cμ(u(x)) = Cμ(u1(x1), ..., un(xn))

=
n∑

i=1

[
uσ(i)(xσ(i)) − uσ(i−1)(xσ(i−1))

]
μ({σ(i), ..., σ(n)})

Where σ is a permutation on N such that uσ(1)(xσ(1)) ≤ uσ(2)(xσ(2)) ≤ ... ≤
uσ(n)(xσ(n)) and uσ(0)(xσ(0)) = 0.

Our work is based on the set B defined as following.

Definition 1. The set of generalized binary alternatives is defined by B =
{aS = (1S , 0−S) : S ⊆ N}.

Remark 1. For all S ⊆ N , we have Cμ(aS) = μ(S).

The idea is to ask to the DM its preferences by comparing some elements of B.
We obtain the binary relations P and I defined as follows.

Definition 2. An ordinal preference information {P, I} on B is given by:

P = {(x, y) ∈ B × B: DM strictly prefers x to y},
I = {(x, y) ∈ B × B: DM is indifferent between x and y}.

We add to this ordinal preference information a relation M modeling the mono-
tonicity relations between binary alternatives, and allowing us to ensure the
satisfaction of the monotonicity condition [S ⊆ T =⇒ μ(S) ≤ μ(T )].

Definition 3. For all aS , aT ∈ B, aSMaT if [not(aS(P ∪ I)aT ) and S ⊇ T ].

Remark 2. aSMaT =⇒ Cμ(aS) ≥ Cμ(aT ).

Definition 4. There exists a strict cycle of (P ∪M) if there exists the elements
x0, x1..., xr of B such that x0(P ∪ M)x1(P ∪ M)...(P ∪ M)xr(P ∪ M)x0 and for
a least one i ∈ {0, ..., r − 1}, xiPxi+1.

2.3 General Interaction Index

Definition 5. The general interaction [2] index w.r.t. a capacity μ is defined
by:
∀A ⊆ N,

Iμ
A =

∑

K⊆N\A

(n − k − a)!k!
(n − a + 1)!

∑

L⊆A

(−1)a−�μ(K ∪ L)

where � =| L |, k =| K | and a =| A |≥ 2.
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Remark 3. Given a capacity μ and A ⊆ N, we can rewrite the general interaction
index as follows

Iμ
A =

∑

K⊆N\A

(n − k − a)!k!
(n − a + 1)!

ΔK
A

where � =| L |, a =| A | and k =| K | with ΔK
A =

∑

L⊆A

(−1)a−�μ(K ∪ L).

The following lemma gives a decomposition of ΔK
A (we assume that 0 is an even

number).

Lemma 1. ∀A ⊆ N, ∀K ⊆ N \ A,

ΔK
A =

a∑

p=0,
p even

[ ∑

L⊆A,
�=a−p

μ(K ∪ L) −
∑

L⊆A,
�=a−p−1

μ(K ∪ L)
]
.

Proof. We will reason according to the parity of a.

– If a is even.

ΔK
A =

∑

L⊆A

(−1)a−�μ(K ∪ L)

ΔK
A =

[ ∑

L⊆A,
�=a

μ(K ∪ L) −
∑

L⊆A,
�=a−1

μ(K ∪ L)

]
+

[ ∑

L⊆A,
�=a−2

μ(K ∪ L) −
∑

L⊆A,
�=a−3

μ(K ∪ L)

]
+ ...

+

[ ∑

L⊆A,
�=2

μ(K ∪ L) −
∑

L⊆A,
�=1

μ(K ∪ L)

]
+

[ ∑

L⊆A,
�=0

μ(K ∪ L) −
∑

L⊆A,
�=−1

μ(K ∪ L)

]

where
∑

L⊆A,
�=−1

μ(K ∪ L) = 0.

ΔK
A =

a∑

p=0,
p even

[ ∑

L⊆A,
�=a−p

μ(K ∪ L) −
∑

L⊆A,
�=a−p−1

μ(K ∪ L).

]

– If a is odd.

ΔK
A =

∑

L⊆A

(−1)a−�μ(K ∪ L)

ΔK
A =

[ ∑

L⊆A,
�=a

μ(K ∪ L) −
∑

L⊆A,
�=a−1

μ(K ∪ L)

]
+

[ ∑

L⊆A,
�=a−2

μ(K ∪ L) −
∑

L⊆A,
�=a−3

μ(K ∪ L)

]
+ ...
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+

[ ∑

L⊆A,
�=1

μ(K ∪ L) −
∑

L⊆A,
�=0

μ(K ∪ L)

]

ΔK
A =

a−1∑

p=0,
p even

[ ∑

L⊆A,
�=a−p

μ(K ∪ L) −
∑

L⊆A,
�=a−p−1

μ(K ∪ L)

]

ΔK
A =

a∑

p=0,
p even

[ ∑

L⊆A,
�=a−p

μ(K ∪ L) −
∑

L⊆A,
�=a−p−1

μ(K ∪ L)

]

since a is odd but p is even. ��
Remark 4. Let N be the set of criteria, A ⊆ N, K ⊆ N \ A and 1 ≤ t ≤ a. We
have:∑

L⊆A,
�=t

∑

i∈L

μ(K ∪ L \ {i}) = C1
a−t+1

∑

L⊆A,
�=t−1

μ(K ∪ L) where Cp
n =

n!
p!(n − p)!

.

Let us illustrate Remark 4 with this example.
Example 1. Let N = {1, 2, 3, 4}, A = {1, 2, 3} and K ⊆ N \ A = {4}. We have:

∑

L⊆A,
�=2

∑

i∈L

μ(K ∪ L \ {i}) =
∑

i∈{1,2}
μ(K ∪ {1, 2} \ {i}) +

∑

i∈{1,3}
μ(K ∪ {1, 3} \ {i})

+
∑

i∈{2,3}
μ(K ∪ {2, 3} \ {i})

= 2μ(K ∪ {1}) + 2μ(K ∪ {2}) + 2μ(K ∪ {3})
= 2

∑

L⊆A,
�=1

μ(K ∪ L)

with 2 = C1
3−2+1.

3 Necessary and Possible Interaction

Once the DM compares a number a alternatives in terms of strict preferences (P )
or indifference (I), the following definition tells us when this ordinal preference
information is representable by Choquet integral model.

Definition 6. An ordinal preference information {P, I} on B is representable by
a Choquet integral model if we can find a capacity μ such that: For all S, T ⊆ N ,

aSPaT =⇒ Cμ(u(aS)) > Cμ(u(aT ));
aSIaT =⇒ Cμ(u(aS)) = Cμ(u(aT )).

The set of all capacities that can be used to represent the ordinal preference
information {P, I} at hand will be denoted CPref (P, I). When there is no ambi-
guity on the underlying ordinal preference information, we will simply write
CPref .

The following definition of necessary and possible interactions will be central
in the rest of this text. This definition is given in [5].
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Definition 7. Let A be a subset of N . We say that:

1. There exists a possible positive (resp. null, negative) interaction among
the elements of A if there exists a capacity μ ∈ CPref such that Iμ

A >
0 (resp. Iμ

A = 0, Iμ
A < 0);

2. There exists a necessary positive (resp. null, negative) interaction among the
elements of A if Iμ

A > 0 (resp. Iμ
A = 0, Iμ

A < 0) for all capacity μ ∈ CPref .

Remark 5. Let be A a subset of criteria.

– If there exists a necessary positive (resp. null, negative) interaction among
the elements of A, then there exists a possible positive (resp. null, negative)
interaction among the elements of A.

– If there is no necessary positive (resp. null, negative) interaction among the
elements of A, then there exists a possible negative or null (resp. positive or
negative, positive or null) interaction among the elements of A.

Let A be a subset of N and {P, I}, an ordinal preference information. We can
have a possible but not necessary interaction, what makes the interpretation
difficult because dependent on the capacity chosen into CPref (P, I). Indeed, the
interpretation of the interaction only makes sense in the case of the necessary
interaction.

4 Results

The following proposition gives a necessary and sufficient condition for an ordinal
preference information on B containing no indifference to be representable by a
Choquet integral model.

Proposition 1. Let {P, I} be an ordinal preference information on B such that
I = ∅.
{P, I} is representable by a Choquet integral if and only if the binary relation
(P ∪ M) contains no strict cycle.

Proof. Necessity. Suppose that the ordinal preference information {P, I} on B
is representable by a Choquet integral. So there exists a capacity μ such that
{P, I} is representable by Cμ.

If P ∪M contains a strict cycle, then there exists x0, x1, ..., xr on B such that
x0(P ∪ M)x1(P ∪ M)...(P ∪ M)xr(P ∪ M)x0 and there exists xi, xi+1 ∈
{x0, x1, ..., xr} such that xiPxi+1. Since {P, I} is representable by Cμ, there-
fore Cμ(x0) ≥ ... ≥ Cμ(xi) > Cμ(xi+1) ≥ ... ≥ Cμ(x0), then Cμ(x0) > Cμ(x0).
Contradiction.
So, P ∪ M contains no strict cycle.

Sufficiency. Assume that (P ∪ M) contains no strict cycle, then there exists
{B0,B1, ...,Bm} a partition of B, builds by using a suitable topological sorting
on (P ∪ M) [1].
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We construct a partition {B0,B1, ...,Bm} as follows:
B0 = {x ∈ B : ∀y ∈ B, not[x(P ∪ M)y]},
B1 = {x ∈ B \ B0 : ∀y ∈ B \ B0, not[x(P ∪ M)y]},
Bi = {x ∈ B \ (B0 ∪ ... ∪ Bi−1) : ∀y ∈ B \ (B0 ∪ ... ∪ Bi−1), not[x(P ∪ M)y]}, for
all i = 1; 2; ...;m.

Let us define the mapping f : B −→ R and μ : 2N −→ [0, 1] as follows: for
� ∈ {0, 1, ...,m},

∀x ∈ B�, f(φ(x)) =
{

0 if � = 0,
(2n)� if � ∈ {1, 2, ...,m}.

μ(S) = fS

α , where fS = f(φ(aS)) and α = fN = (2n)m.
Let aS , aT ∈ B such that aSPaT . Show that Cμ(aS) > Cμ(aT ).

As I = ∅, then B0 = {a0} and Bm = {aN}.

– If T = ∅, then aT ∈ B0 and aS ∈ Br with r ≥ 1.

We have Cμ(aS) =
(2n)r

α
> 0 = μ(∅) = Cμ(aT ).

– If ∅ � T , since aS , aT ∈ B, and {B0,B1, ...,Bm} is a partition of B (with
B0 = {a0} ), then there exists r, q ∈ {1, ...,m} such that aS ∈ Br, aT ∈ Bq.

Therefore Cμ(aS) = μ(S) =
fS

α
=

(2n)r

α
, Cμ(aT ) = μ(T ) =

fT

α
=

(2n)q

α
.

Moreover aSPaT , then r > q, so (2n)r > (2n)q, therefore
(2n)r

α
>

(2n)q

α
, i.e.,

Cμ(aS) > Cμ(aT ).

In both cases, Cμ(aS) > Cμ(aT ). Therefore {P, I} is representable by Cμ. ��
Given the ordinal preference information {P, I} on B, under the previous con-
ditions, the following proposition shows that: it is always possible to choose in
CPref (P, I), one capacity allowing all the interaction indices are strictly positive.
This result shows that positive interaction is always possible into all subsets of
criteria in general Choquet integral model.

Proposition 2. Let {P, I} be an ordinal preference information on B such that
I = ∅, and (P ∪ M) containing no strict cycle.

There exists a capacity μ such that Cμ represents {P, I} and for all A ⊆
N, Iμ

A > 0.

Proof. To show that Iμ
A > 0, we will prove that for all K ⊆ N \

A,
∑

L⊆A

(−1)a−�μ(K ∪ L) > 0.

The partition {B0, ...,Bm} of B and the capacity μ are built as in proof of
Proposition 1. Since I = ∅, then we have B0 = {a0} and Bm = {aN}.

Consider capacity μ define by: μ(S) = fS

α , where fS = f(φ(aS)) and α =
fN = (2n)m.

Let K ⊆ N \ A. According to the previous Lemma 1 we have
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∑

L⊆A

(−1)a−�μ(K ∪ L) =
a∑

p=0,
p even

[ ∑

L⊆A,
�=a−p

μ(K ∪ L) −
∑

L⊆A,
�=a−p−1

μ(K ∪ L)
]

Let L ⊆ A, | L |= a − p with p ∈ {0, 1, ..., a} and even number.
As K ∪ L � K ∪ L \ {i} for all i ∈ L, then aK∪L(P ∪ M)aK∪L\{i}, hence

there exists q ∈ {1, 2, ...,m} such that aK∪L ∈ Bq and ∀i ∈ L, there exists
ri ∈ {0, 1, 2, ...,m} such that aK∪L\{i} ∈ Bri

with ri ≤ q − 1.

B0

Bri

Bq

Bm

a0

aK∪L\{i}

aK∪L

aN

Fig. 1. An illustration of the elements Bm, Bq, Bri , and B0 such that m > q > ri > 0
with i ∈ N .

Then μ(K ∪ L) = (2n)q = (2n)(2n)q−1.∑

i∈L

μ(K ∪ L \ {i}) =
∑

i∈L

(2n)ri ≤
∑

i∈L

(2n)q−1 = l(2n)q−1

As 2n > l, then μ(K ∪ L) >
∑

i∈L

μ(K ∪ L \ {i}) , hence
∑

L⊆A,
l=a−p

μ(K ∪ L) >

∑

L⊆A,
l=a−p

∑

i∈L

μ(K ∪ L \ {i}) According to Remark 4 (with t = a − p), we have

∑

L⊆A,
�=a−p

∑

i∈L

μ(K ∪ L \ {i}) = C1
p+1

a∑

L⊆A,
�=a−p−1

μ(K ∪ L) >

a∑

L⊆A,
�=a−p−1

μ(K ∪ L) since

C1
p+1 = p + 1 > 1.
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So
∑

L⊆A,
�=a−p

μ(K∪L) >
∑

L⊆A,
�=a−p−1

μ(K∪L), i.e.,
∑

L⊆A,
�=a−p

μ(K∪L)−
∑

L⊆A,
�=a−p−1

μ(K∪L)>0.

We then have
a∑

p=0,
p even

[ ∑

L⊆A,
�=a−p

μ(K ∪ L) −
∑

L⊆A,
�=a−p−1

μ(K ∪ L)
]

> 0.

We have just proved that For all K ⊆ N \ A,
∑

L⊆A

(−1)a−�μ(K ∪ L) > 0.

We can therefore conclude that Iμ
A > 0. ��

The following example illustrates our two results.

Example 2. N = {1, 2, 3, 4}, P = {(a23, a1), (a234, a123), (a2, a13)}.
The ordinal preference information {P, I} contains no indifference and the

binary relation (P ∪ M) contains no strict cycle, so {P, I} is representable by a
Choquet integral model.

A suitable topological sorting on (P ∪ M) is given by:
B0 = {a0}; B1 = {a1, a3, a4}; B2 = {a13, a14, a34}; B3 = {a2}; B4 =
{a12, a23, a24};
B5 = {a123, a124, a134}; B6 = {a234} and B7 = {aN}.

The ordinal preference information {P, I} is representable by a following
capacity μ:

S ∅ {1} {2} {3} {4} {1, 2} {1, 3} {1, 4} {2, 3} {2, 4} {3, 4} {1, 2, 3} {1, 2, 4} {1, 3, 4} {2, 3, 4}N

87 × μ(S) 0 8 83 8 8 84 82 82 84 84 82 85 85 85 86 87

Considering the previous capacity, the corresponding interaction indices are
given by the following table:

A {1, 2} {1, 3} {1, 4} {2, 3} {2, 4} {3, 4} {1, 2, 3} {1, 2, 4} {1, 3, 4} {2, 3, 4} N

87 × I
μ
A

611.33 611.66 688.16 726.16 726.16 726.33 899 899 612.83 612.83 612.83

We can see that Iμ
A > 0, ∀A ⊆ N such that | A |≥ 2.

5 Conclusion

This article deals with the notion of interaction within a subset of criteria of any
size, in the Choquet integral model. Our first result gives a necessary and suffi-
cient condition for ordinal preference information on generalized binary alterna-
tives to be representable by a general model of Choquet integral. This extends
theorem 1, Page 305 [6].

Under condition of our first result, our second result shows that in the frame-
work of generalized binary alternatives, if the ordinal preference information
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contains no indifference, it is possible to represent it by a general Choquet inte-
gral model which all Shapley interaction indices between a subset of criteria are
strictly positive. This extends theorem 2, Page 10 [5].

The subject of this paper offer several avenues for future research. In fact, It
would be interesting as in [5] to provide a linear program to test the necessary
interaction outside the framework of generalized binary alternatives. Otherwise
we will examine the case where I �= ∅. We are also interested in duality. Indeed,
is it always possible to build a capacity relative to which all the interaction
indices will be strictly negative? It would finally be interesting to study the case
of bipolar scales. We are already investigating some of these research avenues.
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