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Abstract. Decision making processes are often based on (pairwise) pref-
erence relations. An important property of preference relations is tran-
sitivity. Many types of transitivity have been proposed in the litera-
ture, such as max–min and max–max transitivity, restricted max–min
and max–max transitivity, additive and multiplicative transitivity, or
�Lukasiewicz transitivity. This paper focuses on weak transitivity. Weak
transitivity has been defined for additive preference relations. We extend
this definition to multiplicative preference relations and further intro-
duce a generalized version called generalized weak transitivity. We show
that for reciprocal additive and multiplicative preference relations weak
transitivity is equivalent to generalized weak transitivity, and we also
illustrate generalized weak transitivity for preference relations that are
neither additive nor multiplicative. Finally, we show how a total order
(ranking of the options) can be constructed for any generalized weak
transitive preference relation.
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1 Introduction

Decision making processes are often based on preference relations [2,6,7,9,14,
17,18]. Given a set of n options, a (pairwise) preference relation is specified by
an n × n preference matrix

P =

⎛
⎜⎝

p11 · · · p1n
...

. . .
...

pn1 · · · pnn

⎞
⎟⎠ (1)

where each matrix element pij ≥ 0 quantifies the degree of preference of option i
over option j, where i, j = 1, . . . , n. We distinguish additive (or fuzzy) preference
[21] and multiplicative preference [16]. An important property of preference rela-
tions is transitivity [8,11]. Given three options i, j, and k, transitivity specifies
the relation between the preference of i over j, j over k, and i over k. Many types
of transitivity have been defined for preference relations, such as max–min and
max–max transitivity [4,22], restricted max–min and max–max transitivity [18],
additive and multiplicative transitivity [18], or �Lukasiewicz transitivity [5,13].
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This paper focuses on weak transitivity [19]. We extend the definition of
weak transitivity for additive preference relations to multiplicative preference
relations (Definition 2). We derive an equivalent formulation of weak transitivity
for reciprocal additive and multiplicative preference relations and use this to
define a more general version of weak transitivity called generalized weak tran-
sitivity (Definition 3). We show that for reciprocal additive and multiplicative
preference relations weak transitivity is equivalent to generalized weak transitiv-
ity (Theorems 1 and 2), and we also illustrate generalized weak transitivity for
preference relations that are neither of additive nor multiplicative type. Finally,
we show how a total order (ranking of the options) can be constructed for any
generalized weak transitive preference relation (Theorem 3).

This paper is structured as follows: Sect. 2 briefly reviews additive prefer-
ence relations and weak transitivity. Section 3 moves on to multiplicative pref-
erence relations and introduces a definition of weak transitivity for multiplica-
tive preference relations. Section 4 develops a joint formula of weak transitiv-
ity for reciprocal additive and multiplicative preference relations and uses this
to define generalized weak transitivity. Section 5 shows how a total order of
elements can be constructed from any generalized weakly transitive preference
relation. Finally, Sect. 6 summarizes our conclusions and outlines some directions
for future research.

2 Weakly Transitive Additive Preference

Consider a preference matrix P . We call P an additive preference matrix if and
only if the following two conditions hold:

1. pij ∈ [0, 1] for all i, j = 1, . . . , n, and
2. pij = 0.5 if and only if the options i and j are equivalent.

This implies that all elements on the main diagonal of P are

pii = 0.5 (2)

for all i = 1, . . . , n. We call 0.5 the neutral additive preference. An additive
preference matrix P is called reciprocal if and only if

pij + pji = 1 (3)

for all i, j = 1, . . . , n. This always holds for i = j because of (2), so it is sufficient
to check this condition only for i �= j. Several different types of transitivity have
been defined for preference relations. In this paper we consider weak transitivity
as defined by Tanino [19]:

Definition 1 (weakly transitive additive preference). An n × n additive
preference matrix P is called weakly transitive if and only if

pij ≥ 0.5 ∧ pjk ≥ 0.5 ⇒ pik ≥ 0.5 (4)

for all i, j, k = 1, . . . , n,
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This can be interpreted as follows: if i is preferred over j and j is preferred
over k, then i is preferred over k, where in all cases preference is not less than
neutral. For reciprocal additive preference relations it is sufficient for weak tran-
sitivity to check (4) only for i �= j, j �= k, and i �= k, because all other cases are
trivial.

Consider for example the preference matrix

PA =

⎛
⎝

0.5 0.7 0.9
0.3 0.5 0.8
0.1 0.2 0.5

⎞
⎠ (5)

All elements of PA are in the unit interval and all elements on the main diagonal
are equal to the neutral additive preference 0.5, so PA is an additive preference
matrix. For the sums of preferences and reverse preferences we obtain

pA12 + pA21 = 0.7 + 0.3 = 1 (6)
pA13 + pA31 = 0.9 + 0.1 = 1 (7)
pA23 + pA32 = 0.8 + 0.2 = 1 (8)

so PA is reciprocal. For the preferences not smaller than neutral we obtain

pA12 ≥ 0.5, pA23 ≥ 0.5, pA13 ≥ 0.5 (9)

so (4) holds and PA is weakly transitive. To summarize, PA is a weakly transitive
reciprocal additive preference matrix.

Next consider the preference matrix

PB =

⎛
⎝

0.5 0.2 0.7
0.8 0.5 0.4
0.3 0.6 0.5

⎞
⎠ (10)

All elements of PB are in the unit interval and all elements on the main diagonal
are 0.5, so PB is an additive preference matrix. The sums of preferences and
reverse preferences are

pB12 + pB21 = 0.2 + 0.8 = 1 (11)
pB13 + pB31 = 0.7 + 0.3 = 1 (12)
pB23 + pB32 = 0.4 + 0.6 = 1 (13)

so PB is reciprocal. However, for the preferences not smaller than neutral we
obtain

pB13 ≥ 0.5, pB32 ≥ 0.5, pB12 �≥ 0.5 (14)

so (4) does not hold and PB is not weakly transitive. Hence, PB is a not weakly
transitive reciprocal additive preference matrix.
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3 Weakly Transitive Multiplicative Preference

Consider again a preference matrix P . We call P a multiplicative preference
matrix if pij = 1 if and only if the options i and j are equivalent. This implies
that all elements on the main diagonal of P are

pii = 1 (15)

for all i = 1, . . . , n. We call 1 the neutral multiplicative preference. A multiplica-
tive preference matrix P is called reciprocal if and only if

pij · pji = 1 (16)

for all i, j = 1, . . . , n. This always holds for i = j because of (15), so it is
sufficient to check this condition only for i �= j. We modify the condition (4)
for weak transitivity of additive preference relations by replacing the neutral
additive preference 0.5 by the neutral multiplicative preference 1, and obtain

Definition 2 (weakly transitive multiplicative preference). An n×n mul-
tiplicative preference matrix P is called weakly transitive if and only if

pij ≥ 1 ∧ pjk ≥ 1 ⇒ pik ≥ 1 (17)

for all i, j, k = 1, . . . , n.

For reciprocal multiplicative preference relations it is sufficient for weak tran-
sitivity to check (17) only for i �= j, j �= k, and i �= k, because (just as for additive
preference relations) all other cases are trivial.

Now consider the preference matrix

PC =

⎛
⎝

1 2 4
1/2 1 3
1/4 1/3 1

⎞
⎠ (18)

All elements on the main diagonal of PC are one, so PC is a multiplicative
preference matrix. For the products of preferences and reverse preferences we
obtain

pC12 · pC21 = 2 · 1/2 = 1 (19)
pC13 · pC31 = 4 · 1/4 = 1 (20)
pC23 · pC32 = 3 · 1/3 = 1 (21)

so PC is reciprocal. For the preferences not smaller than neutral (≥1 for multi-
plicative preferences) we obtain

pC12 ≥ 1, pC23 ≥ 1, pC13 ≥ 1 (22)

so (17) holds and PC is weakly transitive. To summarize, PC is a weakly tran-
sitive reciprocal multiplicative preference matrix.



Generalized Weak Transitivity of Preference 123

As another example consider

PD =

⎛
⎝

1 1/3 4
3 1 1/2

1/4 2 1

⎞
⎠ (23)

which has ones on the main diagonal, so PD is a multiplicative preference matrix.
The products of preferences and reverse preferences are

pD12 · pD21 = 1/3 · 3 = 1 (24)
pD13 · pD31 = 4 · 1/4 = 1 (25)
pD23 · pD32 = 1/2 · 2 = 1 (26)

so PD is reciprocal. However, the preferences not smaller than neutral are

pD13 ≥ 1, pD32 ≥ 1, pD12 �≥ 1 (27)

so (17) is violated and PD is not weakly transitive. To summarize, PD is a not
weakly transitive reciprocal multiplicative preference matrix.

4 Generalized Weak Transitivity

Let us revisit additive preference. An additive preference matrix P is reciprocal
if and only if (3)

pij + pji = 1

for all i, j = 1, . . . , n, which implies

pij ≥ 0.5 ⇒ pji = 1 − pij ≤ 0.5,⇒ pij ≥ pji (28)

and
pij ≥ pji ⇒ pij ≥ 1 − pij ⇒ 2pij ≥ 1 ⇒ pij ≥ 0.5 (29)

and so
pij ≥ 0.5 ⇔ pij ≥ pji (30)

For reciprocal additive preference relations we can therefore rewrite the condition
for weak transitivity (4)

pij ≥ 0.5 ∧ pjk ≥ 0.5 ⇒ pik ≥ 0.5

to the equivalent condition

pij ≥ pji ∧ pjk ≥ pkj ⇒ pik ≥ pki (31)

for all i, j, k = 1, . . . , n.
Now let us revisit multiplicative preference in the same way. A multiplicative

preference matrix P is reciprocal if and only if (16)

pij · pji = 1
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for all i, j = 1, . . . , n, which implies

pij ≥ 1 ⇒ pji = 1/pij ≤ 1 ⇒ pij ≥ pji (32)

and
pij ≥ pji ⇒ pij ≥ 1/pij ⇒ p2ij ≥ 1 ⇒ pij ≥ 1 (33)

and so
pij ≥ 1 ⇔ pij ≥ pji (34)

For reciprocal multiplicative preference relations we can therefore rewrite the
condition for weak transitivity (17)

pij ≥ 1 ∧ pjk ≥ 1 ⇒ pik ≥ 1

to the equivalent condition

pij ≥ pji ∧ pjk ≥ pkj ⇒ pik ≥ pki (35)

for all i, j, k = 1, . . . , n, which is equivalent to the condition (31) that we obtained
for additive preference. So, for reciprocal additive preference and for reciprocal
multiplicative preference we obtain the same condition (31) = (35) for weak
transitivity. This leads us to

Definition 3 (generalized weakly transitive preference). An n × n pref-
erence matrix P is called generalized weakly transitive if and only if

pij ≥ pji ∧ pjk ≥ pkj ⇒ pik ≥ pki (36)

for all i, j, k = 1, . . . , n, i �= j, j �= k, i �= k.

Notice that we exclude the cases i = j, j = k, and i = k here, because
these are trivial for reciprocal additive and multiplicative preference relations,
and so we also want to exclude them for arbitrary preference relations. This
means that elements on the main diagonal of P are irrelevant for generalized
weak transitivity.

It is easy to check that PA (5) and PC (18) satisfy generalized weak transi-
tivity, and PB (10) and PD (23) do not. In general, the following two theorems
relate weakly transitive additive and multiplicative preference to generalized
weakly transitive preference.

Theorem 1 (additive generalized weak transitivity). A reciprocal addi-
tive preference matrix is weakly transitive if and only if it is generalized weakly
transitive.

Theorem 2 (multiplicative generalized weak transitivity). A reciprocal
multiplicative preference matrix is weakly transitive if and only if it is generalized
weakly transitive.

Proof. The proof for both Theorems follows immediately from the equivalence
of Eqs. (31), (35), and (36). 	
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So, for reciprocal additive and multiplicative preference matrices weak tran-
sitivity and generalized weak transitivity are equivalent. Therefore, let us now
look at preference matrices which are neither additive nor multiplicative. Con-
sider for example the preference matrix

PE =

⎛
⎝

1 6 9
2 4 8
5 3 7

⎞
⎠ (37)

The elements on the main diagonal of PE are different from 0.5 and 1, so PE

is neither an additive preference matrix nor a multiplicative preference matrix.
However, it may seem reasonable to interpret PE as a preference matrix. Imagine
for example that the rows and columns of this matrix correspond to soccer teams,
and each element pEij corresponds to the number of times that team i has won
over team j. The elements on the main diagonal are chosen arbitrarily and may
be ignored for generalized weak transitivity, as pointed out above. For the off–
diagonal preference pairs we have

pE12 ≥ pE21, p
E
23 ≥ pE32, p

E
13 ≥ pE31 (38)

so (36) holds and therefore PE is generalized weakly transitive.
As another example consider

PF =

⎛
⎝

1 5 8
9 4 2
3 6 7

⎞
⎠ (39)

Again, the main diagonal is different from 0.5 and 1, so this is neither an additive
preference matrix nor a multiplicative preference matrix. For the off–diagonal
preference pairs of PF we obtain

pF13 ≥ pF31, p
F
32 ≥ pF23, p

F
12 �≥ pF21 (40)

so (36) is violated and therefore PF is not generalized weakly transitive.

5 Total Order Induced by Generalized Weak Transitivity

Generalized weak transitivity is an important property of preference relations
because it allows to construct a total order (ranking) of the elements.

Theorem 3 (total order for generalized weak transitivity). If an n × n
preference matrix is generalized weakly transitive, then we can construct a total
order o of the n elements so that o1 ≥ o2 ≥ . . . ≥ on.

Proof. If a preference matrix P is generalized weakly transitive, then from (36)
follows that for each i, j, k = 1, . . . , n with i �= j, j �= k, i �= k. we will have at
least one of the following six cases:



126 T. A. Runkler

pij ≥ pji, pjk ≥ pkj , pik ≥ pki ⇒ oi ≥ oj ≥ ok (41)
pik ≥ pki, pkj ≥ pjk pij ≥ pji ⇒ oi ≥ ok ≥ oj (42)
pji ≥ pij , pik ≥ pki, pjk ≥ pkj ⇒ oj ≥ oi ≥ ok (43)
pjk ≥ pkj , pki ≥ pii, pji ≥ pij ⇒ oj ≥ ok ≥ oi (44)
pki ≥ pik, pij ≥ pji, pkj ≥ pjk ⇒ ok ≥ oi ≥ oj (45)
pkj ≥ pjk, pji ≥ pij , pki ≥ pik ⇒ ok ≥ oj ≥ oi (46)

If more than one of these cases is satisfied, then we have ties pij = pji or pjk = pkj
or pik = pki, which implies oi = oj or oj = ok or oi = ok, respectively, so the
order may not be strict. For an arbitrary generalized weakly transitive preference
matrix we can therefore pick arbitrary three elements i, j, k and construct a total
order for these. If we have a total order for p ≥ 3 elements i1, i2, . . . , ip, then for
any additional element k from (36) follows that we will have one at least of the
following three cases

pki1 ≥ pi1k, pi1i2 ≥ pi2i1 , pki2 ≥ pi2k ⇒ ok ≥ oi1 ≥ oi2 (47)
pip−1ip ≥ pipip−1 , pipk ≥ pkip , pip−1k ≥ pkip−1 ⇒ oip−1 ≥ oip ≥ ok (48)

or we can find an index j ∈ {1, 2, . . . , p − 1} for which

pijk ≥ pkij , pkij+1 ≥ pij+1k, pijij+1 ≥ pij+1ij ⇒ oij ≥ ok ≥ oij+1 (49)

In the first case, we can insert element k before element i1 and obtain the new
total order k, i1, i2, . . . , ip. In the second case, we can insert element k after
element ip and obtain the new total order i1, i2, . . . , ip, k. And in the third case
we can insert element k between elements ij and ij+1 and obtain the new total
order i1 . . . , ij , k, ij+1 . . . , ip. Again, several of these three cases may be satisfied
if we have ties pki1 = pi1k or pkip−1 = pip−1k or pkij = pijk or pkij+1 = pij+1k,
which lead to equal ranks ok = oi1 or ok = oip−1 or ok = oij or ok = oij+1 ,
respectively, so the order may be not strict. Using this scheme we can construct
a total order for any generalized weakly transitive preference matrix. 	


For example, the preference matrix PE (37) is generalized weakly transitive,
so we have the relation (38) for the off–diagonal preference pairs which yields
the total order o1 ≥ o2 ≥ o3. In the semantic context of the application we can
interpret this as a ranking of soccer teams, where team 1 is ranked on top, then
team 2, and finally team 3. Notice again that the resulting total order may be
not strict, so the ranking can contain ties. As another example, the preference
matrix PF (39) is not generalized weakly transitive, so the relation (40) for the
off–diagonal preference pairs does not yield a total order, since o1 ≥ o3 ≥ o2
contradicts o1 �≥ o2. Here, it is not possible to construct a ranking of the soccer
teams.
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6 Conclusions

We have extended the concept of weak transitivity from additive preference rela-
tions to multiplicative preference relations and further in a generalized version to
arbitrary preference relations. We have shown that generalized weak transitivity
is an important property of preference relations because it allows to construct
a strict order of elements (ranking of options) which is very useful in decision
making processes.

Many questions have been left open for future research, such as:

– What are efficient algorithms to test a preference matrix for generalized weak
transitivity and to construct the corresponding total order?

– How does generalized weak transitivity relate to other mathematical proper-
ties of preference relations such as monotonicity or positivity?

– How can weakly transitive preference relations be constructed from utilities
[10] or from rank orders [12]?

– How do these types of transitivity extend to interval valued preferences [1,3,
15,20]?
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