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Abstract. Formal concept analysis and rough set theory are two of the
most important mathematical tools for the treatment of information col-
lected on relational systems. In particular, the idea of reducing the size
of a database is widely studied in both theories separately. There are
some papers that studied the reduction of a formal context by means
of reducts from rough set. In this paper, we are focused in the reduc-
tion obtained in an information system considering the FCA reduction
mechanism.
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1 Introduction

Databases have been used in order to collect and store information in many
fields of the everyday life as medicine, industry, criminology and more. The
importance of databases has led to the development of mathematical tools for
their study and management. Two powerful and useful mathematical tools are
Formal Concept Analysis (FCA) [11] and Rough Set Theory (RST) [14]. More-
over, these two frameworks can be connected, among other ways, through the
way in which databases are represented. Relational systems are composed by a
set of attributes, a set of objects and a relationship between them.

One of the most important goal in both theories is the reduction of the
size of databases. In order to do that, the notion of reduct arose. As a general
definition, a reduct is a minimal subset of attributes keeping the original infor-
mation. In a FCA framework, a reduct is a subset of attributes with which an
isomorphic lattice to the original one is constructed [6,9,10]. In the case of RST,
the minimal subset of attributes keeping the indiscernibility objects is called a
reduct [8,16,17]. There are some papers connecting the reduction mechanisms in
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both theories. A new reduction mechanism in FCA by means of reducts of RST
is proposed in [2]. In the aforementioned paper, the results and properties are
developed in a classical environment. Additionally, this study was extended in
paper [3] to a fuzzy environment. Furthermore, a comparative study with other
mechanism is presented. In these papers, the process starts in a context, an asso-
ciated information system is constructed and the reductions in such information
system are computed. Then, the lattice of reduced context with the calculated
reducts is built. Therefore, these reduction mechanism provides a reduction in
FCA considering the reducts of RST.

On the other hand, a reduction mechanism in an information system consid-
ering the FCA philosophy is studied in [1]. In this paper, we will define a fuzzy
formal context and frame associated with an information system and the fuzzy
environment for reduction in the associated context will be applied. Moreover,
different properties will be studies in order to improve the FCA classification
theorems in the RST framework.

Since this paper is focused on extend the study presented in [1], we recall
the notions and results needed in Sect. 2. After that, the main contributions
are presented in Sect. 3. Finally, in Sect. 4, we summarize the results in the
conclusions and we present our future work.

2 Preliminaries

RST and FCA are the two mathematical tools considered in this paper in order to
reduce the size of a relational database. Also, the relation between the reduction
procedure in these frameworks is studied. Due to this fact, the notions and results
needed from these two environments will be recalled in this section.

2.1 Rough Set Theory

Rough Set Theory was developed in order to treat and manage incomplete infor-
mation. In this framework, information systems and decision systems are used
to present the data [14,15]. These systems are composed by a set of objects,
a set of attributes and a relation between them. In the particular case of the
decision system, an specific attribute is considered to make an action over the
objects. Since information systems are the only one considered in this paper, its
definition is recalled:

Definition 1. An information system (U,A) is a tuple, where the set of objects
U = {x1, x2, . . . , xn} and the set of attributes A = {a1, a2, . . . , am} are finite
and non-empty sets. Each a ∈ A corresponds to a mapping ā : U → Va, where
Va is the value set of the attribute a over U .

Moreover, for every subset D of A, the D-indiscernibility relation, Ind(D),
is defined by the following equivalence relation:

Ind(D) = {(xi, xj) ∈ U × U | for all a ∈ D, ā(xi) = ā(xj)}
where each equivalence class is written as [x]D = {xi ∈ U | (x, xi) ∈ Ind(D)}.
Ind(D) produces a partition on U denoted as U/Ind(D) = {[x]D | x ∈ U}.
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The following definition presents a useful tool for selecting the attributes
which discern two objects [15], the discernibility matrix.

Definition 2. Given an information system (U,A), its discernibility matrix is
a matrix with order |U | × |U |, denoted by MA, in which the element MA(x, y)
for each pair of objects (x, y) is defined by:

MA(x, y) = {a ∈ A | ā(x) �= ā(y)}

Moreover, in order to generalize this notions to a fuzzy environment, a fuzzy
indiscernibility relationship can be considered to compare the objects instead
of a classical one. This indiscernibility relation can be defined over any poset
P , that is, R : U × U → P , as it was introduced in [8]. Due to the study if
this paper is focused on the properties of the fuzzy FCA reduction to RST, the
interval [0, 1] will be considered as the poset used to define the indiscernibility
relation.

From this point forward, we are going to consider the definition of the infor-
mation system presented in Definition 1 together with the fuzzy indiscernibility
relation R : U × U → [0, 1] defined as:

R(xi, xj) = @(Ra1(xi, xj), . . . , Ran
(xi, xj))

for every pair of objects xi, xj ∈ U , where @: [0, 1]n → [0, 1] is an aggregation
operator and Rak

: U × U → [0, 1] is a tolerance relation with respect to the
attribute ak, for all k ∈ {1, . . . , n}.

2.2 Multi-adjoint Formal Concept Analysis

The considered operators in order to define the concept-forming operators are the
adjoint triples, which are generalizations of a triangular norm and its residuated
implication [12].

Definition 3. Let (P1,≤1), (P2,≤2), (P3,≤3) be posets and &: P1 × P2 → P3,
↙ : P3 ×P2 → P1, ↖ : P3 ×P1 → P2 be mappings, then (&,↙,↖) is an adjoint
triple with respect to P1, P2, P3 if the following double equivalence holds:

x ≤1 z ↙ y iff x& y ≤3 z iff y ≤2 z ↖ x (1)

for all x ∈ P1, y ∈ P2 and z ∈ P3. This double equivalence is called adjoint
property.

Next, we will present the boundaries properties verified by operators of an
adjoint triple.

Proposition 1. Given an adjoint triple (&,↙,↖) with respect to the posets
(P1,≤1,⊥1,	1), (P2,≤2,⊥2,	2) and (P3,≤3,⊥3,	3), the following boundary
conditions are hold:
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1. ⊥1 & y = ⊥3 y x&⊥2 = ⊥3, for all x ∈ P1, y ∈ P2.
2. z ↖ ⊥1 = 	2 y z ↙ ⊥2 = 	1, for all z ∈ P3.
3. 	3 ↖ x = 	2 y 	3 ↙ y = 	1, for all x ∈ P1, y ∈ P2.

The following result presents a relation between boundary conditions which
was proved in [4].

Proposition 2. Let us consider an adjoint triple (&,↙,↖) with respect to the
posets (P1,≤1,⊥1,	1), (P2,≤2,⊥2,	2) and (P3,≤3,⊥3,	3). If P1 = P3, we
have that the following equivalence is provided:

z ↖ 	2 = z, for all z ∈ P3 if and only if x&	2 = x, for all x ∈ P1

In the concept lattice settings, we need to consider that (P1,≤1) and (P2,≤2)
are complete lattices [13]. In the following, we are going to recall the notion of
multi-adjoint frame.

Definition 4. A multi-adjoint frame L is a tuple:

(L1, L2, P,
1,
2,≤,&1,↙1,↖1, . . . ,&n,↙n,↖n)

where (L1,
1) and (L2,
2) are complete lattices, (P,≤) is a poset and, for
all i = 1, . . . , n, (&i,↙i,↖i) is an adjoint triple with respect to L1, L2, P .
Multi-adjoint frames are denoted as (L1, L2, P,&1, . . . ,&n).

Given a frame, a multi-adjoint context is a tuple consisting of sets of objects,
attributes and a fuzzy relation among them; in addition, the multi-adjoint app-
roach also includes a function which assigns an adjoint triple to each pair of
objects and attributes.

Definition 5. Let (L1, L2, P,&1, . . . ,&n) be a multi-adjoint frame, a context is
a tuple (A,B,R, σ) such that A and B are non-empty sets (usually interpreted
as attributes and objects, respectively), R is a P -fuzzy relation R : A × B → P
and σ : A×B → {1, . . . , n} is a mapping which associates any element in A×B
with some particular adjoint triple in the frame.

Given a multi-adjoint frame and a context for that frame, the concept-
forming operators are denoted as ↑σ : LB

2 −→ LA
1 and ↓σ

: LA
1 −→ LB

2 , LB
2 and

LA
1 denote the set of fuzzy subsets g : B → L2 and f : A → L1, respectively, and

are defined, for all g ∈ LB
2 , f ∈ LA

1 and a ∈ A, b ∈ B, as:

g↑σ (a) = inf{R(a, b) ↙σ(a,b) g(b) | b ∈ B} (2)
f↓σ

(b) = inf{R(a, b) ↖σ(a,b) f(a) | a ∈ A} (3)

These two arrows form a Galois connection [13]. Hence, the notion of concept is
defined as usual: a multi-adjoint concept is a pair 〈g, f〉 satisfying that g ∈ LB

2 ,
f ∈ LA

1 and that g↑σ = f and f↓σ

= g; with (↑σ , ↓σ

) being the Galois connection
defined above.

Given g ∈ LB
2 (resp. f ∈ LA

1 ), we will call the concept 〈g↑σ↓σ

, g↑σ 〉 (resp.
〈f↓σ

, f↓σ↑σ 〉) the concept generated by g (resp. f).
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Definition 6. The multi-adjoint concept lattice associated with a multi-adjoint
frame (L1, L2, P,&1, . . . ,&n) and a context (A,B,R, σ) is the set

M(A,B,R, σ) = {〈g, f〉 | g ∈ LB
2 , f ∈ LA

1 and g↑σ = f, f↓σ

= g}
in which the ordering is defined by 〈g1, f1〉 
 〈g2, f2〉 if and only if g1 
2 g2
(equivalently f2 
1 f1).

The ordering just defined above provides M with the structure of a complete
lattice [13]. From now on, in order to simplify the notation, we will write ↑ and
↓ instead of ↑σ and ↓σ

, respectively.
A theory for attribute reduction in multi-adjoint concept lattices will be

introduced. From now on, a multi-adjoint frame (L1, L2, P,&1, . . . ,&n) and a
context (A,B,R, σ) will be fixed.

The following definition presents the most natural extension of a consistent
set in the multi-adjoint framework, keeping the definitions considered in Rough
Set Theory [14].

Definition 7. A set of attributes Y ⊆ A is called a consistent set of (A,B,R, σ)
if M(Y,B,RY , σY ×B) ∼=E M(A,B,R, σ). This is equivalent to say that, for all
〈g, f〉 ∈ M(A,B,R, σ), there exists a concept 〈g′, f ′〉 ∈ M(Y,B,RY , σY ×B) such
that g = g′.

Moreover, if M(Y \ {a}, B,RY \{a}, σY \{a}×B) �∼=E M(A,B,R, σ), for all
a ∈ Y , then Y is called a reduct of (A,B,R, σ).

The core of (A,B,R, σ) is the intersection of all the reducts of (A,B,R, σ).

The main idea in attribute reduction in formal concept analysis is to classify
the attributes from the irreducible elements in the concept lattice. Therefore,
the definition of irreducible element of a lattice must be introduced.

Definition 8. Given a lattice (L,
), such that ∧,∨ are the meet and the join
operators. An element x ∈ L verifying that

1. If L has a top element 	, then x �= 	.
2. If x = y ∧ z, then x = y or x = z, for all y, z ∈ L.

is called meet-irreducible (∧-irreducible) element of L. Condition (2) is equiva-
lent to

2′. If x < y and x < z, then x < y ∧ z, for all y, z ∈ L.

Hence, if x is ∧-irreducible, then it cannot be represented as the infimum of
strictly greatest elements.

A join-irreducible (∨-irreducible) element of L is defined dually.

A characterization of the meet-irreducible elements of a multi-adjoint concept
lattice is introduced in this section. A similar result can be given to the join-
irreducible elements.

Hence, we will consider a multi-adjoint concept lattice (M,
) associated
with a multi-adjoint frame (L1, L2, P,&1, . . . ,&n), a context (A,B,R, σ), where
L1, L2, P , A and B are finite and the following specific family of fuzzy subsets
of LA

1 :
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Definition 9. For each a ∈ A, the fuzzy subsets of attributes φa,x ∈ LA
1 defined,

for all x ∈ L1, as

φa,x(a′) =
{

x if a′ = a
0 if a′ �= a

will be called fuzzy-attributes. The set of all fuzzy-attributes will be denoted as
Φ = {φa,x | a ∈ A, x ∈ L1}.

Note that these mappings are generalizations of the crisp attributes and they
were also assumed in the proof of representation theorem of several fuzzy concept
lattices.

Once the technical results are introduced, the characterization of the ∧-
irreducible elements of multi-adjoint concept lattices can be proven. This the-
orem shows that the ∧-irreducible elements are concepts generated by fuzzy-
attributes and no more concepts can be ∧-irreducible elements.

Theorem 1 [5]. The set of ∧-irreducible elements of M, MF (A,B,R, σ), is:{
〈φ↓

a,x, φ↓↑
a,x〉 | φ↓

a,x �=
∧

{φ↓
ai,xi

| φai,xi
∈ Φ, φ↓

a,x ≺2 φ↓
ai,xi

} and φ↓
a,x �= g�

}

where 	 is the maximum element in L2 and g� : B → L2 is the fuzzy subset
defined as g�(b) = 	, for all b ∈ B.

The following definition presents a notion needed to classify the attributes of
a context by means of the attributes used to generate a concept.

Definition 10. Given a multi-adjoint frame (L1, L2, P,&1, . . . ,&n), a context
(A,B,R, σ) associated with the concept lattice (M,
) and a concept C of (M,
),
the set of attributes generating C is defined as the set:

Atg(C) = {a ∈ A | there exists x ∈ L1 such that 〈φ↓
a,x, φ↓↑

a,x〉 = C}
As in this paper we are using the philosophy of fuzzy FCA in order to reduce

the set of attributes, we will need some results that characterize the attributes
from the meet-irreducible elements of the multi-adjoint concept lattice. The
results presented are an adaptation of the attribute classification theorems intro-
duced in [5], by using the Definition 10. This improvement in results simplifies
the notation and facilitates its application. The following result characterizes the
absolutely necessary attributes, by means of Definition 10.

Theorem 2 [7]. Given an attribute a ∈ A, then a ∈ Cf if and only if there
exists a meet-irreducible concept C of (M,
) satisfying that a ∈ Atg(C) and
card(Atg(C)) = 1.

Finally, the next proposition shows the characterization of the absolutely
unnecessary attributes considering the attributes generating a concept. To this
group belong those attributes that are neither absolutely necessary nor relatively
necessary.

Theorem 3 [7]. Given an attribute a ∈ A, then a ∈ If if and only if, for any
C ∈ MF(A), a /∈ Atg(C), or if a ∈ Atg(C) then

(
A \ Atg(C)

) ∪ {a} is not a
consistent set.
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3 Main Properties of Fuzzy Attribute Reduction
in Information Systems with FCA Philosophy

This section will recall some notions and results presented in [1] and will study
some properties of the attribute reduction of an information system provided by
the FCA mechanism. First of all, we define a formal context from an information
system, due to the fact that we are starting in a rough set framework.

Definition 11. Given an information system (U,A) and the indiscernibility
relation R : U × U → L defined on (U,A), the associated fuzzy context is the
context (U,U,R).

Usually, L is the unit interval, although it can be, for example, a non-linear
lattice or a granularity of the unit interval, such as [0, 1] = {0, 1/100, . . . , 99/100, 1}.
Additionally, we need to fixe an associated framework (L1, L2, P,&1, . . . ,&n). In
this case, the lattices L1 and L2 should be equal since they will represent the
truth values associated with the elements of the same set. Moreover, we will need
the adjoint conjunctors &i, for all i ∈ {1, . . . , n}, satisfy the boundary condition
with the top element:

	1 & x = x (4)

Although this condition may seem very strict, there are really many adjoint
triples that satisfy it, like t-norms (e.g., Gödel, �Lukasiewicz and product) and
other more general operators such as x& y = x2 · y.

Furthermore, since Proposition 2 will be used later, we also need that L1 = P .
As a consequence, the sets L1, L2, P must be equal and depending on the truth
values set considered in the indiscernibility relation R. In this paper, we will
consider linear lattices.

The following example shows how to obtain an associated fuzzy context from
a given information system. This example will be used in order to illustrate the
properties presented in this paper.

Example 1. In this example, we will consider the information system (U,A) pre-
sented in [1], composed of the set of objects U = {x1, x2, x3, x4, x5}, the set
of attributes A = {a1, a2, a3, a4} and the following table showing the relation
between attributes and objects, by a truth value in [0, 1]100:

x1 x2 x3 x4 x5

a1 0.34 0.21 0.52 0.84 0.83
a2 0.13 0.09 0.36 0.16 0.15
a3 0.31 0.71 0.93 0.69 0.69
a4 0.75 0.5 1 1 1

In order to build the discernibility matrix needed to define the relation in the
context, we will consider the following fuzzy tolerance relation between objects
for any attribute ai ∈ A:

Rai
(x, y) = 1 − |āi(x) − āi(y)|
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Then, we will take into account the aggregation operator @(l1, l2.l3, l4) =
1
6 (l1 + l2 + 2(l3 + l4)) to compute the values of the discernibility relation, which
compares every couple of objects x, y ∈ U as follows:

RA(x, y) = @(Ra1(x, y), Ra2(x, y), Ra3(x, y), Ra4(x, y)) (5)

Therefore, the following discernibility matrix is obtained:
⎛
⎜⎜⎜⎜⎝

1 0.8 0.6 0.7 0.7
0.8 1 0.7 0.7 0.7
0.6 0.7 1 0.8 0.8
0.7 0.7 0.8 1 1
0.7 0.7 0.8 1 1

⎞
⎟⎟⎟⎟⎠

Now, we are able to built the associated fuzzy context (U,U,R), where R is
the indiscernibility relation described in the discernibility matrix, and we con-
sider the frame ([0, 1]10, [0, 1]10, [0, 1]10,&G) where &G is the Gödel conjunctor.

In order to stress the usefulness of the proposed attribute reduction mecha-
nism in RST, based on FCA, diverse interesting properties will be studied next,
relating elements of FCA and RST. The first result presents the value taken
by the intent over the attribute generating the fuzzy-attribute over a general
context.

Proposition 3. Let (A,B,R, σ) be a multi-adjoint context, a multi-adjoint
frame (L1, L2, P,&1, . . . ,&n), an attribute a ∈ A and a truth value β ∈ L1.
If the inequality β ≤ R(a, b) holds, for all b ∈ B, then

φ↓↑
a,β(a) = inf{R(a, b) | b ∈ B}

Proof. Taking into account the definitions of concept-forming operators pre-
sented in Expressions (2) and (3), we have for an attribute a ∈ A and a truth
value β ∈ L1 that:

φ↓↑
a,β(a) = inf{R(a, b) ↙ (R(a, b) ↖ β) | b ∈ B}

(∗)
= inf{R(a, b) ↙ 1 | b ∈ B}
(∗∗)
= inf{R(a, b) | b ∈ B}

In order to justify Equality (∗) in the above chain of equalities, we know that
β ≤ R(a, b), and considering the boundary condition presented in Eq. (4), we
have that β & 1 ≤ R(a, b). Then, taking into consideration the adjoint property
described in Expression (1), we obtain that 1 ≤ R(a, b) ↖ β, that is, R(a, b) ↖
β = 1.

On the other hand, we have Equality (∗∗) thanks to Proposition 2 and bound-
ary condition (4). Hence, we obtain that

φ↓↑
a,β(a) = inf{R(a, b) | b ∈ B} ��
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The following example illustrates this idea using the context presented in
Example 1.

Example 2. Let us consider the formal context and the multi-adjoint frame pre-
sented in Example 1. Let us consider the attribute x2 ∈ U and the truth value
β = 0.5. We have that 0.5 ≤ R(x2, xi), for all i ∈ {1, 2, 3, 4, 5}, we will calculate
φ↓↑

x2,0.5(x2). By definition of concept-forming operator presented in Expression 3,
we have that:

φ↓
x2,0.5(x2) = inf{R(xi, x2) ↖ φx2,0.5(xi) | xi ∈ U}

= inf{0.8 ↖ 0, 1 ↖ 0.5, 0.7 ↖ 0, 0.7 ↖ 0, 0.7 ↖ 0}
= inf{1, 1, 1, 1, 1} = 1

Applying the same calculations for all the objects, we obtain that φ↓
x2,0.5 =

{1/x1, 1/x2, 1/x3, 1/x4, 1/x5}. Considering now, the definition of the other
concept-forming operator represented in Expression 2, we have that:

φ↓↑
x2,0.5(x2) = inf{R(xi, x2) ↙ φ↓

x2,0.5(xi) | xi ∈ U}
= inf{0.8 ↙ 1, 1 ↙ 1, 0.7 ↙ 1, 0.7 ↙ 1, 0.7 ↙ 1}
= inf{0.8, 1, 0.7, 0.7, 0.7}
= inf{R(x1, x2), R(x2, x2), R(x3, x2), R(x4, x2), R(x5, x2)} ��

The following result highlights the important role the relationship R have for
computing intents of formal concepts.

Proposition 4. Given a multi-adjoint context (A,B,R, σ), a multi-adjoint
framework (L1, L2, P,&1, . . . ,&n), an attribute a ∈ A and two truth values
β, β′ ∈ L1, if β, β′ ≤ R(a, b), for all b ∈ B, then

φ↓↑
a,β = φ↓↑

a,β′

Proof. Given an attribute a′ ∈ A, if we consider the truth values β, β′ ≤ R(a, b),
we have that

φ↓↑
a,β(a′) = inf{R(a′, b) ↙ (R(a, b) ↖ β) | b ∈ B}

= inf{R(a′, b) ↙ 1 | b ∈ B}
= inf{R(a′, b) | b ∈ B}

due to β ≤ R(a, b). Analogously, taking into account the truth value β′, we have
that

φ↓↑
a,β′(a′) = inf{R(a′, b) | b ∈ B}

Therefore, for all a′ ∈ A, we have that

φ↓↑
a,β(a′) = inf{R(a′, b) | b ∈ B} = φ↓↑

a,β′(a′)

Hence, we obtain that φ↓↑
a,β = φ↓↑

a,β′ . ��
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From now on, we will consider the associated context from an information
system (U,A), obtained as Definition 11 describes. Notice that, as R is built
with the indiscernibility relation, the relation R verifies the reflexive property.

Proposition 5. Let us consider an information system (U,A), its associated
fuzzy context (U,U,R), its associated frame (L,L,L,&) and an object x1 ∈ U ,
we have that

φ↓↑
x1,β(x) ≤ R(x, x1)

for all truth value β ∈ L1 and object x ∈ U .

Proof. By definitions of the concept-forming operator presented in Expres-
sions (2) and (3), given x, x1 ∈ U , we have that

φ↓↑
x1,β(x) = inf{R(x, x2) ↙ (

R(x1, x2) ↖ β
) | x2 ∈ U}

If x2 = x1, we obtain by Proposition 2 and boundary condition (4) that:

φ↓↑
x1,β(x) ≤ R(x, x1) ↙ (

R(x1, x1) ↖ β
)

= R(x, x1) ↙ (
1 ↖ β

)
= R(x, x1) ↙ 1
= R(x, x1)

which proves the result. ��
Next, the following proposition characterizes the value taken by the relation

over two objects which generate the same intent of a concept.

Proposition 6. Let (U,A) be an information system, (U,U,R) its associated
fuzzy context, its associated frame (L,L,L,&), two objects xi, xj ∈ U and two
truth values β, β′ ∈ L. If the equality φ↓↑

xi,β
= φ↓↑

xj ,β′ holds, then

β, β′ ≤ R(xi, xj)

Proof. By Proposition 5 and the hypothesis, evaluating over the object xj , we
have that

β′ ≤ φ↓↑
xj ,β′(xj) = φ↓↑

xi,β
(xj) ≤ R(xj , xi)

Analogously, considering now the object xi, we obtain that

β ≤ φ↓↑
xi,β

(xi) = φ↓↑
xj ,β′(xi) ≤ R(xi, xj)

Therefore, the result holds by the symmetry of R. ��
The following consequence from the proposition above and Proposition 3

shows interesting lower and upper bounds associated with intents generated by
different objects.
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Corollary 1. Given an information system (U,A), its associated fuzzy context
(U,U,R), its associated frame (L,L,L,&), two objects xi, xj ∈ U and two truth
values β, β′ ∈ L, verifying that φ↓↑

xi,β
= φ↓↑

xj ,β′ , then, the following chain of
inequalities holds

inf{R(xi, x) | x ∈ U} ≤ φ↓↑
xi,β

(xi) ≤ R(xi, xj)

The upper truth value threshold can be determined to every object.

Proposition 7. Let us consider an information system (U,A), its associated
fuzzy context (U,U,R), its associated frame (L,L,L,&), two objects xi, xj ∈ U

and two truth values β, β′ ∈ L. If the equality φ↓↑
xi,β

= φ↓↑
xj ,β′ holds, then we have

that
φ↓↑

xi,β
(x) ≤ R(x, xi) ∧ R(x, xj) ≤ R(xi, xj)

for all object x ∈ U .

Proof. Follows from Proposition 5, the equality φ↓↑
xi,β1

(x) = φ↓↑
xj ,β2

(x), for all
x ∈ U , and the transitivity property of R.

As a consequence, the following corollary arises.

Corollary 2. Let (U,A) be an information system, (U,U,R) its associated fuzzy
context, its associated frame (L,L,L,&), two objects xi, xj ∈ U and two truth
values β, β′ ∈ L. If the equality φ↓↑

xi,β
= φ↓↑

xj ,β′ holds, then

φ↓↑
xi,R(xi,xj)

(xi) = R(xi, xj)

By Proposition 6 we have that if xi, xj ∈ Atg(C), then the values β, β′ ∈ L,
such that φ↓↑

xi,β
= φ↓↑

xj ,β′ must be less or equal to R(xi, xj). Therefore, since

[xi]α = {x ∈ U | α ≤ R(xi, x)} (6)

we cannot establish a relationship between α-block and the classification of
attributes, as it was given in [1]. We can provide the following improvement
of the FCA attribute classification on the RST framework.

Corollary 3. Let (U,A) be an information system, (U,U,R) its associated fuzzy
context, an object xi ∈ U . If φ↓↑

xi,R(xi,x)
(xi) �= R(xi, x), for all x ∈ U , then

xi ∈ Cf or xi ∈ If .

This consequence notably reduce the number of computations in order to
know whether an object is absolutely necessary. Another reduction for checking
whether an object is a core element is the following.

Corollary 4. Let (U,A) be an information system, xi ∈ U , and (U,U,R) its
associated fuzzy context. If there exists β �≤ sup{R(xi, x) | x ∈ U}, such as,
φ↓↑

xi,β
is the intent of a meet-irreducible, that is, φ↓↑

xi,β
= Ext(C), with C ∈

MF (U,U,R), then xi ∈ Cf .

Therefore, in order to apply Theorem 2 we need to begin from the values
β �≤ sup{R(xi, x) | x ∈ U}. This computation does not provide extra calculations
but already required ones, and offers a sufficient condition to ensure whether
xi ∈ Cf . More improvements will be detailed in the future.
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4 Conclusions and Future Work

In this paper, we have deepened in the study of the properties that the mecha-
nism of reduction of an information system possesses considering the philosophy
of FCA presented in [1]. We have proved different boundary properties, where
the fuzzy relation (indiscernibility relation when RST is considered) plays an
important role. For example, relevant boundary results have been proven in the
particular case of two different objects generate the same formal concept, such
as the upper bound is given by the relationship between both objects. As a con-
sequence of these properties, we have provided several improvements over the
attribute classification theorems [5].

As future work, more enhancements in the classification theorems over the
objects will be studied, in order to provide a size reduction in an information
system using the reduction mechanism of FCA. Also, we will study other ways
to connect the reduction mechanism in FCA and RST, as the consideration of
the bireducts of RST to reduce the size of a relational database of FCA.
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