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Abstract. Boolean algebra expressions are used by stakeholders from a
range of disciplines, such as engineers, to build logic circuits. To reduce
the cost and transaction numbers of logic circuits, engineers minimize
Boolean expressions by reducing the number of terms or arithmetic oper-
ations. A well-known pictorial method applied for minimizing Boolean
expressions is the Karnaugh map. However, a drawback is that these
maps are not effective for minimizing Boolean expressions involving more
than four variables. We introduce a novel method for minimizing Boolean
expressions by using graphs, which we call a “Truth Graph” that can be
effectively applied when many variables exist.
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1 Introduction

Stakeholders, such as engineers, use Boolean algebra expressions for building
logic circuits. To reduce the cost of these circuits, they must reduce (or minimize)
the original Boolean expressions to an equivalent expression that includes fewer
terms or arithmetic operations. The process of minimizing Boolean expressions
is not straightforward, and understanding circuits and the connections between
its components is challenging for engineering students [13]. Geoffrey et al., who
studied students’ misconceptions of circuits, revealed that “ these misconceptions
result from the need to manage a lot of information that has not been properly
organized in the students’ minds.” [9].

Tools, such as truth tables and the Karnaugh map (K-map), were introduced
to help simplify minimizing Boolean expressions [14]. However, these tools have
drawbacks. Truth tables grow very fast as the number of rows for an n-variable
function is 2". Therefore, having more than five variables, for example, will make
the construction of the table laborious and prone to error.

The K-map is another form of the truth table that facilitates the minimiza-
tion of Boolean algebra expressions without requiring the use of Boolean alge-
bra theorems. However, the K-map becomes highly confusing when minimizing
expressions that involve more than four variables. For example, a 4-variable K-
Map will include 2* = 16 cells, each having a value of either 0 or 1. These 16 cells
consist of four rows and four columns, each labelled with two binary numbers
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that bring the total binary number in a 4-variable K-Map to 32. Analyzing the
relations between these binary numbers by grouping adjacent cells that contain
the one values to determine a minimum expression can also be arduous and prone
to error. Studies demonstrated that students find K-maps difficult to use, such
as Zilles et al. who interviewed students taking a logic course that incorporated
using K-maps, and reported, “because Karnaugh maps are a major topic in both
ECE 290 and CS 231, we were surprised to find that students were generally
reluctant to use them.” [15]. Considering that both truth tables and the K-map
are utilized as pedagogical tools, having an enhanced teaching approach that
supports many variables and reduced visual complexity would be valuable.

Learning with an appropriate representation can enhance learners’ perfor-
mance [1]. Cromley investigated if different representations led learners to use
different strategies and reported that “students verbalize more inferences when
reading diagrams compared to text” [8]. The superiority of visual notations over
textual and symbolic versions has been reported by Larkin and Simon [10],
Cheng [7], and many others, including Ainsworth and Loizou [2], Alharbi [3],
and Butcher [5].

By considering the superiority of visual notations, especially in logic with
their support for observational advantages and reasoning [11,12], in terms of
visual complexity and drawability [4,6], visual notations can be effective rep-
resentations for minimizing Boolean expressions. This paper introduces a new
method for minimizing Boolean algebra expressions that takes advantage of the
benefits of visual representations to overcome the limitations of truth tables and
the K-Map approaches.

2 Truth Graph Expressions

A truth table is a simple tool for showing the truth-value of all possible com-
binations of the variables within an expression. Combinations leading to false
outputs are not involved in the minimization process. Therefore, truth graphs
only represent combinations that lead to truth outputs. Figurel and Table 1
illustrate how a truth graph and truth table represent the Boolean expression
(A+ B) * C with values. In Fig. 1, each variable can have one of two values, 1 or

Table 1. Truth values.

A|B|C|Output
1 A B C 0(0]0 0
0(0[1 0
0[1/0 0
0 : : ofi[i] 1
Fig. 1. Truth graph. (Color figure online) 1 8 (1) (l)
1{1|0 0
1111 1
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0. The upper nodes represent the 1 values, and lower nodes represent 0. Values
not included in the graph do not lead to truth outputs, such as the value 0 for
variable C is not included in the graph.

Values (or nodes) are connected by edges that represent truth paths. In
Fig. 1, there exist three truth paths highlighted in green, red, and blue. These
truth paths represent the truth outputs of the combinations of the values. For
example, in the green path, the value 0 from A is linked with the value 1 of B,
which is linked with the value 1 of C. This truth path is read as 011 or FTT,
which is equivalent to the fourth row in Table 1. The red path represents the
values 1 A, 0 B, and 1 C, and the blue path represents the values 1 A, 1 B, and
1 C. If there exists no edge (link) between two values, then the combination of
these values is false. For example, no link exists between 0 A, 0 B, and 0 C.

In the graph, we include nodes with written values of 1 and 0 to illustrate
the idea. These elements can be eliminated to make the graph simpler without
impacting the semantics. Figure2 shows the same graph after removing the
nodes and written values, which reduces the visual complexity and transforms
the graph into a representation similar to electrical signals that can be read
easily and matched to its meaning, where high waves represent 1 values and low
waves represent (. This version of the graph appears more straightforward and
easier to draw compared to a truth table, especially with many variables.

A B C

X7

Fig. 2. Truth graph after removing nodes and written values.

3 Truth Graph Minimization Method

Reducing the number of variables or connections corresponds to minimizing
Boolean expressions. The truth graph method minimizes Boolean expressions
by following two rules:

If two paths pass through the same variables and values, except for one variable
where one path passes through 1 and the other passes through 0, then this variable
can be eliminated from the two paths. For example, ABC + ABC = BC.

If one path passes through fewer variables than another path, and the shortest
path passes through the same variables and values, except for one variable, then
the value can be eliminated only from the path that has more variables. For
example, AB + ABC = AB + BC.

Regardless of the values, in the first rule, two expressions must have the
same variable, and in the second rule, one expression is subsumed by another. In
Fig. 2, the green and blue paths pass through the same values, except the values
of variable A. Therefore, these two paths can be minimized to BC. In Fig. 3, the
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black path represents the combined result of the green and blue paths. Next, we
combine this result with the red path. Both black and red paths pass through the
values 1 and 0 of variable B, and the red path passes by more values. Therefore,
we eliminate the value of variable B from the red path. The result of the red
path becomes AC.

A B C

N

Fig. 3. The result of minimizing the green and blue paths. (Color figure online)

The final minimization result of the truth graph in Fig. 2 becomes AC + BC,
as shown in Fig. 4. The dashed line is used instead of a solid line to avoid visual
complexity and illustrates that A is linked to C without B. The solid line links
all variables it passes through, where the dashed line skips some variables. In
this example, the dashed line passes through AB and C, and the small black
dots below the variables A and C represent that A is linked to C without B.

1,§BC

Fig. 4. The result of minimizing the three paths. (Color figure online)

The final minimization result is not affected by the order of the combinations
because combining any two paths first will lead to the same result. For example,
we can start by combining the red and blue paths by eliminating the variable B.
The result is AC, as shown in Fig. 5. The black dotted line represents the result
of minimizing the red and blue paths. Then, the black dotted and green paths
can be minimized by eliminating the value 0 of variable A from the green path.
The reason for eliminating the value of A from the green path only is because
the green path passes through more variables than the black path, which passes
through only two variables. The result is the same as the previous result, as
shown in Fig. 4.

Fig. 5. The result of minimizing the green and blue paths. (Color figure online)
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The minimization rule cannot be applied to the combination of the green and
red paths because the two paths pass through three values and share only one
value. Figure 6 shows several examples of combining truth paths that cannot be
minimized. The truth paths in graphs a and b do not share any values, and the
truth paths in graphs c, d, e, and f share only one value as they pass through
three values. The truth paths in graphs g and h share two values as they pass
through four values.

A BA B CA B CcA B C

X N\

(a) (b) (© (d

A B CA B CA B C DA B C D
N
_/ \\ﬂ
(e) () (8) (h)

Fig. 6. Examples of graphs that cannot be minimize. (Color figure online)

4 Truth graph and K-Map (Three Variables)

K-map cells filled with either 1s or Os, where the 1 values indicate that the true
values of the combination and 0 values indicate the falsity. To find the minimum
logic function, these 1 values must be grouped in a specific way for determining
the function F' of the K-Map. Tables 2 and 3 show how both the K-map and truth
graph, respectively, represent 000 + 001 + 110. Figure 7 presents the result of
combining the two truth paths in the first row of Table 3. The red and green
paths share the same values, except for the one variable C, which is eliminated.
Figure 8 shows the results of combining the two paths. Then, we add the third
path from the second row of Table 3 into the results of the combination of
the two previous paths. Figure9 illustrates the results of this combination that
includes no common value for the black and blue paths to share. Therefore, this
represents the simplest expression of 00 + 110 (AB + ABC).

Table 2. K-Map with truth values. Table 3. K-Map with truth paths.
BC BC
A 00 01 11 10 A 00 01 11 10
0[1]1]010 0|—[—

1]0(0|0|1 1 B
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A B C A B C
Fig.7. Graph 1 and 2 Fig. 8. Results of Graph 1 and 2 (Color figure online)
A B C

N

Fig. 9. Graph 3 and the results of Graph 1 and 2 (Color figure online)

5 Truth Graph and K-Map (Four Variables)

The same process is followed with four variables. Table 4 shows how the K-map
represents all possible combinations, and Table 5 includes the same information
represented by the truth graph.

Table 4. K-Map with values. Table 5. K-Map with truth paths.
CD CD
00 01 11 10 00 01 11 10
AB 00 {0000|0001|0011|0010 AB 00 |— | — |~
01 {0100|0101|{0111}0110 01 |~ || 7|7\
11 {1100{1101{1111{1110 11—
10 {1000{1001{1011{1010 10 NN [NV I

Let us assume that four combinations lead to true values, including ABC D+
ABCD+ABCD+ABCD. Figure 10 illustrates how the K-map and truth graph
represent this information. Table 6 shows step-by-step how the combination of
these values is minimized using our method. Step 1 combines the red and green
paths so that we can eliminate variable B with the result shown in Step 2. Step
3 combines the result of step 1 with the blue path, and the value of variable A
is eliminated from the blue path only because it passes through more variables
(ABCD) compared to the black path (ACD). Step 4 shows the results of step
3, and step 5 combines the result of step 3 with the yellow path. The yellow
path shares only one variable with the other paths, which means no further
minimization may occur. So, step 5 represents the final minimization of the truth
graph in Fig. 10. As discussed above, we can select any two paths to begin the
minimization process because any combination order leads to the same results.
Moreover, the method is not affected by increasing the number of variables,
which is a drawback of other methods.



Truth Graph: A Novel Method for Minimizing Boolean Algebra Expressions 467

CD
00 01 11 10
AB o roToTTT0 A B C D
o1[o(0[1]0
11[0]0[1]0 /
10[010]0

Fig. 10. Truth graph and K-map (4 variables).

Table 6. An example of minimzation process.

Step | Symbolic Representation | Graphical Representation
1 ABCD+ABCD | A B

3 ACD + ABCD

4 ACD + BCD A B C D

6 Truth Graph (Six Variables)

The truth graph method can be effectively applied to Boolean expressions with
many variables. Figure 11 shows a truth graph representing an ABCDEF +
ABCDEF + ABCDF expression. The blue and yellow paths pass through the
same variables and values, except for variable B. Therefore, B is eliminated
from the two paths, as shown in Fig. 12. The black path represents the result of
the combination of the blue and yellow paths. The black dotted line indicates
that variable B is not included in the path. The red path passes through more
than one value from the blue and yellow paths. Therefore, this represents the
minimum expression as ACDEF + ABCDEF.
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A B C D E F A B C D E F
Fig. 11. Truth graph (6 variables). Fig. 12. Truth graph minimization result.
7 Conclusion
We introduced a novel method for minimizing Boolean expressions with graphs

by considering the advantages of visual representations, including their simplic-

ity,

to overcome the limitations of truth tables and K-maps. Our next step will

perform student tests to determine if an advantage exists for using these graph
when minimizing Boolean algebra expressions compared to other representa-
tions, such as the K-map. Additional future work will be the implementation
of tool support, as developing a tool that can automatically minimize drawn
sketches will be valuable.
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