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Abstract

We address the facility location problems on dynamic flow path networks. A dynamic flow
path network consists of an undirected path with positive edge lengths, positive edge capacities,
and positive vertex weights. A path can be considered as a road, an edge length as the distance
along the road and a vertex weight as the number of people at the site. An edge capacity limits
the number of people that can enter the edge per unit time. In the dynamic flow network, given
particular points on edges or vertices, called sinks, all the people evacuate from the vertices to
the sinks as quickly as possible. The problem is to find the location of sinks on a dynamic flow
path network in such a way that the aggregate evacuation time (i.e., the sum of evacuation times
for all the people) to sinks is minimized. We consider two models of the problem: the confluent
flow model and the non-confluent flow model. In the former model, the way of evacuation is
restricted so that all the people at a vertex have to evacuate to the same sink, and in the latter
model, there is no such restriction. In this paper, for both the models, we develop algorithms
which run in almost linear time regardless of the number of sinks. It should be stressed that
for the confluent flow model, our algorithm improves upon the previous result by Benkoczi et
al. [Theoretical Computer Science, 2020], and one for the non-confluent flow model is the first
polynomial time algorithm.

1 Introduction

Recently, many disasters, such as earthquakes, nuclear plant accidents, volcanic eruptions and
flooding, have struck in many parts of the world, and it has been recognized that orderly evacuation
planning is urgently needed. A powerful tool for evacuation planning is the dynamic flow model
introduced by Ford and Fulkerson [10], which represents movement of commodities over time in a
network. In this model, we are given a graph with source vertices and sink vertices. Each source
vertex is associated with a positive weight, called a supply, each sink vertex is associated with a
positive weight, called a demand, and each edge is associated with positive length and capacity. An
edge capacity limits the amount of supply that can enter the edge per unit time. One variant of
the dynamic flow problem is the quickest transshipment problem, of which the objective is to send
exactly the right amount of supply out of sources into sinks with satisfying the demand constraints
in the minimum overall time. Hoppe and Tardos [I5] provided a polynomial time algorithm for
this problem in the case where the transit times are integral. However, the complexity of their
algorithm is very high. Finding a practical polynomial time solution to this problem is still open.
A reader is referred to a recent survey by Skutella [I8] on dynamic flows.

This paper discusses a related problem, called the k-sink problem [2] [l 5] [7, 8 @ 13], 14, 16],
of which the objective is to find a location of k sinks in a given dynamic flow network so that all
the supply is sent to the sinks as quickly as possible. For the optimality of location, the following
two criteria can be naturally considered: the minimization of evacuation completion time and
aggregate evacuation time (i.e., average evacuation time). We call the k-sink problem that requires
finding a location of k sinks that minimizes the evacuation completion time (resp. the aggregate



evacuation time) the minmax (resp. minsum) k-sink problem. Several papers have studied the
minmax k-sink problems on dynamic flow networks [2, [7, 8, 9, 13, 14}, 16]. On the other hand, the
minsum k-sink problems on dynamic flow networks have not been studied except for the case of
path networks [4} [ [14].

Moreover, there are two models on the way of evacuation. Under the confluent flow model, all
the supply leaving a vertex must evacuate to the same sink through the same edges, and under the
non-confluent flow model, there is no such restriction. To our knowledge, all the papers which deal
with the k-sink problems [2] 4 [5, [7) [8, 9], [14] adopt the confluent flow model.

In order to model the evacuation behavior of people, it might be natural to treat each supply as
a discrete quantity as in [15] [16]. Nevertheless, almost all the previous papers on sink problems [2,
7, 18, 9, [13], 14] treat each supply as a continuous quantity since it is easier for mathematically
handling the problems and the effect is small enough to ignore when the number of people is large.
Throughout the paper, we also adopt the model with continuous supplies.

In this paper, we study the minsum k-sink problems on dynamic flow path networks under both
the confluent flow model and the non-confluent flow model. A path network can model a coastal
area surrounded by the sea and a hilly area, an airplane aisle, a hall way in a building, a street,
a highway, etc., to name a few. For the confluent flow model, the previous best results are an
O(knlog®n) time algorithm for the case with uniform edge capacity in [], and O(knlog*n) time
algorithm for the case with general edge capacities in [5], where n is the number of vertices on path
networks. We develop algorithms which run in time min{O(kn log? n), n20(viegkloglogn) |92 1 for
the case with uniform edge capacity, and in time min{O(kn log® n), n20(Vlegkloglogn) 1463 1 for the
case with general edge capacities, respectively. Thus, our algorithms improve upon the complexities
by [4, 5] for any value of k. Especially, for the non-confluent flow model, this paper provides the
first polynomial time algorithms.

Since the number of sinks k is at most n, we confirm 20(VIegkloglogn) — ,0(y/loglogn/logn) —
n°M | which means that our algorithms are the first ones which run in almost linear time (i.e.,
plto(d) time) regardless of k. The reason why we could achieve almost linear time algorithms for
the minsum k-sink problems is that we newly discover a convex property from a novel point of
view. In all the previous papers on the k-sink problems, the evacuation completion time and the
aggregate evacuation time (called CT and AT, respectively) are basically determined as functions
in “distance”: Let us consider the case with a 1-sink. The values CT(x) or AT (x) may change as
a sink location x moves along edges in the network. In contrast, we introduce a new metric for
CT and AT as follows: assuming that a sink is fixed and all the supply in the network flows to the
sink, for a positive real z, CT(z) is the time at which the first z of supply completes its evacuation
to the sink and then AT(z) is the integral of CT(z), i.e., AT(z) = [; CT(t)dt. We can observe that
AT(z) is convex in z since CT(z) is increasing in z. Based on the convexity of AT(z), we develop
efficient algorithms.

The rest of the paper is organized as follows. In Section [2| we introduce the terms that are
used throughout the paper and explain our models. In Section [3| we show that our problem can
be reduced to the minimum k-link path problem with links satisfying the concave Monge condition.
This immediately implies by Schieber [I7] that the optimal solutions for our problems can be
obtained by solving min{O(kn), n20(vlogkloglog ")} subproblems of computing the optimal aggregate
evacuation time for subpaths, in each of which two sinks are located on its endpoints. Section
subsequently shows an overview of the algorithm that solves the above subproblems. In Section
and |5, we introduce novel data structures and then give the algorithm which solves each of the
above subproblems in O(poly logn) time. Section |§| concludes the paper.



2 Preliminaries

2.1 Notations

For two real values a,b with a < b, let [a,b] = {t e R | a <t < b}, [a,b) ={t e R|a <t <D},
(a,b] ={t e R|a <t <b}, and (a,b) = {t € R | a <t < b}, where R is the set of real values.
For two integers i, j with ¢ < j, let [i..j] = {h € Z | i < h < j}, where Z is the set of integers. A
dynamic flow path network P is given as a 5-tuple (P, w,c,1,7), where P is a path with vertex set
V ={v; | i € [1.n]} and edge set E = {e; = (vi,vit1) | i € [l.n — 1]}, w is a vector (wy,...,wy,)
of which a component w; is the weight of vertex v; representing the amount of supply (e.g., the
number of evacuees, cars) located at v;, c is a vector (ci,...,cp—1) of which a component ¢; is the
capacity of edge e; representing the upper bound on the flow rate through e; per unit time, 1is a
vector (¢1,...,0,—1) of which a component ¢; is the length of edge e;, and 7 is the time which unit
supply takes to move unit distance on any edge.

We say a point p lies on path P = (V| E), denoted by p € P, if p lies on a vertex v € V or
an edge e € E. For two points p,q € P, p < g means that p lies to the left side of ¢q. For two
points p,q € P, p = ¢ means that p < ¢ or p and ¢ lie on the same place. Let us consider two
integers 4,j € [1..n] with ¢ < j. We denote by P;; a subpath of P from v; to v;. Let L;; be the
distance between v; and vj, i.e., L; ; = {;1 lp, and let C; ; be the minimum capacity for all the
edges between v; and vj, i.e., C;; = min{c, | h € [i..j — 1]}. For i € [1..n], we denote the sum of
weights from vy to v; by W; = Z§:1 wj. Note that, given a dynamic flow path network P, if we
construct two lists of W; and Ly ; for all i € [1..n] in O(n) preprocessing time, we can obtain W; for
any i € [1.n] and L; j = L1 — L1, for any 4,j € [1..n] with ¢ < j in O(1) time. In addition, C; ;
for any ¢,7 € [1..n] with ¢ < j can be obtained in O(1) time with O(n) preprocessing time, which
is known as the range minimum query [1, [3].

A k-sink x is k-tuple (1, ..., x}) of points on P, where z; < x; for i < j. We define the function
Id for point p € P as follows: the value Id(p) is an integer such that VId(p) 2 P < Viq(p)+1 holds. For
a k-sink x for P, a divider d is (k — 1)-tuple (d1,...,dy—1) of real values such that d; < d; for i < j
and Wiq(,,) < di < Wiq(g,,,)- Given a k-sink x and a divider d for P, the portion Wiq(,,) — di—1
supply that originates from the left side of z; flows to sink z;, and the portion d; — Wiq(s,) supply
that originates from the right side of x; also flows to sink z;. For instance, under the non-confluent
flow model, if Wj_1 < d; < W}, where h € [1..n], d; — Wj,_1 of wy, supply at v, flows to sink z;
and the rest of Wy — d; supply to do sink z;11. The difference between the confluent flow model
and the non-confluent flow model is that the confluent flow model requires that each value d; of a
divider d must take a value in {W7i,..., W, }, but the non-confluent flow model does not. For the
notation, we set dy = 0 and d, = W,,.

For a dynamic flow path network P, a k-sink x and a divider d, the evacuation completion time
CT(P,x,d) is the time at which all the supply completes the evacuation. The aggregate evacuation
time AT (P, x,d) is that the sum of the evacuation completion time for all the supply. Their explicit
definitions are given later. In this paper, our task is, given a dynamic flow path network P, to
find a k-sink x and a divider d that minimize the aggregate evacuation time AT(P,x,d) in each
evacuation model.

2.2 Aggregate Evacuation Time on a Path

For the confluent flow model, it is shown in [, [14] that for the minsum k-sink problems, there exists
an optimal k-sink such that all the k sinks are at vertices. This fact also holds for the non-confluent
flow model. Indeed, if a divider d is fixed, then we have k subproblems for a 1-sink and the optimal
sink location for each subproblem is at a vertex. Thus, we have the following lemma.

Lemma 1 ([I4]). For the minsum k-sink problem in a dynamic flow path network, there exists



an optimal k-sink such that all the k sinks are at vertices under the confluent/non-confluent flow
model.

Lemma [I]implies that it is enough to consider only the case that every sink is at a vertex. Thus,

we suppose X = (Z1,...,%) € V¥ where z; < xj for i < j.
A simple example with a 1-sink. In order to give explicit definitions for the evacuation com-
pletion time and the aggregate evacuation time, let us consider a simple example for a 1-sink. We
are given a dynamic flow path network P = (P, w,c,1,7) with n vertices and set a unique sink on
a vertex v;, that is, x = (v;) and d = () which is the O-tuple. In this case, all the supply on the
left side of v; (i.e., at vy,...,v;—1) will flow right to sink v;, and all the supply on the right side
of v; (i.e., at vj41,...,v,) will flow left to sink v;. Note that in our models all the supply at v;
immediately completes its evacuation at time 0.

To deal with this case, we introduce some new notations. Let the function #%*(z) denote the
time at which the first z — W; of supply on the right side of v; completes its evacuation to sink wv;
(where 0% (2) = 0 for z € [0, W;]). Higashikawa [I2] shows that the value §%(W,,), the evacuation
completion time for all the supply on the right side of v;, is given by the following formula:

Wy, — W

ot (W,) = max{ncj_l +r-Lij|jeli+ 1..n]}. (1)
,J

Recall that C;; = min{cy | h € [i..j — 1]}. We can generalize formula to the case with any
z € [0, W,,] as follows:

09T (2) = max{6>T7(2) | j € [i + 1..n]}, (2)

where 0979 (z) for j € [i + 1..n] is defined as

0+ (z) = (3

Wity r L if e > Wil

0 if z S Wj_l,
Ci.j

Similarly, let #%~(z) denote the time at which the first W;_; — 2 of supply on the left side of v;
completes its evacuation to sink v; (where 6~ (z) = 0 for z € [W;_1, W,]). Then,

057 (2) = max{0> 7 (2) | j € [1..i — 1]}, (4)

where %77 (z) is defined as

o W=z L i .
gh—J (Z) _ Cia +7 LJ,'L lf z < WJ, (5)
0 if z > Wj.

The aggregate evacuation times for the supply on the right side and the left side of v; are
Wn . Wn . Wi71 A Wn .
/ 0"t (2)dz —/ 0" "(2)dz and / 0“"(z)dz —/ 0“"(z)dz,

w; 0 0 0

respectively. Thus, the aggregate evacuation time AT (P, (v;),()) is given as
Wn . .
AT(P,(0),0) = [ {6 () + 67 ()}
0

Aggregate evacuation time with a k-sink. Suppose that we are given a k-sink x = (z1,...,zx) €
Vk and a divider d = (dy, ..., dg_1). Recalling the definition of Id(p) for p € P, we have x; = VId(zy)
for all i € [1..k]. In this situation, for each i € [1..k], the first d; — Wig(s,) of supply on the right
side of x; and the first Wiq(,,)—1 — di—1 of supply on the left side of z; move to sink z;.
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Figure 1: The thick half-open segments indicate function #%%(¢) and the gray area indicates ®**(2)
for some z > W;.

By the argument of the previous section, the aggregate evacuation times for the supply on the
right side and the left side of x; are

Wid(a;)—1

d; d; Whn
/ eld(xi)ﬂr(z)dz = / Hld(xi)’Jr(z)dz and / Hld(zi)ﬁ(z)dz _ / gId(“)’f(z)dz,
Wida(z,) 0 di_1

I di—1

respectively. In order to give the general form for the above values, let us denote by ®“*(z) the
aggregate evacuation time when the first z — W; of supply on the right side of v; flows to sink v;.
Similarly, we denote by ®"~(z) the aggregate evacuation time when the first W;_1 — z of supply
on the left side of v; flows to sink v;. Therefore, we have

z W, z
i+ 2) = %+ an i,— 2) = i,— — _ pi,—
Bt (z) /09 (t)dt and @5 (z) / 0" (t)dt / 0"~ ()dt (6)

(see Fig. . Let us consider a subpath Piq(z,) 1d(z;.,) Which is a subpath between sinks z; and ;1.

The aggregate evacuation time for the supply on Pq(y;) 14 is given by

Tiq1)

/ eld(xi),—&—(z)dz +/ 91d(90¢+1)7—(z)d2 — @Id(zi),-l-(di) + @Id($i+l):—(di)‘
0 di

For i,j € [1..n] with i < 7, let us define

B (2) = B (2) + DI (z) = /0 ot (bt + / Y gyt (7)

for z € [W;, W,_1]. Then, the aggregate evacuation time AT(P,x,d) is given as

k—1
AT(P,x,d) = @)= (0) + 3~ @Ml ldlean) () 4 gldlen)+ (1), (8)

i=1

In the rest of this section, we show the important properties of ®/(z). Let us first confirm
that by equation (@, both ®4F(2) and ®/~(z) are convex in z since #>*(z) and —67~(2) are non-
decreasing in z, therefore ®7(z) is convex in z. On the condition of the minimizer for ®/(z), we
have a more useful lemma.

Lemma 2. For any i,j € [1..n] with i < j, there uniquely exists

Z* € argmin max{#°T(2),67 (2)}.
ZE[Wi,ijﬂ

Furthermore, ®%(2) is minimized on [W;, W;_1] when z = z*.



Proof. By equations and (3), 0“7 (z) is strictly increasing in 2z € [W;, W,,]. Similarly, by
equations and , 67~ (z) is strictly decreasing in z € [0,W;_1]. Thus there uniquely exists
z¥ e [WZ‘, Wj_l].

We then see that for any 2’ € [W;, 2*],

OH () = B () = BUT() 4+ BT (2T) — (BVH () + ()

* *

— /z 9i7+(t)dt—/z 67 (t)dt
= /Z {67F(t) — 07 (t)} dt <0,

and for any 2" € [2*, W;_4],

PHI(27) — BU() = @) 4 () — (D) + ()

* *

z z
= / Hi’+(t)dt/ 67~ (t)dt
_ —/ [07+() — 0%~ (1)} dt < 0,

which implies that z* minimizes ®7(z) on [W;, W;_1]. U

In the following sections, such z* is called the pseudo-intersection poin of #%*(z) and 67~ (2),
and we say that 07 (z) and 67~ (z) pseudo-intersect on [W;, W;_1] at z*.

3 Algorithms

In order to solve our problems, we reduce them to minimum k-link path problems. In the min-
imum k-link path problems, we are given a weighted complete directed acyclic graph (DAG)
G = (V,E W) with V! = {v} | i € [1.n]} and E' = {(v),v}) | i,j € [1l.n],i < j}. Each

Vg
edge (vj,v}) is associated with weight w'(i, ). We call a path in G a k-link path if the path con-
tains exactly k edges. The task is to find a k-link path (vg, = v1,V5,, V0, Vg, sV, = Vp) from

v} to v/, that minimizes the sum of weights of k edges, 3% w’(a;_1,a;). If the weight function

w’ satisfies the concave Monge property, then we can solve the minimum k-link path problems in
almost linear time regardless of k.

Definition 1 (Concave Monge property). We say function f : 7Z x Z — R satisfies the concave
Monge property if for any integers i, j withi+1 < j, f(i,7)+f(i+1,7+1) < f(i+1,5)+ f(i,7+1)
holds.
Lemma 3 ([I7]). Given a weighted complete DAG with n vertices, if the weight function satisfies
the concave Monge property, then there exists an algorithm that solves the minimum k-link path
problem in time min{O(kn),n20(Viogkloglogn)y

We describe how to reduce the k-sink problem on a dynamic flow path network P = (P =
(V,E),w,c,1,7) with n vertices to the minimum (k + 1)-link path problem on a weighted complete
DAG G = (V' E',w"). We prepare a weighted complete DAG G = (V’, E',w') with n + 2 vertices,
where V' = {v; | i € [0.n + 1]} and E' = {(v},v}) | i,5 € [0.n + 1],4 < j}. We set the weight

*The reason why we adopt a term “pseudo-intersection” is that two functions > (z) and 67~ (2) are not continuous
in general while “intersection” is usually defined for continuous functions.



function w’ as

OPT (4, ) i,7 € [l.n],i < 7,
. oL (W) i€[l.njand j=n+1
/ o ) n 9
w3 =9\ @i (0) i=0and j € [L.n], )
00 i=0and j=n+1,

where OPT(i,7) = Min e [w, w,_,] I (z2).
Now, on a weighted complete DAG G made as above, let us consider a (k + 1)-link path
(U, — /U/O, /UI / /

— . / / / . . .
ao arr o Vayr Vg = vy, 1) from vg to vy, |, where ai,...,a; are integers satisfying

0<a; <az <---<ar <n+1. The sum of weights of this (k + 1)-link path is

k k—1
Z w'(a;,ai11) = ®7(0) + Z OPT (a;, aj+1) + @ (W,).
i=0 i=1

This value is equivalent to ming AT(P, x,d) for a k-sink x = (Va,, Va,, - - - , Vg, ) (recall equation (8)),
which implies that a minimum (k 4 1)-link path on G corresponds to an optimal k-sink location
for a dynamic flow path network P.

We show in the following lemma that the function w’ defined as formula @ satisfies the concave
Monge property under both of evacuation models.
Lemma 4. The weight function w' defined as formula @ satisfies the concave Monge property
under the confluent/non-confluent flow model.

Proof. If we show that, for any i,j € [0..n] with ¢ < 7,
w'(i,§) +w'(i+ 1,5 +1) Sw'(i,j+1) +w'(i +1,5) (10)

holds, then the proof completes. Note that the condition holds for ¢ = 0 and j = n, because
the right-hand side of contains w’(0,n + 1) = oo and other terms are finite.
Proof for the non-confluent flow model: First, let us consider case of 0 < i < j < n.
By formula @, for any (¢/,5") € {(i,7), 0,5+ 1),(i + 1,7),(i + 1,7 + 1)}, we have w'(i,j") =
OPT(#',5’). Under the non-confluent flow model, for any i,j € [1..n] with i < j, OPT(4,j) =
Min e [w, w,_,] PhI(2). Lemma implies that ®*7(z) is minimized when z is the pseudo-intersection
point of §%T(2) and 67~ (z). For any 4, j € [1..n] with i < j, let &/ denote the pseudo-intersection
point of #%(z) and 67~ (z). Thus, we have
abd Wh
w'(i,§) = OPT(4,5) = &I (a™) = / 0> (2)dz + / 69~ (2)dz. (11)
0 abd
We give two lemmas in order to show the concave Monge condition.

Lemma 5. For any integer i € [1..n — 1] and any z € [0, W,,],
05T (2) > 05T (2) and 5 (2) < 01T (2)
hold.

Proof. We give the proof only of #%*(2) > #"1%(2) because the other case can be shown in a
similar way. By formula (), for any j € [i + 2..n], we have

0 if z < Wj*la
gi,+,j(2) _ 9i+1,+,j(z) _ # +7-L;; it W1 <z< W,
(z=W;-1)(Cit1,;—Ci,j)

+ 7Y ifZ>Wj.

Ci,jCit1,5

7



Since Cjt1,,—C;; = min{ecp, | h € [i+1..j—1]}—min{cy | h € [i..j—1]} > 0, 6579 (2)—0"T1TI(2) > 0
holds. Therefore, we have 6% (z) > i1+ (%) since 041 (2) = max{#>I(z) | j € [i + 1..n]} by
formula (2). U

Lemma 6. For anyi,j € [1..n] with i < j,
Qi < @it < QLD gpd g < il < gitlitl
hold.

Proof. We give the proof only of o/ < o/*1J because other cases can be shown in a similar way.
For any i,7 € [1..n] with ¢ < j and positive constant €, we have
9i+1,+(ai,j —€) < giﬂr(am‘ —6) < gjﬁ(ai,j —€)

because 657 (z) > 1+ (2) holds by Lemma [5| and 67~ (z) is a non-increasing function. It implies
that o/ < a'T1J holds and the proof completes. L]

For any 7,7 € [1..n — 1] with ¢ < j, equation and Lemma [f] lead that
w'(i,j + 1) +w'(i+ 1,5) = w'(i,j) —w'(i+ 1,7 +1)
UL (L) | @it (it L) @i (i) — ithItl(gitLitl)

aiidt1 aitli+1

= / Hi’+(z)dz+/ 071" (2)dz
s aisd+l
it it Lt

- / 07~ (2)dz — / O (2)dz. (12)
aid aitl,g
Now, we show that for any z € [a®/, a/t17+1),
min{0""(2), 677 (2)} > max{¢9(2), 0" 1T (2)}

holds. First, for any z € [0, W,], we have #%*(z) > #7+1F(2) and 69 (2) < ¢7T1~(2) hold by
Lemma [5, For any z > %/, we have #%%(z) > 67~ (z) holds since a®/ is the pseudo-intersection
point of #%*(z) and 69~ (z). Similarly, for any z < o*1JF! we have §itLF(2) < #7FL(2).
Therefore, any z € [a®7, o tLIH) min{#5F(2), 0717 (2)} > max{69~(2), 0 1 (2)} holds.
Thus, equation continues as
w'(i,j+ 1) +w'(i+ 1) —w'(i,j) —w'(i+1,5+1)
PR W AS! it Lt
> / min{gi* (2), 07+ ()} — / max {09 (2), 071+ () )d=
abhd abd
> 0,
and then condition holds for any ¢,j with 0 < ¢ < j < n.
Next, let us consider the case of i = 0 and j € [1..n — 1]. Recall that w'(0,5) = ®~(0) and
w' (0,5 + 1) = ®77H7(0) by formula (9). In this case, we have
w'(0,5 4+ 1) +w'(1,5) = w'(0,5) —w'(1,j + 1)
q)j+1,—(0) + @17j(a17j) _ @jv_(o) _ q)l,j+1(a17j+1)

Wn ald Wn
= / Hﬁl’_(z)dz%—/ 91’+(z)dz+/ 07" (z)dz
0 0 ald

1.J
W
/ 9]’_(z)dz/
0 0

ald+l

alitl W '
o1 (2)dz / G717 (2)dz
al.i+l

aldt+l

als
G (2)dz — / 67~ (2)dz — / 61" (2)dz,
0

ali

-
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where the last equality uses o'’ < a'/*! by Lemma @ By Lemma [5, we have 67757 (2) > 677 (2)
for any z € [0,W,]. Using the same argument for the previous case, for any z < a'/*!, we have
6L (2) < ¢7F1=(2). Thus, we have

w/(()?j + 1) + wl(laj) - U)/(O,j) - w/(17j + 1)

alditl alsi Qi+l
= / eIt (2)dz — / 67~ (2)dz — / oLt (2)dz
0 0 ol
= / {67717 (2) — 097 (2) } dz + / {6717 (2) — 08T (2) } dz > 0.
0 als

The rest of the proof is the case of j = n and i € [1..n — 1]. Recall that w'(i,n + 1) = ®>T(W,,)
and w'(i + 1,n + 1) = ®*LT(W,,) by formula (9). Similar to the second case, we use facts that
ab™ < @t bn by Lemmal6l 09+ (2) > 0771F (2) for any 2 € [0, W,,] by Lemmal5|and 6% (2) > 6™ (z)
for any z > o™. Then, we have

w'(i,n+1)+w(i+1,n)—w'(i,n) —w(i,n+1)
— (I)i,—l—(Wn) + (I)i+1,n(ai+1,n) _ (I)i,n(ai,n) _ (I>i+1,+(Wn)

Wn ) ai+l,n . Wn
= / 91’+(z)dz—|—/ 92+1’+(z)dz—|—/ 0" (2)dz
0 0
abm Wh Wn
—/ 91’+(z)dz—/ 9”’(z)dz—/ Ot (2)dz
0 a 0

ai+1,n
i,n

Wn ‘ ai+1,n Wn ‘
= / 0" " (2)dz — / 0" (2)dz — / Ot (2)dz
ot a®bmn attln
ai+1,n 4 Wn ' '
_ / (67 (2) — 0" ()} d= + / (67 (2) — 6714 () ) dz > 0.
abn aitln

Thus, for any i,7 € [0..n] with ¢ < j, condition holds. It implies that the function w’
satisfies the concave Monge condition.
Proof for the confluent flow model: Similar to the case for the non-comfluent flow model,
first, let us consider case of 0 < i < j < n. In this case, for any (i, j") € {(4,5), (4,5 + 1), (i +
1,7),(i+ 1,5+ 1)}, we have w'(i',j') = OPT(#',j’). Under the confluent flow model, each element
of a divider d should take one of n values Wy, Wo, ..., W,. This implies that OPT(i, j) is one of
43 (2) for z = Wi, Witq,...,Wj. For any i, j € [1..n] with i < j, let 3%/ denote a real value z that
minimizes ®%7(z) for z € {W}, | h € [i..5]}. Thus, we have

B Wa

OPT(i, ) = ®"(B"1) = / 0"t (2)dz + / 07~ (2)dz (13)
0 B

2%

under the confluent flow model. Since ®%/(z) is convex by Lemma [2, 3%/ is one of the following
two values: (i) the largest value z € {W}, | h € [i..j]} with smaller than o’/ or (ii) the smallest
value z € {W}, | h € [i..j]} with larger than or equal to /. This fact and Lemma |§| imply the
following lemma.

Lemma 7. For anyi,j € [1..n] with i < j,
Gid < Gitli < gHLIHL gpg gid < i+l < gitli+l

hold.



Let us suppose that 3i71/ < 347+1 holds. (Note that one can prove for the case of Bi+1J > giJ+1
in a similar way.) Lemma [7|implies that

gl gL+l gitli gttt
= / 0" " (2)dz —i—/ G917 (2)dz — / 07" (z)dz — / 6T (2)dz

i,J ﬁi,jJrl i,7 /Bi“rl,j

Bitli ‘ ‘ g+l A A
— / {67 (2) — 67 (2)} dz + / {077 (2) — 01T (2)} dz

i Bit1,

Bi+1,5+1 )
+/ {9”1’_(2) - 01+1’+(z)} dz. (14)
Biri+1

The first term fﬁ o {6 (2) — 67 (2) } dz is non-negative. Indeed, by the optimality of ®*(z),
we have

SI(FT) = OPT(i,j) = @ (5")
Bit1,j . Wh ) B Wn
/ 01’+(z)dz+/ 07" (z)dz > / 01’+(z)dz+/ 677 (z)dz
0 B 0

i+1,5 J

/BZ ’ {6°T(2) =677 (2)}dz > 0.

>
i
Similarly, the third term fﬂfﬁrll’]ﬂ {67F17(2) — 6"*17(2) } dz is non-negative since we have @11 (1) >
OPT(i+1,j+ 1) = ®!TLi(3+1J+1) The second term fgfl—:l {671 (z) — "1 F(2) } dz is also non-

negative because for any z € [0, W,,], >+ (z) > 6°*1(2) holds by Lemma 5] Therefore, we have
w(i,j+1) +w' i+ 1) —w'(i,j) —w'(i+1,j+1) 20,

that is, condition holds.
Next, let us consider the case of i = 0 and j € [1..n]. In this case, we have

w'(0,5+1) +w'(1,5) —w'(0,7) —w'(1,7 + 1)
SITLT(0) + @1 (B1) — @9 (0) — MBI T

Wn phI Wn Wn . .
= / HJH’*(z) 91’+(z)dz+/ 99’(z)dz—/ 93’*(z)dz—<l>1’]+1(51’3+1)
0 Bl 0

(2) )

Wn
= / L= (2
0

gL , : : , :
— / {6J+1,7 (Z) o 0],7<Z)} dz + @1,]+1(51,]) . q)l,jJrl(IBl,JJrl),
0

dz +

dz +

J
B
J

i , .
91,4—(2 dz — / 03’_(Z)d2’ _ (I>1,]+1(Bl,j+1)
0

where the last equality uses ®LI+1(pL7) = foﬁm 0L T (2)dz — fﬁlj 67+t1=(2)dz. The first term

ffld {67F17(2) — 677 (2) } dz is non-negative because 67717 (z) > 67 (z) holds by Lemma Since
the function ®/+1(2) is minimized when z = 81! we have @1+l (phd) — LI+L(BLITL) > 0.
Thus,

w,(o’j + 1) + w/(17j) - w,(oaj) - w,(l’j + 1) >0

holds.
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The rest of the proof is the case of j = n and ¢ € [0..n — 1]. Similar to the previous case, we
have

w'(i,n+1)+w'(i+1,n) —w'(i,n) —w'(i+1,n+1)
— (I)’L,Jr(Wn) + q)iJrl,n(ﬁiJrl,n) _ (I)'L,n(IBz,n) _ q)iJrl,Jr(Wn)

Wn o gt Wr . . Wn
= / 9”+(z)dz—|—/ 9”1’+(z)dz+/ 9"’(z)dz—<1>l’"(ﬂl’”)—/ Ot (2)dz
0 0
Wn

Bit1n 0
Wo W, o
= [Tor@a [ et [0 G - e
0 ﬁi«i»l,n

ﬁi+1,n

i+1,n

Wh
= /B {ei,-i-(z) . 0i+1,+(z)} dz + (bi,n(ﬁi—i-l,n) . (I)i’n(ﬁi’n)’

where the last equality uses ®7(g+1n) = foﬁlﬂm it (2)dz — fgyfl,n 0™~ (2)dz. We also have
05" (2) > 671 T(2) and then the first term is non-negative. Since the function ®“"(z) is minimized
when z = 84", we have @7 (pi+1n) — @i (Bi+Ln) > 0. Thus, w'(i,n+ 1) +w'(i +1,n) —w' (i,n) —
w'(i+1,n+ 1) > 0 holds.

Thus, for any i,7 € [0..n] with ¢ < j, condition holds. It implies that the function w’

satisfies the concave Monge condition. L]

Lemmas (3| and [4] imply that if we can evaluate w’(i, j) in time at most ¢ for any i,j € [0..n + 1]
with i < j, then we can solve the k-sink problem in time min{O(knt), n20(Vicgkloglogn);1

In order to obtain w'(i, j) for any 4,j € [0..n+ 1] with ¢ < j in O(poly logn) time, we introduce
novel data structures and some modules using them. Basically, we construct a segment tree [6] T
with root p such that its leaves correspond to indices of vertices of P arranged from left to right
and its height is O(logn). For a node u € T, let 7, denote the subtree rooted at u, and let [,, (resp.
r,) denote the index of the vertex that corresponds to the leftmost (resp. rightmost) leaf of T,.
Let p, denote the parent of u if u # p. We say a node u € T spans subpath P, .. If Py, , C P’
and Py, ,, < P', node u is called a mazimal subpath node for P'. For each node u € T, let m, be
the number of edges in subpath Py, ., i.e., m, = r, —{,. As with a standard segment tree, 7 has
the following properties.

Property 1. Fori,j € [1..n] with i < j, the number of mazimal subpath nodes for P; ; is O(logn).
Moreover, we can find all the mazimal subpath nodes for P; ; by walking on T from leaf i to leaf j
in O(logn) time.

Property 2. If one can construct data structures for each node u of a segment tree T in O(f(my,))
time, where f : N — R is some function independent of n and bounded below by a linear function
asymptotically, i.e., f(m) = Q(m), then the running time for construction of data structures for
every node in T is O(f(n)logn) time in total.

At each node u € T, we store four types of the information that depend on the indices of
the vertices spanned by wu, i.e., ly,...,r,. We will introduce each type in Section As will be
shown there, the four types of the information at u € 7 can be constructed in O(m,, logm,,) time.
Therefore, we can construct 7 in O(nlog®n) time by Property

Recall that for i, € [1..n] with ¢ < j, it holds w’(i,j) = OPT(4,7). We give an outline of the
algorithm that computes OPT (4, j) only for the non-confluent flow model since a similar argument
holds even for the confluent flow model with minor modification. The main task is to find a
value z* that minimizes ®%/(z), i.e., OPT(4,5) = ®*(2*). By Lemma such the value z* is the
pseudo-intersection point of #7(z) and 67~ (z) on [W;, W;_1].

Before explaining our algorithms, we need introduce the following definition:
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Definition 2. For integers i,{,7 € [1.n] with i < £ < r, we denote by 6°H-")(2) the upper
envelope of functions {0%H"(2) | h € [€..r]}, that is,

071 (2) = max{0 0 (2) | h € [C.]},

For integers i,4,r € [1..n] with £ < r < i, we denote by gi,—{&-r](z) the upper envelope of functions
{68=h(2) | h € [€..r]}, that is,

05—l (2) = max {0 (2) | h € [0..r]}.
Algorithm for computing OPT(i,j) for given ¢,j € [1..n] with i < j

Phase 1: Find a set U of the maximal subpath nodes for P,y j_1 by walking on segment tree T
from leaf ¢ + 1 to leaf j — 1.

Phase 2: For each u € U, compute a real interval Z;" such that §>F(z) = §>[fw-m)(2) holds on
any z € Z}, and a real interval Z, such that 69~ (z) = 69> l%-l(2) holds on any z € 7,
both of which are obtained by using information stored at node u. See Section

Phase 3: Compute the pseudo-intersection point z* of %% (2) and 67~ (2) on [W;, W;_1] by using
real intervals obtained in Phase 2. See Section [5.2

Phase 4: Compute OPT(i, j) = ®%/(2*) as follows: By formula (7)), we have

*

_ Z / ez',—&—,[Zu..ru}(t)dt_'_/ gj,—,[ful.m](t)dt .
T4 N[0,2*] o N[z*, W]

uelU

z* Wn
PHI(2*) = / 0> (t)dt + / 07~ (t)dt
0 z

For each u € U, we compute integrals [ > lw-d()dt and [ 67— lfw-mul(t)dt by using the
information stored at u. See Section [5.3] for the details.

For the cases of i = 0 or j = n + 1, we can also compute w’(0,5) = ®~(0) and w'(i,n + 1) =
%+ (W,,) by the same operations except for Phase 3.

We give the following lemma about the running time of the above algorithm for the case of
general edge capacities. See Section [5] for the proof.

Lemma 8 (Key lemma for general capacity). Let us suppose that a segment tree T is available.
Given two integers i,5 € [0.n + 1] with i < j, one can compute a value w'(i,j) in O(log®n) time
for the confluent/non-confluent flow model.

Recalling that the running time for construction of data structure 7 is O(n log? n), Lemmas
and [8] imply the following main theorem.

Theorem 1 (Main theorem for general capacity). Given a dynamic flow path network P, there
exists an algorithm that finds an optimal k-sink under the confluent/non-confluent flow model in
time min{O(kn log® n),n20(Vlegkloglogn) 1543 1y}

When the capacities of P are uniform, we can improve the running time for computing w’(i, j)
to O(log®n) time with minor modification. See Section

Lemma 9 (Key lemma for uniform capacity). Let us suppose that a segment tree T is available.
Given two integers i,j € [1..n] with i < j, one can compute a value w'(i,j) in O(log?n) time for
the confluent/non-confluent flow model when the capacities are uniform.

Theorem 2 (Main theorem for uniform capacity). Given a dynamic flow path network P with a

uniform capacity, there exists an algorithm that finds an optimal k-sink under the confluent/non-

confluent flow model in time
min{O(knlog? n), n20vVleekloglogn) |92 1
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Wo—1 W, We-1 2

Figure 2: Illustration of jj: 1> ju‘t' 5 and j@t 3. The thick half lines have the same slope of 1 / Cig,, the
gray half lines have slopes < 1/C;y,, and the regular half lines have slopes > 1/C; . The upper
envelope of all the thick half lines and the regular half lines is function 6% e-7el(2),

4 Data Structures Associated with Nodes of T

In the rest of the paper, we introduce novel data structures associated with each node u of segment
tree T, which are used to compute OPT(4,7) in O(polylogn) time. Note that our data structures
generalize the capacities and upper envelopes tree (CUE tree) provided by Bhattacharya et al. [7].

Recall the algorithm for computing OPT (4, j) shown in Section To explain the data structures,
let us see more precisely how the algorithm performs in Phase 2. Confirm that for z € [W;, W;_4],
it holds 6% (2) = max{¢>Hbu-7dl(2) | u € U}, where U is a set of the maximal subpath nodes
for Pi11 j—1. Let us focus on function 9i7+’[£“"”"](2) for a node u € U only on interval (Wy,_1, Wy]
since it holds §»Hllw-mul(2) = 0 if 2 < Wy, _1. Interval (Wy,_1, W,] consists of three left-open-
right-closed intervals JJC 15 jJ 5, and jl;“ 3 that satisfy the following conditions: (i) For z € .ZI 1>
gitillu-rul (1) = gitlu(z). (ii) For z € JJQ, gitllu-rul () = gitllutlrul () and its slope is 1/Cig,-
(iii) For z € J,55, gitllural(z) = ghblltlrd(2) and its slope is greater than 1/Cyy,. See also
Fig. Thus in Phase 2, the algorithm computes j;f 1 j;f 5 and jJ 3 for all w € U, and combines
them one by one to obtain intervals Z.V for all u € U. To implement these operations efficiently,
we construct some data structures at each node u of 7. To explain the data structures stored at
u, we introduce the following definition:

Definition 3. For integers i,{,r € [1.n] with i < £ <r and a positive real c, let Gitllrl(e 2) =
max{0>T"(c,z) | h € [€..r]}, where

0 if z < Wj_q,

giti C, 2 :{ W ) 15
( ) z wc/j—l +TLz,] ZfZ>VVYj71. ( )

For integers i, 0,7 € [1.n] with £ < r < i and a positive real ¢, let >—1471(¢, 2) = max{#>~"(c, 2) |
h e [l..r]}, where
o Wi—z -
7i,—.j _ +7-Lj; if 2 <Wj,
0 (c,z)—{oc if2>W, (16)

We can see that for z € JJQ, gitltutlord () = glotlutlrd(Cy 247 Liy,, and for 2z € Juf?),
gitltutlord(z) = glutlutlrad () 4 7.1, , . We then store at u of 7 the information for computing
in O(polylogn) time 0£“’+’[£“+1“’"“](z) for any z € [0,,] as TYPE I, and also one for computing
in O(poly logn) time @fwHlutl-m(c ) for any ¢ > 0 and any z € [0, W,] as TYPE III.

In Phase 4, the algorithm requires computing integrals [ gl bllutlrl () dt for any z € [0, W],
and foz gt Hllutlorul(c $)dt for any ¢ > 0 and any z € [0, W,,], for which the information is stored
at each u € T as TYPEs II and IV, respectively.

In a symmetric manner, we also store at each v € T the information for computing 6™ —[fu-v—1] (2),
S gro—ltwra=1(g)dt, gro—lu-ri=1(e, ), and [V gre—lbe-re=1] (¢, ¢)dt as TYPEs I, 11, 111, and IV,
respectively.
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Let us introduce what information is stored as TYPEs I-IV at v € T.
TYPE I. We give the information only for computing 8- [ut1-7u](2) stored at v € T as TYPE I
since the case for 7l =1l(2) is symmetric. By Deﬁnition the function #lwHllutl-rul (1) is the
upper envelope of m,, functions 0% H"(2) for h € [f,+1..7,). Let B4+ = 0% = 0,057, ..., bz}i+ =
W,,) denote a sequence of breakpoints of luts[butlru] (2), where N*7 is the number of breakpoints.

For each p € [1.N%+ — 1], let Hy'" € [£, + 1..7,] such that b Hllutlra(z) = §tu 15" (1) holds

for any z € (b;’Jr, b;ffl]. As TYPE I, each node v € T is associated with following two lists:

1. Pairs of breakpoint by and value g Hllutlral(pit) “and
2. Pairs of range (by'™", bg_:_l] and index Hy"".
Note that the above lists can be constructed in O(m, logm,,) time for each u € T as follows.

Applying the result shown by Hershberger [I1], we construct all lists for TYPE I, efficiently.

Lemma 10 ([11]). When we have n line segments, there exists an algorithm that computes the
upper envelope of these segments in O(nlogn) time.

By formulae and , for any i and j, functions %77 and %~ consist of at most two line
segments. Thus, since #lwHllutl-rul(2) and g —llu-mu=1l(2) are upper envelopes of at most 2m,,
line segments. By Lemma we can obtain these upper envelopes and the above four lists for each
node u € 7 in O(m, logm,,) time. In total, we can obtain the whole information of TYPE I of T
in time O(nlog®n) by Property

We now give the application of TYPE I.

Lemma 11 (Query with TYPE I). Suppose that TYPE I of T is available. Given a node u € T
and a real value z € [0, Wy,], we can obtain

(i) index H € [0y, + 1..r,] such that 0% H (2) = gl tlbutlrad(2) and

(ii) index H € [ly..1y — 1] such that 67— (z) = gruw—lbw-ru=1](2)

in time O(logn) respectively. Furthermore, if the capacities of P are uniform and z ¢ Wy, , W;.,—1],
we can obtain the above indices in time O(1).

Proof. We give the proof for the cases for fwllutl-rul(z)  Cases for §™—lw-e=1 (%) can be
shown in a similar way.

First, we give the operations for case (i): Find an integer p such that z € (b}f’Jr,bel] holds
in O(logn) time by the binary search, which compares a given z and a breakpoint bZ’Jr with
list TYPE I-1. Then, we obtain an index H,, + by list TYPE I-2.

Next, we consider the case that the dynamic flow path network P has uniform capacity c. We
recall the definition of #%"7(z) when every capacity is ¢ from equation . For any i,j € [1..n]

with ¢ < j, we have

91+]( ) 0 ifZSWj_l,
b k2 Z — _ .
==L ng_l +7- Li,j if z > Wj—l'

Because every function #%*+ takes zero or has slope 1/c, all breakpoints b;,f’Jr of B»* should be
0, Wi, Wiy i1, -+, Wy, for p = 1,...,N*+ — 1. This implies that a range of [b}"" (= 0),b57]
with the smallest two breakpoints contains the range [0, Wy, ]. Thus, for z € [0,W,], we have
flutH" () = glutlbutlrdd(z) = 0. Similarly, a range of [b%jﬁl,b?\}:(: W,,)] with the largest

+
two breakpoints contains the range (W, , W,] and we have Ggu’Jr’HN“’*fl(z) = Pluebllutlr () for

2 € (Wy,, Wp]. We can obtain H;"" and H.. , in O(1) time and the proof is complete. O

TYPE II. We give the information only for computing [, glwtllutlrd () dt stored at u € T as
TYPE II since the case for fZW" g7w—lbw-mu =1 (1) dt is symmetric. Each node u € T contains a list of

14



u,+
all pairs of breakpoint by’ and value f(f v gl llutlrad()dt. We show that these lists can be con-

u,+
structed in O(m,,) time for each u € T,. Let us consider the calculation of fobp glwtlbutlord (1)t
By the list TYPE I-2, we have 6£“7H5’+’+(z) for p=1,...,N*“*. By an elementary calculation,

bt u,+
we calculate a value fbu",f gt Hod (1)dt in O(1) time for each p. Because we have the following

relation
bz-’rl b;'+ bg-ﬁi u,+
/ glurtltutloral (1) gy :/ gletilbutlora (t)dt+/ o ot (t)dt,
0 0 by

u,+
forp=1,...,N“* — 1, we can obtain fobp gl tlbutlr () dt for all p in O(my,) time by adding

n

calculated values. In a similar way, we also construct the list of f;ﬁ{, g lbw-re = () dt in O(my,)
D

time. In total, we obtain the whole information of TYPE II of 7 in time O(nlogn) by Property
We give the application of TYPEs I and II.

Lemma 12 (Query with TYPEs I and II). Suppose that TYPEs I and II of T is available. Given

a node u € T and a real value z € [0, W,,], we can obtain

(i) value [ @%bt lrud(t)dt, and (ii) value fZW" e w1 ()dt in time O(logn) respectively.

Furthermore, if the capacities of P are uniform and z ¢ [Wy,, Wy,—1], we can obtain the above

values in time O(1).

Proof. We give the proof for the cases for [ @%bt lrul(t)dt. Cases for [ oms = lu-ru=ll(t)dt
can be shown by a similar way.

First, we consider case (i). By Lemma [11}(i), we obtain an index H,'" such that given z is
contained in (b;.f’Jr,bel] and QLo tlbutlord (1) = glutHy (1) for any 2/ € (bg*,bgfl] in O(logn)
time. Using this index Hj " we have

u,+

z b z
/ gletlbutlora (1) gy = / " plurtltuttor (t)dt + glut T (1) .
0 0 bt
u,+

We obtain a value of the first term féjp glwtllutlrd (1) dt by the binary search on the list of
TYPE II in O(logn) time. The second term sz,Jr glutHy™ (t)dt is calculated by an elementary
calculation in O(1) time, since we know the function §%+Hr " (z). Thus, the proof of statement (i)
is completed.

Next, we consider the case that the capacities of P are uniform in c¢. By the proof of Lemma
we know that Hy"" =1 or N — 1 without the binary search. When H,"" = N+ — 1, we have

z pt z
/ gl bt () g — / NI gl Lo () gy 4 / ol (1)t
0 0 b

u,+
D
Thus, we can evaluate both terms in O(1) time and the proof is complete. U

TYPE III. We give the information only for computing Glwtlbutlrul(c 2) stored at u € T as
TYPE III since the case for §7u[fu-ru—1] (c, z)_ is symmetric. Note that it is enough to prepare for
the case of z € (Wy,, W,,] since it holds that §fwHllutlrul(c 2) =0 for 2 € [0, Wy, ] and

glotlbutlrd (o oy = glotlbutlrd (o yy, ) 4 z =W,

for z € (W,,, W,], of which the first term is obtained by prepared information with z = W,., and
the second term is obtained by elementally calculation.
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For each u € T, we construct a persistent segment tree as TYPE III. Referring to formula ,
each function 8%+ (c, 2) for j € [, + 1..7,] is linear in z € (W;_1, W,,] with the same slope 1/c.
Let us make parameter ¢ decrease from oo to 0, then all the slopes 1/c increase from 0 to co. As ¢
decreases, the number of subfunctions that consist of #¢Hlutl-rul(¢ 2) also decreases one by one
from m, to 1. Let CZ’JF be a value ¢ at which the number of subfunctions of §fw T llutlrul(c 2)
becomes m, — h while ¢ decreases. Note that we have co = c(u)’+ > C1f’+ > e > C;fjbjfl > 0. Let us
deﬁ_ne indices j{‘, e 7j7]711u7h with [, +1 = j{b < e < jfjlufh < r, corresponding to the subfunctions
of 96"’+’V“+1“”](0Z’+, z), that is, for any integer p € [1..m, — h|, we have

Dl [Cutlora] (st N plu,t,glh ot :
Groblbatborud(GiF o) =GPt i (i 2) iz € (Wynoy, Win, 4], (17)

p+1

where jffzu_ ni1 — 1 =ry. We give the following lemma about the property of cZ’+

Lemma 13. For each node u € T, all values cqf’+, et 1 can be computed in O(m,logm,,)

? My
time.

Proof. Suppose that cg’+ = 00,. ch ; with 1 < h < m, — 2 have been computed so far. Recall
that @t [H1ral( Zfl, ) is a piecew1se linear function with m, — h+ 1 subfunctions on (W, , W,].
Let indices jh Lo ,jm h+1 with [, +1 = ]h e <« jgl_l he1 < 7y correspond to the subfunc-
tions of §luHllutlrul(cF ) that is, for any integer p with 1 < p < m, — h + 1, we have

— — -h—1
HZ“’+’[E“+1“T“](CZT1,Z) = @lwtip (chl,z) if z € (W h-1 1’W£+11 A

where jglful_h+2 —1=n.
— h—1
For an integer p with 1 < p < m,—h, let ¢, be a value such that two functions @lurtdp (Chp, 2)
— -h—1
and G5 TIp+ (¢hp,z) have an overlap on (W, nol
(sz’j;ffl’ lef):glil], we have

_1,Wh 1 _,]. This means that for any z €

z— th_1—1 Rz = th;f,
[ . - _ 7pT: . _
C“7+ T Lzuyj;171 Cu 7+ +7 Léua];_g_ll
h,p h.,p
and then
W1 o — W
ut+ Jp+1—1 Jp 1
c = (18)
P T- L -h—1 h—1
Jp Jp+1
By the definition of CZ’JF, we have
Z+ = max {ch’+} (19)
1<p<muy—h P

In order to obtain ch’Jr

as follows:
u,+ Weytpe1=Wey4p Weyypt1

We first construct a max-heap with all m, — 1 values ¢’ = = 4 for
T Lty +p,ly+p+1 T£ly+p

,+

we construct a maz-heap that contains all values CZ’; forl<p<my,—h

1<p<my—1in O(m, log m,,) time and then obtain a value ¢,
Suppose that values ch Tfor1 < p < m, — h are stored in a max-heap. We then 1mmed1ately

obtain ¢, U+ We update the max-heap as follows: Letting p’ be the maximizer in , delete two

,+ u,+ u,+ :
values Chly = ch and Chlp 17 and insert a value
Wh 1= Wh 1,
u,+ p /42

20
Cth]_p T~ L -h—1 -h—1 ( )

]p/ Jpl 42
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Note that each operation can be done in O(logm,,) time. For p # p/, we have

U, + : /

wt Chp it p <p,
Ch wt (21)

h+1p ™ { Ch,p+1 if p> p/.
Thus, the updated max-heap contains all values ch p for 1 < p < my —h — 1 and obtain the
value ch /1~ We repeat the above mentioned updates O(my,) times to obtain 02’+, ceey cwf 1, which
requires O(m,, logm,) time in total. This completes the proof. U
By the above argument, while ¢ € (cp'", ¢j""] with some h € [1..m,] (where ci; 0), the

representation of §¢wHllutl-rul(¢ 2) (with m, — h+ 1 subfunctions) remains the same. Our funda-
mental idea is to consider segment trees corresponding to each interval (ch’+ e 1] with h € [1..my],
and construct a persistent data structure for such the segment trees.

First of all, we introduce a segment tree T} with root p, to compute §£“’+7[€u+1"’"u}(c, z) for
c € (¢t ept] with h € [l.m,]. Tree T}, contains m, leaves labeled as I, + 1,...,r,. Each
leaf j corresponds to interval (W;_i, W;]. For a node v € T}, let £, (resp. r,) denote the label
of the leftmost (resp. rightmost) leaf of the subtree rooted at v. Let p, denote the parent of
v if v # p,. We say a node v € T}, spans an interval (Wy,_1, W, ]. For some two integers
1,] € [gu + 1..Tu] with ¢ < 7, if (Wgy_l,Wru] - (Wi_l,Wj] and (ngy_l,WTpu] Z (Wi_l,Wj], then
v is called a mazimal subinterval node for (W;—1,W;]. A segment tree T}, satisfies the following
property similar to Property [l For any two integers i,j € [¢, + 1..r,] with ¢ < j, the number of

maximal subinterval nodes in Ty, for (W;_1,Wj] is O(logm,,). For each p € [1.m, —h+ 1], w
store function % s (¢, z) at all the maximal subinterval nodes for interval (W n1_y, W, hod 4l

which takes O(m,, logm,,) time by the property. The other nodes in T}, contains NULL
u,+

If we have Ty, for given z € (Wy,, W, ] and ¢ € (¢}, ¢!, ], we can compute value %t [lutl-ral (¢,

in time O(logm,,) as follows: Starting from root p, go down to a child such that its spanned inter-
val contains z until we achieve a node that contains some function #+J(c, z) (not NULL). Now,
we know @l Hlletlrud(e 2y = gluti(e, z), which can be computed by elementally calculation.

If we explicitly construct T}, for all h € [1..m,], it takes O(m?2 logm,,) time for each node u € T,
which implies by Property that O(n?log? n) time is required in total. However, using the fact that
Ty, and Tpyq are almost same except for at most O(logm,) nodes, we can construct a persistent
segment tree in O(m,, log m,,) time, in which we can search as if all of 7}, are maintained as follows.

We first construct a segment tree 77 such that all inner nodes contain NULL and each leaf
§ € [ly + 1..7,] has function 8%+ (c, 2) in O(m,,) time.

We update this tree as follows: Let us suppose that a persistent segment tree contains the
information of Tj,. We update this persistent segment tree by adding the information of Tj,,1. Let

. . . _guy 7'h71 _E'Ud ) jhot
p’ be the maximizer in (19), i.e., when ¢ = ch’+, g (¢, z) and 671, z) come to overlap
: Alutdl ! olust:d
each other on (I/thq Wi _4]- Recall that in Ty, 0 v (c,z) and 6 ]P”rl(c z) are stored
p'+1 P42

at all the maximal subinterval nodes for intervals (Wn—1_;, Wn-1 | and (thq Wh 2 4
4 P+ p'+1

-1
1
_ -h—1
respectively. Therefore, if we delete these information and store gl (¢, z) at all the max1mal
subinterval nodes for interval (thflfl’ th—l 71], then we obtain 7j,;. Instead, we prepare a
' p'+2

copy of subtree 7" of Ty, say T,,,,, where T" is the minimal subtree containing all the maximal
subinterval nodes in T}, for interval (W helgs W h-1 _,] and their ancestors including pp,. Let pp41
Ip'+2

be the root of T” Note that for each leaf of T! . the original node in T}, is a maximal subinterval
copy” copy &

_ -h—1
node for (W h=1_p Win—1 J. In T7,,,, we store function gl iy (¢, z) at all the leaves and NULL

s copy?

at the other nodes Then, we connect nodes in Ty, with ones in T}, as follows: ' € T, is

17
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Pn Pn+1

ih—1 h—1 ‘h—1
Jor Jp'+1 Jp'+2

Figure 3: Illustration to show how to add the information of T}41 to T. The double circles
indicate the maximal subinterval nodes for interval (th—l_l, thq 4] The gray circles indicate
14 p/+1

the maximal subinterval nodes for interval (thq 1 Wina ) The thick subtree indicates T},
p'+1 p'+2

— ch—1
and the black circle nodes store function 6™/ (¢, 2).

connected with v € Ty, if and only if v is not copied in 7}, and the original node of v into T}, is

py. See Fig. [3

We note that the number of nodes in 7" (also T, ) is at most O(logm,,) because the number

of maximal subinterval nodes for (Wj:,_1_1, WjZ’_+12 4] is at most O(logm,) by the property of a

opy

segment tree and the number of these ancestors is also at most O(logm,,) in a binary tree. This
implies that the above operation takes O(log m,,) time. Repeating the above modification to T}, for
h € [1..m,], we have a persistent segment tree containing all 7}, in O(m,, logm,,) time. Thus, we
obtain the whole information of TYPE III of 7 in time O(nlog®n) by Property

Using this persistent segment tree, we can compute §€“’+’V“+1“T“}(C, z) for any z € [0, W,] and
any ¢ > 0 in O(logm,,) time as follows: Find integer h over [l..m,] such that ¢ € (CZ’+,CZT1] in
O(logm,) time by binary search, and then search in the persistent segment tree as 7}, in time
O(logmy,).
Lemma 14 (Query with TYPE III). Suppose that TYPE III of T is available. Given a node
u € T, real values z € [0,W,] and ¢ > 0, we can obtain
(i) index H € [0y + 1..17] such that %t (¢, 2) = glotlatlrd(c 2)  and
(i) index H € [ly..7, — 1] such that 07+ (¢, z) = gro-lbw-m=1 (¢ 2)
in time O(logn) respectively.
TYPE IV. We give the information only for computing [ 6% fut1-mul(c ¢)dt stored at u € T
as TYPE IV since the case for fZW" gl lbu-ru=1(c t)dt is symmetric. Similar to TYPE III, we
prepare only for the case of z € (Wy,, W;,] since it holds that f; glwtlbutlrul(c )dt = 0 for
z € [0,W,,] and

/Z Glo-tleet L ()t = /Wr“ Glo-tltat (. p)dr 4 (2 — W;,)?
0 0 2c

for z € (W, Wy,], of which the first term can be obtained by prepared information with z = W,
and the second term by elementally calculation.

For each u € T, we construct a persistent segment tree again, which is similar to one shown

in the previous section. To begin with, consider the case of ¢ € (cZ’+, CZ:] with some h € [1..m,]

(where recall that ¢f' " = 0o and ¢y = 0), and indices j771, - 7qu711;1—h+1 that satisfy (L7). In this
case, for z € (Wn-1_, Wn—1_ ] with p € [1..my — h + 1], we have
P p+1

z p—! th—l_l _ h—1 z = jh—1
/ efu,—&—,[ﬁu—&-l..fru] (C, t)dt — Z / q+1 efu,-hjq (C, t)dt + / efu,-‘r,Jp (C, t)dt, (22)
0 -1 W h—1 W oh-1
q Jjg -1 ip 1
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For ease of reference, we use F™?(c, z) instead of the right hand side of ([22).

Similarly to the explanation for TYPE III, let T}, be a segment tree with root py and m,, leaves
labeled as I, + 1,...,7y,, and each leaf j of T} corresponds to interval (W;_i, W;]. In the same
manner as for TYPE III, for each p € [1..m, —h+ 1], we store function F"P(c, z) at all the maximal
subinterval nodes in T}, for interval (Wj;}_lil, ngﬁil]. Using Tj, for any z € (Wy,, W, ] and any

c € (cpt, et ], we can compute value [ g%ttt (e ¢)dt in time O(logm,) by summing up

all functions of nodes on a path from root pp to leaf with an interval that contains z. Actually, we
store functions in a more complicated way in order to maintain them as a persistent data structure.
We construct a persistent segment tree at u € T in O(m, logm,,) time, in which we can search as
if all of T}, are maintained, as follows.

First of all, we construct a segment tree 77 for c € (czfﬁ, oo] such that all inner nodes is stored
constant function 0, and each leaf j € [¢, + 1..r,,] has function

. J_l Wz — . Z — .
FI,J—&L(C’ z) — Z / geu,"ﬁl(c’t)dt +/ gfuﬂr,y(c’ t)dt.
Wi—1 Wj—1
in O(m,,) time.

i=Ly+1
We update this tree as follows: Suppose that a persistent segment tree contains the information
of Ty,. We update this persistent segment tree by adding the information of T}, 1. Let p’ be the

.. . . o, +,50 1 T L
maximizer in (19), i.e., when ¢ = CZ’Jr, 67 (¢,z) and 6 p'+1(c, 2) come to overlap each

other on (W Aol W.n—1_,]. Therefore, for z € (W 1, Wt ],
Ipr 42 Ipr 11 Ip/ 12
z
Fh+17pl+1(c7 Z) _ Fh,p/+1(6’ Z) — / { 9€u7+7]p/+1( ) + eﬁurf’,] ’ (C,t)} dt,
W1
Tp+1

and for z € (ngqil, Wj;:llfl] with ¢ € [p +2..my — h + 1],

Who1 _ .h—1
Fh+1’q(07 Z) o Fh’q(c7 Z) _ / Jp/+2 1 { ezuy"h]p/_‘_l (C,t) + 0£u7+7.7p/ (C, t)} dt
Wh 1
Tpl+1

-1

This implies that we obtain T}, by adding fVZVh ) { efuﬁr,yp/“(c £+ Hlu,+,J (e ,t)} dt and
i 1

jh=1
p'+1

Who | B 1
WJ::ZQ { GZ“7+’jP’+1( ,1) + gty (c, t)} dt at all the maximal subinterval nodes in 7}, for
Iprpa !

intervals (W _n—1 _1 W o1 71] and (W - 1
It 41 Jpt 42

Similar to TYPE III, we prepare a copy of subtree T" of Ty, say T,,,, where T" is the min-

imal subtree containing all the maximal subinterval nodes in 7}, for interval (W h-t W] and
P

1> Wy, ], respectively.

-1

their ancestors including pj. Let ppy1 be the root of T,,, . Note that for each 1eaf of Tiopys

the original node in T}, is a maximal subinterval node for (th 1y Wik 4] or (W holp Wi,
p/+1 p/+2

In T/ ., we add fVZVh ) { 94“’+’Jp’+1(c t) +9£“’+’]/ (c, t)} dt at the leaves corresponding to
h=1_4

copy>
Tpr 1™
thl—l 1 - -
(th pt W not _,J,and [y, :jQ { o ’]P’H(c t)+6" Iy (c, t)} dt at the leaves correspond-
P It
ing to (W hl_s W, ]. Then, we connect nodes in 77, with ones in T}, as follows: v/ € Tp,,, is

connected Wlth v € Tj, if and only if v is not copied into 77, and the original node of v/ in T},
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Pn Pn+1

h—1 . .
Jor Jp'+1 Ty +2
Figure 4: Illustration to show how to add the information of T}1 to T},. The gray circles indicate
the maximal subinterval nodes for interval (thq _1 thq _4]. The double circles indicate the
p/+1 p/+2

W..]- The thick subtree indicates T, , the black

maximal subinterval nodes for interval (thq copy’
p/+2

_1

_ -h—1 _ -h—1
circle nodes store functions obtained by adding [y, {96“’+’]p’+1(c, t)+ 0" (e, t)} dt to
g1t
functions stored in the gray circle nodes, and the black double circle nodes store functions obtained
Woh1 1 _ h—1 _ ch—1
by adding fWifle {ng’—h]?"‘rl(c, t)+ 0T (e, t)} dt to functions stored in the double circle

7 —1
p/+1

nodes.

is p,. See Fig. 4l Repeating the above modification for h € [1..m,], we have a persistent segment
tree containing all T}, in O(m,, logm,,) time.

Using this persistent segment tree, we can compute foz éeu’+’[£“+1"T“](c, t)dt for any z € [0, W]
and any ¢ > 0 in O(logm,,) time in the same manner as for TYPE III.

Lemma 15 (Query with TYPE IV). Suppose that TYPE IV of T is available. Given a node
u € T, real values z € [0,W,,] and ¢ > 0, we can obtain (i) value [; §%Hluttru(c t)dt, and (i)

value fZW" g7 lw-re=l (e )dt in time O(logn) respectively.

5 Query Time for OPT(i,7): Proof of Lemma

In this section, we give an algorithm to prove Lemma [8] for the non-confluent flow model since a
similar argument holds even for the confluent flow model with minor modification. Assume that
the data structure 7 with TYPEs I, II, III and IV introduced in Section {] is available. We recall
the outline for computing OPT (i, j) given two integers i, j € [1..n] with i < j.

Phase 1: Compute all the maximal subpath nodes for P41 j—1 by walking on 7 from leaf with a
label i + 1 to one with j — 1. Let U = {uj, ug,...,un} be a set of such the maximal subpath nodes
for P; ; so that r,, +1=1,,,, for s € [0..m| where we define r,, =i and [, ., = j.

Phase 2: For each u € U, compute a real interval Z; such that 6% (z) = §»H -7l (2) holds on
any z € T;F, and a real interval Z; such that 67~ (z) = 9 >l% ™l(2) holds on any z € T, both of
which are obtained by using TYPEs I and III stored at u € 7.

Phase 3: Compute the pseudo-intersection point z* of %% (z) and 6~ (z) on [W;, W;_1] by using
real intervals obtained Phase 2.

Phase 4: Compute OPT(i, j) = ®7(2*) as follows: By formula (7)), we have

. . Z* . Wn .
OiI(2*) = / Ot (t)dt + / 69 ()dt
0 z

*

_ Z / 0i,+,[£u..ru}(t)dt+/ gj,*,[fu..ru](t)dt .
74 N[0,2*] Ty N[e*,Wh]

uelU
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Compute each integral [ @5 Tle-mul(t)dt and [ 65— lbw-rul(t)dt for each u € U using TYPEs 1T and
1V stored at u.
In the following, we see the details of Phases 2, 3, and 4.

5.1 Phase 2

In Phase 2, we construct, for u € U, real intervals Z} and Z, such that #%(z) = g5 Hlbw-rul(2)
holds on any z € Z] and 67~ (z) = #»lw-7u(2) holds on any z € Z, respectively. We give
only the computation for Z;" since Z, can be constructed in a symmetric manner. First confirm by
formula (2]) and Deﬁnitionthat 0t (2) = @0 HUFTLR (L) for 2 € [W;, W),] with b > i+ 1. Thus, it is
enough to obtain the information of #+1-7=1(2) since we consider the case with z € [W;, W;_1].

For each u € U, Z;" consists of three consecutive intervals IZ 1> II 5 and IJ 3 which satisfy the

following conditions:

girttu (2) if z € I;[’l,
9¢,+(z) - geu,+,[zu+1..ru](ci7éu’ 2)+ 71 Lig, ifze€ Iqj,zv (23)
gl tlbutlora () 41 Ly, if z € I{Z:g.

Moreover, these intervals have the following forms:

I+ o [Whﬁl,l] ifs=1and h = 1,
ussh = (s, Bs,hl otherwise

such that o411 = B3 and o py1 = B, for h = 1,2. Note that, for any value «, an interval («, ]
denotes the empty interval.
In Phase 2, we inductively construct Z, 15 7! o and I, 3 for s € [1..m] as follows:

[Induction hypothesis] Assume that it has been obtained Z\ , for all ¢ € [1..s] and h € [1..3]

such that ;
9i,+,[i+l..rus](z) _ 9i,+,[€ut..rut](z)

for any z € I} .
[Induction step] The induction step consists of three substeps:

Substep 1. Compute an interval J; such that
gitli+1tu, ] (2) = girtbussn (2)
for any z € Ji, and update I:L;h for all t € [1..s] and h € [1..3] so that
Qi’+’[i+1"£“5+1](z) _ 9i,+,[€ut..rut](z)

for any z € Zf .
Substep 2. Compute intervals Jo and J3 such that

Grusst syt Tus (Cistuy,y»2) + 7 Lig,
for any z € Js,
bug gt llug g 1T ] T
0 (Z) +7 Ll’gusﬂ

for any z € Js.

s+1
Gi’+’[€“s+1+1“’"us+l](z) =

Substep 3. Based on intervals Ji, Jo and [J3, compute I:[S“ ,, for all h € [1.3] such that
goblitlrucnl () = giblusi-Tusal(2) for any 2 € Zf .., and update Z , for all ¢ € [1..s]

and h € [1..3] so that #4F+1Teal () = gitllu-rul(2) for any 2 € I},
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Let us show the details of each of three substeps of the induction step.

Substep 1. In this step, we compute an interval J; = (v, W;_1] such that §»HlFlrul(z) <
g tus1(2) for any z € Jy. It means that Gi’+’[i+1"£“6+1](22 = 9Pl (2) for any z € Ji. And
then we update s intervals Z; for ¢ € [1..s] such that §" " +1-fucnl () = gitlbu-rul () for any
t€[l.s] and any z € Z| .

Every slope of line segments of %[+1-musl(2) is at most 1/C; . and the slope of 6%fu(z) is
1/Ci7£“s+1' Since CM%H = min{c,,_, Cir,, } < Cir,,, we have 1/Cj ., < 1/Ci’gus+1 and it implies
that 05Tt (z) — goTlH17us](2) is non-decreasing in z € (W, Wy]. Thus, the value ~ is the
W;_1] satisfying

Ugy1’?

maximum value z € [Wy, 1
S

92‘,+,[i+1--ru5](z) — @ttuspa (z) <O. (24)

We find such 7 in O(log?n) time as follows.
[Substep 1-1.] Find the maximum value § € {f;4 | t € [1..5], h € [1..3]} satisfying

gitlitlirul (5) — girtbuca (8) > 0. (25)

We calculate the second term 6%+ ‘ust1 (8) by elementally calculation of formula in O(1) time.
For computing the first term #%[+17usl (), we note that

gitlittrul(g, ) = gitlburul(g, )

holds because §+[i+1rul(z) = gitllurrul(2) for any 2 € T}, Let us consider three cases, depend-
ing on an integer h € [1..3] of § = By s:

Case (i) If = B;1, we have
ittt (5,1) = 0 (5,),

which is obtained O(1) time by elementally calculation of formula ({3)).
Case (ii) If B = B2, we have
gl ral(g, 5) = éﬁ"’+’w““r“t](0i,£ut ,Br2) + 7 Lig,,
in which §£“’+’[Z“t’”t](0i’g% , Bt,2) can be obtained in O(logn) time by Lemma
Case (iii) If 8 = B3, we have
gl rl (6, 5) = letlbutal (By5) 7 Lig,,

in which @0t [lur ] (Cig,, > Bt3) can be obtained in O(logn) time by Lemma There-
fore, this operation requires O(log® n) time since we have s < m = O(logn). If we obtain
B = Bs3=Wj_1, we set v = W;_q, that is, J; is the empty interval. It implies that all

+ + + : :
of Ius+171, Ius+172, and Ius+173 are the empty intervals and we are done. Otherwise, we

have two integers t and h such that v € IIZ ;, by using 3.

[Substep 1-2.] Letting us suppose that v € Iut = (s Bup], we can rewrite the condition
as follows: The value 7 is the maximum value z € Iqjt ,, satisfying

gitillurul(z) — gi b (2) < 0. (26)

We find such z as follows:

22



Case (i) Ify e I;;l, then we have
gl (2) = i),

which is a linear function on I:[t n- Thus, the value v is the intersection point of
it tu (2) and 05T Fs+1(2), which is obtained in O(1) time.

Case (ii) If vy € 17172’ then we have
6i7+7[KUt”TUt} (Z> = e_i7+,[£ut+1”rut} (Ciyeut ) Z) = éﬁu“—i_,wut—‘rl“rut] (C/L'7£ut ) Z) + T Li,éut :

Since functions @ lu +1-7u;] (Cie,,»2) and Glutolluy+Lru ] (Ci e, 2) consists of line seg-
ments with the same slope 1/ CM%, all breakpoints of these functions on I:[t o are con-
tained in {ay 2, Brat U{Wy | h € [1..n] and W}, € I{;’Q}.

We find the minimum value 7' € {at 2,82} U{W}, | h € [1.n] and W}, € qumz} such
that

9i7+7[6“t"rut](z) i 9i7+7£us+1 (z)
= Gttt bral(Cyy,  2) 47 Lig,, — 07T 1(2) <0

by binary search. Because we can obtain the term éﬂuz*’[f“t“"”t](Ci’gut,z) for any
z in O(logn) time by Lemma this binary search takes O(log?n) time in total.
Using the value 4/, we obtain an integer H such that égut’+’[£“t+1"rut}(C’i,gut,’y’ ) =
Glu>HH (Cie,,»7") holds by Lemma |14 in O(logn) time. It implies that the value v is
the intersection point of two line segments 0_£“t’+7H(C’Z-,gw ,2)+7-Liyg,, and gb st (2),
which is computed by elementally calculation.

Case (iii) Ify e I;Lt,?)’ then we have
i ltu ) () = gl Lol () | Ly,
stug

Recall BU+ = (5% bio™ ) is breakpoints of #furHllutlrul (). We find the mini-
mum value 7' € {ar3, B3} U {bpt " | byt € I:;,Q} such that

0i,+,[€ut“7’ut](z) _ gitiluga (2) = gzuw%[%ﬁlﬂ’ut](z) +7- Lz‘,éu, _ phtlusi () <0
by binary search, which requires O(logn) time because the term Hfut*’[gut“““t}(z)
is computed for z = ay3,0:3 in O(logn) time by Lemma and for z = by*" in
O(1) time by using the list of TYPE I. Then, we obtain an integer H such that
Glur bl loru] (4) = Gé“t’—hH(C@gut ,7') holds by Lemmain O(log n) time. It implies
that the value ~y is the intersection point of two line segments §lus >t H (z2)+7- Li,fut and

0% tusi1 (), which is computed by elementally calculation.

Thus, we can obtain + in O(log?n) time and done the computation of interval 7. In order to
complete the first step, we update intervals that have an overlap with J as follows: In the above
step, if v € I:t n = (o n, Bipl, then we set I;‘t n = (o, 7]. Moreover, we set all intervals I{; p for

h' > hand Z7, ,, for ' >t and A’ € [1..3] to the empty interval (v,~].

/ /
uy,h
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Substep 2. In the second step, first of all, we find the smallest integer ¢ such that C; , < C;
in O(logn) time by binary search. Using this ¢, we have

7é"“s«l»l

Qi’J“[Z“erl +1..rus+1} (Z)
= max{éi*’[e“sﬂﬂ“q*l}(C’i

= max{@gusﬂ7+’[€us+1+1“‘171}(C’i

Augprr Z), gi,+,[fus+1+1..ms+1] (Z)}

2), 0l bl thra () 4o L (27)

7€us+1 ) i’€u5+1 :

Note that §us+1 T lbuspr +1-0-1] (Ci75u5+1 , z)—9£"s+1’+’[€“s+l+1'“s+1] (z) is non-decreasing on (Wq_1, W;_1].
Thus, there exists a value 6 € (Wy—1, W_1] such that

§5u3+17+7[€“s+1“”q*1](CZ- 5) — 9lust1tillusyn +1..ms+1](5) <0

’€“5+1 ’

and

Glosnr bl ol 5 e) = gl il — ) > 0

hold for any sufficiently small positive e. We find such the value § and set two intervals Jo =
(T/Vgus+1 ;0] and J3 = (9, W;_1]. Equation implies that we have

§5u5+1 7+7[Zu5+1+1“q71] (Ci7£us+1 9 Z) + T L
9€us+1v+v[€"s+1+1”rus+1} (Z> + 7 LM

if z € Jo,
if z € Js.

i’e“sﬁ»l

ei,+,[€us+1+1..rus+1}(2) — { (28)

Us41

In order to obtain the value §, we find integers hs such that

gfus+1:+7[£us+1+1~q—1](CLZ qul) — §€u5+1,+,h2 (Cl}f qul)

Ugt1 Ug41

holds in O(logn) time by Lemma Note that we have

éﬁus+1,+,[€us+1+1..q71]( _ é@us+1,+,h2(

Ci’gu&i,l ? Z) Cia£1L5+1 ? Z)
for any z € (W,_1,W,_1]. Next, we find the minimum value ¢ over the breakpoints {by***""} of
95u3+1v+7[5uS+1+1"T“s+1](z) such that

QZus+1v+vh2 (Z) — 94u5+1’+7[£us+1+1"7‘u5+1](z) <0

by binary search, which requires O(logn) time because the term s+ et lrul(2) is com-
puted in O(1) time for z = by**"™ by using the list of TYPE I. Then, applying Lemma we
obtain an integer hs such that @%s+1Flbusiathrusal(5r) = glusriths (§7) holds in O(logn) time.

It implies that the value d is the intersection point of two line segments §%s+1:+h2 (Cie z) and

Ug41?
lust1 ’+’h3(z), which is computed by elementally calculation.

Substep 3. Finally, we construct I:[S“’l, I:[s+1,2 and I1z+1,3
Ji= (v, Wj-a], Jo = Wy, 6], and T3 = (6, Wj—1].
Recall that we have

from intervals Z;) for ¢t € [1..s],

Ugt1’

‘7“1’; eu Ty 1 +
0i7+7[i+1"éus+l](z) — 91 +£ e t](z) lf zZ € IUt’
917 Mg (Z) lf z & j17
and
glug 1t llug g +1.g=1] . T, i
92’,+,[Zus+1+1..ru5+1}(Z) _ fus+1 +1 (Cz,éusJrl JZ2)+T Lz,€u5+l if z € Jo,
glustrtillucp Tlrucnl () 4 1. Lig,,., if z € J3.
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Let A(z) denote a function % F1-bfusial(5) — gitllusathrual(2) - We confirm that A(z) is
non-increasing on (Wguer1 , W;_1] by comparing the slopes of line segments of functions. Let a value
1 denote the minimum value z such that A(z) < 0. We find such p in O(log®n) times as follows:

First, we check if p1 < § by computing A(9). If we have p < 4, then we check if p € Ja, (that is,
w > Wéusﬂ) by computing A(WguSJrl + €), where € is a sufficiently small value. If we have p > 0,
then we check if = W;_; by computing A(W;_1), Note that all the above computation for A(z)
are done in O(logn) time by Lemmas 11| and

Thus, we have the four cases for setting three intervals I;: R I;rs .2 and I;: EY

Case (i) If p =Wy, , then we set I =T, I£+173 = J3, and set I;lﬂjl to (v, u] if v < u,

Us41,
to the empty interval (u, u], otherwise.
Case (i) If p € Jo = (Wy,,,, 0], then then we find the minimum value p' € {W), | W), € Jo}

such that A(y/) < 0 by binary search, which takes O(log®n) time. We find an integer
H such that

gttt rnl () Pl LaTlcy, ) T L,

1y

14 +.H I
0 Us+1 (Ciyéus_',l s ’u ) + T - th

s+1
Ug+1

in O(logn) time by Lemma Thus, p is the minimum value z such that

giblitlbusal () — glustH z)—T1-L <0,

,quJrl ) i,ZuS+1 _

and can be obtained in O(log2 n) by the same way of the first step.

Finally, we set Z,” | to (v, u] if ¥ < 1, to the empty interval (p, u], otherwise, and set

Us+1,
Zr o =(wdand I =75

Us+1, Us+1,3

Case (iii) If we have p € J3 = (9, Wj_1], then we find the minimum value g’ over the breakpoints
{bpettFY of glusrFllusiathrus il (5) such that A(p/) < 0 holds by binary search, which
requires O(logn) time. Then, applying Lemma we obtain an integer H such that
ffusrvHllus it lrus il () = ghusrrTH (1)) holds in O(logn) time. Thus, g is the mini-
mum value z such that

gttt bucnl(p) — glust B H () — 7 L, <0,

Us+1 —

and can be obtained in O(log?n) by the same way of the first step.
Finally, we set Itﬂ,l to (v, if v < p, to the empty interval (u, p], otherwise, and

u,
I7js+172 to the empty set (u, u], and Iqjsﬂ’g = (p, Wj—1].
Case (iv) If 4 = W;_1, then we set ILHJ = J1, and I;H,Z’ I:[S“’g to the empty interval
(Wj—1, Wjal.

For Cases (i)—(iii), we need to change I{Z , for t € [1..s] and h € [1..3] as follows: We change
I;;h = (atp, Bep) to (app, p] if p € [ou p, Brpnl, and to the empty interval (u, p] if g < oy p.

5.1.1 Computation Time for Phase 2

As shown above, each inductive step requires O(log?n) time. Therefore, recalling m = O(logn),
Phase 2 requires O(log®n) time.
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5.2 Phase 3

The task of Phase 3 is to compute the pseudo-intersection point of % (z) and 67~ (z) on [W;, W;_1].
By Lemmal 0%+ (2) and 67~ (z) pseudo-intersect on [W;_1, W;]. Let z* be the pseudo-intersection
point of §%F(z) and 67~ (z). We then see that z* is the pseudo-intersection point of §%+[+1-71(2)
and 67071 (2) on [W;_q, W;].

Let us suppose that in Phase 2, we have obtained all intervals I+h = (« : o ﬁ+ ,) that satisfy

the condition (23) for u € U and h € [1..3]. We also have obtained all intervals 7, , = |a, ;,, 58, 1,)
that satisfy the Symmetrlc condition of ([23 .
First, we find the minimum value 8+ € {8, } such that

girtlit1-3l(g) — gi—ili-i=1(3) > 0. (29)

To do this, we apply a binary search that takes O(log? n) time by calculating §%+[i+1-] (ﬂih) and
= l-3=1(p+ ) in O(logn) time, for u € U and h € [1..3] as follows:
For the calculation of 9i7+’[i+1"j}(ﬁjh), we consider the three cases, depending on an integer h:

If h = 3, because we have §>IF1-dl(gt ) = ¢ Fbu(Bh,), it can be computed in O(1) time. If
h = 2, we have

LA ly) = Bt (C BE) + 7 L,

which can be computed in O(logn) time using the information of TYPE III stored at u by
Lemma [I4] If h = 3, we have

G A5 ) = 0 IR () 7 L,

which is computed in O(log n) time using the information of TYPE I stored at u € T by Lemma
Therefore, we can calculate §%F[+1-J] (BF,) in O(logn) time.

We can also calculate 67 —l-7—1] (ﬂ:j ») in O(logn) time. First, we find an interval Z, ;, contains
ﬁ;h by binary search. We can compute 69 [-7—1] (ﬁ:’h) in O(logn) time by the similar way of the
above computation according to an integer h'.

When the value 87 = Bu p» it implies that 2™ € I+h Next, we find an integer H' such that

gitlit1l-dl (z) = i+ (%) in O(log? n) time as follows: If h = 1, that is, z* € I+1, then we see
H = t,, directly. If z* € Z,}, = (aif,, By 5], then we have

u?
0i,+,[i..j71] (Z) _ éﬂu,Jr,[ﬁqul..ru](C«ilu7 Z) 47 Li,ﬁu'

Since function e+ lbutl-rul(Cy, 2) consists of line segments with the same slope 1/Cy,, all
breakpoints of these functions on I+2 are contained in {ozu 95 B:[ SJU{Wh | h € [l.n] and W), € I+2}
We find the minimum value 2’ € {ay 2, B2} U{W} | h € [1 n] and W), € w2} such that

gitlitldl () _ gimili-d=11(5) = gletlbt o (0 Y r Ly, — g9l (2) < 0

by binary search, which takes O(log”n) time because the first term @‘wHlutl-rd(C;, 2) can
be computed in O(logn) time for any z by Lemma [14] and the last term 67[-7=1(2) can be
computed in O(logn) time as the previous step. Using the value 2/, we obtain an integer H' such
that @» 13 (2") = gletHT(Cy ,  2') + 7 - Ly, holds by Lemma in O(logn) time. Note that
we also have §5[i+1- j]( ) = Gt (G, 2%) + 7 - Liy, = 60507 (2*). Let us consider that
z* e II?). For any z € Z.F .3 We have

0i,+,[i+1..j}(2) _ efu,-‘r,[@u-‘rl--m} (Z) +7- Lif )

26



We find adjacent breakpoints b and b’ of % llutl-ru(2) on IIS in O(log®n) time, such that
girtlit1-3l(p) — g3 l-3-1 () < 0 and =13 (1) — g 313y >

hold. This means that 2* € [b, V'] and then we can immediately obtain an integer H' such that
il l-dl (%) = gl t 1T (%) f 7. Ly = 6T (%) by using the information of TYPE 1.

In a symmetric manner, we find the interval I;',h' that contains z* and an integer H ™ such that
6731 (%) = 93 —H" (2*) in O(log? n) time.

We then see that z* is the pseudo-intersection point of 0 +H" () and 671" (2) on [Wy+ 1, Wy-],
which can be computed in O(1) time. In total, Phase 3 requires O(log?n) time.

5.3 Phase 4

As in Phase 3, let us suppose that in Phase 2, we have obtained all intervals II h= (a:[ b ﬂ: ») and
Z, 1, = oo ps B, ) that satisfy the condition and its symmetric one for v € U and h € [1..3].

In Phase 3, we also have obtained z*, and two intervals Z, pt and Z — , _ such that 2* € Th pt N
uT, u ur,

. _.
u—,h~
By the definition of (7)) we have ®%I(z*) = [ 01 (2)dz + fZW" 67~ (2)dz. For each integral, we
have

7h‘7

*

/OZ 0"t (2)dz = Z /i:h 0>t (2)dz + /:* (2)dz (30)

ueUhe[l 3]s.t. Yush ut ht
ﬁu h=#

and

/Zw"ef»—(z)dz = /f“_"’_ (e + Y / "o 3

uel, h€ 1..3]s.t.
Zz

We show that an integral f i o 0%+ (2)dz can be computed in O(logn) time. For the other

integrals, we can compute them O(log n) time by the similar way. We can also calculate other
integrals in and (31) in O(logn) time in the same manner. These imply that Phase 4 requires
O(log?n) time because the number of integrals in and is at most 2 - |[U| = O(logn).
+
For the computation of f & w95+ (2)dz, let us consider the three cases: If h = 1, then condi-

tion (23]) implies that we have
B«Ih . qu,h . Bih — W,
/ (9@’+(Z)d2’ = / 017+7‘€u(z)dz — / <Z Ly—1 +r. Lz’,ﬁu) ,
O‘I,h ai,h aqjh it
which can be calculated in O(1) time by the elementary calculation. If h = 2, then we have

leh leag
u,h . u,h _
/ 0t (z)dz = / (0 At d(Crgy ) 7 Lig, ) d

+ +
u,h u,h

+

Quh _ B;:,h _
:/0 gl tnd(Cry,, 2)dz _/0 Gttt lrd(Cyy,, 2)dz + ( ik~ aih) T Ligy
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which can be computed in O(logn) time using the information of TYPE IV stored at u € T by
Lemma [I5 If h = 3, we have

B B
u,h . u,h
/ 0" (2)dz = / (ofet et trd () 7 Ly, ) da

+ +
u,h u,h

+ +
au,h ﬂu,h
= [tz - [ gl yds (87, - af) 7 L,
0 0 b b

which can be computed in O(logn) time using the information of TYPEs I and II stored at node

+ .
u € T by Lemma (12| Thus, we can compute an integral ff_’ﬁh 6""(2)dz in O(logn) time.
u,h

5.4 Running Time of the Algorithm

We give the analysis of the running time of our algorithm. Phase 1 requires O(logn) time for
finding all the maximal subpath nodes in U for P;41 j—1 by Property [ll Phase 2 requires O(log®n)
time, and Phases 3 and 4 require O(log?n) time.

Therefore, the bottle-neck for the running time of our algorithm is Phase 2 that requires
O(log®n) time, which concludes the proof of Lemma .

5.5 Modification for the Uniform Capacity

When the capacities of P are uniform, we can improve the running time of Phase 2 (that is the
bottle-neck for our algorithm) from O(log®n) to O(log®n). The reason of the improvement is that
we no need to construct intervals 7, o since all C; ; are same as some c for any ¢, j. Thus, the cases
that we need to use Lemma which take O(log2 n) time, do not happen.

6 Conclusion

We remark here that our algorithms can be extended to the minsum k-sink problem in a dynamic
flow path network, in which each vertex v; has the cost \; for locating a sink at v;, and we
minimize AT(P,x,d) 4+ >_,{\i | x consists of v;}. Then, the same reduction works with link costs
w”(i,7) = w'(4,7) + N\, which still satisfy the concave Monge property. This implies that our
approach immediately gives algorithms of the same running time.
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