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Abstract. In load balancing problems there is a set of clients, each wishing to select a resource from
a set of permissible ones, in order to execute a certain task. Each resource has a latency function,
which depends on its workload, and a client’s cost is the completion time of her chosen resource. Two
fundamental variants of load balancing problems are selfish load balancing (aka. load balancing games),
where clients are non-cooperative selfish players aimed at minimizing their own cost solely, and online
load balancing, where clients appear online and have to be irrevocably assigned to a resource without any
knowledge about future requests. We revisit both selfish and online load balancing under the objective
of minimizing the Nash Social Welfare, i.e., the geometric mean of the clients’ costs. To the best of
our knowledge, despite being a celebrated welfare estimator in many social contexts, the Nash Social
Welfare has not been considered so far as a benchmarking quality measure in load balancing problems.
We provide tight bounds on the price of anarchy of pure Nash equilibria and on the competitive
ratio of the greedy algorithm under very general latency functions, including polynomial ones. For this
particular class, we also prove that the greedy strategy is optimal as it matches the performance of any
possible online algorithm.

Keywords: Congestion games - Nash social welfare - Pure Nash equilibrium - Price of anarchy - Online
algorithms.

1 Introduction

In load balancing problems there is a set of clients, each wishing to select a resource from a set of permissible
ones, in order to execute a certain task. Each resource has a latency function, which depends on its workload,
and a client’s cost is the completion time of her chosen resource. These problems stand at the foundations of
the Theory of Computing and have been studied under a variety of objective functions, such as the maximum
client’s cost (aka. the makespan) [A0/M4T4248] and the average weighted client’s cost (see [26] for an excellent
survey).

Two extensively studied variants of load balancing problems are selfish load balancing [61] (aka. load
balancing games) and online load balancing [40]. Selfish load balancing, where clients are non-cooperative
selfish players aimed at minimizing their own cost solely, constitutes a notable subclass of weighted congestion
games [53] and, as such, enjoys some nice theoretical properties. For instance, they always admit pure Nash
Equilibria [43]. Moreover, under the assumption that all tasks have unitary weight (unweighted congestion
games), any best-response dynamics converges to a pure Nash Equilibrium in polynomial time [I]. In online
load balancing, instead, clients appear online and have to be irrevocably assigned to a resource without any
knowledge about future requests.

Interpreting the set of clients of a load balancing problem as a society and adopting the terminology
of welfare economics, the makespan and the average weighted client’s cost objective functions get called,
respectively, the egalitarian and the utilitarian social function. In the case of unweighted tasks, the egalitarian
function is defined as max; x;, and the utilitarian one is defined as % >-; Ti, where n is the number of clients
and & = (x1,xe, ...) is the vector encoding the clients’ costs. Another interesting social function is the Nash

Social Welfare (NSW) [51], which is defined as (][], xi)%, i.e., as the geometric mean of the clients’ costs.
These definitions naturally extend to the more general case of weighted tasks (see Section .
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The NSW is a celebrated welfare measure in many settings, such as Fisher markets [TTJI9] and fair
division [A20/T72324129I39], as it satisfies a set of interesting properties (most of the aforementioned papers
focus on fairness properties such as envy-freeness and maximin share, and Pareto optimality) and achieves
a balanced compromise between the equity of the egalitarian social welfare function and the efficiency of the
utilitarian one. We notice that when x; > 0, for any ¢ = 1,...,n, this balance holds regardless of whether
the objective is maximizing or minimizing the NSW. The case where each x; can be either a positive or
negative value has been considered in [4]. In the context of congestion games we do not take into account
envy-freeness and maximin share, however, it is easy to see that an outcome that minimizes the NSW is
Pareto optimal. Another interesting motivation for considering the NSW in load balancing comes from the
following observation. An alternative reasonable way to define a client’s cost can come by taking the ratio
between the completion time of her chosen resource and the completion time she could obtain when being
the only client in the system (i.e., when she is the unique user of the fastest resource). This definition avoids
situations where the cost of a specific client determines almost completely the value of the social welfare.
This happens, for instance, when there is a client ¢ owing a highly time-consuming task. Here, both the
utilitarian and the egalitarian social welfare end up depending on the cost of 4, thus almost neglecting the
other clients’ costs. In this setting, the NSW is the proper metric to use. More generally, the NSW is the
only correct mean to use when averaging normalized results, that is, results that are presented as ratios to
reference values [34]. It is important to emphasize the scale-freeness of the NSW in load balancing problems,
that is, the NSW is a robust social welfare function as its analysis is not affected by this change in the
definition of a client’s cost.

1.1 Related Work

Selfish Load Balancing. The literature concerning the efficiency of Nash equilibria in selfish load balancing
is highly tied with that of its superclass of congestion games. In the following, we first focus on results for
the mostly studied case of the utilitarian social welfare. In this setting, it is assumed that all clients selecting
the same resource experience the same cost.

The efficiency of pure Nash equilibria in congestion games has been first considered in [6] and [27],
where it has been independently shown that the price of anarchy is 5/2 and (3 4 v/5)/2 for, respectively,
unweighted and weighted congestion games with affine latency functions. These bounds have been extended
to load balancing games in [22]. However, under the additional assumption that the game is symmetric
(i.e., all resources are available to any client), the price of anarchy improves to 4/3 [49]. Exact bounds
for both weighted and unweighted congestion games with polynomial latency functions have been given in
[2], and [B7I12] prove that they hold even for unweighted load balancing games and symmetric weighted
load balancing games, respectively. These results have been further generalized in [I5], where it is proved
that, under general latency functions encompassing polynomial ones, the worst-case price of anarchy of
both symmetric weighted congestion games and unweighted congestion games is attained by load balancing
instances. This worst-case behavior, however, does not occur under identical resources, where load balancing
games exhibit better performance with respect to general congestion games. For instance, for affine latency
functions, the price of anarchy drops to 2.012067 for unweighted games [2259] and to 9/8 for symmetric
weighted games [49]. Tight bounds for this last class of games under polynomial and more general latency
functions have been given in [36JT5].

For the class of non-atomic congestion games (a variant assuming that each client’s task is infinitesimally
small with respect to the workload required by the whole society and suited to model communication and
transportation networks) [54J56I57] provide bounds on the price of anarchy under general latency functions
and prove that they are tight even for a two-node network with two parallel links. An interesting connection
between load balancing games and non-atomic congestion games has been uncovered in [35] where it is shown
that, under fairly general latency functions, the price of anarchy of unweighted symmetric load balancing
games coincides with that of non-atomic congestion games.

Less has been done for the egalitarian social welfare. The study of the price of anarchy was initiated in
[47], where weighted congestion games of m parallel links with linear latency functions are considered. The

price of anarchy for the egalitarian social welfare is ©( 10:{50 Zm). The lower bound was shown in [47] and the

logn
loglogn

upper bound in [30]. For load balancing games, the price of anarchy is ©( ) where n is the number of
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players [36], while for unweighted congestion games is ©(y/n) [27]. [55] proves that the price of anarchy of
non-atomic congestion games with general non-decreasing latency function is £2(n).

Online Load Balancing. The performance of greedy load balancing with respect to the utilitarian social
welfare and under affine latency functions has been studied in [7122I59]. [7] considers a more general model
where each client has a load vector denoting her impact on each resource (i.e., how much her assignment to a
resource will increase its load) and the objective is to minimize the L, norm of the load of the resources. Their
results, together with [22], imply a competitive ratio of the greedy algorithm equal to 3 + 2v/2 ~ 5.8284 for
the utilitarian social welfare. This bound carries over also to the case of weighted clients where the objective
is to minimize the weighted average latency. [59] and [22] provide a tight bound of 17/3 for different resources
and show that the competitiveness of greedy load balancing is between 4 and %\/ﬁ +1 = 4.05505 for identical
resources. [I5] characterizes the competitive ratio of the greedy algorithm applied to congestion games with
general latency functions.

[14128] analyse a different online algorithm (usually termed one-round walk starting from the empty state)
for load balancing and prove that its competitive ratio is 2 + /5 under affine latency functions. Bounds for
the case of polynomial latencies are given in [I3JT646], while [I5J60] address more general latency functions
with respect to atomic and non-atomic congestion games, respectively.

Concerning the egalitarian social welfare, most of the results of the literature investigate the case of
identical resources, usually termed as machines. [3J932I33I38/40J45]. We notice that the machine scheduling
problem with related (resp. identical) machines is a special case of our weighted load balancing problem with
linear latency functions (resp. identical resources with linear latency functions). For m identical machines,
[40] shows that the greedy algorithm achieves a competitive ratio of exactly 2 — % and this bound is proven
the best possible one for m = 2,3 in [32]. The currently best known algorithm achieves a competitive ratio
of 1.9201 [33] for any m and no algorithm can achieve a competitive ratio bettern than 1.88 [58]. For related
machines, [5I8] show a tight bound of logm, while [21] considers the case of unrelated machines with the
objective of minimizing the norm of the machines loads.

1.2 Our Contribution

We revisit both selfish and online load balancing under the objective of minimizing the NSW. To the best of
our knowledge, this is the first work adopting the NSW as a benchmarking quality measure in load balancing
problems. We analyze the price of anarchy [47] of pure Nash equilibria (the loss in optimality due to selfish
behavior) and the competitive ratio of online algorithms (the loss in optimality due to lack of information)
under very general latency functions. These questions have been widely addressed under the utilitarian and
egalitarian functions, but never under the NSW.

We notice that by adopting the NSW as new metric, we are not going to modify the set of Nash equilibria
but only the social values. The main difference between the NSW and the classical notion of utilitarian social
welfare consists in the fact that, while in the latter the players’ costs are summed, in the former they are
multiplied. This may lead to think that, by turning the costs into their logarithms, a classical utilitarian
analysis can be easily adapted to deal with the NSW. Actually, this is not the case. In fact, on the one hand,
using this idea for bounding a performance ratio (e.g., the price of anarchy or the competitive ratio), one
obtains a bound on the ratio between two logarithms (each one having the product of the players’ costs
as argument). On the other hand, we are interested in bounding the ratio between the argument of these
logarithms, and there is no direct correlation between these two ratios (notice that logarithm of the latter
ratio is equal to the difference between the corresponding utilitarian social costs, and therefore it is not
related to the former one). Thus, the analysis of the NSW requires different proof arguments. In order to
have another evidence of this fact, it is worth noticing that the results obtained for the NSW substantially
differ from the ones holding for the utilitarian social function, not only from a quantitative point of view,
but also from a qualitative one. In fact, while it is well known (see [22]) that for the utilitarian social welfare
the simpler combinatorial structure of load balancing games does not improve the price of anarchy of general
congestion games, our Theorem |10| (deferred to the appendix) and Corollary [1|show that, for the NSW, even
for the case of linear latency functions, the price of anarchy drops from n to 2.

All upper bounds shown in this paper are quite general, given that they hold for any non-decreasing and
positive latency function. Moreover, the provided matching lower bounds hold for latency functions verifying
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mild assumptions; it is worth to remark that they are satisfied by the well studied class of polynomial latency
functions and by many other ones.

In particular, Theorem [I] provides an upper bound to the price of anarchy for the case of weighted load
balancing games, while Theorem [2] gives a matching lower bound. Similarly, we focus on unweighted games
(a special case of weighted ones) by providing tight bounds that, in general, are lower than the ones that
can be obtained for weighted games (see Subsection . However, Corollaries [1| (or [2)) and [3| show that,
when considering polynomial latency functions of degree p, the two analyses (for weighted games and for
unweighted ones) give the same tight bound of 2P. Furthermore, when considering weighted games, the tight
bound of 2P holds even for symmetric games (Corollary (1)) and for games with identical resources (Corollary
. We also provide a tight analysis holding for non-atomic games (see Subsection ; for the case of

P
polynomial latency functions of degree p, Corollary [4| shows that the price of anarchy is (e%) ~ (1.44)P.

For the online setting, we analyze the greedy algorithm that assigns every client to a resource minimizing
the total cost of the instance revealed up to the time of its appearance. We provide a tight analysis of the
competitive ratio of the greedy algorithm, and we show that, when considering polynomial latency functions
of degree p, there exists no online algorithm achieving a competitive ratio better than the one of the greedy
algorithm, that is equal to 47 (see Section. In Table|l} we consider the case of polynomial latency functions,
and we compare the performance under the NSW with that under the utilitarian social welfare studied in
some previous works.

The rest of the paper is structured as follows. Section 2]introduces the model. Sections[3|and [f] are devoted
to the performance analysis of the price of anarchy and of the competitive ratio, under the selfish and the
online setting, respectively. Finally, in Section [5| we give some conclusive remarks and state some interesting
open problems. Due to lack of space, some proofs are sketched or omitted, and are left to the appendix.

| [ ] UsW |
Weighted | 27 oo (2 ) B
eighte (@p) ~ Tog(p) , 2
i (kt1)2PH1 1 (hy2)P pFT
Unweighted|| 2P GO T —er Gty ¥t ~ © (ﬁ) , [2]
. 1\P _ -1
Non-atomic (ee) (1 —p(p+1) (pH)/p) ~ 6 (@)7 154
Online || 4 (V@D —1)"PTY ~ o(p)P T, 211

Table 1. Tight bounds on the performance of load balancing with polynomial latency functions of maximum degree p,
under the NSW and the utilitarian social welfare (USW). &, denotes the unique solution of equation zP™* = (z +1)?,
and k := |®,]. We observe that the performance under the NSW case is definitely better (even asymptotically) than
that under the USW case, except for the non-atomic setting.

2 Model

Given k € N, let [k] := {1,2,...,k}. A class C of functions is called ordinate-scaling if, for any f € C and
a > 0, the function g such that g(x) = af(z) for any « > 0, belongs to C; abscissa-scaling if, for any f € C
and a > 0, the function g such that g(z) = f(ax) for any x > 0, belongs to C; all-constant-including if
it contains all the constant functions (i.e., all functions f such that f(z) = ¢ for some ¢ > 0); unbounded-
including if all the latency functions f, except for the constant ones, verify lim, o f(z) = oo. Let P(p)
denote the class of polynomial latencies of maximum degree p, i.e., the class of functions f(z) = >4 _, aqz?,
with ag > 0 for any d € [p] U {0} and oy > 0 for some d € [p] U {0}. A function f is quasi-log-convez if
xIn(f(z)) is convex.

We first deal with selfish load balancing, by defining load balancing games, and then we turn our attention
to the online setting.
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2.1 Selfish Load Balancing

(Atomic) Load balancing games. A weighted (atomic) load balancing game, or load balancing game for
brevity, is a tuple LB = (N, R, (¢;) jer, (wi)ien, (Zi)ien) , where N is a set of n > 1 players (corresponding
to clients), R is a finite set of resources, ¢; : Rsg — Ry is the (non-decreasing and positive) latency function
of resource j € R, and, for each i € N, w; > 0 is the weight of player ¢ and X; C R (with X; # (}) is her
set of strategies (or admissible resources). For notational simplicity, we assume that each latency function ¢
verifies ¢(0) = 0.

An unweighted load balancing game is a weighted load balancing game with unitary weights. A symmetric
weighted load balancing game is a congestion game in which each player can select all the resources, i.e.,
Yi=Rforany i€ N.

Given a class C of latency functions, let ULB(C) be the class of unweighted load balancing games, WLB(C)
be the class of weighted load balancing games, and SWLB(C) be the class of weighted symmetric load
balancing games, all having latency functions in the class C. We say that resources are identical if all of them
have the same latency function.

Non-Atomic Load balancing Games. The counterpart of the class of atomic load balancing games is that
of non-atomic load balancing games [I0J52I62]: these games are a good approximation for atomic ones when
players become infinitely many and the contribution of each player to social welfare becomes infinitesimally
small. A non-atomic load balancing game is a tuple NLB = (N, R, (¢;) cr, (7i)ien, (Xi)icn), where N is a set
of n > 1 types of players, R is a finite set of resources, ¢; : R>o — R is the (non-decreasing and positive)
latency function of resource j € R; moreover, given ¢ € N, r; € R>q is the amount of players of type ¢ and
XY'; C R is the set of strategies of every player of type «.

Given a class C of latency functions, let NLB(C) be the class of non-atomic load balancing games, and
SNLB(C) be the class of symmetric non-atomic load balancing games, all having latency functions in the
class C.

Strategy Profiles and Cost Functions. In atomic load balancing games, a strategy profile is an n-tuple
o = (01,...,0,), where o; € X; is the resource chosen by each player i € N in o. Given a strategy profile
o, let kj(o) =) ,cn.,,—; Wi be the congestion of resource j € R in o, and let costi(o) = £y, (ko (o)) be
the cost of player i € N in o.

In non-atomic load balancing games, a strategy profile is an n-tuple A = (Aq,..., A,), where A, : X; —
R>¢ is a function denoting, for each resource j € X;, the amount A;(j) of players of type i selecting resource
Jjsso that > .o Ai(j) = r;. Observe that A;(j) = 0if j ¢ X;. For a strategy profile A, the congestion of
resource j € Rin A, denoted as k;(A) := ;. n Ai(j), is the total amount of players using resource j in A
and its cost is given by cost;(A) = ¢;(k;(A)). The cost of a player of type i selecting a resource j € X; is
equal to costj(A) and each player aims at minimizing it.

Nash Social Welfare. In atomic load balancing games, the Nash Social Welfare (NSW) of a strat-
egy profile o is defined as: NSW(o) := ([T;cn costi(a)wi)m . Using the previous definition, for un-
weighted games we get NSW(o) = ([Ticn costi(a))%. Given a strategy profile o, let R(o) = {j €
R : kj(e) > 0}. For weighted load balancing games we get: NSW(o) = (IT;en costi(a))m =

1 1
(o Zi wy Ao Zj (o kj(o)
(Mjero £iki(@)M@ ) T2 = (T pie £3(ks(e) (@) o
Let SP(LB) be the set of strategy profiles of an atomic load balancing game LB. An optimal strategy
profile o* (LB) of a load balancing game LB is a strategy profile 0* € argmingcspgy NSW(a), i.e., a strategy
profile minimizing the NSW.

Analogously, for the non-atomic setting, we have NSW(A) = (HJER(A) COStj(A)kj(A)) Zier(a) ki)

where R(A) := {j € R : k;(A) > 0}. Let SP(NLB) be the set of strategy profiles of a non-atomic load
balancing game NLB. An optimal strategy profile A*(NLB) of a load balancing game NLB is a strategy
profile A* € argminaespnig)y NSW(A), i.e., a strategy profile minimizing the NSW.

Pure Nash Equilibria and their Efficiency. In the atomic setting, for a given strategy profile o, let
(o_i,00) = (01,02,...,0i-1,04,0i+1,--.,04), i.e., a strategy profile equal to o, except for strategy o,. A
pure Nash equilibrium is a strategy profile o such that cost;(o) < cost;(o—;,0}) for any o} € X; and i € N,
i.e., a strategy profile in which no player can improve her cost by unilateral deviations. Let PNE(LB) be the
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set of pure Nash equilibria of a load balancing game LB. The Nash price of anarchy of LB is defined as:
NPoA(LB) = sup,cpne(Lp) %*(?L)B)) Given a class G of load balancing games, the Nash price of anarchy
of G is defined as NPoA(G) = sup gcg NPoA(LB). In the non-atomic setting, a pure Nash equilibrium is
a strategy profile A such that, for any player type ¢ € N, resources j,j € X; such that A;(j) > 0,
cost;(A) < costj(A) holds, that is, an outcome of the game in which no player can improve her situation
by unilaterally deviating to another strategy. The Nash price of anarchy of a non-atomic game NLB (denoted
as NPoA(NLB)) is defined as in the atomic setting, and again, given a class G of non-atomic load balancing

games, the Nash price of anarchy of G is defined as NPoA(G) = supy geg NPOA(NLB).

2.2 Online Load Balancing

We now introduce online load balancing. There is a natural correspondence between a load balancing game
and an instance of the online load balancing problem. When dealing with the online setting, as usual in
the literature, we adopt a different nomenclature. In particular, an instance | of the online load balancing
problem is a tuple | = (N, R, (¢;)jer, (w;)ien, (Xi)ien) , where N = [n] is a set of n > 1 clients, R is a finite
set of resources, £; : Ryg — R is the (non-decreasing and positive) latency function of resource j € R, and,
for each i € N, w; > 0 is the weight of client 7 and X; C R (with X; # 0) is her set of admissible resources.
Furthermore, in the online setting an assignment of clients to resources is called state: A state is an n-tuple
o = (01,...,0,), where 0; € X; C R is the resource assigned to player ¢ € N in o. As in load balancing
games, given a class of latency latency functions C, let WLB(C) denote class of load balancing instances with
latency functions in C.

The NSW of a state and the optimal state are defined analogously to the selfish load balancing setting.

The online setting. In online load balancing, clients appear in online fashion, in consecutive steps; when a
client appears, an irrevocable decision has to be taken in order to assign it to a resource. We assume w.l.o.g.
that clients appear in increasing order, i.e., client ¢ € [n] appears before client j € [n] if and only if ¢ < j.
More formally, for any ¢ € [n], an online algorithm has to assign client i to a resource being admissible for it
without the knowledge of the future clients ¢+ 1,7+ 2, .. .; the assignment of client 7 decided by the algorithm
at step ¢ cannot be modified at later steps.

Notice that at each step ¢ > 1 a new instance is obtained by adding client 7 to the instance of step i — 1.

Competitive Ratio. Following the standard performance measure in competitive analysis, we evaluate the
performance of an online algorithm in terms of its competitiveness (or competitive ratio).

An online algorithm A is c-competitive on instance | if the following holds: Let o and o* be the state
computed by algorithm A and the optimal state for I, respectively. Then, NSW(c) < ¢ - NSW(c*). The
competitive ratio CRa(l) of algorithm A on instance | is the smallest ¢ such that A is c-competitive on | [I§].

Given a class Z of load balancing instances, the competitive ratio CRA(Z) of Algorithm A on Z is simply
given by the maximum competitive ratio of A over all instances | € Z,i.e., CRa(Z) = sup,c7 CRa(l).

Greedy algorithm. A natural algorithm proposed in [7] for this problem is to assign each client to the
resource yielding the minimum increase to the social welfare (ties are broken arbitrarily). This results to greedy
assignments. Therefore, given an instance of online load balancing, an assignment of clients to resources is
called a greedy assignment if the assignment of a client to a resource minimizes the total cost of the instance
revealed up to the time of its appearance.

3 Selfish Load Balancing

In this section we focus on selfish load balancing. In particular, in Subsection we deal with the analysis
of the price of anarchy in weighted load balancing games, in Subsection [3:2] we consider the subclass of
unweighted load balancing games, while in Subsection we analyze the price of anarchy of non-atomic
load balancing games.

3.1 The NPoA for Weighted Load Balancing Games

We first provide an upper bound to the Nash price of anarchy of weighted load balancing games.
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Theorem 1. Let C be a class of latency functions. The Nash price of anarchy of
weighted  load  balancing  games with latency  functions in C is NPoA(WLB(C)) <

(op—kg)oy (k1 —o01)o2
fi(ki+o1) \ Fre2=k2o1 [ f5(katoz) | F1o2—k201
SUPE; >01>0,00>k220,f1,f26C \ ™ f1(o1) F2(02) :

Proof. Let LB € WLB(C) be a weighted load balancing game with latency functions in C, and let o and o*
be a worst case pure Nash equilibrium and an optimal strategy profile of LB, respectively. Let k; denote
k;(o) and o; denote k;(o*).

Since o is a pure Nash equilibrium, we have that cost;(o) < costi(o_;,0f). Thus, we get
[Lien costi(a)” < [[;en costi(o_i,a7)"". Since costi(a) = Lo, (ky,) and costi(o_i,07) < Lo: (ko + wi),

it holds that ey costi(0)" = Tiey b (o)™ = Thiena) k)= " = Tlicne) Gk and
[Lien costi(o—i,07)"" <Tlicn bo (k +w')wi <Iliento (k ;1 0o )= HJER(O’ )6 (k; JrOj)E” L
[jerio ik + 0])"] By puttmg together the above mequahtles we get

H £( ki = Hcosti( )i < Hcost o_i,00)" < H Li(kj+05)%. (1)

JER(0o) €N 1€EN JER(o*)

By exploiting the properties of the logarithmic function and by using , we obtain

(HJER(U) ﬁj(kj)’“j) Sienwr
(HJGR(U*)K (04)% )m

0j ) ZieN Wi
o (H;eza(w)f (kj +05) J) 2 _ 2jer(or) 0 (In(€5(k; + 05)) — In(¢;(05)))
> 1 — ’
0; ) ZieN Wi Zz Wi
(HjGR(a*)Ej(Oj) J) e e
Since ),y wi = ZJER ki = ZjeR 0j, we have that is upper bounded by the optimal solution of the

following optimization problem on some new linear variables (¢;);ecr (as is the solution obtained by
setting o = 1 for each j € R):

In (NPoA(LB)) = In

(2)

ZJGR(U*) a;oj (In(€;(k;j + 05)) —In(¢;(05)))
max 3)
ZjeRajkj
ZajijZocjoj, o; >0Vj€eR.

JER JER

Fact 1 The mazimum wvalue of the optimization problem considered in (@ is at most
(02=kz)o1(In(f1 (kato1)) —n(f1(01) ) +(k1 —o1) o2 (In(f2 (k2 +02)) —In(f2(02)))

k102 —kz01

SUPk; >01 >0,
02>k22>0,
f1,f2€C

By Fact and by continuing from (2)), we have that the upper bound provided in Fact is
higher or equal than In(NPoA(LB)). Thus, by exponentiating such inequality, we get NPoA(LB) <

(o —kg)og (k1 —o0j)og
SUDk, >0, >0, (%) Fro2=kao1 (%) Frea=haon Hence, by the arbitrariness of LB € WLB(C), the
>ko>0,
OJ2c17f22€C
claim follows. 0

In the following theorem we show that the upper bound derived in Theorem [I]is tight under mild assumptions
on the latency functions.

Theorem 2. Let C be a class of latency functions.
(i) If C is  abscissa-scaling  and ordmate scaling, then  NPoA(WLB(C)) >

(og—kg)o1 k1—o1)o2
fi(ki+4o01) | k1o2—k201 [ f5(ko4o02) k102 kgoq
SUPk; >01>0,00>k2>0,f1,f26C \ ™ fi(o1) Fa(02) :

(i) If C is abscissa-scaling, ordinate-scaling, and unbounded-including, the previous inequality holds even
for symmetric weighted load balancing games.
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Proof (Sketch of the proof). We show part (ii) of the claim only (the proof of part (i) resorts to
similar arguments and is left to the appendix). Let us assume that C is abscissa-scaling, ordinate-

scaling, and unbounded-including. In order to prove part (ii) we equivalently show that for any M <
k1—o1)og

2—kg)oy
SUPk; >01>0,0>k2>0,f1,f2€C (7)01]([11«;:;1)) e (7f2j(cff:;;2)) ik there exists a game LB € WLB(C) such
that NPoA(LB) > M.
Let f1, fo € C, kl,k2,01,02 > 0 such that k1 > o1 > 0,00 > ko > 0, and a sufficiently small ¢ > 0

—kg)o (k1 —01)og

(02
such that (%{:3’”) Froataor (%) ik > M + e Let f,g € C be such that f(z) := fi(o1x)
(0g—kg)og (k1—o01)02
and g(z) == fo(0sz), and let k := ki /o1 and h := ks /0s. &mm(ﬁ%g%Qk”r“”(ﬁ%%gﬁ)“%*”l:
1—h k=1
(f(flﬁr)l)) R <g<ghg)1>) “" we have that
P+ 1)\ *F (g(h+1)\FF
0 0 > M + ¢, for some f,g€C, k>1, and h < 1. (4)
g

Observe that f and g can be chosen in such a way that they are non-constant functions. Indeed, if one of
them is constant, it is sufficient replacing it with an arbitrary non-constant function, so that holds as well.
Since C is unbounded-including and f, g are non-constant, we have that lim,_, o f(z) = limg; 0 g(x) = o0.

We consider the case h > 0 only (the case h = 0 is analogue and is left to the appendix). Given two
integers m > 3 and s > 1, let LB(m, s) be a symmetric weighted load balancing game where the resources are
partitioned into 2m groups Ry, Ra, R ..., Ray,. Each group R; has s/~ resources and the latency function

of each resource r € R; is defined as ¢, (z) := ajfj (Bjx) with

. 5 o ifj<m-1 (2)" ifj<m—1
fj = e ) j = s\Jj—m ;g\ym—1 . . ) (5)
g ifji>m (£) (%) ifm<j<2m
) Jj—1 oo
(f{k(i)l) ifj<m-1
Jj—
o G () ()™ mesamen®

m—1 . m—2
o (gfh(i)l)) (g(h-li) ) (f{k(i)l)> ity =2m

The set of players N is partitioned into 2m — 1 sets N1, Na, ..., Na,,—1, and each group N; has s’ players
having weight w; := 1/8;11. Let o be the strategy profile in which, for any j € [2m — 1], each resource of
group R; is selected by exactly s players of group N; (see Figure a). One can show that, for any integer
m > 3, there exists a sufficiently large s, such that o is a pure Nash equilibrium of the game LB(m, s;,,)
(see the appendix for a complete proof).

Now, let o* be the strategy profile of LB(m, s,,) in which, for any j € [2m — 1], each resource of group
R;11 is selected by exactly one player of group N; (see Figure b). By exploiting the definitions of «;,5;,
fj, wj, and N;, and by choosing a sufficiently large m, one can show that the following inequalities hold (see

2m—1 7 [N lw,; 2m 71

. . Fi(Bism 2 INjlw;

the appendix for a complete proof): ,\'l\lssww(g)) > lim,, o0 < 1= E (faj(gj (B );})J) T 1) = —€=
o (0 f5 (Bjws—1

1n ko1
('f(fk(’f)l)) o (g(gh(ir)l)) "' _€> M+e—e= M, thus showing part (ii) of the claim. ]

When considering functions belonging to the class P(p) of polynomials of maximum degree p, the following
technical lemma holds.

( ) )502*’9%)01 ( ) é 01— 0302
f1(ki14o01 102—k201 [ fo(ko+oq 102~ kgop
Lemma 1. sup k1>01>0, (W W = 2P,
09>ko>0,
f1.f2€P(p)

Given Lemma [I} and since the class of polynomial latency functions is ordinate-scaling, abscissa-scaling,
and unbounded-including, the following corollary of Theorems [I] and [2] establishes the exact Nash price of
anarchy for polynomial latency functions.
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L1 1 | 1 | | | 1 |

Ry R (s resources) R3 (s? resources) Rom—1 (8?72 resources) Ra, (s2™~1 resources)
(a)

R e ) e e N e O s ) e s O s

L1 1 | 1 | | | 1 |

Ry R (s resources) R3 (s? resources) Ropm—1 (s*™72 resources) Ram (™71 resources)

(b)

Fig. 1. The LB used in the proof of Theorem [2} Columns represent resources and squares represent players (number
Jj inside a square means that the player belongs to group N;). (a): a Nash equilibrium o; (b): the strategy profile o*.

Corollary 1. The Nash price of anarchy of weighted load balancing games with polynomial latency functions
(even for symmetric games) of mazimum degree p is NPoA(WLB(C)) = 27.

When considering identical resources with polynomial latency functions, the price of anarchy does not de-
crease, as shown in the following corollary of Theorem

Corollary 2. The Nash price of anarchy of weighted load balancing games with polynomial latency functions
of mazimum degree p and identical resources is at least 2P.
3.2 The NPoA for Unweighted Load Balancing Games

We first provide an upper bound to the Nash price of anarchy of unweighted load balancing games.

Theorem 3. Let C be a class of latency functions. The Nash price of anarchy of unweighted load balancing

games with latency functions in C is NPOA(ULB(C)) < supec yen,oc(k] (f(fk(j)l)>ﬁ :

We show that the upper bound derived in Theorem [3| is tight if the considered latency functions are
ordinate-scaling (the proof is deferred to the appendix). The following result for polynomial latency functions
holds.

Corollary 3. The Nash price of anarchy of unweighted load balancing games with polynomial latency func-
tions of mazimum degree p is NPoA(ULB(C)) = 27.

3.3 The NPoA for Non-Atomic Load Balancing Games
We first provide an upper bound to the Nash price of anarchy of non-atomic load balancing games.

Theorem 4. Let C be a class of latency functions. The Nash price of anarchy of non-atomic load balancing

games with latency functions in C is NPoA(NLB(C)) < suptec 1>0>0 (%) E

We show that the upper bound derived in Theorem [4 is tight the considered latency functions are
all-constant-including (the proof is deferred to the appendix). The following result for polynomial latency
functions holds.

Corollary 4. The Nash price of anarchy of non-atomic load balancing games with polynomial latency func-
tions of mazimum degree p (even for symmetric games) is NPoA(NLB(P(p))) = NPoA(SNLB(P(p))) =

(e%)p ~ (1.44)7.
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4 Online load balancing

We first provide an upper bound on the competitive ratio of the greedy algorithm.

Theorem 5. Let C be a class of quasi-log-conver functions. The competitive ratio of the greedy al-
gorithm G applied to load balancing instances with latency functions in C is CRg(WLB(C)) <

09 —ko k1—oq
fi(ki4o1)F110o1 \ o2k1=01k2 [ fy(koto9)F2102 \ 02k1—01k2 0._
SUDPE, >0, 0,00 >k2>0, f1,f2€C (7]01(;61)1@1)&'1(01)01 T2 (h)F2 f2(03)72 , where we set f2(0)Y := 1.

We show that, when considering the greedy algorithm, the upper bound derived in Theorem [5|is tight if the
considered latency functions are abscissa-scaling and ordinate-scaling (the proof is deferred to the appendix).
The following result for polynomial latency functions holds (the proof is deferred to the appendix).

Corollary 5. The competitive ratio of the greedy algorithm applied to weighted load balancing instances with
polynomial latency functions of mazimum degree p is CRg(WLB(C)) = 4P.

We show that, when considering polynomial latency functions, the upper bound of Corollary [5| is tight
for any online algorithm, i.e., we are able to provide a matching lower bound to the online load balancing
problem (the proof is deferred to the appendix).

5 Concluding Remarks and Open Problems

To the best of our knowledge, this is the first work that adopts the NSW as a benchmarking quality measure
in load balancing problems. Several open problems deserve further investigation.

First of all, our paper mostly focuses on evaluating the performance of selfish and online load balancing.
Concerning complexity issues, it is worth noticing that, on the one hand, when considering unweighted
players, an optimal configuration with respect to the NSW can be trivially computed in polynomial time by
exploiting the same techniques developed in [2550] for the utilitarian social welfare ([2550] use, in turn, an
approach similar to the one adopted in [31] for the computation of a Nash equilibrium); on the other hand,
when considering weighted players, a simple reduction from the NP-complete problem PARTITION shows
that the problem becomes NP-hard. Therefore, an interesting open problem is that of providing polynomial
time approximation algorithms for the weighted case (we notice that Corollaryprovides a 4P-approximation
algorithm for weighted load balancing instances with polynomial latency functions of maximum degree p).

Moreover, a natural extension of our results consists in considering other families of congestion games,
being more general than the one of load balancing games, such as the family of matroid congestion games
[144].

Finally, it would be interesting to apply the NSW measure to other classes of games, whose performances,
in the literature, have only been analysed with respect to the utilitarian and/or egalitarian social welfare
functions.

References

1. Ackermann, H., Roglin, H., Vocking, B.: On the impact of combinatorial structure on congestion games. Journal
of ACM 55(6), 25:1-25:22 (2008)

2. Aland, S., Dumrauf, D., Gairing, M., Monien, B., Schoppmann, F.: Exact price of anarchy for polynomial con-

gestion games. STAM Journal on Computing 40(5), 1211-1233 (2011)

Albers, S.: Better bounds for online scheduling. SIAM Journal on Computing 29, 459-473 (1999)

Aleksandrov, M., Walsh, T.: Greedy algorithms for fair division of mixed manna. CoRR abs/1911.11005 (2019)

5. Aspnes, J., Azar, Y., Fiat, A., Plotkin, S.A., Waarts, O.: On-line routing of virtual circuits with applications to
load balancing and machine scheduling. Journal of ACM 44(3), 486-504 (1997)

6. Awerbuch, B., Azar, Y., Epstein, A.: The price of routing unsplittable flow. In: Proceedings of the Thirty-seventh
Annual ACM Symposium on Theory of Computing (STOC). pp. 57-66 (2005)

7. Awerbuch, B., Yossi, A., Grove, E.F., Kao, M., Krishnan, P., Vitter, J.S.: Load balancing in the lp norm. In:
Proceedings of the 36th Annual Symposium on Foundations of Computer Science (FOCS). pp. 383-391 (1995)

8. Azar, Y., Naor, J., Rom, R.: The competitiveness of on-line assignments. In: Proceedings of the Third Annual
ACM/SIGACT-SIAM Symposium on Discrete Algorithms (SODA). pp. 203-210 (1992)

Ll



10.

11.

12.

13.

14.

15.

16.

17.

18.
19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.
31.

32.

33.
34.

35.
36.

37.

38.

Nash Social Welfare in Load Balancing 11

Bartal, Y., Fiat, A., Karloff, H., Vohra, R.: New algorithms for an ancient scheduling problem. Journal of Com-
puter and System Sciences 51, 359-366 (1995)

Beckmann, M.J., McGuire, C.B., Winsten, C.B.: Studies in the Economics of Transportation. Yale University
Press (1956)

Bei, X., Garg, J., Hoefer, M., Mehlhorn, K.: Earning and utility limits in fisher markets. ACM Transactions on
Economics and Computation 7(2), 10:1-10:35 (2019)

Bhawalkar, K., Gairing, M., Roughgarden, T.: Weighted congestion games: price of anarchy, universal worst-case
examples, and tightness. ACM Transactions on Economics and Computation 2(4), 1-23 (2014)

Bilo, V.: A unifying tool for bounding the quality of non-cooperative solutions in weighted congestion games.
Theory Comput. Syst. 62(5), 1288-1317 (2018)

Bilo, V., Fanelli, A., Flammini, M., Moscardelli, L.: Performances of one-round walks in linear congestion games.
Theory of Computing Systems 49(1), 24-45 (2011)

Bilo, V., Vinci, C.: On the impact of singleton strategies in congestion games. In: 25th Annual European Sym-
posium on Algorithms, ESA. pp. 17:1-17:14 (2017)

Bilo, V., Vinci, C.: Dynamic taxes for polynomial congestion games. ACM Trans. Economics and Comput. 7(3),
15:1-15:36 (2019)

Bogomolnaia, A., Moulin, H., Sandomirskiy, F., Yanovskaia, E.: Dividing bads under additive utilities. Social
Choice and Welfare 52(3), 395-417 (2019)

Borodin, A., El-Yaniv, R.: Online Computation and Competitive Analysis. Cambridge University Press (1998)
Brainard, W.C., Scarf, H.E.: How to compute equilibrium prices in 1891. CowlesFoundation Discussion Paper
1270 (2000)

Branzei, S., Gkatzelis, V., Mehta, R.: Nash social welfare approximation for strategic agents. In: Proceedings of
the 2017 ACM Conference on Economics and Computation (EC). pp. 611-628 (2017)

Caragiannis, I.: Better bounds for online load balancing on unrelated machines. In: Proceedings of the ACM-SIAM
Symposium on Discrete Algorithms (SODA). pp. 972-981 (2008)

Caragiannis, 1., Flammini, M., Kaklamanis, C., Kanellopoulos, P., Moscardelli, L.: Tight bounds for selfish and
greedy load balancing. Algorithmica 61(3), 606-637 (2011)

Caragiannis, I., Gravin, N., Huang, X.: Envy-freeness up to any item with high Nash welfare: The virtue of
donating items. In: Proceedings of the 2019 ACM Conference on Economics and Computation (EC). pp. 527-545
(2019)

Caragiannis, 1., Kurokawa, D., Moulin, H., Procaccia, A.D., Shah, N., Wang, J.: The unreasonable fairness of
maximum Nash welfare. In: Proceedings of the 2016 ACM Conference on Economics and Computation (EC). pp.
305-322 (2016)

Chakrabarty, D., Mehta, A., Nagarajan, V., Vazirani, V.: Fairness and optimality in congestion games. In: Pro-
ceedings of the 6th ACM Conference on Electronic Commerce. pp. 52-57. EC ’05 (2005)

Chekuri, C., Khanna, S.: Handbook of Scheduling: Algorithms, Models, and Performance Analysis, chap. Ap-
proximation Algorithms for Minimizing Average Weighted Completion Time. Chapman & Hall/CRC (2004)
Christodoulou, G., Koutsoupias, E.: The price of anarchy of finite congestion games. In: Proceedings of the 37th
Annual ACM Symposium on Theory of Computing (STOC). pp. 67-73 (2005)

Christodoulou, G., Mirrokni, V.S., Sidiropoulos, A.: Convergence and approximation in potential games. Theor.
Comput. Sci. 438, 13-27 (2012)

Cole, R., Gkatzelis, V.: Approximating the Nash social welfare with indivisible items. STAM J. Comput. 47(3),
1211-1236 (2018)

Czumaj, A., Vocking, B.: Tight bounds for worst-case equilibria. ACM Trans. Algorithms 3(1), 4:1-4:17 (2007)
Fabrikant, A., Papadimitriou, C.H., Talwar, K.: The complexity of pure Nash equilibria. In: Proceedings of the
36th Annual ACM Symposium on Theory of Computing (STOC). pp. 604612 (2004)

Faigle, U., Kern, W., Turan, G.: On the performance of on-line algorithms for particular problems. Acta Cyber-
netica 9, 107-119 (1989)

Fleischer, R., Wahl, M.: Online scheduling revisited. Journal of Scheduling 3, 343-353 (2000)

Fleming, P.J., Wallace, J.: How not to lie with statistics: The correct way to summarize benchmark results.
Commun. ACM 29(3), 218-221 (1986)

Fotakis, D.: Stackelberg strategies for atomic congestion games. Theor. Comp. Sys. 47(1), 218-249 (2010)
Gairing, M., Liicking, T., Mavronicolas, M., Monien, M.: The price of anarchy for restricted parallel links. Parallel
Processing Letters 16(1), 117-132 (2006)

Gairing, M., Schoppmann, F.: Total latency in singleton congestion games. In: Proceedings of the Third Inter-
national Workshop on Internet and Network Economics (WINE). LNCS, vol. 4858, pp. 381-387 (2007)
Galambos, G., Woeginger, G.: An on-line scheduling heuristic with better worst case ratio than graham’s list
scheduling. STAM Journal on Computing 22, 349-355 (1993)



12

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.
57.

58.
59.

60.
61.
62.

V. Bil et al.

Garg, J., Hoefer, M., Mehlhorn, K.: Approximating the Nash social welfare with budget-additive valuations. In:
Proceedings of the Twenty-Ninth Annual ACM-SIAM Symposium on Discrete Algorithms (SODA). pp. 2326—
2340 (2018)

Graham, R.L.: Bounds for certain multiprocessing anomalies. The Bell System Technical Journal 45(9), 1563—
1581 (1966)

Hochbaum, D.S., Shmoys, D.B.: Using dual approximation algorithms for scheduling problems: theoretical and
practical results. Journal of ACM 34, 144-162 (1987)

Horowitz, E., Sahni, S.K.: Exact and approximate algorithms for scheduling nonidentical processors. Journal of
ACM 23, 317-327 (1976)

Teong, S., McGrew, R., Nudelman, E., Shoham, Y., Sun, Q.: Fast and compact: A simple class of congestion
games. In: Proceedings of the 20th AAAI Conference on Artificial Intelligence (AAAI). pp. 489-494 (2005)

de Jong, J., Klimm, M., Uetz, M.: Efficiency of equilibria in uniform matroid congestion games. In: Proceedings
of the 9th International Symposium on Algorithmic Game Theory (SAGT). LNCS, vol. 9928, pp. 105-116 (2016)
Karger, D.R., Phillips, S.J., Torng, E.: A better algorithm for an ancient scheduling problem. Journal of Algo-
rithms 20, 400-430 (1996)

Klimm, M., Schmand, D., Ténnis, A.: The online best reply algorithm for resource allocation problems. In:
Proceedings of the 12th International Symposium on Algorithmic Game Theory (SAGT). pp. 200215 (2019)
Koutsoupias, E., Papadimitriou, C.: Worst-case equilibria. In: Proceedings of the 16th Annual Conference on
Theoretical Aspects of Computer Science. pp. 404—413. STACS (1999)

Lenstra, J.K., Shmoys, D.B., Tardos, E.: Approximation algorithms for scheduling unrelated parallel machines.
Mathematical Programming 46, 259-271 (1990)

Liicking, T., Mavronicolas, M., Monien, B., Rode, M.: A new model for selfish routing. Theoretical Computer
Science 406(3), 187-2006 (2008)

Meyers, C.A., Schulz, A.S.: The complexity of welfare maximization in congestion games. Networks 59(2), 252—
260 (2012)

Nash, J.: The bargaining problem. Econometrica 18(2), 155-162 (1950)

Pigou, A.C.: The economics of welfare. London: Macmillan and Co. (1938)

Rosenthal, R.W.: A class of games possessing pure-strategy Nash equilibria. International Journal of Game Theory
2, 65-67 (1973)

Roughgarden, T.: The price of anarchy is independent of the network topology. J. Comput. Syst. Sci. 67(2),
341-364 (2003)

Roughgarden, T.: The maximum latency of selfish routing. In: Proceedings of the Fifteenth Annual ACM-SIAM
Symposium on Discrete Algorithms (SODA). pp. 980-981 (2004)

Roughgarden, T., Tardos, E.: How bad is selfish routing? J. ACM 49(2), 236-259 (2002)

Roughgarden, T., Tardos, E.: Bounding the inefficiency of equilibria in nonatomic congestion games. Games and
Economic Behavior 47(2), 389-403 (2004)

Rudin III, J.F.: Improved bounds for the on-line scheduling problem. The University of Texas at Dallas (2001)
Suri, S., Téth, C., Zhou, Y.: Selfish load balancing and atomic congestion games. Algorithmica 47(1), 79-96
(2007)

Vinci, C.: Non-atomic one-round walks in congestion games. Theor. Comput. Sci. 764, 61-79 (2019)

Vocking, B.: Algorithmic Game Theory, chap. Selfish Load Balancing. Cambridge (2007)

Wardrop, J.G.: Some theoretical aspects of road traffic research. Proceedings of the Institution of Civil Engineers,
Part II 1(36), 352-362 (1952)



Nash Social Welfare in Load Balancing 13

A Missing Proofs of Subsection 3.1

A.1 Proof of Fact [1]

First of all, by exploiting the structure of the optimization problem, we can introduce the normalization
constraint ZjeR ojk; = Z]GR ajo; = 1 without affecting the optimal value of the problem. By introducing
such normalization constraint, the optimization problem becomes the following linear program:

max Y a;o; (In(4;(k; + 0;)) — In(;(0;))) (7)
JER(o™)
Zajkal, Zajszl, OZjZOVjER.
JER JjER

By standard arguments of linear programming, we have that an optimal solution of is given by a vertex of
the polyhedral region defined by the linear constraints of , and such vertex can be obtained by nullifying
at least |R| — 2 variables. Thus, we can assume w.l.o.g. that in an optimal solution there are at most two
variables, say a; and asg, such that a; > 0 and as > 0. If both variables a; and ag are positive, we have
that they are univocally determined by the constraints a3 k1 + asks = 1 and @101 + as02 = 1, so that

02 — ko k1 —o01

ap=——"-"7"—>0 a=———7—>0, a;=0Vj>3. 8
! k109 — kooq 2 k109 — koo 7 J= ( )
By symmetry, we can assume w.l.o.g. that kj0o — kooy > 0, so that ky > 07 > 0 and 02 > kg > 0.

Now, assume that one variable among a; and «s is null, and assume w.l.o.g. that as = 0. In this
case, we necessarily get k1 = 01 > 0 and a; = 1/01, and the value of the objective function becomes

In(f1(201))—In(f1(01)). Anyway, we obtain the same value of the objective function by using in (7)) the values
of a7 and a9 considered in , and by setting k1 = 01 > 0 and 02 > ko > 0. We also observe that, if o =0
and «aq,as > 0, the value of the objective function is In(fa (k2 + 02)) — In(f2(02)) < In(f2(202)) — In(f2(02)),
i.e., at most equal to the value of the objective function in which one of the two variables among a; and as
is null. Thus, we may omit the case o, = 0.

We conclude that, by considering the objective function of with the values o1 and as defined in ,
and by considering the supremum of the objective function over k1 > 07 > 0 and 02 > ko > 0, we obtain the
upper bound of the claim.

A.2 Proof of Theorem [2]

First of all, we deal with part (ii) of the claim: Let us assume that C is abscissa-scaling, ordinate-

scaling, and unbounded-including. In order to prove part (ii) we equivalently show that for any M <
2—kg)og k1—o1)op

SUPL, >0, >0,00>k2>0, 1, f2€C (7f1](clf3(:§1)) e (*fﬂkﬁoz)) e there exists a game LB € WLB(C) such

f2(o2)
that NPoA(LB) > M.
Let f1,fo € C, ky1,ko,01,02 > 0 such that ki1 > o1 > 0,00 > ko > 0, and a sufficiently small ¢ > 0

(o —kgp)oy k1—o1)o2
such that (flj(ffgi:)’l)) Froa el (%) ) > M +e. Let f,g € C be such that f(z):= fi(0o12) and
g(x) := fa(o22), and let k := k:1/01 and h := ka/09. Since
)o2 k=1

we have that

E+1)\ 5" (glh+1)\**

(f( + )> (g( a )> > M + ¢, for some f,g€C, k>1, and h < 1. (9)
f) 9(1)

Observe that f and g can be chosen in such a way that they are non-constant functions. Indeed, if one of

them is constant, it is sufficient replacing it with an arbitrary non-constant function, so that @D holds as well.

Since C is unbounded-including and f, g are non-constant, we have that lim,_, . f(z) = lim,_ g(x) = co.
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First of all, we assume that h > 0. Given two integers m > 3 and s > 1, let LB(m, s) be a symmetric
weighted load balancing game where the resources are partitioned into 2m groups Ry, Rz, Rs ..., Ray,. Each
group R; has s7~! resources and the latency function of each resource r € R; is defined as £,.(z) := «a; f; (8jz)

with
o s\i—1 e
f"z foifj<m-1 g = (E)J ifj<m-1 (10)
g ifiEmo T ()T itm<i<om’
Fy V1 e
(%) . . ifj<m-1
- gh) 7T (_flk) ) ™ : - _
Qj - (g(h+1)) (g(h+1)) (f(k+1)) ifm<j<2m-—1. (11)

m—1 m—2
g(h) (_g(h) f(k) f(k) e
o) (g(h+1>) (g<h+1>) (f(k+1)) if j = 2m
The set of players N is partitioned into 2m — 1 sets Ny, Na, ..., Na,,—1, and each group N; has s/ players
having weight w; := 1/8;41. Let o be the strategy profile in which, for any j € [2m — 1], each resource
of group R; is selected by exactly s players of group N; (see Figure a). Observe that, by construction of
o, B, w;, the following properties hold:

(k) = k+1) ifj<m-2 )
a;;ik; aj+1f((h+1)) %f]._m . Bjwjs =k, w;i|N;| =k’ ifj<m-—1
Q4 = 1 =m — .
g i1 po=m L Bjwss = b, wi|Nj| = Kk ifm<j<om—1 (12)
ajg(h) =ajr1glh+1) ifm<j<2m-—2 o
e Bi+1w; =1 if j<2m—1
a;g(h) = aj+19(1) ifj=2m-1

We now show that, by choosing a sufficiently large s, the strategy profile o is a pure Nash equilibrium of

LB(m,s). Let j € 2m — 1], t € [2m], and 7 be an arbitrary player selecting a resource r; of group R; in the

strategy profile o, and assume that she deviates to a resource r; of group R;. We have three cases:

et=j+1: First of all, assume that j < m — 2. By using (12), we get costi(oc) =
by (kry (@) = a;fj (Bjsws) = ajf (k) = ajnf(k+1) = ajuf(Biswin + finw;) =
aj1fijt1 (Birr(swjpr +wy)) = &y, (kr, (05, {rs})) = costi(o_;,{ri}). The cases j =m —1, m < j <
2m — 2, and j = 2m — 1 can be separately considered by exploiting 7 so that one can analogously
show cost; (o) = a; f;(Bjsw;) = a1 fi41(Bj41(swjp1 +w;)) = cost;(o_;, {r:}), where we set wa, := 0.

e t < j: From the previous case, we have that if one player is playing a resource at some level [, and deviates
to some resource at level [ 4+ 1, her cost does not change. Thus, we necessarily have that the cost of each
resource in strategy profile o is a non-increasing function of the level [ € [2m] which it belongs to. Thus,
since ¢t < j, we necessarily have that cost;(o) < cost;(o_;, {rt}).

et >j+1: If we consider the asymptotic behaviour of cost;(o) and cost;(o_;,{r:}) with respect to pa-
rameter s, we get cost;(o) = a;f;(Bjsw;) = a;fj(O(s7 -5 s77)) = O(1), thus cost;(o) does not
depend on s; furthermore, we get costi(o_, {r:}) > o, f;(Brwji1) = a;f;(O(s'1s79)) > a; f;(6(s)),
thus, since lim,_,o f(z) = 0o, we have that cost;(o_;, {r;}) can be arbitrarily large as s increases. We
conclude that, by taking a sufficiently large s, we get cost,; (o) < cost;(o_;,{r:}) for any j and t > j+ 1.

The previous case-analysis shows that player ¢ does not improve her cost after deviating in favour of any
resource 1y at level ¢, for any ¢ € [2m], and thus that o is a pure Nash equilibrium of LB(m,s). For any
integer m > 3, let s, be a sufficiently large integer such that (according to the previous case-analysis) o is
a pure Nash equilibrium of the game LB(m, s, ).

Now, let o* be the strategy profile of LB(m, s,,) in which, for any j € [2m — 1], each resource of group
Rj11 is selected by exactly one player of group N; (see Figure b). By exploiting the definitions of «;,83;,

fj, wj, and Nj, we have that:

NPoA(LB(m, sm))
NSW (o)
~NSW(o*)

H?:fl (ajfj (ﬁjsmwj))\Nj\wj S
H3:2 (O‘jfj (ijj,l))wjfl‘wjfl

1
2m—1
J

=1 |INjlwj
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B (Hm__l( if (k ))‘Nf‘”") (Hfg;l (ajg(h))‘Nﬂwj) )22”1|N »
(T (g ()00 ) (T (g (1) )

_ (I s )" (B2 (ajg<h>>h”'“”’f’“))z2wam

(I (o f () ) (T2 (g () )

(S G f 1)) (T2 (g (o D)) (g (1) S0 (14
(IT7" Gt ) ) (TT32 (g ()
(S G 1)) (T2 (g (o D)) (g (1) S0
(1757 (g s () (IEZ0 0 (ag ()74
(TS G f e+ 1)) (T2, (g (b 1))\ SR s
(H;!ﬁ (aj+1f(1))kj) (Hfgﬁl (aj+19(1))hj+17mkm71)
- kR f(k+1)>kj )i (9(h+1))hﬁlmkm1 PR RS S T QI mm =1
(Cm)) CIL (55
((FEE DTS (g 1)\ Tt T ST e
‘(( £(1) ) ( g(D) ) ’ (15)

where and come from . We have two cases: k > 1 and k = 1. If £ > 1, by continuing from
and by considering a sufficiently large m, we get

1

((f(k+1)>z3"=12 W (g(h+1))zf 2y W > Sy WA L At

f) 9(1)

m—1

_ (W)(mm>k(m) T (T

f(1) g(1)
kmkil_k Em— 1(11—7"7"
(M) T ()
f) g(1)
it v (i) ()
= <f(k—|_1)> ’m+1 +Rm =l (ﬁ) (g(h—i_l)) 1 1hthrl +Em (kmk:ffk)
f() g(1)
f(k+1) +( V (9(h+1) (>((T1))
i 1—hm™ 1+km7 "ka;llf 97 1— y r: 1+k7n7 17167117 —
e (f(l)) - o ( o(D) ) " ) e (16)

>M+e€—ce€ (18)

=M

9

from (|

where ((16)) holds if m is sufficiently large, comes from the fact that £ > 1 and A < 1, and comes
9)
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If £ =1, by continuing from , we get:

((f(k"_l) ZT!HW M Z] m21hj+1 mpm—1 S 12k3+23mm11h3+1 prrp—
f) g(1)

17}17"’

<f<k+1>>ww+1(g<h+1>>m+lw+l

S g(1)
2 Nm < f(1 9(1) (20)

)
:<f(];<;1)> (}LQ(ZJ)D) -

() () o
>M+e—e¢ (22)

=M, (23)

where (20) holds if m is sufficiently large, comes from the fact that £k =1 and A < 1, and comes
from (9)). By and , we have that, for a sufficiently large m, NPoA(LB(m, s,,)) > M, thus showing
part (ii) of the claim.

If h = 0, we consider a load balancing game defined as LB(m, s,,), but restricted to the resources of
groups Ry, ..., R, and to the players of groups Ny, ..., Ny, _1. By using the same proof arguments as those
used for A > 0, one can show the claim as well.

We now show part (i). Assume that C is abscissa-scaling and ordinate-scaling. Analogously to the proof
of part (ii), we have that @ holds. Moreover, let LB’ (m, s) be a weighted load balancing game equal to game
LB(m, s) defined in the proof of part (ii), except for the strategy set of each player: for any j € [2m — 1], the
strategy set of each player of group IV; is X; := R; U R;j;1. Let 0 and o™ be the strategy profiles defined as
in game LB(m, s). By considering the case h = j + 1 analyzed in the proof of part (ii) of the claim, it also
holds that & is a pure Nash equilibrium of LB’(m, s) for any s > 1. Therefore, if we take a sufficiently large
m, an arbitrary s > 1, and by applying to game LB’(m, s) the same inequalities as in and , part (i)
follows.

A.3 Proof of Lemma[1l
We have that

(op—kg)oy (kj—o3)og
fl(k1+01) kiog—kgoq f2(k2+02) k1o —kgoq
sup _ B ——
k1>01>0,00>ko>0,f1,f26P(p) fi(o1) Ja(02)
» p (o2 —kg (kj—o7)og
3T k ° k105 —koo
B Zd:o ad(k1+01) 102 —k2 1 Zd oﬂd(k2+02) 102—kgoq
= sup D ]
k1>01>0, > d—o @0 >0 Baos
02>k22>0,
QQyeensQp, >0
Bo,---sBp=0
(og—ko)oy (k1 —o01)o09
102—kgo01 102—kgo1
k‘1+01 d k103 —kgoy (kg—i—Og)d E k
= sup max max —a
k1>01>0, \d€[p]U{0} 0 de[p]u{o} 05
02>k2>0

(og—kg)oy (k1 —o071)og

k103 —kgoy k2—|—02 P\ %iog—kgoy
02
k—1
E—h

<<k1 + 01 )
= sup
k1>01>0,00>k2>0

1)

= sup ((/erl)’t 2(h+
k>1,0<h<1
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where can be obtained by setting k := ki/0; and h := ky/oy. Now, we show that the maximum
value of function F'(k,h) := (k + 1)’1%2(h + 1)% over k > 1 and 0 < h < 1 is equal to 2. Observe that
In(F(k,h)) = +=2In(k+1)+ 2= In(h+1) < In (i%ﬁ(k +1)+ 2= (h + 1)), where the last inequality holds
since In(F'(k, h)) is defined as convex combination of In(k 4+ 1) and In(h + 1), and because of the concavity
of the natural logarithm. Thus, we get

1—

F%Jwggij#k+1%+%;%w+d):

>

(k—h) + (k—h)

- =2 (25)

Bl

Finally, since F'(k,h) = 2 for k = 1 and h = 0, and because of , we have that the maximum of F(k,h)
over k> 1 and 0 < h < 1is 2. Thus, we get that is at most 2P.

A.4 Proof of Corollary [2]

Let € > 0. Let LB’(m) be the load balancing game defined as the game LB'(m, s) considered in the proof of
part (i) of Theorem 2] with s =2, k =1, h =0, and f, g defined as f(z) = g(z) = 2P. One can easily observe
that LB’(m) is a game with identical resources. Furthermore, because of the proof of Theorem [2] there exists
a sufficiently large integer m such that NPoA(LB'(m)) > 2P — ¢, and the claim follows by the arbitrariness
of € > 0.

B Missing Proofs of Subsection 3.2

B.1 Proof of Theorem [3

Let LB € ULB(C) be an unweighted load balancing game with latency functions in C, and let o and o* be
a worst-case pure Nash equilibrium and an optimal strategy profile of LB, respectively. Let k; denote k;(o)
and o; denote k;(o*). As in Theorem |1 we get

IT ek < ] Gk +1)>. (26)
JER(e) JER(o™)
By exploiting the properties of the logarithmic function, we get

n

(HJ‘ERw) 4 (ks W)
(HjeR(a-*) ¢ (Oj)oj)
(HjeR(a-*) Ci(kj +1)%

(HJER(U*) tj(o; )0’)
_ 2 jer(or) 0i(In(¢;(k; + 1)) —In(£;(0;)))
ZjeR kj ’

where comes from (26). Now, let Ry :={j € R(c*) : k; > 0;}. We have that

> jer(o) 05 (In(E;(k; + 1)) —In(£;(0;)))
ZjeR kj
- > jer(or) 05 (n(l;(k; +1)) —In(¢;(05)))
- Y jer(o) i
_2jen, 00l (ks + 1)) —In(t;(05)))
B ZjeR+ k;

In (NPoA(LB)) = In

1
n

3=

BT N

<lIn

(28)
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0;j(In(4;(k; + 1)) —In(¢4;(05)))

< max

~ jeR. k;
- e o(In(f(k+1)) — 1n(f(o))>’
feC,keN,o€(k] k

where holds because for any j € R(o*)\ R4+, it holds that o;(In(¢;(k; +1)) —In(¢;(0;))) < 0. Therefore,

we conclude that | - 1
In(NPoA(LB)) < sup ~ 2U(E+1D) = In(f(0)))
feC,keN, o€ k] k

and by exponentiating the previous inequality we get the claim.

B.2 Tightness of the Upper Bound in Theorem

Theorem 6. Let C be a class of latency functions. If C is ordinate-scaling, then NPoA(ULB(C)) >

k+1)) *
SUPfec,keN,ock] (f(f(z) )> '

Proof. In order to prove the theorem, we equivalently show that, for any M < SUD fec,keN,o(k] (fgfl?i)l))E,

there exists a game LB € ULB(C) such that NPoA(LB) > M.

Fix an arbitrary M < supcc pen,ock] (f(fk(j)l))ﬁ. Let f € C, k € N, o € [k], and a sufficiently small € > 0
such that

<f(]lf(?:>1)) ’ > M +e. (29)

Given an integer m > 0, let LB(m) be an unweighted load balancing game with (k— o+ 1)m+ o resources,
partitioned into m groups Ri, Ra, ..., Ry, such that R; := {r;o,7j1,...,7jk—o} for any j € [m — 1], and
Ry = {rm,0,"m.15- -, Tm,k}- Each resource r;j has latency function ¢, , (z) := oy p f(x), with

(%)H it h=0

Qj,h = i1
f(k) (_f(k) .
§ie) (m) otherwise.

We have n := mk players split into m groups Ny, N, ..., Ny, of k players each. For j € [m — 1], the set of

strategies ; of players of group Nj is R; U {rj11,0}, and the set of strategies X, of players in Ny, is Ry,.
Let o be the strategy profile such that, for any j € [m/], all k players of group N; select resource 7, so

that each resource r; o has congestion k, and all the remaining resources have null congestion (see Figure a).

We show that o is a pure Nash equilibrium. Given an arbitrary player ¢ of group N; with j € [m], such player
j—1
has a cost equal to 4., ,(k) = aj o f(k) = (%) f(k) when playing strategy o;. If j € [m—1], and player

J
i unilaterally deviates to strategy 71,0, her cost is £, ., (k4 1) = ajy10f(k+1) = (%) flk+1)=

f(k+1)

j—1
deviates to any strategy r;, with h # 0, her cost is £, , (1) = a;5f(1) = % (f&(i)l))j f(1) =2, (k)
thus her cost does not improve as well. We conclude that o is a pure Nash equilibrium.

Now, let o* be a strategy profile defined as follows: (i) for any j € [m — 1], o players of group NN; select
resource 7;41,0, and each of the k — o remaining players of N; selects a distinct resource of R; \ {r;0}, (ii)
all the k players of group NV, select a distinct resource of E,, \ {7, 0}. Thus, in o*, any resource of type
r;,0 with j > 1 has congestion o, resource 71,9 has null congestion, and the remaining resources have unitary

congestion (see Figure b). By some algebraic manipulation, it holds that

j—1
( / (k) ) f(k) = £y, ,(k), thus her cost does not improve. Analogously, if j € [m], and player ¢ unilaterally

NSW(o)
NSW(o*)
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k
T1,0 T1,1 T1,2 T1,k—o T2,0 T2,1 72,2 T2,k—o Tm—-1,0 Tm—-1,1 Tm—1,k—o0 Tm,0Tm,1Tm,2 T'm,k
| | | | | | | |
R1 R2 Rm—l Rm

0 . . s . . . .
S 1 N 1 R 1
T1,0 T1,1 T1,2 T1,k—o T2,0 T2,1 72,2 T2,k—o Tm—-1,0 Tm—-1,1 Tm—-1,k—o0 Tm,0Tm,1Tm,2 T'm,k
| | | | | | | |
R1 R2 Rm—l Rm

Fig. 2. The LB used in the proof of Theorem @ Columns represent resources and squares represent players (number
Jj inside a square means that the player belongs to group N;). (a): The Nash equilibrium o; (b): The strategy profile

o*.

[T, 40(k)"
m—1
Hj:l (g’fj+1,0(0)o HreR_j\{rjyo} f,,(l)) HreRm\{rm,O} gr(l)

1 () )
o) (44 {,E?l))“f(l))k_o] (4 ()" )
| <( ')1)-f(k+1)>k
o)

j k—o ‘ - ;
( (k—lf-)l) f(k‘-l-l)) ]((f{k(i)l)) f(k+1))

-1 f(k) J
H;‘nﬂ [( (k+1)

1
km

1

flk+1) )
f o(m 1) k._|_1) (k— o)(m—l)f(k+1)k

1

(H; 1 k+1) > l“’l
(H;n 11 {k(i)n)kj) f( )o(m Uf( )(k 0)(m— 1)( k(Jkr)l))km f(k:—i—l)k
( k

f o(m 1)
f o(m 1) )

Apod)
-(fe) 30

By using and , and by choosing a sufficiently large m, we get

NSW (o)

NPoA(LB(m)) > NSW(o™)
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o(m 1)

:( fk+1) >

o(m 1)
11m (k
,,Lm( f() o

>M+e—c¢
:]\47

v

thus showing the claim. O

B.3 Proof of Corollary

The claim follows from the following lemma.

k1)
Lemma 2. SUD fep(p),keN,0c k] (f(f(j) )) = 2P,

Proof. We have that

sup (W)2 — sup (ZZ_Oad(k+1)d>§

fEP(p),keN,0€[K] f(o) Q0,01 ..., >0,kEN,0€ K] o aqo?
( (k+ 1)d> ;
= sup max —a
keN,oe[k] \d€lp]U{0} O
(1))
sup
keN,oc[k] o
(k +1 ) £\”
sup
keN,o€[k] o

=2, (31)

where holds for the following reasons: First of all, we have that (

that 2 < suppen oe (B )’“ furthermore, by setting = := k/o, we obtain (=%
where the last 1nequahty is equivalent to the well-known inequality 2% > «x

L)% = =k =1, thus Showing
k

)% = (:c+ %)% < (z+1)7 <2,
which holds for any z > 1. 0O

C Missing Proofs of Subsection 3.3

C.1 Proof of Theorem [4]

Let NLB € NLB(C) be a non-atomic load balancing game with latency functions in C, and let A and A*
be a worst-case pure Nash equilibrium and an optimal strategy profile of NLB, respectively. Let k; denote
k;(A) and o; denote k;(A*).

For any player type i and pair (j,j*) of resources, let a « be the amount of players of type i selecting
resource j in A and resource j* in A*. Clearly, it holds that for any ¢ € N, ZM ceRp O jx = Ti-

Since A is a pure Nash equilibrium, if there existb i € N such that ozl j+ > 0, we have that cost;(A) <
costj«(A). For any j,j* € R, let Aj j» =3,y af .. Clearly, it holds that

costj(A)Aj»?'* < cost - (A)Aa, (32)

Since, for any j € R(A), > ;.cg Ajj+ = kj and, symmetrically, for any j* € R(A*), 3_

Aj,j* = Oj, it
follows that

JER

H costj(A)Aa* = H costj(A)Fi (33)

JJ*ER JER(A)
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and

H cost j« (A*) i = H costj(A)%. (34)

J.J*€ER JER(A*)

By multiplying over all pairs of resources in R and by exploiting and , we obtain

H (k)i = H cost; (A = H costj(A)A5a*

JER(A) JER(A) JJ*ER
< I costy-(a)bs = [ costj(a)ys = [ k) (35)
JJ*ER JER(A*) JER(A*)

By exploiting the properties of the logarithmic function, we get

(HjeR(A) éj(kj)kj> TET

(Tjerncany blo) ) T

(IMyenan filk) ) T
5)”)

(HJGR A* ) e
_ ZjeR( ) 0j In(¢; (kj)) EjeR( *) 05 In(¢;(05))
- Dien T
~ Yjercax) 0i(In(¢;(k;)) —In(£;(0;)))
a ZjeRk' 7
ZjeR+ 0;(In(4;(k;)) — In(¢;(05)))
ZjeR+ k;

0;(In(l;(k;)) — In(¢; (04
< max ; (In(4;( ])Lj (4;(95)))
sy AnU) - )

feC,k>0>0 k

In (NPoA(LB)) = In

<In

<

?

where comes from , and is obtained by using similar arguments as in Theorem |3| (in particular,
see inequalities ) Therefore, we conclude that

o(In(f(k)) = In(f(0)))
In (NPoA(NLB)) < fecs,klgwo -

)

and by exponentiating the previous inequality we get the claim.

C.2 Tightness of the Upper Bound of Theorem
Theorem 7. Let C be a class of latency functions. If C is all-constant-including, then NPoA(NLB(C)) =
NPOA(SNLB(C)) = supjcc om0 (5} )

Proof. To show the theorem, we equivalently show that, for any M < supicc p>os0 ( Ei; ) there exists a

symmetric non-atomic load balancing game NLB € SNLB(C) such that NPoA(N LB) > M. Fix an arbitrary

M < supsce k>o0>0 (fgkg) Let f € C and £ > o > 0 such that <J;Ek§) > M. Let NLB be a symmetric

non-atomic load balancing game with a unique player type, say 1, and two resources having latency defined
as 1(z) := f(x) and l(z) := f(k). Assume that the amount of players of type 1 is r; = k. Let A be the
strategy profile in which all players select resource 1, and let A* be the strategy profile in which an amount o
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of players selects resource 1 and the remaining one (i.e., k—o0) selects resource 2. We trivially have that A is a

pure Nash equilibrium. Thus, we obtain NPoA(NLB) > newa; = (amiiar= ) = (saii=) =

(;E’;; ) > M, and the claim follows. a

C.3 Proof of Corollary
We have that

NPoA(NLB(P(p))) = NPoA(SNLB(P(p))) (38)
I G (DA
a fec,k§o>0 <f(o)> (39)

adk
o (Zd 0 )
(00,01 -e0s0p 20,2030 \ D) XdO

d\ *

sup ( max )
k>o0>0 \d€[p]lu{0} O
ma ( )
de[p]U{O}k>o>0 o

N
k k
aelnujo) <k>o>0 (0> >

-

U

‘w
al o

= <supxi)p, (40)
- (e%)p, (41)

where (3 and come from Theoremsandl observe that polynomial latency functions are all-constant-
m(:ludmg can be obtained by setting x := k/o, and comes from the fact that function F(z) := 2'/®
is maxmuzed by T =e.

D Missing Proofs of Section 4

D.1 Proof of Theorem [5

Let | € WLB(C) be a load balancing instance with latency functions in C, and let o and o* be the states
returned by the greedy algorithm and an optimal strategy profile of LB, respectively.

Let k; denote kj(o) and o; denote kj(o*). For any i € N and resource j, let (%) be the partial state
in which the first i clients have been assigned according to o, and let (oi~!,j) be the state in which
the first ¢ — 1 clients have been assigned according to o and client 7 is assigned to resource j. By defi-

nition of greedy algorithm, we have that o; € argminjegr NSW(o'™!,j) = argminjcp % =

40 (e gk D)
€3k (=)

arg min;jep , where we set Ej(())o := 1. Thus, we can equivalently define the greedy

0 (k; (o~ 1])),%(0-7 9
£ (k;(ei-1))Fi @) , so that

assignment by saying that each client 7 is assigned to the resource j minimizing -

U, (ko (0954 by (ko (o 7)) 700

- - ) o1 (42)
by, (ky, (gi=1))Foi (@) éar(kgz(oﬂ—l))ka;‘(a )
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We have that:

Uy, (ky, (ot ko (o) 0 (k;(o k(o)
H@ (ko,(c")) - 11 (ki(a?))

ieN o, (kg (0= 1))k (@) jER(o) i€EN:0,=j Uik (ot =1))R ™D

[T tki(em)™ (43)

JER(o)

= II 4™, (44)

JER(o)

where is obtained by exploiting telescoping properties. Furthermore, we get

i (o1
i€EN Ea':‘ (ko.Z (a"‘*l))kai ( )
1 o)
- ; (i1
iEN KU: (kaz* (az—l))kai ( )
6‘7 (ka* + wl)k%* Fwi
= 1 ko (45)

£k + Ztgz‘:o;‘:j wt)kfrzﬁg:”t*:j “

< II 1I (46)
ki+32, ior=j Wt
jER(o*)iEN:of=]j Kj(kj + Zt<i:a;ﬁ:j wt) s
kit ior—; Wt
o e](k] +Zt:az‘:j wt) ’ > t Y 47
B H 0i(kj)ki (47)
jER(a'*) I\
_ 0j(kj + 0j)Mites 18
- 1l Ci(ky)ks 7 43
JER(o™)

where is obtained by exploiting telescoping properties, and and easily come from the following
fact:

Ttz z+y+z
Ly P

Fact 2 Given a quasi-log-convez latency function f, we have that !
0.

Proof. Since the function g such that g(t) = ¢In(f(¢)) is convex, we have that g(z + 2z) — g(z) < glx + y +
z) — g(z +y) for any z,y,z > 0, thus, by exponentiating the previous inequality, the claim follows. a

By putting together , , and , we get
, Lo, (kg (0)) ()
IT &)t =11 /

i— ko, (oi—1
JER(o) iEN i (ko (0771)) i )
Uye (e (o1, 7))k (050D
< H 1( ,;(0' a7))

"V
. «(ori—1
v Aor (ks (i) ()

0;(k;j + 0;)ki+os
< I M 2
JER(a*) VANAY)

By exploiting the properties of the logarithmic function, we obtain

In (CRg(1))
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(HjER(o-) Ej(kj)kj) Sien

=In :
\ XieN Wi
(HjER(a*)gj(Oj)O]) ©
(kj+o;)kites m
H' o* ej(kj.—i_ J.)kj
< In ( JeR(a*) £5(kj) ) . (50)
o\ Sien e
(HjER(a-*)gj(Oj) ]) ©
 Yjer(or) ((kj 4 05) In(l;(kj + 0;)) — k;In(¢;(k;)) — 0;In(¢;(05))) (51)

DienN Wi ’
where || comes from 1) Since ) oy wi = ZjeR k; = ZJER 0j, we have that || is upper bounded by
the optimal solution of the following optimization problem on some new linear variables (o;);er:

> jer(en) @ ((kj + 05) In(¢;(k; + 05)) — k; In(¢;(k;)) — 0;In(¢;(05)))
ZjeR ajk;

s.t. Z Oéjkj = Z Q;0j, Q; Z 0 V] € R.
JER JER

max

By normalizing the denominator of the objective function, we obtain the following equivalent linear program:

max Y a; ((kj +0;)In(l;(k; + 0;)) — k; In(¢;(k;)) — 0; In(;(05))) (52)
JER(c™)

st Y ajki=1, Y ajo;=1, a;>0Vj€R.
JER JER

We have the following fact, whose proof is omitted, since it is similar to that of Fact
Fact 3 The maximum value of the linear program considered in (@ s at most
sup (02 — k2) F'(f1,01, k1) + (k1 — 01)F(f2, 09, k2)
k1>01>0,02 >k >0, f1,f2€C k102 — kao1
where F(f,0,k) := (k+ o) In(f(k+ 0)) — kIn(f(k)) — oln(f(0)).
By continuing from and by using Fact [3| we get

In (CRa (1)) < sup (09 — ko) F'(f1,01, k1) + (k1 — 01)F(f2,027k‘2)_

k1>01>0,00>k2>0, f1,f26C k1092 — ka01

)

By exponentiating the previous inequality, we get the claim.

D.2 Tightness of the Upper Bound of Theorem

Theorem 8. Let C be a class of latency functions and let G be the greedy algorithm. If C is abscissa-scaling
and ordinate-scaling, then

CRg(WLB(C))
fi(ky + oy)Frtor s Sa(ka + 0g)F2t0> =
- 1 o100, (fl(kl)klfl(Ol)"l) (fz(kz)k2f2(02)02> . (53)
“oec

Proof. Let us assume that C is abscissa-scaling and ordinate-scaling. We equivalently show that for any

o9 —ko kj—oj
M < fi(ki4o1)F1Fo1 \ o2k1—o1k2 fa(kado2)k2T02 \ o2k1—01k2
SUPk; >01>0,00>k2>0,f1,f2€C \ F (k)51 f1 (01)°1 T2 (k2)"2 f2(02)2

| € WLB(C) such that NPoA(l) > M.

there exists an instance
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Let f1, fo € C, k1, k2,071,092 > 0 such that k1 > 01 > 0,09 > ko > 0, and let € > 0 be a sufficiently small

00— ko k] —o1
k1+o Py r—— koo ey
number such that (%) hmets (%) 2T S M 4e. Let f,g € C be such that

f(z) := fi(o1z) and g(x) := fo(o2x), and let k := k1 /01 and h := ks /0y. Since

(= o)+ ) e (Gt >+) (fu 1>k+l> (s 1>h+1>’5-i
fi(k1)k fi(o1)or fa(k2)k2 f2(02)°2 f(R)*f(1) g(h)g(1)

we have that

ey = (s 1>h+1>“

> M + €, for some f,g€C, k>1, and h < 1. 54
fR)Ef(1) g(h)g(1) >4
First of all, we assume that h > 0. Given an integer m > 3, let I(m) be a load balancing instance having
2m resources 11,72, T3 ..., T2, and 2m — 1 clients such that the set of strategies of each client j is {r;, 7,41}
Each resource r; has a latency function defined as ¢;(z) := «; f; (8;z), and the weight of each client j is
defined as w; := 1/8;41, where «, f;, and (3, are defined as follows:

fi = foifjsm—1 B = (%)j_l ifj<m-—1 (55)
J g 1szm ) J (%)]—m(%)m_l lfmSJSQm’
[ALER! 7j—1 o
(W) ifj<m-—1
._ pyht1 j—m Ba(h)" A m—2 ) ’
aj = (g&?ﬁ) (g;c((}z—&)-%()hl—l) (f(f]€(+)1)k+l) ifm<j<2m-1. (56)
g(h) g(h)h+1 m—1 f(k)g(h)h f(k)k+1 m—2 .
9(1) (W g(h+1)h+1 Ft1)FTT lf] =2m
Observe that, by construction of «;, 85, w;, the following properties hold:
k+1 . .
a; f(k) = aji1 f(kf"(';)k ifj<m-—2 ) N
af(k):a g(h+1)h+1 fj7=m-1 ijj:ky UJj:k lfjgm—l
’ ’ g(hg-&(-}llgi’:*’l . ! A ) ,ijj = ]’L7 w; = hj+1—mkm—1 if m < ] < om — 1 (57)
a;9(h) = o g Hm<sj<2m—2 Bijt1w; =1 ifj<2m-—1
a;g(h) = ajr1g9(1) if j=2m—1

Let o be the strategy profile in which each client j is assigned to resource r;. We show that o is a state

that can be possibly returned by the greedy algorithm when clients are processed in reverse order w.r.t.

: b .
index j. We equivalently show that NZ\SNV{SQ) < NSKVS(\ZJ(UJ-;T{)“) for any j < 2m — 1, where o7 denotes the

partial assignment in which each client ¢ > j is assigned to resource r¢, and (o711, rj+1) denotes the partial
assignment in which each client ¢ > j + 1 is assigned to resource r; and client j is assigned to resource r;1.
Let j € [2m — 1]. First of all, assume that j < m — 2. By using , we get

NSW(a7 - R w; N
NSVV((S’J"")l) = grj (kT’j (U))krj( ) — (ajfj (ﬁjw])) = (ajf (k;)) i = <Qj+1

=ai w — oY f (K 1)t _ (ajpr f (k4 1)) et
j+1 f(k)kwj Jj+1 f(k)UJj+1 (aj+1f(ki))wj+l

fle+ )\
f(k)F

A wj+1+w;
oyt Bra(uger +w)) (@b B+ w)

(eg1f (Bjr1ws1)) " (aﬁlfj“(ﬂj“wi“))ww

. f,«j“ (k'f'j+1 (o-jJrl7 ,r.j+1))k:7~j+1 (&3 +t 7i41) B NSW(O’j"'l, ,,,j+1)
a Cryy (Brpyy (gj+1))’fv~j+1 (o7 +1h) ~ NSW(g7t1)
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The cases j=m—1,m < j <2m —2, and j = 2m — 1 can be separately considered by exploiting (57)), so
that one can analogously get

N Wj41+w;
NSW (o) ( 7 (8 ))wj (aj+1fj+1 (Bj+1(wjtr + wj))) NSW(o7*1, 7 11) (58)
— = (a, f; (Bw,; = - = -
—+1 VRN 3 ~ Wi41 +1 )
NSW(git1) (Oéj+1fj+1(ﬁj+1wj+1)> NSW(git1)
where we set (agmfgm(ﬂgmwgm)>w2m := 1 and wa,, := 0. Now, let o* be the strategy profile of I(m) in

which each client j € [m — 1] is assigned to resource r;j;1. By exploiting the definitions of «;,3;, fj, and w;,
and by considering a sufficiently large m, we have that:

NPoA(I(m))

NSW (o)

> 7
=NSW(o*)

( L2 (asfs (Brwn)) ™ ) Siiar
| A (ajfj (5jwj71))w1>1

2t (o1 Fy1 (Bja (wygaw;))) 41+ ST
j=1 (eja1fit1(Bjrrwjpr)) i+t

| e (Oéjfj (ﬂj%—l))wrl

2t (a1 fia1(Bigr (w)p1tw;)))WatiTs iy
J=1 (ejr1fipr(Byr1wy41)) 9+t

| (Oéj+1fj+1 (/5'1+1’wj))w]

1
)“’J+1+w.7 E?Q{l w;

2m—1 (aj+1fj+1 (Bj+1(wj+1 +wy))
~ W41 o wj
j=1 (aj+1fj+1(ﬁj+1wj+1)) (aj+1fj+1 (ﬁj+1wj))

m—2 f(k‘ + 1)kj+1+kj 2m—2 g(h n 1)hj+2—mkm—1+hj+1—mkm—1 Z;n:712 i +Z?:7;]11 it l—mgm—1
f(k,)kj+1 f(l)kj g(h)hj+27mrk7n71g(l)hj+l—m,knL71
J 1

Il
ES

(T (fer 0 kafiQ g(h+ [P\ ST T e
B rwrra) AL U@

JU+ DMV (g PN E

Z(ﬂmwm (mmwm) (60)
>M4e—e€ (61)
=M, (62)

where (59) comes from (58]), can be shown by using similar arguments as in the proof of Theorem (see
steps (17) and ), and (61)) comes from . By , the claim follows.

j=m—1

If h = 0, we consider a load balancing instance defined as I(m), but restricted to resources 71,72, ..., m
and to players in [m — 1]. By using the same proof arguments as those used for h > 0, one can show the
claim as well. O

D.3 Proof of Corollary

The proof follows from the following lemma.

Lemma 3.

(fl(kl + Ol)kl-i—ol ) 0223:];?792 (fZ(k2 + O2)k2+02> 02:1:21@ »
sup _ _ - = 4P,
k120150, fi(k1)F fi(o1)er Ja(k2)k2 fa(02)02

02>k22>0,

fi.f2€C
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Proof. We have that

—k

1—9°1

<f1(k1 + 01)k1+01 ) %Z?ff’f]% <f2(k2 + 02)k2+02 ) m
sup —_

kr > 010,005 ks >0, f1, f2eC \ J1(k1)F1 f1(01)o fa(kz)F2 fa(02)°

ki1+o % koo okl%zl
_ s < (ZZ:O ad(kl + 01)d> 1t+o1 ) 2k1—o1k2 < (ZZ:O Bd(k2 + 02)d) 2+02 ) 2k1—o1k2
o ( 02

252;;8 (ZZ:O adk?)kl ( 5:0 O‘dotli) ' Z:o ﬂdkg)kz ( Z:o Bdog)

Qg,...,0p >0,
Bos---,Bp >0

09 —kg

P d\ k1 P d\ 01\ o2k1—o1k2
_ > g—o (k1 + 01) d—o (k1 +01)
= sup D Ld P d
k1 >01>0,00> ks >0, > a—o Qakf d—0 d0§
0

Q053 Qps 05005 Bp >

kq—o1
k 02\ ogki —orka
. (Zs_oﬁd(k2+02)d> 2< Z_Oﬁd(k2+02)d> 2 2k1—o1ka
Z:O 5(1]‘6’3 ZZ:O ﬂdog
k o %
- sup ( max W) 1( max W) AN
k1>01>0,00>ko>0 de[plu{o} kii defplufo} 0(11
__ki1—o1
L e N
delpluo} kg deplufo}  of
__op—ky ko
— sup M . M . c2timert (k2+02)p k2 (k2+02)p 02\ o2ki—o01kg
nzase \\ K 7 B 7
02;]6220
k SN = iy =1\
]. —n 1 —h
—  sup (( +k) ) (( +h) ) | o
k>1,0<h<1 k h

where can be obtained by setting k := ki/o; and h := ko/os. Now, we show that the maxi-

hh
to 4. Observe that In(F(k,h)) = t=2((k + 1)In(k + 1) — kln(k)) + 2= ((h + 1)In(h + 1) — hIn(h)) <
(H(k +1)+ £=L(h+ 1)) In (,1;2 (k+1)+ E=L(h+ 1)), where the second last inequality holds because

of the concavity of the function g defined as g(z) := (x4 1) In(z+1) —z In(z) and since In(F(k, h)) is defined
as convex combination of g(k) and g(h). Thus, we get

1-h k1
mum value of function F(k,h) := <(k+,i£k+l)k_h ((hﬂ)hﬂ)k_h over k > 1 and 0 < h < 1 is equal

1_} E_1 = (k1) + =5 (h+1)
Flkh<[|[——(k+1 ——(h+1
(i < (Gt D+ =)

(k=h)+(k—h)
k—h

:((kh]zj](lkh)):f:zi. (64)

Finally, since F(k,h) = 4 for k = 1 and h = 0, and because of , we have that the maximum of F(k, h)
over k> 1 and 0 < h <1 is 4. Thus, we get that is at most 47. O

D.4 Tightness of the Upper Bound of Corollary [5| w.r.t. any Online Algorithm.

Theorem 9. The competitive ratio of any online algorithm A applied to load balancing instances with poly-
nomial latencies of mazimum degree p is at least CRA(P(p)) > 4P, even for instances with identical resources.

Proof. We equivalently show that, for any online algorithm A and e > 0, there exists a load balancing
instance | such that CRa(l) > 47 — e. We construct an instance similar to that defined in Theorem 17 of
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[22]. Given an integer m > 0 and a real number w > 0, let I(m) be a load balancing instance with identical
polynomial latency functions of type ¢(x) = zP, and recursively defined as follows:

— If m =0, I(m) has no clients and there is a unique resource denoted as fundamental resource of 1(0).

— If m > 1, then: (i) I(m) contains a sub-instance equivalent to (¢ — 1) for any ¢ € [m]; (ii) I(m) has a
further resource r denoted as fundamental resource of 1(m); (iii) there are further m clients such that,
for any i € [m], the i-th client has weight w; := 2! and can select among r and the fundamental
resource 7 (i) of the sub-instance of type (i — 1) included in I(m); (iv) for any client ¢ € [m], r and r(4)
are respectively denoted as first and second resource of the i-th client included in I(m).

Let o and o* be the states of [(m) in which each client is assigned to her first and second resource, respectively.
We have that o is a state that can be returned by any online algorithm if clients are processed according
to the following partial ordering: (i) given two clients i1 and i having their first resource in sub-instances
of type I(m1) and I(mz2) respectively, if m; < mg then client i; is processed before client i9; (ii) the clients
defined in the same sub-instance are processed in increasing order with respect to their weights. This fact is
true since each time the greedy algorithm processes some client 7 according to the partial ordering defined
above, the congestions of the first and the second resource of that client are equal. Thus, since the latency
functions are equal too, any online algorithm cannot distinguish between the two resources selectable by
each client, and by symmetry both choices can potentially lead to the same worst-case competitive ratio.
We have the following fact:

Fact 4 Given two integers m > 1 and i € [m—1]U{0} such that j > i, the number N(m,i) of sub-instances
of I(m) equivalent to |(5) for some j > i is N(m,i) = 2™ ¢,

Proof. We show the claim by induction on k(i) :=m —¢ > 0. If h(i) = 0 the unique sub-instance equivalent
to 1(j) for some j > i is the entire instance I(m), thus N(m,i) = 1 = 2" = 2m=% and the base step
holds. Now, assume that the claim holds for any h(i) > 0. Observe that we can associate in a one-to-one
correspondence each sub-instance that is equivalent to 1(j) for some j > 4, with a sub-instance equivalent
to 1(i — 1), that is N(m,i) = N(m,i — 1) — N(m,i) = N(m,i — 1) = 2N(m,q). Thus, we have that
N(m,i—1) = 2N(m,i) = 22" = gm=i+1 — 9h()+1 "and the inductive step holds. 0

Let N(m,i) be defined as in Fact 4] and let R(7) be the set of fundamental resources for sub-instances of
type (7). Observe that, for any i € [m] and resource r such that i clients select r as first resource, r is the
fundamental resource of a sub-instance of type I(7), i.e., r € R(7). Thus, by exploiting Fact {4 we get

1
> reR kr(o)

NSW(e)= [ T] I k(o))
i€[m] reR(4)
. 1
(Zim1wi IR i (Th—, wj) RG]

i€[m)] Jj=1

. . 1
(E;’:l 2'7_1)(N(m)i)7N(m7i+1)) Zle[m] (23:1 27'*1)(N(77L,i)71\7(m,i+1))

(T2
i€[m)] Jj=1

1
Tie[m)(21-1)2m=i-1

— | T @ -y (5)

1€[m]

and

1
>reR kr(o)

NSW(e*) = ( T TI T tkei(e®))o@

i€[m] reR(i) jeli]



[T 11 #tw,

i€[m] jeli]

i€[m] jE€[i]

H 9P (Zizh 27 )2

1€[m]

1€[m]

wJ(N m,i)

—i—1
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1
Sieim) (21-1)2m=i-1
—N(m,i+1))

1
Sigm)(2i-1)2m—im1

ey ™

1
Ticim] (2T -1)2m—i—1

1
ZLE [m] (21 1)27” i1

H 2p(i2i_2(2i_1))27n77ﬁ71

Let € > 0. By and , and by taking a sufficiently large integer m > 1, we get

NSW (o)

CRall) NSW(o)

Hie[m] op(i2i—2(2i—1))2m—i=1

X i —i—1
Mcp (21— 1)7 71
Hie[m] 2p(i2i—2(2’i—1))2*"'*1

H'e[ ](Qi)p(2i71)2—i—1
Hie[m] op(i2i—2(21—1))2- -1

gy a)
Eig[m](1/2*27i71)

(2%)

I

i€[m

{

We have the following fact:
Fact 5

2171

mlinooH<

1€[m]

Proof. Set a; :=pln (

2t —1

1
Tiepm(2i-1)27¢71

2i

H'E[ ](27,_1) (2 —1)2771 i—1 Sic -~ (2711)2m —

1
Sietm)(2i-1)271 71

I

i€[m]

2t —1
21

p(1/272_i_1

) ZiE[?n](l/2_2_i_l)

p(1/272*i*1

> Sieim)(1/2-27171) _ 1L

) and 3; := (1/2 — 27"71). We will equivalently show that lim,, o

since, by exponentiating this equality, we get the claim. Set a,, := > ", ;3 and by,

p(Zl 1)2

) iem] (27 -1)27771

—i—1

Sy aifi
Zmlﬂb

= 22y Bie

29

=0,
We

have that sequence (by,)m>1 is positive, increasing, and unbounded. Thus, by the Stolz-Cesaro Theorem,

Am+1—0m
b7n+1 _bm,

we have that lim,, ;o 7= = limp, e
m

Am+1—0m

. : [e] m — 15
lim,,,— 0o b b = lim,;, oo *gif" = lim,;, oo pln (

By continuing from @, we get

2iem] (*i27i71+1*27i)
Sieim)(1/2=27"1)

I

i€[m]

- (@)

Sicpm (-2~ 71 1-27F)

> lim (27) Sicm](1/2-2-7-1)

m— o0

We conclude that lim,,_ oo

om _q
om

(

I

i€[m]

20— 1
2

2y aif

) =0, and the claim follows.

p<1/2—2*’i*1
) Zie[m,](l/2727i71)
p(1/2 27— 1)
20— 1 my(1/2-2771)

2Z

=)

Emlﬁz

. A
m

O
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Sicpm (27 T 41-27)

. ) —o—i—1
= lim (27) Zigm)/2=27"70 ¢ (68)
m—oo
2=m—1ltmgol-m_o
= lim (217) 1/2(m+2-m—1) — €
m—o0

20— 77L71m+m+217'm_2
(hmmﬁ"o 1/2(m+2-m—1) — ¢

=(2")

(2p)(lll’ﬂm~>oo m) — €

(2”)
= 4P

where comes from Fact |5l We conclude that there exists a load balancing instance | such that CRa(l) >
4P — ¢, thus, for the arbitrariness of €, the claim follows.

E Lower bound for Linear Congestion Games

Unweighted congestion games are a further generalization of unweighted load balancing games. The difference
is that the strategy set of each player i € N is a collection X; C 2%\ {§}, i.e., a strategy is a non-empty
subset of R. Furthermore, given a strategy profile & = (01,...,0,) (with g; € X;), the cost of each player
i € N is costi(o) = > ;c,. {j(kj(o)), where kj(o) := |[i € N : j € oy] is the congestion of resource j in
strategy profile o. In the following theorem, we show that, even for linear latency functions, the Nash price
of anarchy of unweighted congestion games with linear latency functions is non-constant in the number of
players, differently from the case of load balancing games. This fact exhibits a substantial difference with
respect to the case of the price of anarchy when the considered social function is the sum of the players’
costs. Indeed, in such case, the price of anarchy for linear congestion games is finite, and the price of anarchy
of load balancing games is as high as that of general linear congestion games.

1—-o0(1)

Theorem 10. The Nash price of anarchy of linear congestion games is at least n , where n s the

number of players (and o(1) is an infinitesimal w.r.t. to n).

Proof. We show that, for any e € (0,1/2), there exists a congestion game CG with linear latency functions

and n > 2 players such that:
NPoA(CG) > [ne]l~ 5, (69)

and this fact will imply the claim, as [ne]'~ e O(n'~¢) for any fixed e € (0,1/2). Let € € (0,1/2),

n > 2, and m := [ne|. Let CG(n, €) be an unweighted congestion game with n players defined as follows: The

set of resources is organized into three groups Ri, R, R3, with R; := {rj1,...,7jn—m} for any j € [2], and
R3 :={r31,...,73m}. The latency function of each resource r; j is Ly, (7)== ajx, where ay = m+1, a0 =1,
and ag = m. There are two groups of players N1, No, with N7 := {i11,...,01,n—m} and No := {i21,...,02.m }

Each player i1, € N1 has two strategies S1 , and S}, defined as Sy j, := {7‘1 n} and Sty = ={rant, and each
player s ;, € Ny has two strategies S, and S5 defined as Son = Ry and S3 ), := {r3 n}. Let o (resp. o*)
be the strategy profile such that each player i, plays strategy S n (resp. S;h) for any t € [2]. One can
easily show that cost;(o) = cost;(o_;, 0} ) for any player ¢, thus o is a pure Nash equilibrium. We have that:

NPoA(CG(n,¢))
NSW (o)

> -\

~ NSW(o*)

costi(o) ) ( costi(o) ))i
((lgl cost;(o*) iEHN2 cost;(o*)

(=) (0 =)
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()™ (2)7)

n—m
n

=(m+1)

> [ne]t =15, (70)

thus holds, and the claim follows. ]
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