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Abstract. We present a new approach on how to provide institution-based seman-
tics for UML state machines. Rather than capturing UML state machines directly
as an institution, we build up a new logical framework M% into which UML
state machines can be embedded. A theoroidal comorphism maps M% into the
Cast institution. This allows for symbolic reasoning on UML state machines. By
utilising the heterogeneous toolset HETS that supports CasL, a broad range of ver-
ification tools, including the automatic theorem prover Spass, can be combined
in the analysis of a single state machine.

1 Introduction

As part of a longstanding line of research [9,10,19,8], we set out on a general programme
to bring together multi-view system specification with UML diagrams and heterogeneous
specification and verification based on institution theory, giving the different system
views both a joint semantics and richer tool support.

Institutions, a formal notion of a logic, are a principled way of creating such joint
semantics. They make moderate assumptions about the data constituting a logic, give
uniform notions of well-behaved translations between logics and, given a graph of such
translations, automatically give rise to a joint institution.

In this paper, we will focus on UML state machines, which are an object-based
variant of Harel statecharts. Within the UML, state machines are a central means to
specify system behaviour. Here, we capture simple UML state machines in what we
claim to be a true semantical sense. Focus of this paper are state machines running in
isolation — interacting state machines and with it the notion of the event pool are left
to future work.

Compared to our previous attempts to institutionalise state machines [9,10,19,8], this
paper takes a different approach. Rather than capturing UML state machines directly as
an institution, we build up a new logical framework ./\/liD in which UML state machines
can be embedded. Core of this framework is a new hybrid modal logic which allows us to
logically encode the presence as well as the absence of transitions in the state machines.
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Data types, guards, and effects of events are specified in the algebraic specification
language CasL. An algorithm translates UML state machines into M%.

A theoroidal comorphism maps our logical framework ./\/liD into the CasL institution.
This allows to us to utilise the heterogeneous toolset HETS [15] and its connected provers
for analysing UML state machines. In this paper we demonstrate how to analyse a state
machine with the automatic first-order prover Spass [20], which is the default automated
prover of HETS. Such symbolic reasoning can be of advantage as, in principle, it allows
to verify properties of UML state machines with large or infinite state spaces. Such
machines appear routinely in system modelling: though state machines usually have
only finitely many control states, they have a large number of configurations, or even
infinitely many, due to the data variables involved.

Compared to other symbolic approaches to directly encode UML state machines into
a specific interactive theorem prover [11,5,1], our logical framework M% provides first
an institutional semantics that is tool independent. Only in a second step, we translate
M% into CasL. Via HETS, this opens access to a broad range of analysis tools, including
SAT solvers, automatic first-order theorem provers, automated and interactive higher-
order theorem provers, which all can be combined in the analysis of state machines.

This paper is organised as follows: First we provide some background on institutions,
including the CasL institution in Sect. 2. Then we discuss simple UML state machines,
how to capture their events, attributes, and transitions, and what their models are. In
Sect. 4 we define a new hybrid, modal logic for specifying UML state machine transi-
tions. Section 5 provides the translation into the CasL institution. In Sect. 6, we finally
demonstrate the symbolic analysis of a simple UML state machine as enabled by the
previous constructions. We conclude in Sect. 7 with an outlook to future work.

2 Background on Institutions

We briefly recall the basic definitions of institutions and theoroidal institution comor-
phisms as well as the algebraic specification language Casr. Subsequently we will
develop an institutional frame for capturing simple UML state machines and present a
theoroidal institution comorphism from this frame into CasL.

2.1 Institutions and Theoroidal Institution Comorphisms

Institutions are an abstract formalisation of the notion of logical systems combining
signatures, structures, sentences, and satisfaction under the slogan “truth is invariant
under change of notation”. Institutions can be related in different ways by institution
(forward) (co-)morphisms, where a so-called theoroidal institution comorphism covers
a particular case of encoding a “poorer” logic into a “richer” one.

Formally [4], an institution Z = (SZ, Str*, Sen”, =) consists of (i) a category
of signatures ST; (ii) a contravariant structures functor Str*: (S)°* — Cat, where
Cat is the category of (small) categories; (iii) a sentence functor Sen” : ST — Set,
where Set is the category of sets; and (iv) a family of satisfaction relations =% C
|Str (%)) x Sen” (X)) indexed over X € [S%|, such that the following satisfaction




spec NaT =
free type Nat ::= 0 | suc(Nat)
ops __+__ :Nat X Nat — Nat
pred __ <__ :Nat X Nat
Vn,m:Nat-0+n=n -suc(n) + m= suc(n + m)
cn<0 - 0 < suc(n) - suc(m) < suc(n) & m<n
end

Fig. 1. A CasL specification of the natural numbers

condition holds forall o: ¥ — X" in ST, ¢ € Sen” (X)), and M’ € |Str(%")|:
Strr(o) (M) =L ¢ <= M’ EL Sen”(0)(y) .

Str¥ (o) is called the reduct functor, Sen” (o) the translation function.

A theory presentation T = (X, ®) in the institution Z consists of a signature
X € |S?|, also denoted by Sig(T), and a set of sentences & C Sen” (X). Its model class
Mod” (T') is the class {M € StrX(X) | M E% ¢f.a. ¢ € &} of the X-structures
satisfying the sentences in . A theory presentation morphism o: (X, ®) — (X', &')
is given by a signature morphism o: X — %’ such that M’ =%, Sen” (o) (i) for all
¢ € ®and M’ € Mod* (X', &'). Theory presentations in Z and their morphisms form
the category Pres”.

A theoroidal institution comorphism v = (V5, yMed, S5e"): T — T’ consists of a
functorS: ST — Pres” inducing the functor 5% = 15; Sig: ST — ST’ onsignatures,
a natural transformation v (VS)OP; Mod® =5 Str” on structures, and a natural
transformation 5" : Sen” — %% Sen” " on sentences, such that for all X € IS%],
M e |ModI/(yS(2))|, and ¢ € Sen” (X)) the following satisfaction condition holds:

VR M) S ¢ = M s V5N (9) -

2.2 CasL and the Institution CFOL=

The algebraic specification language CastL [16] offers several specification levels: Basic
specifications essentially list signature declarations and axioms, thus determining a
category of first-order structures. Structured specifications serve to combine such basic
specifications into larger specifications in a hierarchical and modular fashion. Of the
many logics available in CasL, we will work with the institution CFOL™, of which we
briefly recall the main notions; a detailed account can be found e.g. in [14].

At the level of basic specifications, cf. Fig. 1, one can declare sorts, operations,
and predicates with given argument and result sorts. Formally, this defines a many-
sorted signature ¥ = (S, F, P) with a set S of sorts, a S* x S-sorted family F' =
(Fu,s)wses+ Of total function symbols, and a S*-sorted family P = (Py)yes~ of
predicate symbols. Using these symbols, one may then write axioms in first-order logic.
Moreover, one can specify data types, given in terms of alternatives consisting of data
constructors and, optionally, selectors, which may be declared to be generated or free.
Generatedness amounts to an implicit higher-order induction axiom and intuitively states



inc(z)[ent + = < 4]/
ont! = cnt + 2 inc(z)/cnt’ = cnt
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inc(z)fent + z = 4]/ ()
inc(z)[ent + = > 4] /ent’ = cnt

cnt’ =4
reset/cnt’ = cnt

reset/cnt’ = 0

Fig. 2. Simple UML state machine Counter

that all elements of the data types are reachable by constructor terms (“no junk”); freeness
additionally requires that all these constructor terms are distinct (“no confusion”). Basic
CasL specifications denote the class of all algebras which fulfil the declared axioms, i.e.,
CasL has loose semantics. In structured CasL specifications, a structured free construct
can be used to ensure freeness (i.e., initial semantics) of a specification. For functions
and predicates, the effect of the structured free construct corresponds to the effect of
free types on sorts. A many-sorted X.-structure M consists of a non-empty carrier set
sM foreach s € S, atotal function f : M,, — M, for each function symbol f € F, ¢
and a predicate p™ for each predicate symbol p € P,,. A many-sorted X-sentence is a
closed many-sorted first-order formula over 3 or a sort generation constraint.

3 Simple UML State Machines

UML state machines [17] provide means to specify the reactive behaviour of objects
or component instances. These entities hold an internal data state, typically given by a
set of attributes or properties, and shall react to event occurrences by firing different
transitions in different control states. Such transitions may have a guard depending on
event arguments and the internal state and may change, as an effect, the internal control
and data state of the entity as well as raise events on their own.

Figure 2 shows the example of a bounded, resettable counter working on an attribute
cnt (assumed to take values in the natural numbers) that is initialised with 0. The counter
can be reset to 0 or increased by a natural number x, subject to the current control state
(s1 or s2) and the guards (shown in square brackets) and effects (after the slash) of
the outgoing transitions. An effect describes how the data state before firing a transition
(referred to by unprimed attribute names) relates to the data state after (primed names)
in a single predicate; this generalises the more usual sequences of assignments such that
cnt’ = cnt + x corresponds to cnt < cnt + x and cnt’ = cnt to a skip. The machine
is specified non-deterministically: If event inc(x) occurs in state s such that the guard
cnt + x = 4 holds, the machine can either stay in s or it can proceed to s2. Seemingly,
the machine does not react to reset in s/ and to incin s2. However, UML state machines
are meant to be input-enabled such that all event occurrences to which the machine
shows no explicit reacting transition are silently discarded, as indicated by the “grey’
transitions. Overall, the machine Counter shall ensure that cnt never exceeds 4.

It is for such simple UML state machines as the counter in Fig. 2 that we want
to provide proof support in Spass via an institutional encoding in CasL. The sub-
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language covers the following fundamental state machine features: data, states, and
(non-deterministic) guarded transitions for reacting to events. However, for the time
being, we leave out not only all advanced modelling constructs, like hierarchical states
or compound transitions, but also defer, most importantly, event-based communication
between state machines to future work. In the following we make first precise the syntax
of the machines by means of event/data signatures, data states and transitions, guards
and effects. Then we introduce semantic structures for the machines and define their
model class. Syntax and semantics of simple UML state machines form the basis for
their institutionalisation. We thus also introduce event/data signature morphisms and the
corresponding formula translation and structure reducts in order to be able to change
the interface of simple UML state machines.

3.1 Event/Data Signatures, Data States and Transitions

We capture the events for a machine in an event signature I that consists of a finite
set of events |E| and a map v(E) assigning to each e € |E| a finite set of variables,
where we write e(X) for e € |E| and v(E)(e) = X, and also e(X) € F in this case.
For the data state, we use a data signature A consisting of a finite set of attributes. An
event/data signature X consists of an event signature £'(X) and a data signature A(X).

Example 1. The event/data signature X’ of the simple UML state machine in Fig. 2 is
given by the setof events | E(X)| = {inc, reset} with argument variables v (E(X))(inc) =
{z} and v(E(X))(reset) = 0 such that inc(z) € F(X) and reset € E(X); as well as
the data signature A(X) = {cnt}.

For specifying transition guards and effects, we exchange UML’s notorious and intri-
cate expression and action languages both syntactically and semantically by a straight-
forward CasL fragment rendering guards as data state predicates and effects as data
transition predicates: We assume given a fixed universe D of data values and a CasL
specification Dt with a dedicated sort d¢ in its signature Sig(Dt) such that the universe
dt™ of every model M € Mod“**"(Dt) is isomorphic to D, i.e., there is a bijection

LM, dt: dt™ =~ D. This puts at our disposal the open formule ﬁgf;(LDtL  over sorted

variables X = (X;)ses and their satisfaction relation M, ):g?;?m) y  for models

M e ModCASL(Dt), variable valuations 8: X — M, and formule ¢ € 9\§;Ags(LDt)7X.
Example 2. Consider the natural numbers N as data values D. The CasL specification
in Fig. 1 characterises N up to isomorphism as the carrier set of the dedicated sort
dt = Nat. It specifies an abstract data type with sort Nat, operations +, 0, suc, and a
predicate < .

The very simple choice of D capturing data with only a single sort can, in principal,
be replaced by any institutional data modelling language that, for our purposes of a
theoroidal institution comorphism (see Sect. 5), is faithfully representable in CasL; one
such possibility are UML class diagrams, see [7].



Data states and guards. A data state w for a data signature A is given by a function
w: A — D; in particular, 2(A) = DA is the set of A-data states. The guards of
a machine are state predicates in FJ y = ﬂg@.";(LDt)’AUX, taking A as well as an
additional set X as variables of sort dt. A state predicate ¢ € .Z 5 y is to be interpreted
over an A-data state w and valuation 5: X — D and we define the satisfaction relation

=" by
w,BERx ¢ <= M, i3 40 (wUB) EGsins), avx ¢

where M € Mod“**“(Dt) and 1p 4; : M (dt) = D. For a state predicate o € jE(Z) not
involving any variables, we write w =3 ¢ forw Q) 0 ¥

Example 3. The guard cnt + = < 4 of the machine in Fig. 2 features both the attribute
cnt and the variable . A data state fulfilling this state predicate for x = 0 is cnt — 3.

Data transitions and effects. A data transition (w,w’) for a data signature A is a pair
of A-data states; in particular, £2%(A) = (D4)? is the set of A-data transitions. It holds
that (D4)? = D24, where 24 = A W A and we assume that no attribute in A ends in a
prime / and all attributes in the second summand are adorned with an additional prime.
The effects of a machine are rransition predicates in 737 = .F73), «. The satisfaction
relation =* for a transition predicate ¢ € .# 3", data transition (w,w’) € £2°(A), and
valuation 8: X — D is defined as

(wvw/)aﬂ ':%?X 1/} Aand w+w/7ﬂ lng,X 1/}
where w + w’ € 2(2A) with (w + w')(a) = w(a) and (w + ') (a’) = W' (a).

Example 4. The effect cnt’” = cnt + x of the machine in Fig. 2 describes the increment
of the value of attribute cnt by a variable amount .

3.2 Syntax of Simple UML State Machines

A simple UML state machine U uses an event/data signature X'(U) for its events and
attributes and consists of a finite set of control states C'(U ), a finite set of transition spec-
ifications T (U) of the form (¢, ¢, e(X),v, ') with ¢,/ € C(U), e(X) € E(X(U)),
a state predicate ¢ € F 1 517 x @ transition predicate v € F30 ) - an initial
control state co(U) € C(U), and an initial state predicate po(U) € ﬂAD(Z(U))’@, such
that C(U) is syntactically reachable, i.e., for every ¢ € C(U) \ {co(U)} there are
(CO(U)v ¢1, el(Xl)a (P Cl)a ERR) (Cnfla bn, en(Xn)a Pn, Cn) € T(U) with n > 0 such
that ¢,, = c. Syntactic reachability guarantees initially connected state machine graphs.
This simplifies graph-based algorithms (see Alg. 1).

Example 5. The machine in Fig. 2 has as its control states {s1,s2}, as its transition
specifications {(s1,cnt 4+ x < 4,inc(x),cnt’ = ent+x, s1), (s1,cnt 4+ x = 4, inc(x),
ent’ =4, 52), (s2, true, reset, cnt’ = 0, s1)}, as initial control state s1, and as initial
state predicate cnt = 0.



3.3 Event/Data Structures and Models of Simple UML State Machines

For capturing machines semantically, we use event/data structures that are given over
an event/data signature X’ and consist of a transition system of configurations such that
all configurations are reachable from its initial configurations. Herein, configurations
show a control state, corresponding to machine states, and a data name from which a
proper data state over A(X') can be retrieved by a labelling function. Transitions connect
configurations by events from F(X) with their arguments instantiated by data from D.

Formally, a X-event/data structure M = (I', R, I, w) over an event/data signature
2J consists of a set of configurations I' C C' x D for some sets of control states C' and
data names D, afamily of transition relations R = (Regy € I' X I")¢(x)e E(5),8: X—D>
and a non-empty set of initial configurations I'y = {co} x Do C I" with a unique inifial
control state ¢y € C' such that I' is reachable via R, i.e., for all v € [ there are
Yo € Fo,n > 0, el(Xl),...,en(Xn) € E(Z), /812 X1 — D,...,ﬂni Xn — D, and
(VisVig1) € Re,yy(8iyy) forall 0 < i < n with v, = ~; and a data state labelling
w: D — Q(A(X)). We write ¢(M)(y) = cand w(M)(y) = w(d) fory = (¢,d) € T,
I'(M) for I, C(M) for {c(M) () | v € I'(M)}, R(M) for R, I'y(M) for Iy, co(M)
for cg, and £2o(M) for {w(M)(y0) | 70 € Iv}.

The restriction to reachable transition systems is not strictly necessary and could be
replaced by constraining all statements on event/data structures to take into account only
their reachable part (see, e.g., Lem. 2).

Example 6. For an event/data structure for the machine in Fig. 2 over its signature X' in
Ex. 1 we may choose the control states C as {s1, s2}, and the data names D as the set
2(A(X)) = DIt} In particular, the data state labelling w is just the identity. The only
initial configuration is (s, {cnt — 0}). A possible transition goes from configuration
(s1,{cnt — 2}) to configuration (s2, {cnt — 4}) with the instantiated event inc(2).

A X (U)-event/data structure M is a model of a simple UML state machine U
if C(U) C C(M) up to a bijective renaming, co(M) = co(U), 2o(M) C {w €
[2(AZU)))] |w ):E(E(U)) ©o(U)}, and if the following holds for all (¢, d) € I'(M):

— forall (¢, ¢, e(X),¢,¢') € T(U) and : X — D with w(M)(d), 8 ER 5w x -
there is a ((c, d), (¢, d')) € R(M)e(s) with (w(M)(d),w(M)(d"), B EZXv1r)).x

(o
— for all ((¢,d), (¢',d’)) € R(M )., there is either some (c, ¢,e(X), v, ') € T(U)
with w(M)(d), B ER sy x ¢ and (w(M)(d),w(M)(d)), 8 EX sy x ¥-or
w(M)(d), %E(E(U)),X \/(c,d),e(X),w,c’)ET(U) ¢, c =, andw(M)(d) = w(M)(d").
A model of U thus on the one hand implements each transition prescribed by U,
but on the other hand must not show transitions not covered by the specified transitions.
Moreover, it is input-enabled, i.e., every event can be consumed in every control state:
If no precondition of an explicitly specified transition is satisfied, there is a self-loop
which leaves the data state untouched. In fact, input-enabledness, as required by the
UML specification [17], can also be rendered as a syntactic transformation making a
simple UML state machine U input-enabled by adding the following set of transition
specifications for idling self-loops:

{(e, _‘(v(c7¢7e(X)71/J7c/)ET(U) ), e(X), Laswy), c)|ceC, e(X) e EX(U))}.



Example 7. For the simple UML state machine in Fig. 2 the “grey” transitions corre-
spond to an input-enabledness completion w.r.t. the “black” transitions.

The requirement of syntactic reachability for simple UML state machines is cor-
related with the requirement of (semantic) reachability of event/data structures, as a
machine violating syntactic reachability cannot have a model. Equally, a machine with
a non-satisfiable initial state predicate fails to have a model.

3.4 Event/Data Signature Morphisms, Reducts, and Translations

The external interface of a simple UML state machine is given by events, its internal
interface by attributes. Both interfaces, represented as an event/data signature, are sus-
ceptible to change in the system development process which is captured by signature
morphisms. Such changes have also to be reflected in the guards and effects, i.e., data
state and transition predicates, by syntactical translations as well as in the interpretation
domains by semantical reducts.

A data signature morphism from a data signature A to a data signature A’ is a
function ao: A — A’. The a-reduct of an A’-data state w’: A’ — D along a data
signature morphism a: A — A’ is given by the A-data state w'|a: A — D with
(W'a)(a) = w'(a(a)) for every a € A; the a-reduct of an A’-data transition (w’, w")
by the A-data transition (w’,w”)|a = (w'|a,w”|). The state predicate translation
352) : ﬂD — FP _x along a data signature morphism a: A — A’ is given by the

CASL formula translation ﬂg&S(LD £),aUl x along the substitution o U 1 x; the transition

predicate translation ﬂQD by ﬂQDa  with 2a: 24 — 2A’ defined by 2a(a) = a(a)
and 2a(a’) = a(a)’. For each of these two reduct-translation- -pairs the satisfaction
condition holds due to the general substitution lemma for CasL:

’|aﬂ|zgx¢<:>w’ﬂ|:£/)<3ﬂ) (¢)
(W wa, B EDx ¢ = (W), B8R @)

An event signature morphism n: E — E’ is a function n: |E| — |E’| such that
v(E)(e) = v(E")(n(e)) forall e € |E|. An event/data signature morphismo: X — X’
consists of an event signature morphism F(o): E(X) — E(X’) and a data signature
morphism A(o): A(X) — A(X"). The o-reduct of a X’-event/data structure M’ along
o is the X-event/data structure M’|o such that

- I'(M'|o) C I'(M’") as well as R(M'|o) = (R(M'|o). ﬁ))e(x) CE(D),8: X—D are
inductively defined by I'(M’|0) 2 Io(M') and, for all 4/, € I'(M'), e(X) €
E(X),and B: X — D, if v/ € I'(M'|o) and (v',7") € R(M')g(s) e)(ﬁ), then
V€ D(M'|o) and (v/,") € R(M'|o)(5);

- Iy(M'|o) = Ip(M'); and

- w(M'|o)(7) = (W(M")(Y))lo forall v € I'(M'|0).

Building a reduct of an event/data-structure does not affect the single configurations,
but potentially reduces the set of configurations by restricting the available events, and
the data state observable from the data name of a configuration. We denote by I'*' (M, )



and I'' (M), respectively, the set of configurations of a ¥-event/data structure M that
are F-reachable from a configuration v € I'(M) and from an initial configuration
Yo € I'o(M), respectively, with a set of events F' C E(X) where a v, € I'(M) is
F-reachable in M from ay; € I'(M) if there are n > 1, e2(X2),...,en(X,) € F,
B2: Xo = D,...,Bn: Xn — D,and (vi,7%ir1) € R(M)e,, (8., forall 1 <i <n.

Lemma 1. Leto: X — X’ be an event/data signature morphism, F C E (X)), and M’
a X'-event/data structure.

1. Forallvy,vy € I'(M'), ify; € I'(M'|c), then (71, 7;) € R(M'|0)e(py if, and only
if (71,72) € R(M")E (o) (e)(8)-

2. Forally',y" € I'(M’) such thaty' € I'(M'|o), ¥ € T'Y(M'|o,~") if, and only if,
,Y// c FE(G)(F)(M/,’}/).

3. Forally € T(M"),~' € I'F(M'|0) if, and only if, ' € D'E@E) (M7,

Proof. (1) This follows directly from the inductive definition of the o-reduct of X’-
event/data structures.

(2) Let v',~v" € I'(M’) with v/ € I'(M’|o). By induction, it holds that v €
TE@E) (M) if, and only if, there are n > 0, e1(X1),...,en(X,) € F, and
Bi: X1 = D,...,0n: Xn — D, and (7v),7i41) € R(IM')g(0)(eis1)(Birr) for all
0 < i < n with v/ = ~j and v = ~J. Thus, by (1), since v/ € I'(M'|o),
y" € TE@WE) (M) if, and only if, v € I'F' (M'|o).

(3) Let o/ € I'(M’). By definition it holds that 4/ € I'®()F)(Af’) if, and only if,
v € TEEOWE)N (M +l) for some v, € To(M'); if, and only if ' € I'F(M’|a,~}) for
some v, € I'(M") by (2) since 7, € I'y(M’|o); if, and only if, ' € I'F'(M'|o) since
Fo(M/|O') = Fo(M/)

Example 8. Let X be as in Ex. 1 and X the event/data signature with E(Xy) = E(X)
and A(Xy) = 0. Consider the signature morphism o: Xy — X as the identity
on the events and the trivial embedding on the attributes. Let M be a model of
the simple UML state machine in Fig. 2. The syntactic transition (sf,cnt + z <
4,inc(x),cnt’ = cnt + x, s1) induces, among others, the two semantic transitions
((s1,dy1),(s1,dz)),((s1,d2),(s1,d3)) € R(M )inc({ers1}) Wherew(M)(d;) = {cnt >
i} for 1 < 4 < 3. In the reduct M|o we find exactly these two semantic transitions,
however,w(M|o)(d;) = @forall 1 < i < 3. This illustrates why we distinguish between
data states and data names. With the distinction, we have a bijection between semantic
transitions in the reduct and semantic transitions in the original structure. Without the
distinction, the two different transitions in M would collapse into one transition only as
there is just a single data state ().

Although it is straightforward to define a translation of simple UML state machines
along an event/data signature morphism, the rather restrictive notion of their models
prevents the satisfaction condition to hold. In fact, this is already true for our previous
endeavours to institutionalise UML state machines [10,8]. There machines themselves
were taken to be sentences over signatures comprising both events and states, and
the satisfaction relation also required that a model shows exactly the transitions of
such a machine sentence. For signature morphisms o that are not surjective on states,



building the reduct could result in less states and transitions, which leads to the following
counterexample to the satisfaction condition [19]:

L | -

1lo To

We therefore propose to make a detour through a more general hybrid modal logic.
This logic is directly based on event/data structures and thus close to the domain of state
machines. For forming an institution, its hybrid features allow to avoid control states as
part of the signature and its event-based modalities allow to specify both mandatory and
forbidden behaviour in a more fine-grained manner. Still, the logic is expressive enough
to characterise the model class of a simple UML state machine syntactically.

4 A Hybrid Modal Logic for Event/Data Systems

The logic M% is a hybrid modal logic for specifying event/data-based reactive sys-
tems and reasoning about them. The M%-Signatures are the event/data signatures, the
M%—struotures the event/data structures. The modal part of the logic allows to handle
transitions between configurations where the modalities describe moves between con-
figurations that adhere to a pre-condition or guard as a state predicate for an event with
arguments and a transition predicate for the data change corresponding to effects. The
hybrid part of the logic allows to bind control states of system configurations and to
jump to configurations with such control states explicitly, but leaves out nominals as in-
terfacing names as well as the possibility to quantify over control states. The logic builds
on the hybrid dynamic logic D* for specifying reactive systems without data [13] and its
extension £* to handle also data [6]. We restrict ourselves to modal operators consisting
only of single instead of compound actions as done in dynamic logic. However, we still
retain a box modality for accessing all configurations that are reachable from a given
configuration. Moreover, we extend £+ by adding parameters to events.

The category of Mip-signatures SMb consists of the event/data signatures and
signature morphisms. The X'-event/data structures form the discrete category S 4 Mb (X)
of M%-structure‘s over X. For each signature morphism o: X — X’ in SMb the o-
reduct functor StrMo (0): StrMo (X — Str™Mo (X)) is given by Str™Mo (o) (M) =
M'|o. As the next step we introduce the formule and sentences of M% together with

. . . . S . 0
their translation along SMp-morphisms and their satisfaction over Str*'>. We then
show that for M, the satisfaction condition holds and thus obtain M, as an institution.

Subsequently, we show that M% is simultaneously expressive enough to characterise
the model class of simple UML state machines.
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4.1 Formulz and Sentences of M%

MiD-formula% aim at expressing control and data state properties of configurations as
well as accessibility properties of configurations along transitions for particular events.
The pure data state part is captured by data state sentences over D. The control state
part can be accessed and manipulated by hybrid operators for binding the control
state in a state variable, |s; checking for a particular control state, s; and accessing
all configurations with a particular control state, @¥, which, however, only pertains to
reachable configurations relative to a set I of events. Transitions between configurations
are covered by different modalities: a box modality for accessing all configurations that
are reachable from a given configuration, of, again relative to a set I’ of events; a
diamond modality for checking that an event with arguments is possible with a particular
data state change, (e(X) /); and a modality for checking the reaction to an event with
arguments according to a pre-condition and a transition predicate, {e(X) : ¢ /).

1
Formally, the X'-event/data formulce yQAg over an event/data signature Y and a set
of state variables S are inductively defined by

—  — data state sentence ¢ € ﬂf( 2.0 holds in the current configuration;
— s — the control state of the current configuration is s € S;

4
— |s. o — calling the current control state s, formula o € ﬁ’g/lg&} (s} holds;

— (@Fs)p — in all configurations with control state s € S that are reachable with

1
events from F' C E(X) formula g € ygg holds;
— OFp — in all configurations that are reachable from the current configuration with

L

events from F' C E(X) formula o € fé\/g’ holds;
— (e(X) /1) — in the current configuration there is a valuation of X and a transition
for event e(X) € E(X) with these arguments that satisfies transition formula ¢) €

+
9’%7(32) « and makes o € yg/lg hold afterwards;
- (e(X) : ¢ /] ¢¥)o — in the current configuration for all valuations of X satisfying

state formula ¢ € yf( y,x there is a transition for event e(X) € E(X) with these

1
arguments that satisfies transition formula ) € 3{%1(72)7  and makes ¢ € 559/1; hold
afterwards;

!

— —p — in the current configuration ¢ € ﬂg/lg? does not hold;

. 1

— 01 V p2 — in the current configuration g1 € ﬁg/lsv or gg € 559/1; hold.

We write (Q@s)p for (QF(¥)s)p, Op for OF () g, OF o for ~OF —p, Cp for OF(¥)p,

[e(X) 1] o for —{e(X) J4)—o, and true for |s. s.

Example 9. An event/data formula can make two kinds of requirements on an event/data
structure: On the one hand, it can require the presence of certain mandatory transitions,
on the other hand it can require the absence of certain prohibited transitions. Considering
the simple UML state machine in Fig. 2, the formula

(@s1){inc(x) : cnt + 2 = 4 Jent’ = 4)) s2

11



requires for each valuation of 5: {x} — N such that cnt + = = 4 holds that there is
a transition from control state s to control state s2 for the instantiated event inc(f)
where cnt is changed to 4. On the other hand, the formula

(@s2)[reset / ~(cnt’ = 0)]false

prohibits any transitions out of s2 that are labelled with the event reset but do not satisfy
cnt’ = 0.

In the context of Fig. 2, these formula only have their explained intended meaning
when sI and s2 indeed refer to the eponymous states. However, /\/lip does not show
nominals for explicitly naming control states as part of the state machine’s interface
and the reference to specific states always has to build these states’ context first using
the modalities and the bind operator. On the other hand, as indicated in Sect. 3.4, the
inclusion of nominals may interfere disadvantageously with the reduct formation.

Let o: X — X’ be an event/data signature morphism. The event/data formulce

. M J\ML FM . . .
translation J 1 Fy § — Fx S along o is recursively given by

(
(
(bs.0) = Is. Z2ME,  (0);
((@F 5)0) = (@F@F)5) 72 ();

- FME(OFg) = OEOO Z 2 (g);
( V] F3B, )Tt (0):
(
(
(

()(X) : FB) (O] F2D (ODFE (o)

e(X)[y)e) = (E(o)(e)

( (X
(e(X): ¢Jvbo) = (E(o)

The set SenM%(Z‘) of X-event/data sentences is given by .# 2 , the event/data

sentence translation Sen lD(0): Sen %(2) — Sen™ D(E’) by 35

4.2 Satisfaction Relation for M,

The M%—satisfaction relation connects M%—struotures and M -formulz, expressing
whether in some configuration of the structure a particular formula holds with respect to
an assignment of control states to state variables. Let X’ be an event/data signature, M a
X’-event/data structure, S a set of state variables, v: S — C(M) a state variable assign-
ment, and v € I'(M). The satisfaction relation for event/data formulz is inductively
given by

My
- Mo,y 5§ oiffo(M)(7) ER 5 #

12



My
- M,U,")/ ':275 S lﬂ:’U(S) = C(M)(,Y)’
M . M
- M,v,~ |:E7S Is.oiff Myv{s— c¢(M)(7)},v 'ZE,S&J{s} 0;

My . ME
- M,U,’7 |:2§ (@FS)Q”TM,U;V/ ':275 0
forall o/ € I'F'(M) with ¢(M)(v') = v(s);

1 1
- M,v,~ ng OF 0iff M, v, = & oforally' € I'F(M,);
- M, v,y ):ZS (e(X) J)o iff thereisa B: X — D and a ' € I'(M) such that
Ml
(7:7") € R(M) sy, (w(M)(7),w(M)(1)), B EXlsy x ¥»and M,v. 9" x5 § o

- M, v,y |=ES q (X) : ¢Jvhoiff forall B: X — D with w(M)(7), 8 ER 5 x ¢
there is some 7' € I'(M) such that (v,7") € R(M )¢,
)

ML
(W(M) (), w(M) (7)), B IZA(Z‘)X ¢, and M, v,7" =5 § o;
- M,U,'7 '2275 ﬁgiﬂ‘Ma’Ua’y %Z,S Qv
M . M M
- M,U,")/ ':275 01 \ 02 lﬂ:M,’U,’Y ':z,g 01 OI'M,’U,")/ ':E,g 02.

This satisfaction relation is well-behaved with respect to reducts of /\/lip—structures.
On the one hand, this is due to the use of abstract data names rather than data states in
the structures, and on the other hand to the satisfaction condition of D and 2D.

Lemma 2. Leto: X — X' be aevent/data signature morphism and M’ a 3’ -event/data
1
structure. Forall o € ﬁg/lsv ally e '(M'|o) C I'(M'), and allv: S — C(M’|o) C

C(M') it holds that
/ ) ME / P Mp My
M'lo,v,7" Ex§ o <= M v,y En% 7,5 (o).

Proof. We apply induction on the structure of X'-event/data formule. We only consider

the cases ¢, s, [s.0, (@Fs)g, (e(X) [ ¥)o, and {e(X) : & /] 1) o; negation and
disjunction are straightforward.

Case :
Ml
M/|O',’U7")// ':275 SD
& {def. pMP )

w(M'|o)(v) Flx) ¢
& {def |0}

wM)(Y)lo El(x) ¢
< {satcond. D}

w(M') () EB 5y A(0)()
& {def. EMD )
o =N A0) (@)
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1
& {def. 7P}

My My
Mlvvvfy/ ':Z’?S jg,SD (90)

Case s:
1
Ml|o-7’07’yl ':gg 8
& {def EMD }
v(s) = c(M'|o)(7')
& {def. |0}
v(s) = c(M")(7)
& {def EMD }
ML
M/avalyl ):Z’,?S s
1
& {def. F)P
My My
Mlavalyl ):Z’,?S yU,SD (S)
Case |s. 0:
Mt
MI|0"U”7I ':E,g st Y
& {def. MDY}
’ ! ! / Ml{)
M'|o,v{s = c(M'|o)(v")}, v 'zz,sw{s} e
< { def. |ocand LH. }
M M
Mlvv{s = C(M/)(’yl)}vfyl ':2/??9&,'{5} ja,s‘@{s}(g)
& {def. MDY}
M M
M v+ Ey’s Ls.ﬁmsﬁ{s}(&))
1
& {def. F)P

M M
MI’U”)/ ):Z’,DS ya,SD (i,s : Q)

Case (QF's)p:
Mt
M/|O—7’vayl ':E,g (@FS)Q
& {def. pMP )
0
Mo, v,~" )2/;5 o forally” € I'"'(M'|o) with ¢(M'|o)(7") = v(s)
< {Lem. 13)}

+
M'|o,0,9" =% o forally” € TPOE) (M) with ¢(M'|0) (") = v(s)
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< {def |oandL.H.}

M’ v, =, ZMP(g) forall v € PE@OE) (M) with o(M')(+") = v(s)
& {def. pMP )

M0, s (@FOE ) 720 ()
& {def FXP )

My M
Mlvvvfyl ':Z]’??S‘ ja,SD((@FS>Q)

Case OF p:
1
M'|o,0, Ewt 0F 0
& {def. EMD )
/ " M% " F / /
M'lo,v,9" Ex§ o forally” € I'"(M'|o,7")
< {Lem. 1(2) }
1
M|o,v,7" EN2 o forally” € TE@OE) (M )
< {LH}
1 4
M v, et Fog (o) forally” € PE@OW (01 )
& {def. EMD )
+ +
M',v,y g BFOW .22 (o)
& {det P

4 4
M' v,y E Foe (0F o)

Case (e(X) [JV)o:
/ ;MY
M |O',U,"y |:E7S <6(X)/1/}>Q
& {def. pMP )
4
M'|o,v,4" =58 o forsome f: X — D,~" € ['(M’|o) with
(v's7") € R(M'|0)(g) and
(W(M'|o) (), w(M'|o)(v")). B EA () x ¥
< {Lem. (1)}
1
M'|o,v," ):gg o forsome3: X — D,~"” € I'(M') with
(v',7") € R(IM") p(o)(e)(5) and
(W(M'|o) (), w(M'|o)(v")), B EA () x ¥
& {def |0}
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M'|o,v,y" Fgé’ o forsome 8: X — D,~" € I'(M’) with
(v,7") € R(M") (o) (e)(5) and
(WM (Y)o,w(M) (")), B Ex s x ¥
< {sat.cond. 2D }
M'|o, v, " |:/;z3 o forsome B: X — D,~" € I'(M') with
(") € R(IM) (o (ey(s) and
(WM, w(M) (V). B EX sy x Fage)x @)
< {LH}
M v, " #g% ﬁ;vgv(g) for some 8: X — D, " € I'(M') with
o (/,7") € ROM) ) e 5) 20
(WM (), w(M") (), B EXsry x Fai).x®)
& {def. pMP )

M/ v,y N5 (B(0)(e)(X) [ 738, 4 (6)F2 (o)

& { def. ﬂ/vgv
M’ 0,7 e, Z2P ((e(X) f)0)
Case (e(X) : 6 ) o

Mi
MI|U’U”7I ':E,g <|6(X) : ¢/¢DQ
& {def. EMD )
Mt
M/|O',’U,’}/N lzﬂ,g e
forall 8: X — D such that w(M'|o)(®'), 8 |:A(Z) + ¢ and
some v’ € I'(M'|o) with (v/,~") € R(M’ |a () and
(w(M'|o)(7), w(M'|e) (")), B Ei(x) x
< {Lem. 1(1) }
L
M/|O—7’vay// Izjz\,‘/fg 0
forall 8: X — D such that w(M'|o)(v'), 8 FE(Z) + ¢ and
some " € F(M/) with (7’ 7”) S R( /)E(g)(e)(g) and
(w(M'|o)(7), w(M'|e)(v")), B Ei(x) x
& {def |0}
L
M'|o, v, " |:/;§ 0
forall 8: X — D such that w(M")(v')|o, 8 FE(Z) + ¢ and
some v € I'(M") with (7/,7") € R(M") g(s)(e)(5) and
(w(M)(y)lo,w(M) (")), B E4s) x ¥
< { sat. cond. D, sat. cond. 2D }
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/ "o My
M |O',’U,")/ ':25 Q
forall 8: X — D such that w(M’)(v"), 8 ':E(E/),X j}x)(g),xw) and
some " € F(M/) with (7’ 7”) € R( /)E(o)(e)(ﬁ) and
(W(M")('),w(M") (")), B ':A (Z1),X A(U)X(w)
< {LH}
Mo R F2E (o)
forall 8: X — D such that w(M’)(v"), 8 ':E(E/),X j}x)(g),xw) and
some " € F(M/) with (7’ 7”) € R( /)E(U)(e)( B) and
(WM (), w(M") (")), B ':A (Z1,X A(U)X(w)
& {def. EMD )
/ / M% 7D 2D aMb
v,y ':2/ (E(0)()(X) 1 F4(0),x (D) [ F (o), x ())F5 5" (@)
& {def }

v, @D FMP (le(X) : o ¥)o)

Fora X € |SM%|, an M € |St7"M%(E)|, anda p € SenM%(L’) the satisfaction
1 ’
relation M |:/;D p holds if, and only if, M, 0, vo ):/;5 p forall yg € I'o(M).

1 4 4 . . .
Theorem 1. (SM>, StrM>, Sen™> |=Mb) is an institution.

Proof. The satisfaction condition that forany o: X — X' inSMb, M’ € |StTM% (2],
and p € SenM% (X)), it holds that

il /\/HD M% il
StrMe(o)(M') g p <= M’ Ey,” Sen™'?(0)(p)

directly follows from Lem. 2.

4.3 Representing Simple UML State Machines in M%

The hybrid modal logic M% is expressive enough to characterise the model class of a
simple UML state machine U by a single sentence oy, i.e., an event/data structure M

is a model of U if, and only if, M ):/EVE%) ou - Such a characterisation is achieved by
means of Alg. 1 that is a slight variation of the characterisation algorithm for so-called
operational specifications within £+ [6] by including also events with data arguments.
The algorithm constructs a sentence expressing that semantic transitions according to
explicit syntactic transition specifications are indeed possible and that no other semantic
transitions not adhering to any of the syntactic transition specifications exist. For a set
of transition specifications 7', a call sen(c, I, V, B) performs a recursive breadth-first
traversal starting from ¢, where I holds the unprocessed quadruples (¢, e(X), ¥, ¢') of
transitions in 7" outgoing from ¢, V' the remaining states to visit, and B the set of already
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Alg. 1 Constructing an M%-sentence from a set of transition specifications

Require: 7" = a set of transition specifications
Imr(c) = {(¢,e(X),9,c) | (¢, ¢, e(X), ¢, ') € T}
Imr(c,e(X)) = {(¢,9,¢) | (e, e(X), ¥, ¢) € T}

1 function sen(c, I, V, B) > c: state, I: image to visit, V: states to visit, B: bound states
2 if I = () then

3 (¢,e(X),v,c") < choose T

4 if ¢’ € B then

; return (@c){e(X) : 6 %) (' Asen(e, I\ {(6,e(X), %, )}, V, B))

6 else

7 return (Qc){e(X) : ¢ (I .sen(c, I\ {(¢,e(X),v,)}, V,BU{'}))

s V+V\{c

o if V # () then

10 ¢ <+ choose BNV

1 return sen(c’, Imr(c’),V, B)

12 return (A c 5 fin(c)) AN e cyen (o) 7(@c1)c2

13 function fin(c)
woreturn (QOA, e powy) Apcimreex)

0T (Ao ernepl& A i) A
“(Vw.eremeeeconr@ AV g p.ener )

bound states. The function first requires the existence of each outgoing transition of
in the resulting formula, binding any newly reached state. Having visited all states in V,
it requires that no other transitions from the states in B exist using calls to fin, and adds
the requirement that all states in B are pairwise different. Formula fin(c) expresses that
at ¢, for all events e(X) and for all subsets P of the transitions in 7" outgoing from c,
whenever an e( X )-transition can be done with the combined effect of P but not adhering
to any of the effects of the currently not selected transitions, the e(X )-transition must
have one of the states as its target that are target states of P.

Example 10. Applying Alg. 1 to the set of explicitly mentioned, “black™ transition
specifications 7" of the simple UML state machine Counter in Fig. 2, i.e., calling
sen(sl, Imyp(sl),{s1,s2},{s1}) yields gs1,s; with

0s1.s1 = (Qs1){inc(x) : ecnt + 2 < 4/Jent’ = ent + x) (s A 0s1.52)
051,52 = (Qs1){inc(z) :ent+x =4 /ent’ = ent + x)|s2. (0s2,51)
052,51 = (@s2)(reset : trueJent’ = 0)(s1 A gfin)
Ofin = Ofin(s1) /\ Ofin(s2) N\ (Q@s1)s2
0fin(s1) = (@s1)([inc(z) J-((ent+ z < 4 Acnt’ =cent+ ) V
(ent +z = 4 Aent’ = 4))]false A
[inc(z)J(ent+2z <4 Acnt' =cnt+2z) A
—(ent+xz =4 Acnt/ =4)]s1 A
[inc(z)f(cnt+x =4 Acnt’ =4) A
—(ent+ 2z < 4 Acnt’ =cnt+ 2)]s2 A
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[inc(z)J(ent+ 2z <4 Acnt' =cnt+2z) A
(ent+xz =4 Aent' =4)](s1 Vs2) A
reset // truelfalse)

[

Ofin(s2) = (@s2)([inc(z) J true]false A
[reset /= (cnt’ = 0)]false A
[reset Jent’ = 0]s1)

In fact, there is no outgoing “black” transition for reset from s7, thus P = 0 is
the only choice for this event in fin(s!) and the clause [reset // true]false is included.
For inc(z) there are two outgoing transitions resulting four different clauses checking
whether none, the one or the other, or both transitions are executable.

In order to apply the algorithm to simple UML state machines, the idling self-loops
for achieving input-enabledness first have to be made explicit. For a syntactically input-
enabled simple UML state machine U a characterising sentence then reads

ou = lco . o Asen(co, Impy(co), C(U), {co})

where ¢y = ¢o(U) and @9 = ¢o(U). Due to syntactic reachability, the bound states B
of Alg. 1 become C'(U) when sen is called for B = {co(U)} and V reaches ().

5 A Theoroidal Comorphism from MY, to CasL

We define a theoroidal comorphism from M% to CasL. The construction mainly follows
the standard translation of modal logics to first-order logic [2] which has been considered
for hybrid logics also on an institutional level [12,3].

The basis is a representation of M%-signatures and the frame given by M%-
structures as a CasL-specification as shown in Fig. 3. The signature translation

1
S SMD s Preg®st

maps a M%—si gnature X to the CasL-theory presentation given by TRANs x; and a M%—
signature morphism to the corresponding theory presentation morphism. TRANS 5 first
of all covers the events and event names according to E(X) (types Evt and EvtNm
with several alternatives separated by “|”) and the configurations (type Conf with a
single constructor “conf”) with their control states (sort Ctrl) and data states given by
assignments to the attributes from A(X) (separated by “;”). The remainder of TRANS x;
sets the frame for describing reachable transition systems with a set of initial configura-
tions (predicate init), a transition relation (predicate trans) and reachability predicates.
The specification of the predicate reachable uses CasL’s “structured free” construct to
ensure reachability to be inductively defined. The model translation

pMod s Mod®st (18 (5)) — StrMp (X))

then can rely on this encoding. In particular, for a model M’ € Mod“*(15(X)), there
are, using the bijection tps/ g; atM =~ D, an injective map tas/ Conf : ConfM/ —
Ctr1M x (A(X)) and abijective map tap got : Evt™ 22 {e(8) | e(X) € E(X), B: X —
D}. The M%-structure resulting from a CasL-model of TRANs x; can thus be defined by
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from Basic/StructuredDatatypes get SET % import finite sets
spec TrRansy = Dt
then free type Evt ::= 7.(E(X))
% e({e(X)}) = e(dt™*), e({e(X)} U B) = e(dt™)) | 7o (E)
free type EvtNm := 7, (E(X)) % m({e(X)}) = e, m({e(X)}UE) =e | m(E)
op nm : Evt — EvtNm
axiom Vzi,..., 2, : dt -nm(e(x1,...,2n)) = € % foreach e(z1,...,x,) € E(X)
then Ser[sort EvtNm]
then sort Ctrl
free type Conf ::= conf(c : Ctrl; 7a(A(X)))
Y% ma({a}) =a:dt, a({a} UA) =a: dt;a(A)
preds init : Conf;
trans : Conf x Evt x Conf
-dg : Conf - init(g) % there is some initial configuration
-Vg,g’ : Conf - init(g) A init(g") = c(g) = c(g’) % single initial control state
free { pred reachable : Set[EvtNm] x Conf x Conf
Vg,9',g" : Conf, E : Set[EvtNm], e : Evt
- reachable(FE, g, g)
- reachable(E, g,¢') Anm(e) € E A trans(¢’, e,g"”) = reachable(E, g,¢") }
then preds reachable(E : Set[EvtName], g : Conf) <
Jgo : Conf - init(go) A reachable(E, go, g);
reachable(g : Conf) < reachable(E(X), g)
end

Fig. 3. Frame for translating /\/l% into CasL

— DAYM") = 03} cont({9' € Moy | reachable™’ (¢)})
= Ry (M"))e(s) = {(v,7') € T(vg°4(M") x T'(vg°d(M")) |
trans™ (earr,cont (), [’JT;’,Evt (e(B)), tmr,cont(Y))})
— To(Med(M)) = {y € D@ARY(M")) | init™ (tar cont (7)) })
- whed (M) = {(c,w) € T(WH°Y(M")) = w}

For M%—sentences, we first define a formula translation

1
F . gMp a7 CasL
VSs9° P s T S usa(s),50(g)

which, mimicking the standard translation, takes a variable g : Conf as a parameter
that records the “current configuration” and also uses a set S of state names for the

control states. The translation embeds the data state and 2-data state formula using the

substitution A(X)(g) = {a — a(g) | a € A(X)} for replacing the attributes a € A(X)
by the accessors a(g). The translation of M%—formu]ze then reads

= VE5,4(0) = P05, a9 (¥)

(
- v g4(8) = (s = c(9))

- v Sg@s 0) =3s: Ctrl.s = c(g) A Vﬁﬂ,sw{s},g(g)

-7 S,g((@FS> ) =Vg' : Conf. (c(¢g') = s Areachable(F, ¢")) = Vﬁs,g/(é))
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- Vgsﬁg(DFg) = Vg’ : Conf .reachable(F, g, g’) = Vgs,g'(é’)
- Vgsg«e(X)iw)g) =3X :dt. 3¢ : Conf.trans(g,e(X),g") A
h o () A v .54 (0)
v5i9 (52),A(2)(g)UA(X)(9")Ulx >,5,9'\0

Vgs,g(qe(X) cQ[dho) =VX :dt. yycé:ng) A(Z)(g)Ulx (¢) =
g’ : Conf . trans(g, e(X), g’) A

ASL F
F8(5),A(5)(0)uAE) (g u1x (V) A V3540 (0)

Vg,S,g(ﬁQ) = ﬁyg&g(g)
- Vg,s,g(yl V 02) = Vﬁs,g(gl) v Vgs,g(w)

Example 11. The translation of (Qs!){inc(x) : ent + 2z < 4 Jent’ = ent + x) s over
the state set {s! } and the configuration variable g is

ui{sl}g((@sl)qmc(tx) cent+x < 4fent’ = cnt + z)s1)

g’ : Conf . (c(g’) = sI Areachable(qg’)) =
vi{sl}yg,(qmc(:c) cent+ 2 < 4fent’ =cnt + x)s1)

= Vg’ : Conf. (c(¢’) = sI Areachable(g’)) =
Ve :dt.cnt(g')+z<4=
" Conf . trans(g inc(z), ") A
ent(g”) = ent(g’) +
)

= Vg’ : Conf. (c(g') = sI Areachable(g’)) =
Ve :dt.cnt(g')+z<4=
": Conf . trans(¢’, inc(x), g") A
cnt(g”) = ent(g') + x A s1 = ¢(g”)

+zAvE {s11,gm(81)

Building on the translation of formule, the sentence translation
V57 Sen™B (£) = Sen (159 (£))
only has to require additionally that evaluation starts in an initial state:
V3 (p) = Vg : Conf . init(g) = ug&g(p)

The translation of CasL-models of TRANS x> into Mip-structures and the translation
of /\/lip—formulze into CasL-formula over Transx; fulfil the requirements of the “open”
satisfaction condition of theoroidal comorphisms:

Lemma3. Fora o € 22, an M € Mod®(15(%)), a v: S — C(vMed(M"))
e z,8> , : ,
anda~y € I'(v}°4(M")) it holds with 65\4,79(1},7) = LA*/[l,ﬁcm ovU{g — tmr.cont(7)}
that
M ASL
Vg‘/[Od(MI)’U”y ':E,g 0 — Mlﬂﬁﬁbf’,g(vav) ):SSZI(E),SU{g} Vgs,g(g) .

Proof. We apply induction on the structure of X'-event/data formule. We only consider

the cases ¢, s, [s.0, (@Fs)g, (e(X) [ ¥)o, and {e(X) : & /] 1) o; negation and
disjunction are straightforward.
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Case :
0 Mz

vy (M), v,y ERE @
& {def. pMP )

Wy (M)(v) Els) ¢
& {def. =P, def. = }

M i3 g 0 WA (M) () U

{g = LM’,Conf('Y)} SQZ;L(Z),{g} yféﬁtg),/}(z)(g) (‘P)

& {def. O}

Mlaﬂﬁw, (v,7) |=V5m(2) Su{g} T 515(2 (2)(9)("0)
& { def. v? }

Mlvﬂ;\/f/, ( 7) ':1/519(2) Su{g} Vgs g(w)

Case s:
4
ARYM) 0,7 ERE s
& {def. pMP )

v(s) = c(wy®(M"))(7)
& {def. M S

Mlvﬂ;\/f’, (v,7) |:V5m(2) Su{gt S = c(g)
& { def. v7 }

M’ B 4(0.7) BV 5) 5010y V505.6(5)

Case |s. o:
Mt

v (M), 0,7 58 s o

& {def EMD
o o ML

1/%[ d(M) v{s = c(vy, M d(M N 'zz,gw{s} e

< {LH}

M, By g (vfs = e (M) (1)}, 7) ES8 5y (swishute) Voswist ()
& {def. &}

M’ B (0,7) i), suggy 35 Ctils = o(9) AV sugs,4(0)
< { def. v” }

M’,ﬂﬁwﬁ (v,7) Fysw(z) Su{g} Vgs g(\l/s o)
Case (@Fs)p:

Mi
vy (M), v,y v B (@Fs)p
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& {def. EMD )
o My
V}‘/I d(M’),’U,"}// 'zz,g Q
forall o/ € I'F(v¥d (M) with c(VY°Y (M) (V) = v(s)
< {LH.}
M, By g (v,7) CsfgL(x) SU{g'} V¥ 5.4 (0)
forall o/ € I'F(vMod(M")) with (XY (M) (') = v(s)
& {def. &}
M/aﬁﬁw,g(?}ﬁ) 'ZSS;L(E),SU{g}
Vg’ : Conf . (c(g') = s Areachable(F,g')) = z/gsyg/(g)
< { def. v7 }

Mlaﬁ;\/[’, ( 7) ':1/515(2) Su{g} VgSg((@ S) )

Case OF p:
1
Med(M'), 0,7 52 OF g
& {def. EMD )
4
(M), 0,7 ES B o forally € IF(Md(M'), )
< {LH.}
M/vﬂg\/f/,g’ (v,7) ':SQZL@),SU{Q/} Vﬁﬂ,s,g'(é’) forall 7' € FF(Vg/IOd(M/)a'Y)
& {def. &}
M/vﬂg\/f/,g(v”)/) ':Sgis;(ﬂ),su{g} VQ/ : Conf . reachable(F,g,g’) = Vﬁs,g’(g)
& {def.v” }

M, By o (0,7) ESS () 500 Vo5,9(07 0)

Case (e(X) f¥)o
A, 0,y N (e(X) J )
& {def. EMD )
AR, 0, 1R o
for some 3: X — D, ' € I'(v}¥°d(M")) with
(7,7) € R(v3/°4(M")) () and
(WS (M"))(7), w3 (M) (1)), B EXl sy x ¥
& {LH,def. =7, def. =}

Mlvﬂ;\/l/, ( ’Y) |:V519(2) Su{g} Vgs g(g>
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for some 3: X — D, € I'(vY¥°d(M")) with
(7,7") € R(v32°4(M'))c(s) and
M, 03 g © (WA (M) (7) + w(@hied(M))(v')) U B) U
{g = LM’,Conf(’y)ag/ = LM’,Conf('Y/)} ':ngsgld(z)’XU{g’g/}
T35 A @A) @uix ()
& {def. O}
Mlv ﬂ;\/ﬂ,g(v’ 7) ':(V:QZL(E),SU{Q}
3X : dt.3g’' : Conf . trans(g,e(X),g’) A
Z85) A0 @uA(D) @yutx (W) AV 54(0)
& {def.v” }

M, By 4(v,7) FS?%L(E),Su{g} Vg,s,g“e(X)/@é’)
Case (e(X) : ¢ JY)o:

V(M) 0,y T e(X) < o f¥he
& {def. EMD )

V%Od(M'),U’fy ':/Z\J/% 0
forall 3: X — D such that w(v}°d(M"))(7), B ':2(2),)( &
and some v/ € I'(vY°4(M")) with (v,7') € R(WAY(M))c(p)
and (w (v (M) (7), w54 (M) (1)), B EX(s) x ¥
& {LH. def. £7, def. 77, def. " }

CasL

M, B o(v,7) Fosu(s),50{g} Vg,S,g(Q)
for all 5: X — D such that
M ih 4y o (@A) (1) U B) U
{9 tarr,cont (V) } FS?ZL(E),XU{g} 9533?2),,4(2)(;;)&;((‘;5)
and some o/ € I'(v3!°4(M’)) with (7,7') € R(vy°N(M'))e(s)
and M, i3 g, 0 (WA (M) () + w@hed (M) (v')) U B) U
{g = LM/,Conf(’Y)ag/ — LM/,COnf(’)/)} SgisgL(E),XU{g,g/}
Z5s),a00( Huix (¥)
v (X)), g)UA(Z)(g")V1x
o { def. ':CASL }
Mla ﬁ;\d’,g(?}) ’Y) ':(V:glsﬂL(E),SU{g}
VX :dt. jfét;](ﬂ),A(E)(g)le(qs) =
J¢’ : Conf . trans(g,e(X),g") A
ASL F
juc&g(E)vA(Z)(g)UA(E)(g’)le (W) A VZ’Svg(Q)

& {def.v” }
M’aﬁﬁvp,g(vﬁ) |:S§§L(z),5u{g} Vg,s,g(qe(X) 1o Yho)
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logic UMLSTATE
spec Counter =
var cnt;
event inc(z);
event reset;
states si, s2;
init s1 : cnt =0;
trans s! --> sI : inc(z) [ent+2<4] / { cnt :
trans s! --> s2 : inc(x) [ent+x=4] / { cnt :
trans s2 --> sl : reset [ent=4] / { cnt := 0 };
end

cnt+x };
cnt+x };

Lst. 1. Representation of the simple UML state machine Counter in UMLSTATE

Theorem 2. (v°, M0, 15" is a theoroidal comorphism from ./\/liD to CAsL.

Proof. Let X € SMb, M’ € [Mod“***(15(%))|, and p € Sen™Mp (X). The satisfaction
condition follows from
M¢
V%[Od(MI) Ex
& {def. EMD )
'
(M), 0,790 Egg p forall g € To (1A (M)
< {Lem.3}
M, By (0,70) BV sy 10y Vi g4(p) forallyg € T34 (M'))
& {def. &}
M’ S‘;‘ZL(E) Vg : Conf . init(g) = l/‘i@,g(p)
& {def. 5"}

MRS ) V()

6 Proving Properties of UML State Machines with HETS and Spass

We implemented the translation of simple UML state machines into CasL specifications
within the heterogeneous toolset HETS [15]. Based on this translation we explain how
to prove properties symbolically in the automated theorem prover Spass [20] for our
running example of a counter.

6.1 Implementationin HETS

For aHETS chain from simple UML state machine to CasLand Spass, we first defined
the input language UMLSTATE and extended HETS with a parser for this language.
The syntax of UMLSTATE closely follows the ideas of PlantUML [18], such that, in
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particular, its textual specifications can potentially be rendered graphically as UML
state machines. Listing 1 gives a representation of our running example Counter, cf.
Sect. 3, in UMLSTATE. Note that UMLSTATE uses more conventional UML syntax
for effects on transitions, e.g., “cnt := cnt + z”. Next, we extended HETS with a
syntax representation of our logic MY, cf. Sect. 4, and implemented Alg. 1 in HETS
to automatically translate UMLSTATE specifications into /\/lip specifications, where we
arrive at the institutional level. In this step, effects on transitions are turned into logical
formule, like “cnt’ = cnt + x”. Finally, we extended HETS with an implementation of
the comorphism from M% into CasL, cf. Sect. 5. The implementation has been bundled
in a fork of HETS (https://github.com/spechub/hets) and provides a translation
chain from UMLSTATE via CasL to the input languages of various proof tools, such as
the automated theorem prover Spass.

6.2 Proving in Spass

Figure 4 shows the CasL specification representing the state machine from Fig. 2, ex-
tended by a proof obligation %(Safe)% and proof infrastructure for it. We want to prove
the safety property that cnt never exceeds 4 using the automated theorem prover Spass.

The CastL specification CouNTER imports a specification TRaNs which instantiates
the generic frame translating M% into Cast, cf. Fig. 3. However, the first-order theo-
rem prover Spass does not support CasL’s structured free that we use for expressing
reachability. For invariance properties this deficiency can be circumvented by loosely
specifying reachable (i.e., omitting the keyword free), introducing a predicate invar,
and adding a first-order induction axiom. This means that we have to establish the safety
property for a larger model class than we would have with freeness. When carrying out
symbolic reasoning for invariant referring to a single configuration, the presented in-
duction axiom suffices. Other properties would require more involved induction axioms,
e.g., referring to several configurations.

Then the specification provides the machine axioms as stated (partially) in Ex. 10.
The axioms following the %implies directive are treated as proof obligations. We first
state the safety property that we wish to establish: in all reachable configurations,
the counter value is less or equal 4 — %(Safe)%. The remainder steers the proving
process in Spass by providing suitable case distinctions. For invariants referring to a
single configuration, these could also be generated automatically based on the transition
structure of the state machine.

As proof of concept, we automatically verified this safety property in Spass. In this
experiment, we performed some optimising, semantics-preserving logical transforma-
tions on the result of applying the comorphism, to make the specification more digestible
to the theorem prover. These transformations include the removal of double negations,
splitting a conjunction into separate axioms, and turning existentially quantified control
states into constants by Skolemisation.

7 Conclusions and Future Work

We have described a new, institution-based logical framework M% that captures simple
UML state machines. This is in contrast to previous approaches that modelled UML
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spec CouNTER = TRANS
then pred invar(g : Conf) < (c(g) = sI A cnt(g) < 4) V (c(g) = s2 N cnt(g) < 4)
%0 % induction scheme for “reachable” predicate, instantiated for “invar’:
- ((V g : Conf - init(g) = invar(g))
AV g, g :Conf;e: Evt
- (reachable(g) = invar(g)) N reachable(g) N trans(g, e, g’) = invar(g’))
=V g : Conf - reachable(g) = invar(g)
then ... machine axioms . ..
then %implies
%0% the safety assertion for our counter:
V g : Conf - reachable(g) = cnt(g) < 4 Yo(Safe)%o
%0 %o steering Spass with case distinction lemmas, could be generated algorithmically:
Vg, g :Conf;e: Evt; k: Nat

- init(g) = invar(g) Yo(Invarlnit) %o
- (reachable(g) = invar(g)) N reachable(g) N trans(g, e, g’) \ e = reset

= invar(g’) % (InvarReset) %o
- (reachable(g) = invar(g)) N reachable(g) N trans(g, e, g’) N\ e = inc(k)

= invar(g’) %o(Invarlnc)%
- (reachable(g) = invar(g)) N reachable(g) N trans(g, e, g’)

= invar(g’) Yo(InvarStep) %o
- invar(g) = cnt(g) < 4 %o (InvarImpliesSafe) %o

Fig. 4. CasL specification of our running example

parts directly as an institution and ran into difficulties in establishing the satisfaction
condition [19]. By (1) defining an institution-based translation from ./\/liD into the CasL
institution and (2) implementing and thus automatising our translation within HETS,
we made it possible to analyse UML state machines with the broad range of provers
accessible via HETS.

The resulting tool chain allows us to apply an automatic prover (as demonstrated
here using the theorem prover Spass), or several automatic provers, where they work and
switch to interactive tools like Isabelle where necessary (not needed in the analysis of
our example Counter). Not only does this switch require no manual reformulation into
the interactive tool’s input language, rather, it can be done even within one development:
We could possibly show some lemmas via automatic first-order provers, some lemmas
via domain-specific tools, then use those to prove a difficult lemma in an interactive
prover, then apply all those lemmas to automatically prove the final theorem. HETS
allows us to use the best language and the best tool for each job, and takes care of linking
the results together under the hood.

It is future work to extend M% to cover more elements of UML state machines,
such as hierarchical states and communication networks. The main challenge here will
be to enrich /\/liD in such a way that it offers suitable logical representations for the
additional structural elements (hierarchical states or communication networks) rather
than to flatten these: We anticipate symbolic reasoning on UML state machines to be
“easier” if their structural elements are still “visible” in their CAsL representations.
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In the long term, we work towards heterogeneous verification of different UML dia-

grams. One possible setting would be to utilise interactions as a specification mechanism,
where communicating state machines model implementations.
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A Full CasL specifications
library counter_generated

Yodisplay(__<=__ %LATEX __<_ )%
Yodisplay(__>=__ %LATEX __>_ )%
Yoprec({__+__} <{_*__,__div__,__mod__})%
Yoprec({__*_ ,_div._,_mod__} <{__"_}N%
Yoright_assoc(__ +__, _x__,__—_ )%

Yonumber __QQ__

spec NaT =

type Nat:: =0 | suc(Nar)

ops __ +__: Nat X Nat — Nat;
_ *%__: Nat X Nat — Nat

preds _ <_ ,_ <_, > , > |, ==__
: Nat x Nat

¥ n,m: Nat

e0+n=n

o suc(n) + m = suc(n + m)

e0xn=20

esucln)xm=m-+nxm

e(0<n

e —suc(n) <0
o suc(m) < sucn)&>m<n
em>nsn<lm
em<nesm<nA--m=n
em>n—n<m
em==nsm=n
then %odef
Yo% Operations to represent natural numbers with digits:
ops 1 : Nat=suc(0);

2 . Nat = suc(1);
3 : Nat = suc(2);
4 : Nat = suc(3);
5 : Nat = suc(4);
6 : Nat = suc(5);
7 : Nat = suc(6);
8 : Nat = suc(7);
9 : Nat = suc(8);

__@Q@Q_ (m: Natyn: Nat) : Nat =m * suc(9) + n

thenops __+__ : Nat x Nat — Nat, assoc, comm, unit 0,
__%__: Nat x Nat — Nat, assoc, comm, unit 1
Vrs,t: Nat
e(r+s)xt=rxt+sx*t
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otx(r+s)=t*xr—+txs
end

spec GENERATESET[sort Elem] = Yomono
generated type Set[Elem] : : = {} | __+__(Set[Elem]; Elem)
pred __eps_ : Elem X Set[Elem]
Vx,y: Elem; M,N : Set[Elem]
e —xeps{} %o(elemOf_empty_Set)%o
exepsM+y&sSx=yVxepsM
Yo(elemOf_NonEmpty_Set)%o
eM=N&Vx: Elemexeps M < xeps N
Yo(equality_Set)%o
end

spec Set[sort Elem] given NAT = %omono
GENERATESET[sort Elem]
then %odef
preds isNonEmpty : Set[Elem];
__isSubsetOf __ : Set[Elem] x Set[Elem]
ops {__}: Elem — Set[Elem];
#__ . Set[Elem] — Nat,
_ +_ : Elem x Set|Elem] — Set|Elem];
__ —__: Set[Elem] x Elem — Set|Elem];
__intersection__, _union__, __—__,
__symDiff __: Set[Elem] x Set[Elem] — Set[Elem]

g—)

end

spec EVINAMESET =
Set[sort EviName] with Set[ EviName] — EvtNameSet
end

spec TRANS =
Nar

then EvTNAMESET

then sorts Conf, Ctrl, Evt, EvtName, EvtNameSet, Nat
op cnt: Conf — Nat
op conf : Ctrl x Nat — Conf
op ctrl: Conf — Ctrl
op evtName : Evt — EvtName
op evtName_inc : EvtName
op evtName_reset : EviName
op evt_inc : Nat — Evt
op evt_reset . Evt
op sl: Ctrl
op s2: Cwl
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pred init : Conf
pred reachable2 : EvtNameSet x Conf
pred trans : Conf x Evt x Conf

Vg: Conf

e init(g) < ctrl(g) = sl N cnt(g) == (op 0 : Nat) %o (init) %o
Yo% free

generated types

Evt : : = evi_inc(Nat) | evt_reset,

EvtName : . = evtName_inc | evtName_reset,

Conf : : = conf(Ctrl; Nat) %o(free_types)Yo
Vg’ : Conf

o ctrl(g’) = sl
A reachable2((evtName_inc
+ (evtName_reset + (op {} : EviNameSer)) :
EvtNameSet)

EvtNameSet,
g’ : Conf)
=Vk: Nat
o (cnt(g’) + k : Nat) : Nat < (op4 : Nat)
=3Jg”: Conf
o (trans(g’, evt_inc(k), g”)
A cnt(g”) == (cnt(g’) + k : Nat) : Nat)
A sl =ctrl(g”)
Y%o(machine)%o
Vg’ : Conf
o ctrl(g’) = sl
A reachable2((evtName_inc
+ (evtName_reset + (op {} : EviNameSet)) :
EvtNameSet)

EvtNameSet,
g’ : Conf)
=Vk: Nat
o (cnt(g’) + k : Nat) : Nat == (op 4 : Nat)
=3Jg”: Conf
o (trans(g’, evt_inc(k), g”)
A cnt(g”) == (cnt(g’) + k : Nat) : Nat)
A s2 =ctrl(g”)
%o(machine_1)%
Vg’ : Conf
ectrl(g’) =s2
A reachable2((evtName_inc
+ (evtName_reset + (op {} : EviNameSet)) :
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EvtNameSet)

EvtNameSet,

g’ : Conf)
= cnt(g’) == (op 4 : Nat)
=3dg”: Conf

o (trans(g’, evt_reset, g”) N\ cnt(g”) == (op 0 : Nat))
A sl =ctrl(g”)
%o(machine_2)%
Vg : Conf
o ctrl(g’) = sl
A reachable2((evtName_inc
+ (evtName_reset + (op {} : EviNameSet)) :
EvtNameSet)

EvtNameSet,
g’ : Conf)
= (((n3dk : Nat
edg”: Conf
o (trans(g’, evt_inc(k), g”)
A (true
A= (((ent(g’)+ k : Nat) : Nat < (op4 : Nat)

A cnt(g”) == (cnt(g’) + k : Nat) : Nat)
V ((cnt(g’) + k : Nat) : Nat

== (op4 : Nat)
A cnt(g”)
== (cnt(g’) + k : Nat) : Nat))))
A true)
A- 3k : Nat
eJg”: Conf

o (trans(g’, evt_inc(k), g”)
A (((cnt(g’) + k : Nat) : Nat < (op 4 : Nat)
A cnt(g”) == (cnt(g’) + k : Nat) : Nat)
A= ((ent(g’) + k : Nat) : Nat == (op 4 : Nat)
A cnt(g”) == (cnt(g’) + k : Nat) : Nat)))
A—sl =ctrl(g”))
A—-3k: Nat
eJg”: Conf
o (trans(g’, evt_inc(k), g”)
A (((cnt(g’) + k : Nat) : Nat == (op 4 : Nat)
A cnt(g”) == (cnt(g’) + k : Nat) : Nat)
A - ((ent(g’) + k : Nat) : Nat < (op4 : Nat)
A cnt(g”) == (cnt(g’) + k : Nat) : Nat)))
AN s2=ctrl(g”))
A3k : Nat
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edg”: Conf
o (trans(g’, evt_inc(k), g”)
A ((((cnt(g’) + k : Nat) : Nat < (op 4 : Nat)
A cnt(g”) == (cnt(g’) + k : Nat) : Nat)
A ((ent(g’) + k : Nat) : Nat == (op 4 : Nat)
A cnt(g”) == (cnt(g’) + k : Nat) : Nat))
A — false))
AN sl =ctrl(g”) N — 52 =ctrl(g”)))
A—-dg”: Conf
o (trans(g’, evt_reset, g”) A (true N\ — false)) N true
%o(machine_3)%
Vg’ : Conf
ectrl(g’) =52
A reachable2((evtName_inc
+ (evtName_reset + (op {} : EviNameSer)) :

EvtNameSet)
EvtNameSet,
g’ : Conf)
= ((—dk: Nat
eJg”: Conf

o (trans(g’, evt_inc(k), g”) N (true N\ — false)) N true)
A—-3dg”: Conf
o (trans(g’, evt_reset, g”)
A (true
A~ (cnt(g’) == (op 4 : Nat)
A cnt(g”) == (op 0 : Nat))))
A true)
AN—-dg”: Conf
o (trans(g’, evt_reset, g”)
A ((cnt(g’) == (op 4 : Nat)
A cnt(g”) == (op 0 : Nat))
A — false))
AN-sl =ctrl(g”)
%o(machine_4)%
e Vg : Conf
o ctrl(g’) = sl
A reachable2((evtName_inc
+ (evtName_reset
+ (op {} : EvtNameSet))

EvtNameSet)

EvtNameSet,
g’ . Conf)
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=52 =ctrl(g’)
%o(machine_5)%
e Vg : Conf
octrl(g’) =52
A reachable2((evtName_inc
+ (evtName_reset
+ (op {} : EvtNameSet))

EvtNameSet)

EvtNameSet,
g’ Conf)
= sl =ctrl(g’)
%o(machine_6)%o
Vk: Nat
e evtName(evt_inc(k)) = evtName_inc %o(evtEqs) Yo
e evtName(evt_reset) = evtName_reset %o(evtEqs_7)%

Ve: Evt;k,|: Nat

e ¢ =cvt reset NV 3k : Nat e e = evt_inc(k)

e — evt_reset = evt_inc(k)

e evt_inc(k) = evt_inc(l) & k=1

Vg: Confedc: Ctrl;k : Nateg= conf(c, k)

Ve, d: Ctrlyk, 1 : Nat e conf(c, k) =conf(d,]) c=dNk=1
end

spec PrROVE =
TrANS

then ops s/,s2 : Ctrl
o —s5] =52

then op  allEvts : EvtNameSet
= evtName_inc + eviName_reset + {}
e Jg: Conf einit(g)
Vgl, g2 : Conf einit(gl) N init(g2) = ctrl(gl) = ctrl(g2)
pred invar(g : Conf)
& (ctrl(g) = s1 N cent(g) < 4)
V (ctrl(g) = s2 A cnt(g) < 4);

“%0% induction scheme for “reachable” predicate, instantiated for invar
YV es : EvtNameSet
o (Vg : Conf einit(g) = invar(g))
AV g, g : Conf,e: Evt
e (reachable2(es, g) = invar(g)) A reachable2(es, g)
A trans(g, e, g’)
= invar(g’))
=V g : Conf e reachable2(es, g) = invar(g)
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Yo(InvarlsReachableInd) %o

then %implies

Vm,n: Nat,g : Conf
em=nsSm==n

o init(g) = ctrl(g) = sl
e init(g) = cnt(g) =0
e0xm+n=n
e0x94+n=n
e0Q@Qn=n

%0 % case distinction lemmas, can be generated algorithmically
Vg, g : Confye: Evt;k: Nat
e init(g) = invar(g)
e (reachable2(allEvts, g) = invar(g)) N reachable2(allEvts, g)
A trans(g, e, ') /\ e = evt_reset
= invar(g’)

e (reachable2(allEvts, g) = invar(g)) N reachable2(allEvts, g)
A trans(g, e, g') N\ e = evt_inc(k)
= invar(g’)

e (reachable2(allEvts, g) = invar(g)) N reachable2(allEvts, g)
A trans(g, e, g') N\ e = evt_inc(k) A ctrl(g) = sl
Acent(g) + k<4
= invar(g’)

e (reachable2(allEvts, g) = invar(g)) N reachable2(allEvts, g)
A trans(g, e, g') N\ e = evt_inc(k) A ctrl(g) = sl
ANent(g) + k=4
= ctrl(g’) = s2

e (reachable2(allEvts, g) = invar(g)) N reachable2(allEvts, g)
A trans(g, e, g') N\ e = evt_inc(k) A ctrl(g) = sl
ANent(g) + k=4
= cnt(g’) =4

e (reachable2(allEvts, g) = invar(g)) N reachable2(allEvts, g)
A trans(g, e, g’) N\ e = evt_inc(k) A ctrl(g) = s2
ANent(g) + k=4
= false

e (reachable2(allEvts, g) = invar(g)) N reachable2(allEvts, g)

A trans(g, e, g’)
= invar(g’)
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%o(thm_eq) %o

Yo(thm_init_ctrl) %o
Yo(thm_init_cnt)%

%o(thm_0at0) %o
%o(thm_0at0) %o
%o(thm_0at0) %o

Yo(Invarlnit) %o

Yo(InvarReset) %o

Yo(Invarlnc) %o

Yo(Invarlnc) %o

Yo(Invarlnc) %o

Yo(Invarlnc) %o

Yo(Invarlnc) %o

Yo(InvarStep) %o



e invar(g) = cnt(g) <4 %o(InvarImpliesSafe) %o
Yo% the safety theorem for our counter

YV g : Conf e reachable2(allEvts, g) = cnt(g) < 4 %o(Safe) Yo
end
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