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Abstract

In this article, we continue the program started in of exploring
an important class of thermodynamic systems from a geometric point
of view. In order to model the time evolution of systems verifying
the two laws of thermodynamics, we show that the notion of evolution
vector field is adequate to appropriately describe such systems. Our
formulation naturally arises from the introduction of a skew-symmetric
bracket to which numerical methods based on discrete gradients fit
nicely. Moreover, we study the corresponding Lagrangian and Hamil-
tonian formalism, discussing the fundamental principles from which
the equations are derived. An important class of systems that is natu-
rally covered by our formalism are composed thermodynamic systems,
which are described by at least two thermal variables and exchange
heat between its components.



1 Introduction

In this paper, we continue the differential geometric study initiated in our
paper about the evolution vector field associated with a contact system [2].
However, when we analyze more complex thermodynamic examples, we will
soon realize that it is often necessary to consider alternative geometrical
structures from those of contact geometry and/or combine them properly.

Our approach differs from others in the previous literature, where dif-
ferent authors introduce simultaneously a skew-symmetric and a symmetric
bracket with combined properties that allow the two laws of thermodynam-
ics to be satisfied. This is the case, for instance, of metriplectic structures
(see [25,129] and references therein) or also the so-called single generation
formalism [16,/17]. Alternatively, other authors such as Gay-Balmaz and
Yoshimura introduce in [19,)20] a “variational principle” for the description
of thermodynamic systems by means of phenomenological and variational
constraints.

The application of contact geometry (see |323]) to model thermodynam-
ics is suggested by Gibbs’ fundamental relation, which relates extensive and
intensive variables defining the state of thermodynamic systems. Contact
geometry is the odd dimensional counterpart of symplectic geometry [21,26].
From this point of view, the flow of the restriction of the contact vector field
to a Legendre submanifold of an appropriate contact manifold is interpreted
as a thermodynamic process [30,31]. The most familiar symplectic frame-
work can be obtained by symplectification of the contact manifold, obtaining
a symplectic manifold with an additional structure of homogeneity bringing
together energy and entropy representations (see also [4}34]).

In the present paper, after quickly reviewing contact geometry in Section
we focus not on the dynamics derived from the contact vector field as
in [5,6,/11] but instead we will choose a different vector field: the so-called
evolution vector field. We remark that the evolution vector field is defined
exclusively in terms of a bi-vector or, equivalently, a skew-symmetric bracket
of functions. This fact allows the use of discrete gradient methods [2,22}24]
to numerically simulate the dynamics of thermodynamic processes. In 2], we
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show that the evolution vector field preserves the Hamiltonian, which means
that it models an isolated system. Moreover, we show that this vector field
is tangent to the kernel of the contact form, which corresponds to the first
law of thermodynamics.

As a novelty, we state in Section [3| a “variational principle” for the evo-
lution dynamics in a Lagrangian framework, which is a generalization of
Chetaev’s principle (cf. [§]).

In Section |4} we briefly review some basic principles of Thermodynamics
and how the evolution vector field models isolated simple thermodynamic
systems with friction (see [2]).

In the final part of our paper, we will show in Section [5| that the evolu-
tion vector field or Hamiltonian vector field associated to a skew-symmetric
bracket is also useful to describe more complex systems outside the scope of
contact geometry. For instance, we study as an example a system composed
of at least two subsystems exchanging heat with each other [32}33].

After that, in Section [6] we present numerical methods that have the
property of satisfying the two laws of thermodynamics. To illustrate this
point, we run a simulation for each class of systems addressed in the paper.

Finally, in the last section, we conclude pointing out some possible di-
rections for further research.

2 Contact geometry

In this section, we recall the facts about contact geometry which will be
necessary for developing our formalism [11},21,26]. We will define the Hamil-
tonian and the evolution vector fields and compare its properties.

Let (M,n) be a contact manifold. That is, M is a (2n + 1)-dimensional
manifold and 7 is a 1-form that satisfies n A (dn)™ # 0 at every point.

The Reeb vector field R € X(M) is the unique vector field satisfying

ign=1 and irdn=20.
The contact form 7 induces an isomorphism of C°°(M,R) modules by

b: X(M) — QY(M)
X — ixdnp+n(X)n

Observe that b=!(n) = R.
Using the generalized Darboux theorem, we have canonical coordinates
(¢%,pi, S), 1 <i < nin a neighborhood of every point 2 € M, such that the



contact 1-form 1 and the Reeb vector field are:

_ 9
~ 05

The contact structure also provides a Whitney sum decomposition of the
tangent bundle TM = kern @ (R), with projectors

n=dsS — p; d¢’ and R

P=Id-R®n and Q=R®, (1)

onto kern and (R), respectively.

An important example of contact manifold is the extended cotangent
bundle T*@ x R, where () is n-dimensional manifold, which is naturally
equipped with the following contact form

ng = pra(dS) — pri(fq) = dS —fg

where pri : T*Q xR — T*Q and pro : T*Q x R — R are the canonical
projections and 6 is the Liouville 1-form on the cotangent bundle defined
by

0 (Xu,) = (g, TpymXp,)

being X, € T,,T*Q. Taking bundle coordinates (¢%,p;) on T*Q we have
that n = dS — p;dq".

On this situation, we notice that w = dn|kery, then (kern,w) is a sym-
plectic vector bundle over 7% x R. Hence, there is a unique vector field
Ag tangent to kern satisfying in,w = 0g|kern. We call Ag the Liouville
vector field and, in Darboux coordinates, it is given by

0
AQ = pzaT?z (2)

We remark that (dS, —dfg) is a cosymplectic structure which can be
naturally constructed on 7%Q x R. Indeed, dS and —dfg are exact and
dS A (df)™ is a volume form. However, the dynamics arising from this
cosymplectic structure are different from the ones arising from the contact
structure [12].

2.1 The Jacobi structure of a contact manifold

Contact manifolds have an associated Jacobi structure. Indeed, we define
the bivector A as

Ao, B) = =dn(~H(a),b71(8)), @, eQ(M). (3)



In local coordinates, the bivector reads as

0 0 0
A= — i— | . 4
amAQw+p%) )

So that the pair (A, E = —R) satisfies

[A,A]|=2EAA and [AE]=0.
We define the morphism of C*°(M,R)-modules
fa QY (M) = X(M)

by (8,8a(a)) = Aa, B) with «, 3 € Q1(M).
From this Jacobi structure we can define the Jacobi bracket as follows:

{f,9} = A(df,dg) + fE(g) — gE(f), [,g€ C™(M,R)

The mapping { , } : C®(M,R) x C*(M,R) — C*°(M,R) is bilinear,
skew-symmetric and satisfies the Jacobi’s identity but, in general, it does not
satisfy the Leibniz rule; this last property is replaced by a weaker condition:

Supp {f, g} C Supp fNSupp g .

This last condition is equivalent to the generalized Leibniz rule

{f,9h} = g{f,n} + h{f, g} + ghE(h), ()

In this sense, this bracket generalizes the well-known Poisson brackets. In-
deed, a Poisson manifold is a particular case of Jacobi manifold in which
E=0.

In local coordinates, the bracket is given by

_0fog _of( 09 N\ 99( Of

We can define another bracket, the Cartan bracket, by only using the
bivector of the Jacobi structure. This bracket is bilinear, skew-symmetric
and satisfies the Leibniz rule, but does not obey the Jacobi identity

[f,g] = A(df,dg)
of o9 9f dg af( '8g>+8g < '8f>

opi o oq op;  9S \op; P op;

oS




The third bracket can be defined from the following bivector
Ao=A+RA AQ

which is Poisson, that is, [Ag, Ag] = 0. In coordinates,

)
opi  O¢'

Ao =

is like the canonical Poisson bracket on T but now applied to functions on
T*Q xR. In fact, this bracket the Jacobi bracket related to the cosymplectic
structure (dS, —dfg) |15].

On the case that M = T*Q x R, the Cartan bracket can be rewritten
in terms of the Poisson bracket induced by Ag and an extra term describing
the thermodynamic behaviour. That is,

[fsg9l ={f 930 — £Q9+ Aqf

We will denote by

15) 0
{f,9tag = gAQf - fAQg

then the Cartan bracket is written as in the single generation formalism [16),
17] as

L9l = {f, 9300 +{f9}a0 (6)
2.2 Hamiltonian and evolution vector fields

Given a function f : M — R on a contact manifold (M,n) we define the
following vector fields

e Hamiltonian or contact vector field X; defined by
Xy=1taldf) = R

equivalently, X is the unique vector field such that
b(Xy) =df = (R(f)+ f)n

In canonical coordinates:

Cof 0 (of | of\ 0 of ) o
X1 = ap og (aqi +plas> o (plapl- f) 95




e The evolution or horizontal vector field

5f = ﬁA(df) = Xf + fR
or
b(Ey) =df — R(f)n
In canonical coordinates:

_or o of of of 0
1= op og (aqi +pi as) op Piap 08 (7)

Now we will compare some properties of the Hamiltonian and evolution
vector fields. Proofs can be found in [2,/11]

Proposition 2.1. The evolution vector field preserves the energy f, but the
Hamiltonian vector field dissipates it:

Xy(f)=—-R(f)f,
Er(f) =

The Hamiltonian vector field preserves kern (indeed, the flow of Xy
changes n by a conformal factor), but the evolution vector field does not

Ean = _R(f)nv
Le,m=—R(f)n+df.

The evolution vector field is everywhere contained in kern, while the
Hamiltonian vector field is only in kern at the zero level set of the energy

iXﬂ? = _fv
igfn: 0.

We compare the dynamics of the Hamiltonian [7] and evolution [2] vector
fields

Theorem 2.2. Let L.(f) = f~'(c) be a level set of f : M — R where c € R.
We assume that L.(f) # 0 and R(f)(x) #0 for allx € Lc(f).
Then The 2-form w. € Q?(L.(f)) defined by

= —dicn

18 an exact symplectic structure, where i, : L.f < M is the canonical
inclusion Let A. is the Liouville vector field of TL.(f), given by

. %
LA We = 1T



1. For the Hamiltonian vector field X :

o When ¢ # 0, Xy is the Reeb vector field of the contact form
n=n/f
ix, =1, ixi=0.
e When ¢ = 0, the dynamics of Xy is a reparametrization of the
dynamics of the Liouville vector field.

Xileypy = B R0

Le(f)

2. The dynamics of &y is a reparametrization of the dynamics of the
Liouville vector field at any constant energy hypersurface.

€1l = B pAe

3 The Lagrangian formalism

3.1 The geometric setting

Let L : TQ xR — R be a regular contact Lagrangian function (see [12,{13]).
As before, let us introduce coordinates on TQ x R, denoted by (¢’, ¢, S),
where (¢') are coordinates in Q, (¢*, ') are the induced bundle coordinates
in TQ) and S is a global coordinate in R.

Given a Lagrangian function L, using the canonical endomorphism S on

TQ locally defined by

;0
S:dZ ey
q ®8q-l7

one can construct a 1-form Ap, on T'Q) x R given by
AL = S*(dL)

where now S and S* are the natural extensions of S and its adjoint operator
S* to TQ x R [14].

Therefore, we have that
0L
= o

)

dq’.

AL

Now, the 1-form on T'Q xR given by n;, = dS— Ay, or, in local coordinates,
by
oL

dg'
o

N =dS —




is a contact form on T'Q) x R if and only if L is regular; indeed, if L is regular,
then we may prove that 1z A (dnz)™ # 0, and the converse is also true.
The corresponding Reeb vector field is given in local coordinates by
0 . O0*L 0
w

)

Re=55~ 408 0t

where (W%) is the inverse matrix of the Hessian (W;;) with

0L
i = Bgoq (8)

The energy of the system is defined by

Er=A(L)-L
where A = ¢’ 821' is the natural extension of the Liouville vector field on T'Q)
to T'Q x R. Therefore, in local coordinates we have that
. OL
E,=¢— —
L=4q a4t

Denote by by, : T(TQ x R) — T*(TQ x R) the vector bundle isomor-
phism given by
br(v) = iv(dnr) + (wnr) N
where 7, is the contact form on T'Q) X R previously defined. We shall denote
its inverse isomorphism by fi;, = (by) .
Let &7, be the unique vector field satisfying the equation

bL(fL) :dEL—(RLEL—‘rEL) nL. (9)

A direct computation from eq. @ shows that if (¢'(t), ' (t), S(t)) is an
integral curve of &;, then it satisfies the generalized Euler-Lagrange equa-
tions considered by G. Herglotz in 1930:

d (0L\ 0L 9LIL
dt \ 9¢’ d¢t  9¢' 08’ (10)
S=L(d,q.9).

Now, given a regular Lagrangian function L, we may define the bi-vector
A on TQ x R as in associated to the contact form ny. That is,

Ap(a,B) = —dnr (b7 (@),571(8), @B Q(TQxR).  (11)



If (¢°(t),¢'(t), S(t)) is an integral curve of the evolution vector field 'y,
associated to the contact form 77, which is the SODE vector field defined
by

I'p =4, (dEL) or b (I'y) = dEL — (RpEL) 0

then the curve satisfies the thermodynamic Herglotz equations

d <6L> L 9LIL

dt \9¢ )  dqi ~ 8§ aS
_ 9L
Moreover, if H is the Hamiltonian function defined by H = Ey o (FL)!,

where FL : TQ xR — T*@Q xR is the Legendre transform, then the evolution
vector field £ associated to H is FL-related to I'y,.

(12)

3.2 Generalized Chetaev principle

In order to present a pseudo-variational principle, we will first formulate a
variational problem for systems subjected to a particular non-standard type
of nonholonomic constraints.

Let M be a manifold and let 1 be a semibasic 1-form on T'M. Locally,
if (¢*) are coordinates on M and (¢*,¢%) are natural bundle coordinates on
T M, we have that

(g, d) = mk(q, 4)dg".

To every semibasic 1-form, we may associate in a canonical way a force map
F:TM — T*M by the formula

<F(Q7 Q)vTTM(X» = <77(Q7 Q)’X>’ X € T(q,(j)(TM)u

where 13y : TM — M is the canonical tangent bundle projection. Locally,
we have that

F(q,4) = mi(q, 4)dg".

Now, given a vector wy € T; M, consider the set
Duw, = {vg € TyM | (F(wg),vq) = 0} € Ty M.

A semibasic nonholonomic constraint is specified by a semibasic 1-form
n or, equivalently, by a smooth assignment

Wq > Dy,
Then, a trajectory ¢ : I — M is said to satisfy the constraint if (F'(¢),¢) =0

or, equivalently, ¢ € D;.

10



Definition 3.1 (Generalized Chetaev principle). Given a Lagrangian func-
tion L : TM — R and a semibasic nonholonomic constraint 7, a trajectory
¢ : I — M satisfies the generalized Chetaev principle if

5/Ldt =0 and ¢e€Dg, (13)

among variations with fixed endpoints satisfying dc € Dg.

Similarly to what happens with variational calculus we may obtain a
set of equations as necessary and sufficient conditions to find trajectories
satisfying the generalized Chetaev principle.

Lemma 3.2. Given a Lagrangian function L : TM — R and a semibasic
nonholonomic constraint n, a trajectory c : I — M satisfies the generalized
Chetaev principle if and only if ot satisfies the equations

d <8L> Lo
at\ag ) ag (14)

n:4" = 0.

Proof. Using the standard arguments from calculus of variations, we deduce

that oL d [ OL
Ldt = 4o
5/(ﬁ /bm ﬁ(%)%“m

where we used integration by parts and the fact that the infinitesimal vari-
ations vanish at the endpoints. Then, in order that the integrand vanishes
for arbitrary variations satisfying dc € D, we must have that

oL d (0L
- — — | — | €Dg.
d¢*  dt \ 9¢*
But D¢ = span{F'(¢)} C T M. Thus, the expression above must be a saclar

multiple of the co-vector F'(¢). Putting this fact together with the constraint
¢ € D. we obtain equations . ]

The variational principle we have just stated is satisfied by the La-
grangian evolution vector field. More precisely, the integral curves of the
Lagrangian evolution vector field satisfy a nonholonomic variational prin-
ciple with nonlinear constraints. Indeed, the solutions of the equations of
motion are critical points of the action with a condition of tangency to the
contact distribution. This nonlinear nonholonomic principle is exactly the
one described above and it is similar to the one introduced in [19].

11



To observe this clearly, take M to be the manifold @ x R and consider
the extended Lagrangian function L : T'(Q x R) — R defined by

ﬁ(vq,CS) = L(”Q? S), (vq7<5> € T(q,S)(Q x R),

where L : T@QQ x R — R is a contact Lagrangian function. Take the pullback
of the Lagrangian 1-form ny, to T'(Q xR), which we will also denote by 7y, and
it is a semibasic 1-form. Let (¢*) be coordinates on Q, (¢, ¢') natural tangent
bundle coordinates on 7'Q and (¢*, S, ¢*, S) be coordinates on T'(Q) xR). The
local expression of the semibasic 1-form 7y, is

. oL
nL((L S,q,S) =dS —

dqg'. 1
i (15)

As before, we may associate to iz, a force map given by

Fr:T(QxR)—T"(Q xR)

L oL
(Q7Saqa S) = dS — an

dq'.

The nonholonomic constraint is determined at each point (vg,(s) €
T(4,5)(Q x R) by those vectors (7,,&s) € T(4,5)(Q x R) such that

<FL(UQ’ CS)a (’Ylng)) =0.

Proposition 3.3. Given a contact Lagrangian L : TQ x R — R, a curve
(q(t),4(t), S(t)) is an integral curve of the evolution vector field I'r, if and
only if the associated curve (q(t),S(t),q(t),S(t)) satisfies the generalized
Chetaev principle for the extended Lagrangian L with nonholonomic con-
straints determined by the semibasic 1-form ny,.

Proof. We will compare the equations satisfied by integral curves of the
evolution vector field with the ones satisfied by the solutions of the corre-
sponding generalized Chetaev principle.

Indeed, the solution of the generalized Chetaev principle satisfy

d (OL\ 0L oL

d(oLy oL _ oL 1

dt (aqz) o7 = o (16a)
d (0L\ oL

Since L does not depend on S, the last equation is reduced to

oL

12



So we retrieve the equations for the Lagrangian evolution vector field
by adding the constraint equation

S==4q (18)

O]

4 The evolution vector field and simple mechani-
cal systems with friction

4.1 The laws of thermodynamics

In this section we will apply the evolution vector field to the description of
simple mechanical vector field with friction. These systems can be described
through one scalar thermal variable (in our formulation it will be the en-
tropy) and finitely many mechanical variables (positions and velocities, in
the Lagrangian formalism, or positions and momenta in Hamiltonian for-
malism). Furthermore, our system will be isolated: there will be no transfer
of any form of matter or energy with its surroundings.
The dynamics of the system will be described through a Lagrangian

L: TQxR — R,

or a Hamiltonian

H: T"QxR — R,
(¢,pi,S) +— H(q",pi,9),

which, assuming that the Lagrangian is regular, both systems are connected
through the Legendre transform, as explained in Section

The integral curves of the evolution vector will describe the trajectories
of the system. As we will see, these curves will satisfy the first law of
thermodynamics for an isolated system.

The thermodynamic space of a Lagrangian system is naturally equipped
with two linearly independent one forms: the work 6V and the heat §Q
one-forms. The energy of the system is given by an energy function H :
T*Q x R — R. For a closed system (one that does not exchange matter,
but may exchange energy), the first law can be written as follows. Along

any process, X,
dH =6Q — dW. (19)

13



Since our system is simple, the form §Q needs to have rank one. Therefore,
it can be written as

§Q = TdS, (20)
for some functions 7' and S (which are the temperature and the entropy).
Furthermore, 6W can be written locally as follows

SW = Pdq’, (21)

which as many functions P; and ¢' as the rank of V. Moreover, ¢' and
S are functionally independent. In the physical interpretation, P; is the
pressure. Hence, along x, the following is satisfied

dH = TdS — Pidq'. (22)
From this, by contracting with 9/9S, we obtain the relationship

OH
T=—. 23
39 (23)
Furthermore, for an isolated system, the energy must be constant along y.
Hence, we must have the relationship

0= TdS — Pdq’, (24)
or, dividing by the temperature, and identifying
pi=PB;/T, (25)
we obtain '
ng =dS —pidg' =0 (26)

Hence, x satisfies the first law of thermodynamics for an isolated system if
and only if the energy is constant along x and x is tangent to kerngq.

From this comment and Proposition [2.1] we can extract the following
conclusion.

Proposition 4.1. The integral curves of Eg describe an isolated system,

that is
dH

— =0.
dt
Moreover, the time evolution of the entropy is locally given by
as Adqi
at ~ Pat
which is exactly the first law of thermodynamics with p; = P;/T.

14



Remark 4.2. Note that the first law of thermodynamics for an isolated
system may be geometrically written as a tangency condition, that is,
tg,n = 0.

The second law of thermodynamics follows from the expression of the
evolution vector fields @, and depends on the choice of Hamiltonian
function.

Proposition 4.3. The integral curves of Eg (respectively T'r) satisfy the
Second law of thermodynamics, that is,

5
dt —
if and only if Ag(H) > 0 (respectively, A(L) > 0).

0 (27)

4.2 An example
Let the Hamiltonian H be given by

4 1 ..
H(q',pi, S) = 59"pipj +V (g, 5) (28)
where (g%) is a symmetric bilinear tensor on Q. Note that all the integral
curves this system satisfies the second law of thermodynamics if and only if

Ag(H) =2¢"pip; >0, (29)

that is, if g;; is a positive semidefinite metric.
This can also be expressed form the brackets defined in @ Indeed, we
have that

f:{f7H}T*Q+{f7H}AQ' (30)

Obviously, {H, H}r+q = {H, H}a, = 0 (first law) and {S, H}7+q = 0 and
{S,H}a, = AgH > 0 (second law). Observe that in Equation both
brackets are using the function H as “generator”. This is the reason that
typically this formalism is known as single generator formalism [16].

Example 1. Linearly damped system

Consider a linearly damped system [2] described by coordinates (q,p, S),
where q represents the position, p the momentum of the particle and S is
the entropy of the surrounding thermal bath. We assume that the system

15



is subjected to a viscous friction force, proportional to the minus velocity of
the particle. The system is described by the Hamiltonian

2
p
H(g,p,5) =5 -+ V(@) +75, 7>0
m
and T = 35 = v > 0 represents the temperature of the thermal bath.
Therefore, the equations of motion for £y = A (dH) are:

p

m
= V@) -

g = 7
m
Obviously, the system is isolated since H = 0 and it is also clear from
the equation for S that the first and second laws are satisfied since S > 0.
In the Lagrangian side we obtain the system given by

mi = —V'(q) —ymg
S = qu.
Observe that in this system the friction force is given by the map Ff, :
TQ — T*Q given by
Fy(g,4) = v4'dg'

Therefore, the equation of entropy production can be rewritten in terms
of the friction force as follows

TS = _<Ffr(Q7Q)7Q>

These equations coincide with the set of equations proposed in [19}20] for
this particular choice of Lagrangian L and friction force Fy,.. Observe that,
in this particular example where the temperature satisfies T' = -, the equa-
tions are only defined for values v > 0 and thus we are only modelling
thermodynamic systems with non-zero temperature.

Observe that the two brackets give

p dg Oy

H = 22 Iy
2

_ P9 0O

{Hglag = 55— 99

16



and

Eu(g) =g={H,g9}r, +{H,9}n,-
Therefore it is clear that {H,H}r, = 0 and {H,H}a, = 0 (by skew-
symmetry) and {H, S}a, = 0 and {H, S}a, = % > 0.

5 Composed thermodynamic systems without fric-
tion

In this section we will present a model for systems composed of at least two
subsystems exchanging heat with each other (see [933]).

Consider two thermodynamic systems indexed by 1 and 2 which may
interact through a conducting wall. On each system we have defined the
corresponding Hamiltonian:

H:T*(Q1 x Q) xR* =R

where we consider coordinates (¢u, Pa, Sa) on T*Qq X R, v = 1,2, where S,
are the entropies of each subsystem.

In thermo-mechanical systems, as it is usual in Thermodynamics, the
partial derivative of the energy with respect to the entropy will be the tem-
perature of the system so that

OH
To(q1,p1,51,92,p2,52) = 59 (q1,p1,51, 92,02, 52)
(03

denotes the temperature of subsystem .
Consider the Poisson tensor Ag,xg,xr on T*(Q1 x Q2) X R? given by

0 0

AQ1><Q2><R = AQ1 + AQ2 + aisl A 6752,

where Ag, is the canonical Poisson tensor on T*@Q; with av =1, 2.
Assume that both subsystems exchange heat according to Fourier Law:

h= kT, —T1)

where k is the coefficient of thermal conductivity. Suppose that T,, > 0.
Consider the function K : T*(Q1 x Q2) x R? - R

1 1 1 1
K=k| - — - :k<—>
9H ~— OH
(asl as) L 5

17



which will be called Fourier factor. Define the two-tensor (with Fourier
factor K) denoted by A, given by

0 0

Ag =A A K—AN—
K Q1+ Q2+ 851/\852

Observe that now A is a skew-symmetric almost Poisson structure [10].
The matrix representation of Ay is:

0 Inyxcny 0 0 0 0
_Inl Xn1 0 0 0 0 0
0 0 0 0 0 k(&-%)
0 0 0 0 Ly xny 0
0 0 0 —In,xng 0 0
0 0 k(H-4) 0 0 0
where dim Q; = n;, 1 = 1,2.
The corresponding evolution vector field £p k:
Er i = fin, (dH) (31)
The integral curves of £y i are:
_om o
q1 = op1 q2 = Ops
OH oOH
N =——— Pp=—— 32
4! a1 b2 Eys (32)
; oH . oOH
S1i=K— S=-K—.
PTRos, 7P a5,

Observe that the total entropy S = 57 + Sy satisfies

S = Er .k (S1+ S2)

b Ty
= K2 D) k(A1
G2 -+ kG- 1)
2
R T)T
W5

Moreover, in absence of external forces, the total energy H is conserved since
by skew-symmetry of Ax we have that

Enx(H) =0,
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hence the system is isolated.

Since the system presents no friction there is no work done by dissipative
forces. Thus, the first law of thermodynamics for this system is just given
by

dH =09 =6Q1 4+ 6Qo = T1dS1 + T5dSs. (33)

It is easy to comprove that the equality is satisfied by the integral curves of
&, Kk, since the system is isolated and so the energy is constant along curves.
Thus, we have shown that:

Proposition 5.1. Given a Hamiltonian function H, the integral curves of
the evolution vector field Eg i in the skew-symmetric manifold (T™(Q x Q x
R), Ak), describe the dynamics of an isolated system, that is,

dH
=0
at

which is composed by two thermodynamic subsystems without friction ex-
changing heat with each other, satisfying the first and second laws of Ther-
modynamics, that is

dH = TydS; + TydSy and S > 0.

Example 2. The simplest toy model for this case is the two free thermo-
particles example, composed by two particles at rest exchanging heat. The
thermodynamic phase space is simply R? on which we define the Hamiltonian
function
Sa Sp

H (S, Sp) = cqeca +cpeo,
where cq, ¢, are the heat capacities of each particle. Then the evolution
vector field satisfies the equations

g Tb_Ta
Sa—/-£< T, >

and hence



Example 3. A slight sophistication of of the previous toy model is the two
free thermo-particles example, now composed by two particles moving freely
on the manifolds @, Q. The thermodynamic phase space is now given by
(T*Qq x R) x (T*Qp x R) on which we define the Hamiltonian function

Sp

1 (p2 | D Sa 5
H(qa,Pas Sa;s b, Po, Sb) = 3 (Tna + ﬁbb + cq€ca + cpecy
a

where mg, my are the masses of each particle.

Example 4. Now, to obtain more interesting examples, we may add to the
previous example a potential function depending on the position variables
V i Qg X Qp — R. Indeed, a physical example is the two thermo-spring
system (cf. [9]).

In this case, the system is modelled by a Hamiltonian function of the
type

1/(p? p; Sa Sp
H(Qaapaasavqb7pbvsb) - 5 m + my +V(QG7qb) +Caec‘l +Cbecb .
a

6 Geometric integration of thermodynamic sys-
tems

Numerical methods for general thermodynamic systems are implemented
usually using the metriplectic formalism (see [18,28]). However, in our
case, for the examples that we are considering, we can easily adapt the
construction of discrete gradient methods to the bivector A.

For simplicity, we will assume that () = R™. Then the systems that we
want to study are described by the ODEs

&= (§a)(VH(z)),

with z = (¢*, p;, S) € T*Q xR, the map H : T*Q xR — R is the Hamiltonian
function and VH(z) € X(T*Q x R) is the standard gradient in 7@ x R
identified with R?"*! with respect to the Euclidean metric.

Using discretizations of the gradient VH (z) it is possible to define a class
of integrators which preserve the first integral H exactly.

Definition 6.1. Let H : RV — R be a differentiable function. Then
VH :R*> — RV is a discrete gradient of H if it is continuous and satisfies

VH(z, 2T (2' —x) = H(z') — H(z), forall z,2’ e RV, (34a)
VH(z,r) = VH(z), for all z € RV . (34b)
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Some examples of discrete gradients are (see [27] and references therein)

e The mean value (or averaged) discrete gradient given by
1
ViH(z,2') := / VH((1— &)+ &x)dE,  for o’ #x. (35)
0
e The midpoint (or Gonzalez) discrete gradient given by

VoH(z,2') = VH (;(x + :c)> (36)

H(z')— H(z) — VH (3(2/ + 2))" («/ — 2)

" @ — a]?

(xl_‘r)a

for 2/ # x.

e The coordinate increment discrete gradient where each compo-
nent given by

VyH(z, ) CH@, 3 i, Tn) — H(T 0, T T0)
3 9 i —

x — x;
1 <i< N, when z # z;, and

_ OH

/ / / /

V3H (z,x"); = 8m~(x1’ ey i1y Ty = Xy Tigly -y Tp),
7

otherwise.

6.1 Simple thermodynamic systems with friction

Let H : T*Q x R — R be the Hamiltonian function. If we choose the
midpoint discrete gradient V2H, it is straightforward to define an energy-
preserving integrator by the equation

T =Tk _y, <$k+2xk+l) (V2H (w5, 341) 87)

where A is the bivector associated to the canonical contact structure 7¢g of
Q =R**1 given in local coordinates by (4.

As in the continuous case, it is immediate to check that H is exactly
preserved using and the skew-symmetry of A

H(wp41) — H(wp) = VoH (@, 1) (Thg1 — 25)
= hA(VoH (g, Tq1), VoH (g, 241)) = 0.
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On the other hand, by the entropy satisfies
Sk+1 - Sk = hA(?QH(:ck,a:k+1), dS)
If H is of the form (28)) with V' a quadratic function then

T+
H(oan) = o) = dif (P55 (o - )

In fact this is a well-known property of quadratic functions. Hence, we must
have

dH (W) = VoH (g, Tp11),
so that

Spit — S = BA <dH (W) ,dS)

g (PP | OH (mtann)
2 opt 2 -

since by we have that
A(dq',dS) =0, A(dp;,dS)=p; and A(dS,dS)=0.

Example 5. Consider the Hamiltonian function H : T*@Q) — R given by

2 2

H(q.p,S) =5+ T +75, (38)

where Q = R, which is the Hamiltonian function associated with the damped
harmonic oscillator.

Now, if we may apply the midpoint discrete gradient and the associated
integrator given by , we obtain the following integrator

_27vhgo — h%qo + 4hpo + 4qo

a 29h + h% + 4

_ 2vhpo + h?po + 4hgo — 4po
= 2vh + h? + 4 (39)
s, :Soh4 + (4So7y + 4¢3)h3 + (4S07? — 16poqo + 8S0)h?

(29h + h? + 4)?
(16So7y + 16p3)h + 165,
(2yh + h2+4)2
Of course, using equations we obtain an integrator with constant
energy and increasing entropy. In Figure |If we can see that the qualitative
behaviour of the integrator is fairly accurate, while in Figure [2] we see the
entropy increases at the same rate as the exact one.
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Thermo Harmonic Oscillator over time
O Discrete GRADIENT 2
Exact motion 4

100

Figure 1: Trajectory of : the initial data are gog = 0, pg = 10 and Sy = 0;
the step is h = 0.1 and v = 0.1. We plot the positions g and compare the
integrator with the integral curve of the evolution dynamics &y.

Entropy of Thermo Harm Oscillator
500 T T : -

O Discrete Gradient 2
Exact motion

400

k
o
[
=
. T
. .

Entropy S(k)
&8}
3

0 L L . L L L L L L
0 10 20 30 40 50 B0 70 80 20 100

Step k

Figure 2: Entropy of : using the same initial data and settings from
Figure [1| we plot the error with respect to the exact motion.
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6.2 Composed thermodynamic systems

Let H : T*(Q1 x Q2) x R? — R be the Hamiltonian function defined in
a 2(np + ng) + 2 manifold. Moreover, suppose that @; is a n;-dimensional
vector space for ¢ = 1,2.

Using a discrete-gradient approach, given a Hamiltonian function H :
R" — R we may find the midpoint discrete gradient VoH : R*® — R™.
Then, in our case, we may define an algorithm in the following way:

%Lh_xk N (W) (VoH (zg, Ti11)),

where x5, = (¢F, p¥, S¥, ¢k, pk, S5) is a point in T*(Q1 x T*Q2) x R2.
This method will lead to an energy preserving algorithm. Moreover, we
have the following result describing the evolution of the total entropy.

Lemma 6.2. If H is a quadratic function and T; = g—g we have that

(T, - T1)?

k+1 _ ok _ hk
S S T

=0,

where Sk = SF + Sk is the total entropy at step k.

Proof. If H is a quadratic function, the it is not difficult to prove that

Ty + $k+1>

VQH(xk,:Ck+1) =dH < B

Moreover, observe that for ¢ = 1,2
S;H—l - Szk = hAK (ng(fEk, $k+1), dSZ) .

Then using the hypothesis that H is a quadratic function, the previous
equation becomes

SEFL_ gk — hAg <dH <:”’“Jr””’““> ,dSZ-> _ o8
i 2 dS;
where j = 1,2 and j # i. So,
SHHL— 5k = i+ — SF 4 S5 — 55
= hK (=T, + T5)

(Ty —T1)?

=k ThTy

= 0.
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Thus, when the Hamiltonian function is a quadratic function, we have a
geometric integrator satisfying the first and second laws of Thermodynamics.

Example 6. In the thermo-particle example, described by the Hamiltonian
function .
b

Sa Sp
H(Sq,Sp) = caeca + cpec

the energy is constant by definition of the discrete gradient function and the
skew-symmetry of the structure Ax. Moreover, the total entropy is strictly

increasing as it is shown in Figure |3| and the temperatures converge to the
same value (see Figure [4).

Entropy of Thermo 2 Particle
24 T T

M
"
T

na
=]
T

o
T

Particle 1
Particle 2
Total entropy | |

Entropy S

B
:

0 0.5 1 15 2 25 3 35 4 45 5
Step k

Figure 3: Total entropy of the two thermal particle system. We used k = 1,
Ty = 273.15, To = 300, h = 0.1 over 500 steps.

6.3 “Variational integration” of the evolution vector field

Now, we propose to construct a numerical integrator for £; based on a
similar method to the discrete Herglotz principle [1,35].

Let Ly : Q@ x Q@ x R — R be a discrete Lagrangian function. Then a
possible integrator for the evolution dynamics is

D1Lg(q1,q2,51) + (1 + DsLq((q1, g2, 51))D2La(qo, 1, S0) = 0 (40)

and the entropy is subjected to

S1— S0 = (q1 — q0)D2L4(q0,q1,50)- (41)
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Temperature of Thermo 2 Particle
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Figure 4: The temperature of each thermal particle in the system. We used
k=1, Ti1(0) = 273.15, T»(0) = 300, h = 0.1 over 500 steps.

Example 7. Consider again the Hamiltonian function of the damped
harmonic oscillator. Since H is regular, we may consider the corresponding
Lagrangian function L : TQ x R — R given by

A standard discretization of this Lagrangian function is given by means of
a quadrature rule like

(¢1 — @)* _ h((h + q)*
2h 8

The discrete Herglotz equations together with give the explicit
integrator

La(q0,q1,50) = — hySo.

h*q0 + yPPqu 4 4vhgo — dvhgr — hPqo — 2h°q1 — 4q0 + 81
h? +4
(1 —9)?® -4
S =5 —h .
1 0t h 1
In Figures [5| we plot the integrator given by equations . We see
that the qualitative behaviour of the integrator is also quite good. In fact,
an open question is whether the error can be improved by considering dis-
crete Lagrangian functions approximating well enough the exact discrete
Lagrangian function.

q2 =
(42)

26



As a last comment, the entropy for equations is increasing and the
Hamiltonian oscillates before stabilizing around a constant value (cf. Fig@.

Damped Harmonic Oscillator over time

T
O Discrete Herglotz
Exact motion
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220000
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.
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Step
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Figure 5: Trajectory of : the initial data are gg = 0, g1 = 1 and Sy = 0;
the step is h = 0.1 and v = 0.1. We plot the positions ¢; and compare the
integrator with the integral curve of the evolution dynamics I'z.

7 Conclusions and future work

In this paper, we have given a variational interpretation of the evolution
vector field and clarified its relationship with the laws of thermodynamics
on isolated systems. Furthermore, we have extended our theory to deal with
composed thermodynamic systems without friction and we also provided
geometric integrators for this framework.

Nevertheless, there are still many open questions. Related to simple
systems, we would like to see if a similar formalism holds for open systems,
in which the number of particles and the chemical potentials have to be taken
into account, and for closed non-isolated systems, in which the energy is not
necessarily constant, such as the ones experimenting isobaric or isothermal
processes.

In addition, Hamiltonians of the form where g;; is a Lorentzian met-
ric could have interesting applications to relativity, in particular, in black
hole thermodynamics. Though it is true that the second law of thermo-
dynamics will not hold for all integral curves of the evolution vector field
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Hamiltonian of Damped Harm Oscillator
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Figure 6: Hamiltonian of : using the same initial data and settings
from Figure [5] we plot the Hamiltonian function along the iterations of the
integrator.

associated with a semi-Riemannian metric, it does hold for time-like curves
which are the ones that describe the allowed trajectories for matter.

In what concerns multi-component systems, there is still much work to
do. Indeed, a Lagrangian formulation and a nonholonomic constraint of the
type dQ = 0 could be used to introduce a “variational principle” from which
we derive the integral curves of the evolution vector field £f . Also, one
could introduce a similar formulation in order to account for friction. It
could be interesting to formulate it in such a way one could model thermo-
visco-elastic systems with it (cf, [9]). Finally, it is reasonable to think that
our formalism could be generalized without much effort to the case of N
subsystems exchanging heat with each other. In order to accomplish this, we
must consider a skew-symmetric tensor A, encoding in component function
K;j the heat flux interchanged by particles ¢ and j, with i # j € {1,..., N}.
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