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Abstract. Xiang Li (1983) introduced what are now called construc-
tively immune sets as an effective version of immunity. Such have been
studied in relation to randomness and minimal indices, and we add an-
other application area: numberings of the rationals. We also investigate
the Turing degrees of constructively immune sets and the closely related
X9-dense sets of Ferbus-Zanda and Crigorieff (2008).
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1 Introduction

Effectively immune sets, introduced by Smullyan in 1964 [12], are well-known
in computability as one of the incarnations of diagonal non-computability, first
made famous by Arslanov’s completeness criterion. A set A C w is effectively
immune if there is a computable function h such that |W.| < h(e) whenever
W, C A, where {W,}ce,, is a standard enumeration of the computably enumer-
able (c.e.) sets.

There is a more obvious effectivization of immunity (the lack of infinite com-
putable subsets), however: constructive immunity, introduced by Xiang Li []]
who actually (and inconveniently) called it “effective immunity”.

Definition 1. A set A is constructively immune if there ezists a partial recur-
sive 1 such that for all x, if W, is infinite then (x) | and ¢(x) € W, \ A.

The Turing degrees of constructively immune sets and the related X9-dense
sets have not been considered before in the literature, except that Xiang Li
implicitly showed that they include all c.e. degrees. We prove in Section [3] that
the Turing degrees of X¥-dense sets include all non-AY degrees, all high degrees,
and all c.e. degrees. We do not know whether they include all Turing degrees.

The history of the study of constructive immunity seems to be easily sum-
marized. After Xiang Li’s 1983 paper, Odifreddi’s 1989 textbook [9] included
Li’s results as exercises, and Calude’s 1994 monograph [2] showed that the set
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RANDE = {x : O(x) > |z| — t} is constructively immune, where C is Kol-
mogorov complexity. Schafer 1997 [11] further developed an example involving
minimal indices, and Brattka 2002 [I] gave one example in a more general set-
ting than Cantor space. Finally in 2008 Ferbus-Zanda and Grigorieff proved an
equivalence with constructive X9-density.

Definition 2 (Ferbus-Zanda and Grigorieff [6]). A set A C w is X)-dense
if for every infinite c.e. set C, there exists an infinite c.e. set D such that D C C'
and D C A.

If there is a computable function f:w — w such that for each We, Wy () C
ANWe, and Wy (e is infinite if W is infinite, then A is constructively X9-dense.

We should note that while the various flavors of immune sets are always
infinite by definition, Ferbus-Zanda and Grigorieff do not require X{-dense sets
to be co-infinite.

The Y7-dense sets form a natural II9 class in 2¢ that coincides with the
simple sets on A9 but is prevalent (in fact exists in every Turing degree) outside
of AY by Theorem § below.

2 XY-density

To show that there exists a set that is ¥'-dense, but not constructively so, we use
Mathias forcing. A detailed treatment of the computability theory of Mathias
forcing can be found in [3].

Definition 3. A Mathias condition is a pair (d, E) where d, E C w, d is a finite
set, E is an infinite computable set, and max(d) < min(E). A condition (dz, E2)
extends a condition (dyi, F1) if

— dy =dy N (maxdy + 1), d.e., dy is an initial segment of da,
— Fs is a subset of E1, and
— do 1s contained in dqi U Eq.

A set A is Mathias generic if it is generic for Mathias forcing.
Theorem 1. If A is Mathias generic, then

1. w\ A is X{-dense.
2. w\ A is not constructively X9-dense.

Proof. 1. Let W, be an infinite c.e. set. Let (d, E)) be a Mathias condition.
Case (i): E N W, is finite. Then for any Mathias generic A extending the
condition (d, F), w\ A contains an infinite subset of W, in fact a set of the form
We \ F where F is finite.
Case (ii): E N W, is infinite. Then E N W, is c.e., hence has an infinite
computable subset D. Write D = D; U Dy where Dy, Dy are disjoint infinite
c.e. sets. The condition (d, D1) extends (d, E') and forces a Mathias generic A



extending it to be such that w\ A has an infinite subset in common with W,
namely Ds.

We have shown that for each infinite c.e. set W, each Mathias condition has
an extension forcing the statement that a Matias generic A satisfies

w \ A has an infinite c.e. subset in common with W.. *)

Thus by standard forcing theory it follows that each Mathias generic satisfies
2. Let f be a computable function. It suffices to show that for each Mathias
generic A, there exists an ¢ such that Wj is infinite and Wy ;) is either finite, or
not a subset of W;, or not a subset of A. For this, as in (1) above it suffices to
show that for each condition (d, D) there exists a condition (d’, E’) extending
(d, E) and an i such that W; is infinite and Wy iy is either finite, or not a subset
of W;, or not a subset of A for any A extending (d’, D").

Let (d, E) be a Mathias condition and write D = W;. If Wy(; is finite or
not a subset of W; then we are done. Otherwise there exists a condition (d’, E’)
extending (d, E/) such that E' N Wy (; is nonempty. This can be done by a finite
extension (making only finitely many changes to the condition).

Theorem 2 ([6, Proposition 3.3]). A set Z C w is constructively immune
if and only if it is infinite and w \ Z is constructively X9 -dense.

Since Ferbus-Zanda and Grigorieff’s paper has not gone through peer review, we
provide the proof.

Proof. <: Let the function g witness that w \ Z is constructively X?-dense.
Define a partial recursive function ¢ by stipulating that (i) is the first number
in the enumeration of Wy, if any.

=: Define a partial recursive function u(i,n) by

— u(i,n+1) = ¢(in), where i, is such that W; = W;\ {u(i,m) : m < n}.

Let g be total recursive so that Wy = {u(i,m) : m € w}. If W; is infinite then
all (i, m)’s are defined and distinct and belong to W; N Z. Thus, W) is an
infinite subset of W, N Z.

Recall that a c.e. set is simple if it is co-immune.

Theorem 3 (Xiang Li [8]). Let A be a set and let {¢s}rew be a standard
enumeration of the partial computable functions.

1. If A is constructively immune then A is immune and A is not immune.
2. If A is simple then A is constructively immune.
3. {x: (YY) (¢z = ¢y — x < y)} is constructively immune.



2.1 Numberings

A numbering of a countable set A is an onto function v : w — A. The theory of
numberings has a long history [5]. Numberings of the set of rational numbers Q
provide an application area for X9-density. Rosenstein [I0, Section 16.2: Looking
at Q effectively] discusses computable dense subsets of Q. Here we are mainly
concerned with noncomputable sets.

Proposition 1. Let A Cw. The following are equivalent:

1. v(A) is dense for every injective computable numbering v of Q;
2. A is co-immune.

Proof. (1) = (2): We prove the contrapositive. Suppose A contains an infinite
c.e. set W.. Consider a computable numbering v that maps W, onto [0,1] N Q.
Then v(A) is disjoint from [0, 1] and hence not dense.

(2) = (1): We again prove the contrapositive. Assume that v(A) is not
dense for a certain computable v. Let {z, : n € w} be a converging infinite
sequence of rationals disjoint from v(A). Then {v~!(z,) : n € w} is an infinite
c.e. subset of A.

Definition 4. A subset A of Q is co-nowhere dense if for each interval [a,b] C
Q, [d', V'] C A for some [, V'] C [a,].

Proposition 2. A set is co-nowhere dense under every numbering iff it is co-
finite.

Proof. Only the forward direction needs to be proven; the other direction is
immediate. Let A be a co-infinite set, and define v by letting v map w \ A onto
[0,1]. Then A is not co-nowhere dense.

Proposition 3. A is infinite and non-immune iff there exists a computable
numbering with respect to which A is co-nowhere dense.

Proof. Let A be infinite and not immune. Thus, there is an infinite W, C A for
some e. Let v be a computable numbering that maps W, onto Q \ w. Then A is
co-nowhere dense under v.

Conversely, let A be co-nowhere dense under some computable numbering v.
Then v~ !([a,b]) is an infinite c.e. subset of A for some suitable a, b.

A set D C Q is effectively dense if there is a computable function f(a,b)
giving an element of D N (a,b) for a < b € Q.

Proposition 4. A set A is constructively X-dense iff it is effectively dense for
all computable numberings.

Proof. By Theorem 2, A is constructively X{-dense iff it is infinite and w \ 4 is
constructively immune. Constructive immunity of w\ A implies effective density
of A since the witnessing function for constructive immunity can be be used to
witness effective density. For the converse we exploit the assumption that we get
to choose a suitable v.



Let A and B be sets, with B computable. We say that A is co-immune within
B if there is no infinite computable subset of A° N B. The following diagram
includes some claims not proved in the paper, whose proof (or disproof) may
be considered enjoyable exercises. The quantifiers dv, Vv range over computable
numberings of Q.

constructively
co-finite (Proposition [2)) X9-dense (Proposition M)
(eff.) co-nowhere dense Vv constr. co-immune
eff. dense Vv

strict: Theorem ml

X9_dense

strict: w® . -
strict: any bi-immune

infinite & non-immune (Proposition [3])
(eff.) co-nowhere dense Jv
eff. dense Jv

co-immune (Proposition [I])
dense Vv

—

co-immune within
some infinite computable set

dense dv

3 Prevalence of X?-density

In this section we investigate the existence of Y{-density in the Turing degrees
at large.

3.1 Closure properties and Ef-density

Proposition 5. 1. The intersection of two XY-dense sets is X7-dense.
2. The intersection of two constructively X9-dense sets is constructively Y-
dense.

Proof. Let A and B be Y{-dense sets. Let W, be an infinite c.e. set. Since 4 is
X9_dense, there exists an infinite c.e. set Wy € AN W,. Since B is X9-dense,
there exists an infinite c.e. set W, € BNWy. Then W, C (ANB)NW,, as desired.
This proves (1). To prove (2), let f and g witness the effective X7-density of A
and B, respectively. Given W, we have Wy) € AN W, and then

Wy

(fle)) © BN Wf(e) CANBNW,.
In other words, g o f witnesses the effective XV-density of AN B.

Corollary 1. Bi-X9-dense sets do not exist.



Proof. If A and A€ are both X¥-dense then by Proposition[f, ANA¢ is X9-dense,
which is a contradiction.

For sets A and B, A C* B means that A\ B is a finite set.

Proposition 6. 1. If A is X)-dense and A C* B, then B is XY-dense.
2. If A is constructively X9-dense and A C* B, then B is constructively X9-
dense.

Proof. Let W, be an infinite c.e. set. Since A is X{-dense, there exists an infinite
c.e. set Wy such that Wy C ANW,. Let W, = Wy \ (4 \ B). Since A\ B is finite,
W, is an infinite c.e. set. Since Wy C A, we have W, = W;N(BUA®) = WyNB.
Then, since W; C W,, we have W, C B N W,, and we conclude that B is
39_dense. This proves (1). To prove (2), if f witnesses that A is constructively
Y{-dense then a function g with Wy) = Wy \ (A \ B) witnesses that B is
constructively 29-dense.

Proposition 7. Let B be a co-finite set. Then B is constructively X9-dense.

Proof. The set w is constructively X{-dense as witnessed by the identity function
f(e) = e. Thus by Item 2 of Proposition[d B is as well.

As usual we write A® B ={2z|x€ A}U{2zx+1|x € B}.

Proposition 8. 1. If X and X, are X9-dense sets then so is Xo ® X1.
2. If Xy and X, are constructively Elo-dense sets then so is Xo ® X;1.

Proof. Let W, = W,., & W,, be an infinite c.e. set. For i« = 0,1, since X; is
E?—dense there exists Wy, € X; NW,, such that Wy, is infinite if W,, is infinite.
Then Wy, & Wy, is an infinite c.e. subset of (Xo @ X1) N We.

This proves (1). To prove (2), if d; are now functions witnessing the effective
X9_density of X; then Wai(eo) © Xi N We,, and W co) © Wy, (c,) is an infinite
c.e. subset of (Xo @ X1) N We. Thus a function g satisfying

Wq(e) = Wdo(co) & Wdl (c1)>
where W, = W,, & W,,, witnesses the effective E?—density of Xo ® X1.

Theorem 4. There is no XY-dense set A such that all X9-dense sets B satisfy
AC*B.

Proof. Suppose there is such a set A. Let Wy be an infinite computable subset
of A. Let G be a Mathias generic with GNWS =0, i.e., G C Wy. Then B := G°
is X9-dense by Theorem [l Thus ANG€ is also X9-dense by Proposition[El And
G C Wy C A and by assumption A C* G so we get G C* G¢, a contradiction.

These results show that the X?-dense sets under C* form a non-principal
filter whose Turing degrees form a join semi-lattice.

Theorem 5. Let A be a c.e. set. The following are equivalent:



1. A is co-infinite and constructively X9-dense.
2. A is co-infinite and XY-dense.
8. A is co-immune.

Proof. 1 = 2 =— 3 is immediate from the definitions, and 3 = 1 is
immediate from Theorem 2 and Theorem [B]

Theorem 6. Every c.e. Turing degree contains a constructively X9-dense set.

Proof. Let a be a c.e. degree. If a > 0 then a contains a simple set A, see, e.g.,
[13], so Theorem [ finishes this case. The degree 0 contains all the co-finite sets,
which are constructively Y9-dense by Proposition [7l

3.2 Cofinality in the Turing degrees of constructive Zf-density

Definition 5. Fork > 0, let I}, be intervals of length k+2 such that min(ly) = 0
and max(I;) + 1 = min(li41).

Let Vo = Uge,, Ve,s be a subset of We defined by the condition that x € Iy
enters Ve at a stage s where x enters We if this makes |Ves N I;| < 1, and for
allj >k, V;sNI =0.

Lemma 1. There exists a c.e., co-infinite, constructively XY-dense, and effec-
tively co-immune set.

Proof. Let A = UGEW V.. V. is c.e. by construction, and if W, is infinite, V, is also
infinite. So Ve = W) is the set witnessing that A is constructively 39_dense.

Moreover A is coinfinite since |ANI;| < k+1 < k+2 = |I}| gives I, € A
for each k and

|w\A|—|<U u) \4
kcw

The set A is effectively co-immune because if W, is disjoint from A then since
as soon as a number in [ for k > e enters W, then that number is put into A,

We € Upee T 50 [We| € 3ok +2) = Y0y b = (U2,

U(Ik\A)

kew

S S AVIED ST

kEw kew

Theorem 7. For each set R there exists a constructively X9-dense, effectively
co-immune set S with R <p S.

Proof. Let R be any set, which we may assume is co-infinite. Let A be as in the
proof of Lemmal[ll Let S O A be defined by

S=AUJ L.

kER

Since A C S and S is co-infinite, S is constructively X9-dense and effectively
co-immune. Since k € R <= I C S, we have R <p S.



3.3 Non-AY degrees

Lemma 2. Suppose that T C 2<% is a tree with only one infinite path. Then for
each length n there exists a length m > n such that exactly one string of length
n has an extension of length m in T.

Proof. Suppose not, i.e., there is a length n such that for all m > n there are
at least two strings oy, 7, of length n with extensions of length m in T. By
the pigeonhole principle there is a pair (o,7) that is a choice of (o, 7 ) for
infinitely many m. Then by compactness both ¢ and 7 must be extendible to
infinite paths of T.

Lemma 3. Suppose that T C 2<% is a tree with only one infinite path A, and
that T is a c.e. set of strings. Then A is A§.

Proof. By Lemma 2] for each length n there exists a length m > n such that
exactly one string of length n has an extension of length m in T'. Using (0’ as an
oracle we can find that m and define A [ n by looking for such a string. In fact,
T <7 0" and so its unique path A <7 0" as well.

Theorem 8. Given A € 2%, let /:1 = {0 €2<¥| o< A} be the set of finite
prefives of A. If A is not AY then A is co-XY-dense.

Proof. Let A* be the complement of A. Let W. C 2<% be an infinite c.e. set of
strings. Let T be the set of all prefixes of elements of W,. Then T is an infinite
tree, hence by compactness it has at least one infinite path. That is, there is at
least one real B such that all its prefixes are in T.

Case 1: The only such real is B = A. Then by Lemma B A is AY.

Case 2: There is a B # A such that all its prefixes are in T. Let o be a prefix
of B that is not a prefix of A. Let W, = [0] N W,. Since all prefixes of B are
prefixes of elements of W,, there are infinitely many extensions of ¢ that are
prefixes of elements of W,. Consequently Wy is infinite. Thus, W is our desired
infinite subset of A* N W,.

3.4 High degrees

Definition 6. A set A is co-r-cohesive if its complement is r-cohesive. This
means that for each computable (recursive) set Wy, either Wy C* A or W§ C* A.

Definition 7 (Odifreddi [9, Exercise II1.4.8], Jockusch and Stephan
[7). A set A is strongly hyperhyperimmune (s.h.h.i.) if for each computable
[ w — w for which the sets Wy . are disjoint, there is an e with Wyy C w\ A.

A set A is strongly hyperimmune (s.h.i.) if for each computable f : w —
w for which the sets Wy(e) are disjoint and computable, with |J,c,, Wy also
computable, there is an e with W) Cw \ A.

ecw

Proposition 9. Every s.h.i. set is co-XY-dense.



Proof. Let A be s.h.i. Let W, be an infinite c.e. set. Let Wy be an infinite
computable subset of W,. Effectively decompose Wy into infinitely many disjoint
infinite computable sets,
Wa = Wy
PEW

For instance, if Wy = {ao < a1 < ...} then we may let Wy ;) = {an : n =
24(2k+1),7 > 0,k > 0}. Since A is s.h.i., there exists some 7. such that Wiy
A€, The sets Wy(q,;,) witness that A° is X9_dense.

Clearly r-cohesive implies s.h.i., and s.h.h.i. implies s.h.i. It was shown by
Jockusch and Stephan [7, Corollary 2.4] that the cohesive degrees coincide with
the r—cohesive degrees and (Corollary 3.10) that the s.h.i. and s.h.h.i. degrees
coincide.

Proposition 10. Every high degree contains a 29-dense set.

Proof. Let h be a Turing degree. If h £ 0’, then h contains a X9-dense set by
Theorem [§

If h < 0’ and h is high then since the strongly hyperhyperimmune and
cohesive degrees coincide, and are exactly the high degrees [4], h contains a
strongly hyperimmune set. Hence by Theorem [l h contains a X9-dense set.

3.5 Progressive approximations

Definition 8. Let A be a AY set. A computable approzimation {o;}icw of A,
where each oy is a finite string and lim;_, o, 0 = A, is progressive if for each t,

— if log| < o—1| then o | (Jor| —1) = or—1 [ (lot] — 1) (the last bit of oy is the
only difference with o¢_1);

— lf |0t| > |Ut_1| then ;1 < o¢; and

— if oy £ o5 for some s >t then oy £ os for all 8 > s (once an approximation
looks wrong, it never looks right again).

If A has a progressive approzimation then we say that A is progressively approx-
imable.

Note that a progressively approximable set must be h-c.e. where h(n) = 2.

Theorem 9. Let A be a progressively approximable and noncomputable set. Let
{0t }tew be a progressive approzimation of A. Then {t : or < A} is constructively
mmaune.

Proof. Let W, be an infinite c.e. set and let 7" be an infinite computable subset
of We. Since A is noncomputable, we do not have T' C {t : o, < A}. Since the
approximation {o¢ }+e,, is progressive, once we observe a t for which o; 4 oy, for
some s > t, then we know that o, A A. Then we define p(e) = ¢, and ¢ witnesses
that {t: oy < A} is constructively immune.

A direction for future work may be to find new Turing degrees of progressively
approximable sets.



References

10.

11.

12.

13

. Vasco Brattka. Random numbers and an incomplete immune recursive set. In
Automata, languages and programming, volume 2380 of Lecture Notes in Comput.
Sci., pages 950-961. Springer, Berlin, 2002.

Cristian Calude. Information and randomness. Monographs in Theoretical Com-
puter Science. An EATCS Series. Springer-Verlag, Berlin, 1994. An algorithmic
perspective, With forewords by Gregory J. Chaitin and Arto Salomaa.

Peter A. Cholak, Damir D. Dzhafarov, Jeffry L. Hirst, and Theodore A. Slaman.
Generics for computable Mathias forcing. Ann. Pure Appl. Logic, 165(9):1418—
1428, 2014.

S. B. Cooper. Jump equivalence of the AY hyperhyperimmune sets. J. Symbolic
Logic, 37:598-600, 1972.

Yuri L. Ershov. Theory of numberings. In Handbook of computability theory, volume
140 of Stud. Logic Found. Math., pages 473-503. North-Holland, Amsterdam, 1999.
Marie Ferbus-Zanda and Serge Grigorieff. Refinment of the "up to a constant”
ordering using contructive co-immunity and alike. Application to the min/max
hierarchy of Kolmogorov complexities, 2008. arxiv 0801.0350.

Carl Jockusch and Frank Stephan. A cohesive set which is not high. Math. Logic
Quart., 39(4):515-530, 1993.

. Xiang Li. Effective immune sets, program index sets and effectively simple sets—
generalizations and applications of the recursion theorem. In Southeast Asian
conference on logic (Singapore, 1981), volume 111 of Stud. Logic Found. Math.,
pages 97-106. North-Holland, Amsterdam, 1983.

Piergiorgio Odifreddi. Classical recursion theory, volume 125 of Studies in Logic
and the Foundations of Mathematics. North-Holland Publishing Co., Amsterdam,
1989. The theory of functions and sets of natural numbers, With a foreword by G.
E. Sacks.

Joseph G. Rosenstein. Linear orderings, volume 98 of Pure and Applied Mathe-
matics. Academic Press, Inc. [Harcourt Brace Jovanovich, Publishers], New York-
London, 1982.

Marcus Schaefer. A guided tour of minimal indices and shortest descriptions. Arch.
Math. Logic, 37(8):521-548, 1998.

Raymond M. Smullyan. Effectively simple sets. Proc. Amer. Math. Soc., 15:893—
895, 1964.

. R. Soare. Recursively Enumerable Sets and Degrees. Springer, 1987.

10



	On the degrees of constructively immune sets

