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Abstract

We prove that the f-divergences between univariate Cauchy distributions are all symmet-
ric, and can be expressed as strictly increasing scalar functions of the symmetric chi-squared
divergence. We report the corresponding scalar functions for the total variation distance, the
Kullback-Leibler divergence, the squared Hellinger divergence, and the Jensen-Shannon diver-
gence among others. Next, we give conditions to expand the f-divergences as converging in-
finite series of higher-order power chi divergences, and illustrate the criterion for converging
Taylor series expressing the f-divergences between Cauchy distributions. We then show that
the symmetric property of f-divergences holds for multivariate location-scale families with pre-
scribed matrix scales provided that the standard density is even which includes the cases of
the multivariate normal and Cauchy families. However, the f-divergences between multivariate
Cauchy densities with different scale matrices are shown asymmetric. Finally, we present sev-
eral metrizations of f-divergences between univariate Cauchy distributions and further report
geometric embedding properties of the Kullback-Leibler divergence.
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1 Introduction

Let R, Ry and R4 be the sets of real numbers, non-negative real numbers, and positive real
numbers, respectively. The probability density function of a Cauchy distribution (also called a
Lorentzian distribution [24] in physics) is

1 s

prs(T) = . (1 N (%_1)2) T (s (- 1)2)

where [ € R denotes the location parameter and s € R, the scale parameter of the Cauchy
distribution, and x € R. The space of Cauchy distributions form a location-scale family

¢={naar=p (1) G e R xR,

S
with standard density
1
(1 +a2)’

(1)

To measure the dissimilarity between two continuous probability distributions P and ), we con-
sider the class of statistical f-divergences [14, 58] between their corresponding probability densities
functions p(z) and ¢(x) assumed to be strictly positive on R:

It(p:q) = /Rp(l‘)f <zgg> dz,

where f(u) is a convex function on (0, c0), strictly convex at u = 1 (to ensure reflexivity I¢(p : ¢) =0
iff p = q), and satisfying f(1) = 0 (to ensure positive-definiteness I¢(p,q) > 0 since by Jensen’s

p(z) :



inequality we have I¢(p : ¢) > f(1) = 0). The Kullback-Leibler divergence (KLD also called
relative entropy) is an f-divergence obtained for fgi(u) = —logu. In general, the f-divergences
are oriented dissimilarities: I;(p: q) # I¢(q : p) (eg., the KLD). The reverse f-divergence If(q : p)
can be obtained as a forward f-divergence for the conjugate function f*(u) := uf (%) (convex
with f*(1) = 0): If(q : p) = Iy+(p : q). We have Iy = I, when there exists A € R such that
f(u) = g(u) + A(u — 1). Thus an f-divergence is symmetric when there exists a real A such that
flu) =uf (%) + A(u — 1), and f-divergences can always be symmetrized by taking the generator
sp(u) = %( fuw)+uf (%)) In general, calculating the definite integrals of f-divergences is non trivial:
For example, the formula for the KLD between Cauchy densities was only recently obtained [11]:

Diys (T
DKL(pl17S1 :pl2,82) = IfKL(p : Q) = /pthl (:C) log L)dli
Piy, 55\ X
((81 + 82)2 + (ll — l2)2>
= log .
48182
Let A = (A =1,\2 = s). Then we can rewrite the KLD formula as
1
DxL(pa, i pr,) =log [ 1+ §X()\1, A2) |, (2)

where /1\2 /2 1|2
NP CYR i LR L L
e 220X, 220\,

See for complex representations.
We observe that the KLD between Cauchy distributions is symmetric: Dk, (pi,.s; © Dig,sy) =

DKL(plz,SQ 5pl1,81)' Let

z) — q(z))? ) — alz)2
Div(p:q) ::/de and Di)(p:q) ;:/de

denote the Neyman and Pearson chi-squared divergences between densities p(z) and ¢(z). These

divergences are f-divergences [58] for the generators fiD (u) = (u—1)? and f)](V (u) = L(u —1)2

T u
respectively. The x2-divergences between Cauchy densities are symmetric [54]:
Dy(pr, : Pag) == DY (pr, i Pay) = DL (P,  Pag) = X(A1, A2),

hence the naming of the function x(-,-). Notice that we have

1
X(Pa; 2 Pr) = p(A1)p(A2) §D%(/\1, X2),

where Dg(A1,X2) = /(A2 — A1) T (A2 — A1) and (A2 — A1) " denotes the transpose of the vector
(A2 — A1). That is, the function y is a conformal half squared Euclidean divergence [62} [59] with
conformal factor p(\) := )\% When the Neyman and Pearson chi-squared divergences are not

symmetric, we define the chi-squared symmetric divergence as

(p() +¢(2))(p(x) — () |
p(x)q(x)

x.

Dx(p:Q)ZDiV(p:CJ)Jer(p:Q):/

3



In this work, we first prove in §2] that all f-divergences between univariate Cauchy distribu-
tions are symmetric (Theorem [I|) and can be expressed as a strictly increasing scalar function of
the chi-squared divergence (Theorem . We illustrate this result by reporting the corresponding
functions for the total variation distance, the Kullback-Leibler divergence, the LeCam-Vincze di-
vergence, the squared Hellinger divergence, and the Jensen-Shannon divergence. Further results
for the f-divergences between the circular Cauchy, wrapped Cauchy and log-Cauchy distributions
based on the invariance properties of the f-divergences are presented in We report conditions
to expand the f-divergences as infinite series of higher-order chi divergences and instantiate the
results for the Cauchy distributions in In §4] we then show that the symmetric property of
f-divergence holds for multivariate location-scale families including the normal and Cauchy fami-
lies with prescribed matrix scales provided that the standard density is even, but does not hold for
general case of different matrix scales. We consider metrizations of the square roots of the KLD
and the Bhattacharyya divergences in Finally in §7] we investigate geometric properties of these
metrics.

In the appendix, we first recall the information geometry of the Cauchy family in §A] explain
the relationship of Cauchy distributions with the Mobius and Boole transformations in §B| give
alternative simpler proofs of the Kullback-Leibler divergence (§C|) and chi-squared divergence (§D))
between Cauchy distributions, report a closed-form formula for the total variation distance between
densities of a location-scale family in §E| In §F] we also recall the complete elliptic integrals, which
are used in the proof of the metrization of the square root of the Bhattacharyya divergence. We
discuss isometric embedding into a Hilbert space of the square root of the KLD in §G} We finally
give a code snippet for calculating some converging truncated Taylor series of f-divergences between
Cauchy distributions in §H]

2 Symmetric property of the f-divergences between univariate
Cauchy distributions

Consider the location-scale non-abelian group LS(2) which can be represented as a matrix

. . l
group [55]. A group element g, is represented by a matrix element M;, = [8 1 ] for
(I,s) € R x Ryq. The group operation g, s, = G151 X Glo,s, COrresponds to a matrix multi-
plication My, s, = My, s, X My, s, (with the group identity element go; being the matrix iden-
tity). A location-scale family is defined by the action of the location-group on a standard density
p(x) = po,i(z). That is, density p;s(x) = g;5.p(z) where ‘.’ denotes the action. We have the
following invariance for the f-divergences between any two densities of a location-scale family [55]
(including the Cauchy family):

I1(9-P1ys1 © 9-Plass) = Lp(Ply sy 2 Playsy ), Vg € LS(2).
Thus we have
I§(Prys 2 Playsy) = I (p:pzzs—lzlﬁ) =I5 (pg;u72 :p> :
Therefore, we may always consider the calculation of the f-divergence between the standard density
and another density of the location-scale family. For example, we check that

o). (i) = x (0.0, (20,2

S1 ’81
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since x((0,1),(l,s)) = # If we assume that the standard density p is such that E,[X] =
[zp(z)dz = 0 and E,[X?] = [2?p(z)dz = 1 (hence unit variance), then the random variable
Y = p+ 0X has mean E[Y] = p and standard deviation o(Y) = /E[(Y — u)?|] = 0. However,
the expectation and variance of Cauchy distributions are not defined, hence we preferred (I, s)
parameterization over the (u, 0?) parameterization, where [ denotes the median and s the probable

error for the Cauchy location-scale family [46].

2.1 f-divergences between densities of a location family

Let us first prove that f-divergences between densities of a location family with even standard
density are symmetric:

Proposition 1 Let £, = {p(x — 1) : | € R} denote a location family with even standard density
(i.e., p(—z) = p(x)) on the support X = R. Then all f-divergences between two densities p;, and

P, of L are symmetric: I¢(py, = p1,) = Lr(p1, 2 p1y)-

Proof. Consider the change of variable Iy — 2z = y — I3 (so that x —ly = I3 —y) with dz = —dy
and let us use the property that p(z —11) = p(l; — z) since p is an even standard density. We have:

I(py 2 o) = /:OP(UC —h)f (igi — ;j;) dz,
= [ o-ar (B2 -
- [ (5= o
- [ romws (5= ) o
- [ ()

QED.
Thus f-divergences between location Cauchy densities are symmetric since p(z) = p(—=x) for
the standard Cauchy density of Eq.

2.2 f-divergences between Cauchy distributions are symmetric

Let [[A]| = /A2 + A2 denote the Euclidean norm of a 2D vector A = (A1, \2) € R2. We state the

main theorem:

Theorem 1 All f-divergences between univariate Cauchy distributions py and py with A = (I, s)
and N = (I';s') are symmetric and can be expressed as

Ii(px : px) = hy (x(A, X))



where A /\’||2
A -

and hy : Ry — Ry is a function (with hy(0) =0).

The proof does not yield explicit closed-form formula for the f-divergences as it can be in general
difficult to calculate in closed forms, and relies on McCullagh’s complex parametrization [46] py of
the parameter of the Cauchy density p; , with 6 = [ + is:

_Im(8)]
o(v) = m,

since |z — (I +is)]? = ((z — 1) + is)(x — 1) —is) = (v — [)?2 + s2. The parameter space 6 is the
complex plane C where we identify  with 0, and the Cauchy distributions are degenerated to Dirac
distributions d;(x) whenever s = 0.

We make use of the special linear group SL(2,R) for 6 the complex parameter:

SL(2,R) := {[ CCL Z ] :a,be,d € R ad — be = 1}.
Let A0 = ‘Zgj:g (real linear fractional transformations) be the action of A = Z Z } €

SL(2,R). McCullagh proved that if X ~ Cauchy(f) then A.X ~ Cauchy (A.0), where 6 € C is
identified with 6 (hence A(f) = (Re(f),[Im(0)[)). For example, if X ~ Cauchy(is) then + ~
Cauchy (1) = Cauchy(—%) = Cauchy(L). Using the A = (I, s) parameterization, we have

1
S

(al +b) (cl + d) + acs?

l =
4 (cl + d)? + 252
(ad — bc)s
sS4 = 5 :
(cl +d)* + 252

We can also define an action of SL(2,R) to the real line R by x — ‘;;‘jr‘s,

interpret —%l — 2 if ¢ # 0. We remark that d # 0 if ¢ = 0. This map is bijective between R. We

C
have the following invariance:

x € R, where we

Lemma 1 (Invariance of Cauchy f-divergence under SL(2,R)) For any A € SL(2,R) and
01,02 € H, we have
Ii(paey 2 pao,) = 1(po, : oy)-

Proof. =~ We prove the invariance by the change of variable in the integral. Let D(6; : 63) :=
It (po, : pg,). We have

Im(A.0;) Im(A.02)|z — A6
D(A.0; : A.0y) = da.
(A.61: A.9,) /R - A (Im(A.01)|:L‘ — 0,2

Since A € SL(2,R), we have

Im(6; .
Tm(A.0,) = M i€ {1,2).
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If x = A.y then do = ‘cydﬁp, and

Ay — A6, = ly — 0if" i€ {1,2}.
ley + d|? |cb; + d|?’ ’

Hence we get:
e \Im(A0)) |z — 462 ) wle — 40,27~ Jo! \Im(01)|y — 022 ) 7y — 027
= Iy (po, : poy) -

QED.

Let us notice that the Cauchy family is the only univariate location-scale family that is also
closed by inversion [34]: That is, if X ~ Cauchy(l,s) then 4+ ~ Cauchy(l’,s’). Therefore our
results are specific to the Cauchy family and not to any other location-scale family. However the
characterization by [34] yields some applications. See Appendix [B| for details.

We now prove Theorem [If using the notion of maximal invariants of Eaton [18] (Chapter 2) that
will be discussed in

Let us rewrite the function y with complex arguments as:

|z —wf?

= Tl Tl T (2) (@)’ z,w € C. 3)

x(z,w) :
Proposition 2 (McCullagh [46]) The function x defined in Eq. @ is a maximal invariant for
the action of the special linear group SL(2,R) to H x H defined by

b b
az + aw+>, A:[ab

m,m d:| GSL(2,R), Z,'IUEH.

Az, w) = (

That is, we have
X(A.z, Aw) = x(z,w), AeSL(2,R), z,we H,

and it holds that for every z,w,z,w' € H satisfying that x(z',w') = x(z,w), there exists A €
SL(2,R) such that (A.z, Aw) = (', ).

By Lemma [l and Theorem 2.3 of [18], there exists a unique function hy : [0,00) — [0, 00) such
that he(x(z,w)) = D(z,w) for all z,w € H.

Theorem 2 The f-divergence between two univariate Cauchy densities is symmetric and expressed
as a function of the chi-squared divergence:

I¢(po, = Po,) = L (poy = po,) = hyp(x(01,02)), 61,00 € H. (4)

Therefore we have proven that the f-divergences between univariate Cauchy densities are all sym-
metric. Note that we have hy = hy+. In general, the f-divergences between two Cauchy mixtures
m(zx) = Zle wipy,. s, (x) and m/(z) = Zle wipy () are asymmetric (Le., Iy(m :m/) # Iy(m' :
m)) except when k = k' = 1.



Similarly, we proved in Proposition [I] that all f-divergences between two densities of a location
family with even standard density are symmetric. These f-divergences I¢[p;, : pj,] can be expressed
as a function k¢ of the the absolute value |l; — lo]:

Ir(pry o) = Lp(Pry—1y 2 p) = L5 (P pry—1y) = kp(|ln — l2]).

Since the Cauchy standard density is even, we have for a prescribed scale subfamily Ir(p;, s :
Plo,s) = h(x((l1,5),(l2,5))) = kps(|li — l2]). By the definition of x, it follows that we have
kp.s(u) = hy (3)-

Remark 1 [t has been shown that Amari’s dual a-connections [3] “T' all coincide with the Levi-
Civita metric connection [{8]. That is, the a-geometry coincides with the Fisher-Rao geometry
for the Cauchy family [5)], for all « € R (see Appendiz . Moreover, Equchi [19, [20] showed
how to build an information-geometric dualistic structure (M,Pg, PV, PV*) from any arbitrary
smooth divergence D, consisting of a pair of torsion-free affine connections (P°V,PV*) coupled
to the metric tensor Pg so that we have PV* = P"V where D*(p : q) := D(q,p) denotes the
reverse divergence. When the divergence D is a f-divergence, it can be shown that the induced

connections are a-connections, Dy = oy gnd PV* = —°V with a = 3 + 2];/,/,,((11)), and the metric

tensor Pg = f,%(l)Fg is proportional to the Fisher information metric tensor ¥'g [53]. (Notice that

Amari defined standard f-divergences in [3] by fizing their their scalings so that f"(1) = 1.) Since
f-divergences are symmetric for Cauchy distributions, we have ¥V = 11*V = Irv*,

Remark 2 Of course, not all statistical divergences between Cauchy densities are symmetric. For
example, consider the statistical q-divergence [3] for a scalar q € [1,3):

D)= s (1= [ 1t

where Zy(p) := [p%(z)dp(x). Then the 2-divergence between two Cauchy densities py, and py,
(with X\i = (13, si)) is available in closed-form (as a corresponding Bregman divergence [3]):

v
Da(pr,  Pay) = guxl — A%

Thus Da(px, : Pr,) # D2(py, : Px,) when s1 # sa.

Note that since Iy(pg, : po,) = hy(x(01,61)), Lemma [If can a posteriori be checked for the
chi-squared divergence: For any A € SL(2,R) and 6 € H, we have

X(Pao, 1 PA6,) = X (Do, : Do),

and therefore for any f-divergence, since we have Ir(pag, : pas,) = Lf(po, : Po,) since

It(pag, i pA0) = hp(x(A.01,A01)) = hyp(x(01,01)) = I;(po, : Do, )-



To prove that x(pag, : Pa.s,) = X(Po, : Po,), let us first recall that Im(A.0) Im(0) d |A.0; —

= o+
2 _ 1610
A.02® = rraEaagaz- Thus we have

|A.60p — A.92‘2
2 Im(A@l)Im(AHQ) ’
‘91 — 92’2|001 + d’2 |002 + d’2
|cO1 + d|? |cbs + d|? 2Tm(6;)Im(6s)’
|01 — 6a]

- 2Tm(01)Im(6) = x(01,62).

X(A~917 Agg) =

Alternatively, we may also define a bivariate function g¢(l,s) so that using the action of the
location-scale group, we have:

hy(x(61,62) = g5 (ll L ) |

59 ’ S9
where 01 = [; + is7 and 02 = [y + is5. When the function hy is not explicitly known, we may
estimate the f-divergences using Monte Carlo importance samplings [55].
2.3 Strictly increasing function h

We have proven that I¢(pg, : po,) = It(pe, : po,) = hg(x(01,02)). Let us prove now that the
function Ay is is a strictly increasing function.

Theorem 3 Let f : (0,00) — R be a conver function such that f(1) = 0 and f € C*((0,1)) N
CY((1,00)) and f'(x) < f'(y) for every x < 1 <y. Let Ds(X: X) be the f-divergence between py

and py, specifically,
Dp(A: X) = /RPA(QJ)f <];1((;)> da.

Let x be McCullagh’s mazimal invariant. Let hy : (0,00) — [0,00) be the function such that

he(x(\, X)) = DA : X)), A, N €H.
Then, hy is a strictly increasing function.

The assumption of f is complicated as we would like to cover the important case of the TV
distance.

Proof. Letu >0. Let A\=1i and N =wu+4. Then, x(i,u+1) = % and hence,

’LL2
hy (2) = Dy¢(pi : Puti)-

Hence it suffices to show that Fy(u) := Df(p; : puts) is a strictly increasing function. We see that

Fafu) = /R 7r(3321+ 0/ ((;13 i;?i 1> -

Then,



Lemma 2

/ _ 2(z — u) / 22+ 1
Fiu) = /R m((z —u)? + 1)f <(x —u)?+ 1> dz, u>0,
where we let f'(1) = 0.

By the change-of-variable formula,

F{(u)zz/ a: f’<(x+u)2+1)da:,u>0,

;RxQ—l—l $2+1

x (x+u)?+1
/Ra?Q—l—lf/( 2?2 +1 >dx

We also see that

:/OO 29@ I (:c+2u)2+1 dx+/0 x I (r+u)?+1
o =2+1 x?+1 o X241 22 +1

:/OOO fo <f/ <(x;u4>j1+ 1) _p (W)) N

Since f is convex and z,u > 0, it holds that

I (Wﬁz“) S <(ﬂf—“>2+1>

x2+1 z2+1

for every x > 0 except = u/2. By the assumption,

) as

(@ +u)® +1 o (x—u)® +1 99 101
f( 2+1 )7 e ) o e 100

* (z4u)?+1 L ((x—uw)?+1
[ Em () () e

Hence,

Proof. [Proof of Lemma [2] We show this assertion for u = ug > 0.

Lemma 3 For every c > 1,

f(b) = f(a)

Ry.:= sup —

1/c<a<b<c

‘<—|—oo.

Proof. We first remark that

max | f'(x)| < max {|f'(1/c)],|f'(c)l},

z€[1/e,c]

since f is convex.
Assume that a < b<1or1<a<b. Then, by the mean-value theorem,

‘f(b)—f(a)
b—a

= /(O < max {[f'(1/c)[, |f (c)]} -

10

QED.



Finally we assume that a < 1 < b. Then,

fO) = fla)| _|f(A) = fla)| | f(b) = f(1) / /
< <2 1 .
OS] | TS0 NO O < o 17 0/01 17 O))
QED.
For each fixed u > 0,
1 22 +1 5
< <1 .
l+u+u? =~ (x—u)?+1" rutu
Hence, for some ¢y > 1,
1 . 2 +1 2 +1
— < inf T < sup ——5 7 < Co.
0 weRue(uo lGuo) (T =)+ 17 g (o, 1o,y (2 —u)?+1
Assume that 0 < |h| < u/100. Then, by Lemma [3]
I F z?+1 —f z?+1
2241 |h (x —up—h)?2+1 (x —wup)?+1
Rfe, |1 22 +1 B 22 +1
T2+ 1|h\(x—u—h)2+1 (x—up)?+1
_ R 2|z — up — h| 4+ up/100 < 1+ ug/100
T (@ —ug —h2+ ) (@ — w2+ 1) T w2+ 1
We see that for = # ug/2,
11 2?41 22+ 1
——— lim — ( f -l
22+ 1h=0h (x —ug—h)2+1 (x —up)?>+1
_ 2(x—uo) 241
C (z—wup)2+1 (x—wup)?2+1/"
Now the lemma follows from the dominated convergence theorem. QED.

Remark 3 It follows that the Chebyshev center [§] pa« of a set of n Cauchy distributions
Dxrys---» DA, With respect to any f-divergence does not depend on the generator f with \* =
argminy max; Ir(py, : pr) since
argminmax Iy(py, - py) = argminmaxhy(x(h A))
(] (2
= argminmax x(Ai, A),
(2
= argminmaxM
A ) )\i '

Similarly, the Cauchy Voronoi diagrams with respect to f-divergences all coincide [57)].

Remark 4 It is interesting to consider whether if the symmetry of f-divergence between a location-
scale family on R holds for every f, then, the family is limited to Cauchy or not. If this is true,
then, it implies the characterization of the Cauchy distribution by [34] and [17]. See Proposition
in Appendiz.
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2.4 Some illustrating examples
2.4.1 The Kullback-Leibler divergence

It was proven in [I1] that

2 2
s1+82)"+ (1 =1
DKL(pll,Sl :plz,sz) = 1Og <( ! 2> ( ! 2) ) .

48182

Thus we have )
hkr(u) = log (1 + 2u> .

This plays an important role in establishing an equivalence criterion for two infinite products
of Cauchy measures. See [64].

2.4.2 LeCam-Vincze triangular divergence

Let us consider another illustrating example: The LeCam-Vincze triangular divergence [38, [81]

defined by
(p(z) — q(x))?
Drev(p:q) = / dz.
P20 [ )+ o)
This divergence is a symmetric f-divergence obtained for the generator frcv(u) = % The

triangular divergence is a bounded divergence since f(0) = f*(0) = 1 < oo, and its square root
/Drcv(p : q) yields a metric distance. The LeCam triangular divergence between a Cauchy stan-
dard density po,1 and a Cauchy density p; , is

5 <2
24+s24+25+1—

Drov(poi i pis) =2 — 4\/

2
Since x(poa1 : pis) = M, we can express the triangular divergence using the y-squared

2s
divergence as

1
X(pll751’pl2152) + 2).

DLCV(pll,sl :p12,82) =2- 4\/2(

Thus we have the function:
1

hiey(u) =2—4 Nut2)

2.4.3 Total variation distance

The total variation distance (TVD) is a metric f-divergence obtained for the generator fry(u) =
1

Drvlp: @) = T p:0) = 5 | Ipla) = g(a)lde

Consider the TVD between two Cauchy densities p;, s, and pi, 5,0 DTV (P51 Pig,sa)-

12



When sy = s; = s, we have one root r for p, s(x) = pi, s(z) since the Cauchy standard

density p(z) is even: r = % Assume without loss of generality that I; < lo. Then we have

o0

L1+l

1 2

Drv(pu,s i Ps) = 5 </ (P1y,s(2) = Py, s(2))dw + AHQ (Pis,5(2) —le,s(w))dfC) :
—o0 2

2 lo —1
= —arctan (M> <1.
s 2s

Notice that we have lim, ,o arctan(z) = 5. We can express Dry(py,s @ Pl,,s) using

lo—11)2
X(pl1,37pl2,s) = %:

2
DTV(ph,S :plg,s) = ; arctan < )

See also Appendix [E] for the total variation between two densities of a location family.

e We calculate the two roots 1 and ry of py, s, () = pi, s, () when so # s1:

\/81 593 — 2512 592 + (313 + (l22 — 2011y + l12) 81) S+ 1189 — lasy

T =
1 59 — 51 ’
\/81 823 — 2812 822 + (813 + (l22 — 211y + l12) 81) S9 — 1189 + las1
T = .
2 S92 — 81

Then we use the formula for the definite integral:

b
1 l— _
It s,a,0) = / ps(z)de = — <arctan < a) — arctan (l b>> ,
a ™ S s

where arctan(—z) = — arctan(z).

It follows that we have

Drv(piy,sy @ Playsy) =
1 Iy — lr — h - h -
— (arctan < 2 r1> — arctan ( 2 r2> + arctan < ! r1> — arctan ( ! r2>> .
S1 52

e S9 59

Rearranging and simplifying the terms, we get:

2 X(Dty,s1 : Pl
DTV(plhsl :pl2,81) = ;arCtan (\/(1812281) y

thv (X[pll,sl ) p12751]) )

with
2 U
by (u) = - arctan <\/;> .
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2.4.4 f-divergences for polynomial generators
First, let us consider the f-divergence between two Cauchy densities for f a (convex) monomial.

Proposition 3 Let a > 2 be an integer. Let J, be a function such that
Ta(x( ) = [ @) pule) s, 2w € L
Then, J, is a polynomial with degree a — 1.
Proof. Let A € (0,1). Then,
2 2 2ya—1
(05) - L [

Hence it suffices to show that the right hand side is a polynomial of A\ + A\~
Let

22
R(a,1) ::/Rwd:c, 0<i<a-1
Then, by the change-of-variable that x = 1/y,
R(a,i) = R(a,a—1—1i), 0<i<a-—1.
By this and the binomial expansion,

a—1

1 (22 + A2)a-t a—1 N ya—1-2i
/\a_l/R @Z+1) dr = Z( ; )R(a,z))\

1=0

a—1 ; ;
a—1 ) )\a—1—21 + )\2z—a+1
= ZZ; < ; >R(a, i) 5 .

By induction in n, it is easy to see that A™ + A~" is a polynomial of A + A~! with degree n.

QED.
It holds that
DL(t) = t+1,
3
Jt) = Bt+1)2-1)/2= 51&2 +3t+1,
5 15
Jut) = (G@E+1)3-3(t+1))/2= 5153 + —t2 +6t+1,
35 35 45
Js(t) = (35(t+ 1) —30(t +1)%+3)/8 = =t + 753 + 752 + 10t + 1.

Notice that the smallest degree coefficient ap of polynomial Jd() = E;j 01 a;t’ is always
one since when x(z,w) = 0, we have z = w and therefore J3(0) = [pp (z)t7%dx =
prz(x)apz( )1 “dr = prz d.%' =1=ap.

The result extends for f-divergences between two Cauchy densities for f(u) = Py(u) =

Ele a;ut — Zle a; a convex polynomial in degree d with Py(1) = 0. Notice that the set of
convex polynomials of degree d can be characterized by the set of positive polynomials [44] of de-
gree d — 2 since Py(u) is convex iff P/(u) > 0. A positive polynomial can always be decomposed as
a sum of two squared polynomials [69] [7].
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Proposition 4 The f-divergence between two Cauchy densities for a convex polynomial generator
Py(u) of degree d can be expressed as a d — 1 dimensional polynomial Qq—1 of the chi-squared

divergence: Ip,(px,,Pr,) = Qa—1(X(Pxrr>Pr2))-

The proof follows from the fact that Ip,(px,,pr,) = Z?:o Iy, (Pry, Pr,) Where fo,(u) = alf — a;
and Proposition [3| Notice that [p p.(2)*pw(2)' " *dz = [; p2(2)' " *pw(z)*da since Jo(x(z,w)) =
Ja(x(w, 2)).

Remark 5 In practice, we can estimate the coefficients of Jy(t) = Z?;ol a;t" using polynomial
regression [21] as follows: Let a = [ag, ...,aq_1]" denote the vector of polynomial coefficients of Jg.
Let us draw n > d random variates Ai,..., A\, and N|,..., \,,. Define the n x d matriz M = [m;;]

with mi; = x(Ai; \j)? ™. Let b = [by,...,by] denote the vector with b; ~ [ pa, (l’)dp)\; (z)'~4dz is
numerically approzimated (e.g., using a quadrature integration rule or by stochastic Monte Carlo
integration). Then we estimate a by & = Mtb where M+ := (M TM)™'M7 is the pseudo-inverse
matriz (with MT = M~' when n = d). Notice that knowing that ao should be close to one, allows

to check the quality of the polynomial regression. In fact, we know that all coefficients a;’s should

be rational.

For example, we find that
Jo(t) = 7.958522957345747t° + 39.020985312326296¢* + 70.4495468953682t> + 52.37619399770375¢>

+14.951303338589055¢ + 1.002873073997123
Running a second time, we find another estimate

Jo(t) = 7.8720651949082665t° + 39.38158109425294¢* + 70.00024065301261¢> + 52.491857909678461>
+15.004692984586242t + 0.9992248562053161

We can also estimate similarly the order-k chi divergence [58]
(p(z) — q(@)"
D 1q) = d

for even integers k > 2. The order-k chi divergence Dy (p : q) is an f-divergence obtained for the
conver generator fy r(u) = (u—1)*. Using the binomial expansion, we have [58]:

k

Dt ) =Y (5) (-0 [ atwr*tp(op-ia

i=0
For example, we find using the polynomial regression for k = 6:
ﬁfxﬁ(u) = 7.875095431165917u° + 13.124758716080692u* + 2.4996228229861686u°
+0.0013068731474561446u — 7.94214016995198310 4w + 4.227071186713171610°.

Another run yields a close estimate:

hpoo(u) = 7.884522702454348u° + 13.081028848015308u + 2.5649432632612843u°>

+ — 0.03537083264961893u2 + 0.005359945026839341u — 1.90124993816098710%.
Since the first polynomial coefficient ag of hfx,k(“) should be zero, we can assess the quality of
the polynomial regression.

A different set of techniques consist in estimating symbolically the univariate functions hy and
k¢ using symbolic regression [6] [15].
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2.4.5 The Jensen-Shannon divergence

Consider the Jensen-Shannon divergence [41), 25] (JSD) (a special case of Sibson’s information
radius [75] of order 1 between a 2-point set):

Dys(p:q) = 1<DKL< p;q>+DKL< p;rq)>’

" (p;rq> B h(p);h(Q)’

where h(p) = — [ p(x)log p(z)dx denotes Shannon entropy. The JSD can be rewritten as

Dys(p:q) = %(Dk(p :q) +Dk(q:p)),

where the divergence Dy [41] is defined by

Dk(p:q):= /p(w) log (Qp@) da.

p(x) + q(x)

U such that the reverse

1+u

The divergence Dk is an f-divergence for the generator fr(u) = ulog 3, 2
K-divergence is D™ (p: q) == D (q : p) = Iz (p: q) with conjugate generator [r(u) = —log =5
Thus the JSD is an f-divergence for fyg(u) = 2ulog T =3 log Lfu Since f35(0) < oo, the JSD
is upper bounded. It is bounded by log 2 since Dg(p: q) < log2

Using the fact that f-divergences between Cauchy distributions are symmetric, we have

DJS(pll,Sl :plg,SQ) - DK(pll,Sl :plg,SQ) - DK < pl? 51 52) .
s1 ’sp
To get the JSD between two Cauchy distributions, we need to find a closed-form formula for

Djys(p:p1s) = Di(p: pis). Let us skew the divergence D [50] with a parameter o € (0,1):

p(z)
p(x) + ag(x)

Di,(p:q) =DxuL(p: (1—a)p+agq) = /p(fv) log i—a) dz. (5)
The divergence Dy, is an f-divergence for the generator fi, (u) := —ulog ((1 —a) + 2) [50].
Let pi(z) = poi(z) = m, p2(z) = prs(z) and my(z) = (1 — w)pi(x) + wpa(z) =
1—w +
<7r(m2+1) w((xz— l) +32))
In Proposition 1 of [I1] (proven in Appendix A), a closed-form is reported for the following
definite integral:

A(a7 b? C; d? e’ f) =

9

/°° log(dx2+ex+f)d

oo Gr?+br+ec

2 (log (Qaf — be + 2¢d + V4ac — b2\/Adf — 62) - log(2a))
Vdac — b2 '
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Relying on this closed-form formula, we find after calculations that we have:

. e 2+ (s4+1)2
Dxw(p1 - mw) = log <(1 —w)(12 4 52+ 1) + 2ws + 24/s2 + s((1 — 5)2 + 2)w(1 — w)) ‘

We remark that (1 —w)(I? + 52+ 1) +2ws > 2s > 0 and 82+ s((1 — s)? +12)w(l —w) > s> > 0.
This is analytic with respect to w on (0, 1), because there exists a holomorphic extension of this to

an open neighborhood of the closed interval [0, 1] in C.
=L = ——2—— and
T m((@—l2)?+s3)

We consider now the general case: Let py, s, (z) == AT Plaws: (x)

consider the mixture:

m(:v) = (1 - w)pl1,81 (l’) + Wiy, sy (1’),
_ ( (1—w)s; WS )
m((z =) +s7)  w((x—1)?+s3))
Then we have:
DxL(py sy M) =
(I1 = I2)? + (51 + 52)? §)
+ 2ws1 59 + 2\/3%33 + s182((s1 — 82)2 + (I1 — 12)?)w(1 — w)

log ((1 —w)(s? + 82+ (I1 — 12)?)

Let us report one example:

Dk, (p:p11) = Dxr(p1: (1 —w)pi(x) + wpa(x)) = log b — log (3 —w+2vV1+w— wz) .

When w = %, we get D (1,51 : Pla,so) = DkL(D11,s; 1 m), and we get the JSD between Cauchy

2\/(11 — l2)2 + (81 + 82)2 (7)

Djs(piy s, i Plaso) = log
( 1,81 2,82 \/(ll—l2)2+(51+52)2+2\/@
= his(X(P1y,51 Pla,sa))s

hys(u) = log (%) ,

9 (I1—12)%+(s1—s52)2 )

25189
=h pll‘”;rpl?’” — h(pll’sl);h(pl2’s2) and h(p;,) = log(4ms) [11], we get

densities py, 5, and py, s,°
> M

with

IRV 2
since (L l2)2+(31+32) .
5189

Since Dys(piy s,  Ply,so)
a formula for the Shannon entropy of the mixture of two Cauchy densities:

(8)

Ply,s1 + P,
" (1812282) - DJS(pll,s1 : p12,32> + 10g(47r\/@)-

Notice that the JSD between two Gaussian distributions is not analytic [61].
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Remark 6 Consider a mizture family [3, [60]

D D D
M = {mg(x) = Zélpz(x) + <1 — 291> po(ﬂ?) 1 0; > O,Z&i < 1}
=1 =1 =1

where the p;(x)’s are linearly independent component distributions. The KLD between two densities
mg, and mg, of M amount to a Bregman divergence [3, [60] for the Shannon negentropy F(6) =
—h(mg):

Dy (mg, : mg,) = Br(01 : 02),
where
Br(0; : 02) := F(0)) — F(62) — (81 — 62) "V F(6s).
Since %(mg, +meg,) = Moyte , We have

1

1 1
Djs(mg, : mg,) = = (DKL <m91 : §(m91 + maz)) + Dk, <m92 : §(m91 + m02))> ,

1 0,+0 01+ 0
(oo o 23%)

- F(el);F(eQ) - F (01;92) 1= Jp(bh 1 02).

[\

\V)

This last expression is called a Jensen divergence [56] Jp(01 : 02). In general, the Shannon entropy
of a mizture is not available in closed-form. However, we have shown that the Shannon entropy of
a mizture of two Cauchy distributions is available in closed form in Eq.[§

For example, consider the family of mixtures of two Cauchy distributions with prescribed pa-
rameters (lg, so) = (0,1) and (I1,s1) = (1,1). Then we have the following generator:

2V14+0—-024+60+2 2v1+60—-60%2—-60+3
Fo1,1,1(0) = —=h[(1 = 0)po, + Op1,1] = flog + log ,
21 4+60—-0%2—-0+3 207

and the derivative of Fy1,1,1(0) is

, 2V14+0—02+60+2
n(0) = F0,1,1,1(9) = log 5 .
2V1+60—-0%2—-60+3

It follows that the Bregman divergence B, , (01 : 02) is

(24/14601—02401+2)(24/1+02—02—02+3) +1log 24/1461—02—601+3
(24/14+61—62—6143)(21/1+62—63+62+2) 2¢/1+02—02—05+2°

Let us define the skewed a-Jensen-Shannon divergence:

BF0,1?1,1(91 : 92) = DKL[mgl : m92] = Ql log

Djsa(p:q)=(1—a)DxL(p: (1 —a)p+aq) +aDkr(g: (1 —a)p+ agq). 9)

It is an f-divergence (i.e., Dysa(p:q) = Iy, (p: q)) for the convex generator:

fisa =—(1—a)log(au+ (1 —a)) — aulog (1 ; a + a) ) (10)
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When o = %, we have fig(u) = fJS,%( u) = logH—“ — fulog( + %) = 2ulog1+—u — flog tu
The skewed a-Jensen-Shannon divergence can be rewritten as

Disalp:q) =h((1—a)p+aq) — (1 - a)h(p) + ah(q)). (11)
Thus we have

h(1 = a)p+aq) = Disalp:q) + (1 — a)h(p) + ah(q)). (12)

When p = p, s, and q = py, s,, using Eq. @ we get a closed-form for Djs.o(piy s, © Pla,sy), and hence
we have a closed-form for the differential entropy of a mizture of two components h((1 — a)py, s, +

aPly,sy)- Let mg := (1= O)pi s, + 0Pl s, )-
The skewed o-Jensen-Shannon divergence between two miztures mg, and mp, amounts to

Djs a(mg, : mg,) = h((1 — a)mg, + amyg,) — ((1 — a)h(mg,) + ah(mg,)). (13)

Since (1 — a)mg, + amg, = M(1_qa)9,+a,, We get a closed-form formula for the skewed a-Jensen-
Shannon divergence between two Cauchy mixtures with two prescribed component distributions.
Similarly, the KLD between two Cauchy miztures mg, and mg, is available in closed-form using

Eq. [0
2.4.6 The Taneja divergence
The Taneja T-divergence [78] (Eq. 14) is a symmetric divergence defined by:

_ [ p@)+q(@), pl)+q(z)
Dr(p,q) .—/ 5 log2 p(:z:)q(x)dw'

The T-divergence can be rewritten as Dr(p : = [A(p x)) log %dx where

A(a,b) = a—“’ and G(a,b) := Vab are the ar1thmet1c mean and the geometric mean of @ > 0
and b > 0, respectlvely. (Thus the T-divergence is also called the arithmetic-geometric mean diver-
gence in [78, [72].) In [I], Banerjee et al. proved that \/A(a,b) with A(a,b) = log éggzg is a metric
distance.

The T-divergence is an f-divergence for the generator:

u—i—ll u+1
og ——.
2 %o/
u?+1 )

We have Dr(p: q) = Iz, (p: q) since fr(u) is convex (f7(u) = T2 ur 1))
The T-divergence satisfies Dys(p: q) + Dr(p: q) = ZDJ(p : q), where Dj(p : q) is the Jeffreys
divergence:

fr(u) =

Dj(p:q)=Dxu(p:q)+ Dkr(q:p).
Thus we have

Dr(p:q) = Dslpa) ~ Disp:a).

Since the Jeffreys divergence is an f-divergence for the generator f;(u) = (u — 1)logu, we get
fr(u) = 1fs(u) = fys(u) since Iy, (p,q) = L1y (,q) = Ipss(pa) = I1y,_; (p,q). (More generally,
It gy, =15(p:q) —Ip(p:q)is an f-divergence when fi — fo is convex and strictly convex at 1.)
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It follows the following closed-form formula for the Taneja divergence between Cauchy densities:

1

51+ 82)2 + (I3 — 12)?
DT[pll,Sl)pl2,82] = log — 1 + \/( 1 2) ( 1 2)

45189

2

We can express the T-divergence between Cauchy densities as a function of the chi-squared
divergence as follows:

hr(u) = Shiw(u) — hys(u) = log

1 <1+m>
——.

A related divergence to the T-divergence is the Kumar-Chhina divergence [37]:

[ () + q(2)(p(x) — q(x))* op P +al@) |
Dc(pra) = [ P()a() g e

It is an f-divergence for the generator:

12
(u+1)(u—1) logu+1,
2

since we Dxc(p, q) = I (p, q) for the convex generator fxc.

frc(u) =

2.5 Maximal invariants (proof of Proposition [2))

This subsection gives details of arguments in the final part of [46, Section 1].
Proof. First, let us show that

Lemma 4 For every (z,w) € H?, there exist A\ > 1 and A € SL(2,R) such that (A.z, Aw) = (\i,1).

Proof. Since the special orthogonal group SO(2,R) is the isotropy subgroup of SL(2,R)
for ¢ and the action is transitive, it suffices to show that for every z € H there exist A > 1 and
A € SO(2,R) such that i = A.z.

Since we have that for every A > 0,

0 -1 .
[ 1 0 ] A=
it suffices to show that for every z € H there exist A > 0 and A € SO(2,R) such that \i = A.z.
We have that

221

[ cosf) —sinf } “5— sin 20 + Re(z) cos 20 + iIm(z)
Z=

sin  cosf |2 8in 6 + cos 0>

I

Therefore for some 6, we have

ks

sin 260 4+ Re(z) cos 20 = 0.
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QED.
By this lemma, we have that for some A\, )’ > 1 and A, A’ € SL(2,R),

(Niyi) = (Az, Aw), (Ni,i) = (A2, A" ),

We see that 0 )2
—1 1 1
_ A=D1 1,
x(z,w) = x (i, 1) o 1 <)\ +3 ) ’
and ()\/ 1)2 1 1
X(Z/’w/) — X()\/i,’i) — T — Z()\/ + y . 2)
If x(2,w') = x(z,w), then, A\ = X and hence (A.z, Aw) = (A".2/, A'w'). QED.

3 Invariance of f-divergences and f-divergences between distribu-
tions related to the Cauchy distributions

There are several distributions which are strongly related with the Cauchy distributions. In this
section, we shall make use of the invariance properties of f-divergences to derive results for the
circular Cauchy [31), [68], wrapped Cauchy [32] and log-Cauchy [43] families which are all related
to the Cauchy distributions via various transformations either on the parameter space or on the
observation space.

First, consider the family of circular Cauchy distributions parameterized by complex parameters
w belonging to the unit disk D = {w € C : |w| < 1}. A Circular Cauchy distribution (CC) is an
angular distribution [68] playing an important role in circular and directional statistics [42] with
the following probability density function:

2
Py () = L 1 Jul

= %m dz, ¢ € [-m ),

where z := €' € C. Let w = pe’® be the polar form of w. The circular Cauchy density can be
rewritten [31] as:

1 1—p?

Tt P Zpeos(e—dy) OO O

b Z?fbo (¢)

Consider the subgroup of Mdbius transformations SLo(C) that maps D onto itself via trans-
formations of the holomorphic automorphism group of the complex unit disk [79, 49] (informally
speaking, hyperbolic motions):

w—+a
aw+1’

W by q(w) = e ¢ €|-mm),aecC.

The following invariance of f-divergences with respect to non-degenerate holomorphic mappings
t¢,q of parameters holds:

Proposition 5 We have I;(pfy, : pi;,) = If(pgia(wl) : pfga(w)) for all ¢ € [—m, ) and a € C.
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This proposition relies on the fact that Ir(pg, : pe,) = If(py, : Pp,) for any smooth invertible
transformations 7(f) (with smooth inverse 6(n)). Here, however the distribution parameters are
complex numbers.

Next, McCullagh [45] noticed that if X ~ Cauchy(6) then ¥ = 5 follows CCauchy (1£17)
1+i0

with parameter complex w = {7;. Denote the complex parameter reciprocal conversion functions

0 < w by w(f) = ifzg and O(w) = i(%jrz’)). Let us write w = a + ib for a,b € R.

Theorem 4 (f-divergences between circular Cauchy distributions) The f-divergence be-
tween two circular Cauchy distributions amounts to the f-divergence between two corresponding
Cauchy distributions: Ir(pfy, : Pu,) = Lr(Poqw,) © Pows))- 1t follows that all f-divergences between
circular Cauchy distributions are symmetric and can be expressed as scalar functions of the chi
square divergence.

This theorem follows from the invariance of f-divergences [3, 53] and Theorem (I} That is, let
Y = m(X) for m a diffeomorphism between continuous random variables X and Y. Denote by px
and gy the probability densities functions with support X. It is a key property of f-divergences
that f-divergences are invariant under diffeomorphic transformations [71), 55]:

Ii(px, i pxy) = I (qvy t qvy)-

This invariance of f-divergences further holds for non-deterministic mappings called sufficiency of
stochastic kernels [40]. This result is related to the the result obtained for the Kullback-Leibler
divergence in [2] (Lemma 5.1). It is worth noting that the circular Cauchy distribution can be
interpreted as the exit distribution of a Brownian motion starting at w € D when reaching the unit
boundary circle, see [45].

Next, consider the wrapped Cauchy distributions (WC) [32] with probability density functions:

o0

Y
pWC (¢): ) —7T§(]5<7T,
o n:zoo T (72 + (¢ — p+ 2mn)?)
where 1 € R denotes the peak position of the unwrapped distribution and v > 0 the scale parameter.
Let n = p+1y.
The density can be rewritten equivalently as

. 1 sinh(7)
Pruy (¢) = 27 cosh(y) — cos(¢p — p)

Since we have the following identity:

P (@) =p" (¢, n(w)), n(w) =
it follows the following theorem:

Theorem 5 (f-divergences between wrapped Cauchy distributions) The f-divergence be-
tween two wrapped Cauchy distributions amounts to the f-divergence between two corresponding
Cauchy distributions: I¢(pyC : ppy) = Ir(Daeyy) * Po(ny))- It follows that the f-divergence between
wrapped Cauchy distributions is symmetric and can be expressed as a scalar function of the chi
square divergence.
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Finally, consider the family £C of Log-Cauchy (LC) distributions (see [43], p. 443) and [65], p
329):
1 o
L Ic _
= {p“’”(y) oy [(logy — p)? +o?

defined on the positive real support V = R4 .

If X ~ Cauchy(l,s) is a random variable following a Cauchy distribution then ¥ = exp(X) is
a random variable following a log-Cauchy distribution with ¢ = [ and ¢ = s. Reciprocally, if Y
follows a log-Cauchy distribution LogCauchy(u, o), then X = log(Y") follows a Cauchy distribution
with [ = p and s = ¢. In particular, if Y ~ LogCauchy(0,1) then X = log(Y") ~ Cauchy(0,1).

We state the symmetric property of f-divergences between log-Cauchy distributions:

,u>0,o>0},

Theorem 6 The f-divergences between two Log-Cauchy distributions LogCauchy(u1,01) and
LogCauchy(u2,02) amount to the f-divergences between the two corresponding Cauchy distribu-
tions: If(piflm : pb;’@) = It(Pp1,o1 * Pus,on)- It follows that the f-divergences between two Log-
Cauchy distributions are symmetric and can be expressed as a scalar function of the chi square
divergence.

Proof. First, let us recall that the generic relationships between the probability density
functions px and gy with corresponding real-valued random variables satisfying Y = m(X) for a
differentiable and invertible function m with m/(z) # 0 is

px(z) = m'(z) x qv(m(z)) = m'(z) x gy (y),
av(y) = (m™ Y (y) xpx(m ' (y) = (m" (y) x px(x).

Now consider the case y = m(x) = exp(z) with m~!(y) = log(y), and m/(x) = exp(x) and
(m~1)(y) = 1/y. Let us make a change of variable in the f-divergence integral with y = exp(z)
and dy = exp(z)dz. We have p; s(z)dx = p}fva(y)dy, with g—z = i and j—g = eY. Let gy, ~
LogCauchy (1, 0;) and px, ~ Cauchy(u;, 0;) for i € {1,2}. By a change of variable, we have:

qYl (qy2 (y)> dy

ay, (y)
—1y/ —1
>< le( —l(y))f ((m ) (y) X pXQ(m (y))> dy,

< )

= pX1 ng)

It (qv; : qv,)

\\\

Then we use the symmetric property of the f-divergences of the Cauchy distributions to de-
: fot el ; . 1 | _
duce the symmetry of the f-divergences between log-Cauchy distributions: [ f(plfhg1 : plme) =

If(pime : piflm). It follows that we have If(pifl,gl 51752,02) = hp(x((p1,01), (n2,02))). QED.
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4 Asymmetric Kullback-Leibler divergence between multivariate
Cauchy distributions

For a symmetric positive-definite d x d matrix P > 0 and a d-dimensional location vector pu, the
density of a random variable [55] X, p := PX + p with X ~ p(x) (standard density) is

pup(x) = [P|7 p(P (& — p)). (14)

A d-dimensional location scale family is formed by the set of densities {p, p(xz) : P> 0,u €
R4}, For example, the set of multivariate normal distributions (MVNs) form a multidimensional
location-scale family [55].

The probability density function of a d-dimensional Cauchy distribution [70] (MVCs) with
parameters 1 € R and ¥ > 0 be a d x d positive-definite symmetric matrix is defined by:

: Ca T -1 (a2 d
p“’z(x)':(detZ)l/?O—i_(x_u) Y (w—ﬂ)> ; v € RY,
r(e)
where Cy = —z2% is a normalizing constant, and I'(-) denotes the gamma function. The MVCs

2
form a multivariate location-scale family with standard density:

(%L —(d+1)/2
p(x) == % (1 + acT:c> ,
T 2

where matrix parameter P = %5 denotes the symmetric positive-definite square root matrix of
x> 0.

In this section, we shall prove that the f-divergences between any two densities of a multidi-
mensional location-scale family with prescribed scale root matrix P and even standard density (i.e.,
p(z) = p(—=)) is symmetric, and then show that the KLD between bivariate Cauchy distributions
is asymmetric in general.

First, let us consider the case 3 = I: The corresponding set of multivariate Cauchy distributions

yields a multivariate location subfamily {p,(x) = p,s(z) : u € R?} with standard distribution

—(d+1)/2
p(@) = poi(e) = G (1+a'2) (d+1)/2

p(—x)), we can extend straightforwardly the result of Proposition[l]using a multidimensional change
of variable in the integrals of f-divergences:

Since the standard density is even (i.e., p(x) =

Proposition 6 The f-divergences between any two densities of the multivariate location Cauchy
Jamily is symmetric: Tt(pu,,Pus) = L (PposPur)-

Next, we consider the case of MVC location subfamilies with prescribed matrix ¥ (or equiva-
lently P).

Proposition 7 The f-divergences between any two densities of the multivariate location Cauchy
family {p,> : p € R} with prescribed matriz 3 is symmetric: 11Dy, sy Puss) = Lt (Dus.ss Ppy 3)-

Proof. = We shall use the following identities of f-divergences arising from the location-scale
family group structure [55]:

L5 (p.py 2 Plopy) = I (p : pPl_l(IQ—ll),Pl_ng) = Iy (ppgl(zl_zz),Pglpl ¢p> :
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Thus for the MVCs, we have:

Nl

Ll ST
3
N——

If (Ppy,s ¢ Pus,zs) = I (prp ~1 1 > = Iy <zoZ

2, 2 (p2—m), 2, 253 (H1—p2),5, 28

It follows that when ¥ = Y9 = X, we get:
I : =1 < : ) =1 ( : ) .
1 P Puae) = I Py ) = Pod iy P
Recasting the equalities using the multivariate location Cauchy family, we obtain:
1 : =1 ( Tp__1 ) =1 ( 1 : )
5 P2 Pz ) URURE S5 %(Hz—m) Py %(#1—M2) b

Since we proved in Proposition@ for the multivariate Cauchy location family that I¢(py,, pu,) =
It (Pus» Ppy ) (with py(x) := pyr(x)), it follows that we have:

If (pm’z :pm’z) - If (p : pzi%(.u‘Zfﬂl)) - If (pﬁf%(uzful) :p> - If (pm’z :pm,z).

QED.
However, contrary to the family of univariate Cauchy distributions, we have the following result:

Proposition 8 There exist two bivariate Cauchy densities p,, s, and p,,s, such that
DKL (Ppy,51  Pus,ss) 7 DKL (Puo,5s * Pua s )-

Proof. We let d = 2. By the change of variable in the integral [55], we have

DKL (plil,zl :p/«L2722) = ‘DKL (pO,IQ : p2;1/2(M2_Ml),2;1/2222;1/2) 9

|\

where n is a natural number. We will show that D1, (pu, 5, @ Dpssa) # DKL (Dpe,5s © Pui,x ) for
sufficiently large n. Then,

where I5 denotes the unit 2 x 2 matrix.
Let

p1=0,% =1y, pp=(0,1)1,% = [

3= O

n
0

3C, log(1 + 22/n + nx3) — log(1 + 22 + 23)
Dt (B 1 2 Pz 22) = =5 /Rz (1+af +23)3/2 drrdzs
and
DKL (Pus,=s : Punsi) = DxL <p0,12 :p_zl_l/zm’zl_1> ,

3C [ log(1+af/n+n(zs ++/n)?) —log(1 + xf + 23)
d$1d$2.
R2

2 (14 2% +23)3/2
Hence it suffices to show that

/ log(1 + 23 /n + n(xg + /n)?) — log(1 + 22 /n + nx3)
R2 (14 2% + 23)3/2

d$1d$2 7'5 0
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for some n.
We see that log(1 + 22/n + n(xa + v/n)?) > log(1 + 22/n + nz?) if and only if x5 > —/n/2.
Since {(x1,72) : 3 > —y/n/2} = R2 n — 0o, we see that by Fatou’s lemma [33] (p. 93),

lim log(1 + 23 /n + n(xg + /n)?) — log(1 + 22 /n + nx2)

dz1dxs = +00.
n—00 z2>—\/1/2 (1 + .'L’% + l’%)g/Q

Hence it suffices to show that

lim inf/ log(1 + z{/n + n(z2 + v/n)?) —log(1 + 2% /n + na3)
=00 Jaa<—/n/2 (14 22 + x3)3/2

If 29 < —y/n/2, then,

dzidze > —o0. (15)

n32(nt/? + 2z
log(1 + 23 /n + n(xe + v/n)?) — log(1 + 2% /n 4+ na3) = log <1+ ( 2)

1+ 2% /n + na3

n3/2(n1/2 + 23:2))

>1 1
_og( * 1 4 na}

1/2 . . . .
Let f(x) := ”117;225’3, x < —y/n/2. Then, f is decreasing on (—oo, —@ — "i‘:"] and increasing

on [_\/25 — 4/ ”i#, —\/f] Since —4 - "Z# > —%\/ﬁ for n > 2, it holds that for n > 2,

/ log(1 + 2% /n + n(z2 + v/n)?) —log(l—i—x%/n—l—nm%)dx e
1dzs
22<—3/n/2 (1+af 4 23)3/2
4+ n? dzidzs
> 1 P — > —2mlog 5. 16
= °g<4+9n2)/ﬂ§2 (I+a2+ad)p2= % (16)

If o = —@ — /it then,

4n

3/2(p1/2 4 9
log<1+n (/" + x2)>:2log2—2log(n+ n2+4>2—10g(n2+4).

1+ na:%
Hence,
/ log(1 + 2%/n + n(z2 + vn)*) —log(1 + af/n+nag) ,
142
—3yn/2<ea<—/1/2 (1+ 2% + 23)3/2
dxldxg
> —log(n?+ 4 /
( ) _3yn/2<za<—yin/2 (1 + 21 4+ 23)3/2
dzy 4y/nlog(n? + 4)
> —v/nlog(n® + 4 =— . 17
> —y/nlog(n” + )/ﬂg(1+x%+n2/2)3/2 219 — 0, n — oo (17)

By Eq. and , we have Eq. .
QED.
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Remark 7 By numerical computations, we have that

/ /°° log(1 4 22/100 + 100(y + 10)?)
(14 22 4 42)3/2

dxdy = 57.953

and

> log(1 +2%/1 1
/ / og(1 +2%/100 + 100y* ) duwdy = 30.1523.
(14224 y?2)3/2

5 Taylor series of f-divergences

In this section, we aim at rewriting the f-divergences as converging infinite series of power chi
divergences [568,[57]. The Pearson power chi divergence ij i of order k (for any integer k € {2,...,})

is a dissimilarity obtained for the generator ff pu) = (u— 1)* which generalizes the Pearson a-

divergence (k = 2):
D)) = [osfy (50 auta)

o) (42 21 aute),
/ <p(ﬂf)

xXr) — X k
S

We have DX o(piq) = Df(p 1q) = [ %du( ). For even integers k > 4, the Pearson power
chi divergence are non-negative dissimilarities since f;; (u) is strictly convex (we have ff’ k”(u) =

k(k—1)(u—1)*=2 > 0). For odd integers k > 3, the Pearson power chi divergence may be negative.
Similarly, we can define the Neyman power chi divergence Div ;. of order k:

(ple) — a(2))* |
q(z)kt

We have ng(p q) = D¥(p: q) f q(x) dp(z). When k is even it is a f-divergence,

otherwise Dx,  may fail the p051tlve—deﬁn1teness property of f-divergences. We note D, »(p: q) =

Dijk(p : q) below.
We first state a general framework to obtain power chi divergence expansions of f-divergences.

Dyy(p:q) = Dyilq:p) = / p(z).

Theorem 7 Let X be a topological space and p be a Borel measure on X with full support. Let
{po(x)}o be a family of probability density functions on (X, pu). Assume that for each 6, po(x) is
positive and continuous with respect to x. We also assume that for each 01 and 0 there exists
C = C(64,62) such that pp, () < Cpg,(z) for every x € X. Let f(z) = > o7 an(z — 1) be an
analytic function (f € C¥), and denote by ry be the convergence radius of f. Assume that ry > 1.
Let Iy be the induced f-divergence. Then,

(i) If poy (@) < 1+ry for every x, then,

pe, (v)
p92 z " _ > .
I¢(po, : po) Z / < —1> po, (2)du(x) = anDyn(pe, : po,)-
n=2

o, ()
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(u) If p92 > 1+ 7y for some x, then, the infinite sum

e an (Peg(m _ 1) po, (x)p(dzx) diverges.

po, (%)

Doy ()
po, (%)

Proof. (i) By the assumption and ry > 1, infzex boy Ei; > 1—ry. Hence, sup,cx

r¢. Thus we have the Taylor series:

() = e (2 -1)

n=2

-1] <

and the convergence is uniform with respect to x. By noting that pyp(z) is a probability density
function, we have the assertion.

(ii) Since zQQE ; is continuous with respect to x, there exist §o > 0 and an open set Uy such that

inf P, () >0+ 1+7p > 00+ 2.
z€Uo po, (T)
Then,
po, (2) " n
I fpg, (@) —1) po,(z)p(dz) > an(do + 1) po, () pu(dx).
P@Z p91 (x) UO
pg, (@) =
Since ry > 1,
a”/ L (e)u(de) < an (1 — inf 22212) "0, 0o
p92513<1 pe, (z) ' - z€R py, ()
pg, (=

By the assumptions, on po, () p(dz) > 0. Thus we see that

lim ay, /X <p92 (z) _ 1>n por (2)p(dar) = +00.

n—oo pel (:L‘)

QED.
Now we deal with the particular case of Cauchy distributions. We first remark that for every
(ll, Sl) and (lQ, 82),
Piy,so (w) Diy s (x)

max ———~ = max )
r€RU{£o0} DIy ¢ ($) r€RU{£o0} Ply. 5o (.’L’)

because there exists A € SL(2,R) such that §; = A.0y and 6, = A.0; where §; = {; +is;, j =1,2.

We first deal with the case that the convergence radius is 1. We denote the Kullback-Leibler,
a-divergence, Jensen-Shannon and squared Hellinger divergences by Dxr,, I, Dys and D%I, respec-
tively.
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Lemma 5 (i) If I? + (s — 4/5)? < 9/16, then, sup,cg 2013 9 and hence,

pl,s(x)
— (=1)"
Dx(pis i po1) = > ~——Dxnlbrs: pon),
n=2
oo
—4 1+a)/2
Ia(pis :po1) = . 1 — a2 <( . )/ >Dx,n(pz,s 1 po,1)
n=2
oo
—1)m(2nt -1
Dys(pis :po1) = > ( n(il (_ 1o )Dx,n(pl,s 1 Po,1),
n=2
) 2 (1) (2n — 3)!
Dy(pis ipo1) = > T Dyn(Pr,s = Po1)s
n=2 )

where we used the generalized binomial coefficient for the a-divergences.

(ii) If 1? + (s — 4/5)* > 9/16, then, sup,cp p°1(( )) > 2, and hence, all of the infinite sums in (i)

diverge.

We now deal with the case that the convergence radius is 2. Let Dam(p: q) = [ %dx be

the harmonic (mean) divergence [29, [16].

Lemma 6 (i) If I> + (s — 5/3)? < 16/9, then, sup,cg Z?’l((;")) < 3 and hence,

oo oo
-1 n+1 P T n n+1
Dun(prs : po1) = » ( 2)n / ( 01(@) _ 1) pus(@ Z o (PLs * Po,1)-
R

n=2 p175 (LU)

(i3) If 12 + (s — 5/3)* > 16/9, then, SUD.eR 5 o, 1(( )) > 3 and hence, the infinite sum in (i) diverges.
Other expansions are available in Table 3 of [57] (e.g., Jeffreys’ divergence). We refer to the
Appendix [H] for an implementation of the calculation of f-divergences using these series.
We finally consider the total variation distance between the Cauchy distributions. Then, we
cannot expect power chi expansions.

Proposition 9 Let f(u) := ‘u;”. Then, for every ay,--- ,an,

J
If (pl,37plo,80) - Z;‘l—2 a; f]R (p;:z(()g(c;) - 1) Plo,so (x)dx

lim D z) n = +00.
(1,8)=(lo,50) f]R (;Dlol zo(:t o 1) Plo,so (;L')d:b"

Proof.

Lemma 7

p,S(x) .
igg m - 1‘ =0 (\/(l —1p)?+ (s — so)2> , (L,s) = (lo, s0)-
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Proof. We see that
M_lzi_1+ 3_1 W_l +m_
Plo,so (x) S0 S0 (ac — l)2 + s2 (1‘ _ l) 452
Since
(ZL‘ — lo)2 + Sg 2(l — lo)(x — l) + (l — lo)2 + 8% — 2
o LT ORI =0 (V=17 + (5 —s0)?),
we have the assertion. QED.
By this lemma, we see that

Z /<p“ —1)jpzo,so(x)dx:o((z—zo)2+<3_so)2).

plo,So

On the other hand,

9 1 [(I—10)2+ (s — s0)?
If(pl,saplo,so) = ;arctan 2\/( 0) SSO( 0)

Hence,
If (pl,Sa plo,so)
im
(1s)=(lo.s0) (I = 10)2 + (s — 50)?

= +o0.

Thus we see that

n s(z J
L) = X205 o (722585 1) iy ()
lim 5 e
(1,s)=(lo,s0) (I —1p)>+ (s — so0)
By Lemma [7], we see that for n > 2,
pls(:n) )n 2 2\ n/2
———= =1 pys(x)dz =0 (((I—1lo)"+(s—s . (1,8) = (lo, s0)-
/<p10,50(:c) 050(®) ((@ =10+ (s = 50))™*), (1,5) = (G0, 50)
Thus we have the assertion. QED.

= +o00.

Remark 8 Consider the exponential family of exponential distributions {p,\( ) = Aexp(—Ax), \ €
R4} defined on the positive half-line support X = Ry. The cmtemon < 1+ ry is satisfied for

A < A2 < (L +7f)A1. Moreover the Pearson order-k power chi dwergences are available in closed
form for integers k > 1 since A1 < Ao by adapting Lemma 3 of [58] (i.e., when \i < Ao, it is
enough to have conic natural parameter spaces instead of affine spaces). Thus we can calculate the
KLD between py, and py, as converging Taylor chi series. In this case, the KLD is also known to
be in closed-form as a Bregman divergence for exponential distributions:

Ao Ao
22 _1ogl2 1.
A1 ©8 A1

However, if we choose the exponential family of normal distributions, we cannot bound their density
ratio, and therefore the Taylor chi series diverge.

D1, (pa, 1 Px,) =

Notice that even if the series diverge, the f-divergences may be finite (e.g., when the ratio of
densities fails to be bounded by 1 + 7). In that case, we cannot represent Iy by a Taylor series.
By truncating the distributions, we may potentially find a validity range where to apply the Taylor
expansion.
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6 Metrization of f-divergences between Cauchy densities

Recall that f-divergences can always be symmetrized by taking the generator s(u) = f(u)+uf(1/u).
Metrizing f divergences consists in finding the largest exponent a such that I is a metric distance
satisfying the triangle inequality [30} 66, 80]. For example, the square root of the Jensen-Shannon
divergence [25] yields a metric distance which is moreover Hilbertian [I], i.e., meaning that there is
an embedding ¢(-) into a Hilbert space H such that Djys(p: q) = ||¢(p) — ¢(q)||%. That is, v/JSD
admits of Hilbert embedding.

We will show that the square roots of the Kullback-Leibler divergence and the Bhattacharyya
divergence are distances on the upper-half plane in Theorems [§] and [9] below respectively. We also
show that the square root of the KLD is isometrically embeddable into a Hilbert space in Theorem

I8}

6.1 Metrization of the Kullback-Leibler diveregnce

The following is a generalization of Theorem 3 in [54].
Theorem 8 Let 0 < aw < 1. Then Dxr(pg, : po,)* is a metric on H if and only if 0 < a < 1/2.

In the following we also give full details of the proof of Theorem 3 in [54].
Proof. We proceed as in [54] by letting

t(u) :=log (W) ,u>0.

Let us consider the properties of Fo(u) := t(u)*/u.

U a—1
Fyw) = 2" Gu/va),

where y Cw
Ga(w) := (24 € + e72V) log (e—i—;) — aw(e? — e 2),
If we let x := €%, then,

2+ 1
2x

Go(w) = (z 4+ 271) <(:U + 271 log( ) —a(z —z7 1) log x) .

Let
2+ 1
2

Hy(z) ==z <(x + 271 log( ) —a(z — 2 1) log a:) .

Then, Hy(1) =0 and

2 1 3
Hé(:c)—4<xlog(x + )—(1+a)xlogx—i—x7 am).

2 224+1
Let ) ,
1
Ix(x) fszlOg(m 5 )—(1+a):clogx+xfﬁ—oam.
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Then, I5(1) =1/2 — a and

22 +1 22(322 + 5)
)—(1+Oé)10g.’li+m

Consider the case that a > 1/2. Then, I5(z) < 0 for every x > 1 which is sufficiently close to
1. Hence, Go(w) < 0 for every w > 0 which is sufficiently close to 0. Hence, Fj(u) > 0 for every
u > 0 which is sufficiently close to 0. This means that F5 is strictly increasing near the origin.
Hence there exists ug > 0 such that

I(z) = log( — (14 2a).

2t(up)® < t(2up)®.

Take xp,z90 € H such that ppr(xo,20) = 2up, where ppgr is the Fisher metric distance on H.
By considering the geodesic between xp and zp, we can take yp € H such that prr(zo,y0) =

PR (Yo, 20) = uo.
Finally we consider the case that o = 1/2. Let

2
1
Jo(z) == (2% + 1)210g(x 2+ ) — g( 21 1) % logx + 22(32% +5) — 2(x* +1)2
Then, Ja(1) = 0. If we let y := 22, then,
+1 3
Jo(z) = (y + 1) log <y2> - Z(y +1)%logy + (v* +y —2).
Let K>(y) := J(y/y)- Then,
y+1 3 3(y +1)2
Kyl) = 20+ Dlog(U )+ 1) = S+ togy — L 4 241,
= y+(y+1) 210(+1)—§lo +g—i—2lo2
= Yy gy 9 gy 4 1y g .
If y > 1, then,
3
2log (y +1) > ilogy
and

9 3 3
- —— —2log2> - —2log2 .
1L og >2 og2 >0

Then, Jo(x) > J(1) = 0 for every x > 1. Hence, Ia(x) > I(1) = 0 for every = > 1. Hence,
Ga(w) > 0 for every w > 0. Hence, Fj(u) < 0 for every u > 0. This means that Fy is strictly
decreasing on [0, 00). Thus we proved that Dxr,(pg, : pe,)"/? gives a distance, hence Dky,(pg, : po,)*
is also a distance for every « € (0,1/2). QED.
6.2 Metrization of the Bhattacharyya divergence

The Bhattacharyya divergence [5] is defined by

Dan ()=~ o ([ Vrlalataiz ).

The term [ v/p(x)q(x)dz is called the Bhattacharyya coefficient. It is easy to see that Dppat(p :
q) = 0 iff p=q, and Dppat(p : ¢) = DBhat(q : p)-
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Theorem 9 \/DBhat(pg1 : pg,) is a distance on H.

For exponential families, see [54, Proposition 2] and [56]. We cannot apply the method of [54]
Proposition 2] in a direct manner. We state the reason in the end of this section. We can also show
that Dppat(pe, : pe,) is not a metric if @ > 1/2 in the same manner as in the proof of Theorem

Proof We show the triangle inequality. We follow the idea in the proof of Theorem 3

. We construct the metric transform ¢pr_pnat and show that tpr_phat(s) is increasing and

tFR—)Bhat )/s is decreasing.

Let prr be the Fisher-Rao distance. Then, by following the argument in the proof of [54
Theorem 3],
X(Z7w) = F3(/0FR(Z7U)))7

where we let
F3(s) := cosh(v/2s) — 1.

Let

I3(z,w) ::/\/pz(m)pw(x)dx.

Then, by the invariance of the f-divergences,
I3(A.z, Aw) = I3(z,w).

Hence we have that for some function J3, J3(x(z,w)) = I3(z,w). Hence,

\/DBhat(p91 : pg,) = v/~ log J3 (F3(prr (01, 02))).

We have that
tFR—Bhat (5) = —log J3(F3(s)).

It holds that for every a € (0,1),

J (x(ai,i))) = I(ai,i).

By the change-of-variable x = tan € in the integral of I(ai, i), it is easy to see that
2v/aK(1 — a?
Ii(ai, i) = 20—
™

where K is the elliptic integral of the first kind. It is defined byE|

1
= / ——df, 0 <t < 1.
0 \/1—tsin?0
Hence,
J (1-a)?\  2VaK(l —a?)
3 2. = - .
!This is a little different from the usual definition. The usual one is K(t) = f"/Q S —

0 V1—t2sin2 6
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Since

(1— e V2)?2

F3(s) = cosh(v/2s) — 1 = -

we have that v 7
2¢~8 2K 1— 6_2 2s
J(Fy(s)) = ( )

Since the above function is decreasing with respect to s, tpr—Bhat($) is increasing.
Furthermore, we have that

™

t 1 2e=5/V2K (1 — e~2V2s
FR—Bhat ($) _ g ( e (1—e )>' (18)
s s T

This function is decreasing with respect to s. See Figure [ll We can show this fact by using the
results for the complete elliptic integrals. The full proof is somewhat complicated. See Section
QED.

Remark 9 It holds that

t 1 t
lim —FR%Bhat(S) = 3’ and lim —FR%Bhat(S)

s—+0 S §—>+00 S

=0.

2
Remark 10 The squared Hellinger distance H*(p : q) = 3 [ (N/p(m) - \/q(z:)> dz (an f-
divergence for fueninger(v) = 3(v/u — 1)?) satisfies that
H*(pg, : po,) = 1 — exp (= Dnat (po, : po,)) = 1 — J3(F3(prr(01,62)))

2€*PFR(91792)/\/§K<1 _ 6*2\/§PFR(91,92))

2K (1 - (1 + x(61,62) + /x(61,02)(2 + x (61, 92)))2>

14+ x(01,62) + VX1, B) 2+ x(01,82))

The Hellinger distance H(pyg, : pp,) is known to be a metric distance. Notice that

2K <1— (1—|—u+ \/W)_2>
 afitervaGre

and we check that themnger(O) =0 since K(0) = 5.

—1—

thellinger (u) = 1

Remark 11 More generally, let BCulp : q] = [pp(z)*q(z)~*dz denote the a-skewed Bhat-
tacharyya coefficient for a € R\{0,1} (also called the a-Chernoff coefficient [51,[52]). The a-skewed
Bhattacharyya divergence is defined by

Dphata(p : q) = —logBCalp: ¢] = — log/ﬂgp(:c)%(:c)l‘“dm.
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“log((2+%e-(s/sqrt(2)*ellipticyc(1-%e(23/2)*$)/opi)/s>

Figure 1: Graph of @

Using a computer algebra systenﬂ we can compute the a-skewed Bhattacharyya coefficients for
integers a in closed form. For example, we find the following closed-form for the definite integrals:

2 2

s“+1“+1
BCalp:ps] = ——,

2s

354 +—(6l2 +72) 21314 161213
BCslp:prs] = 5a2 ,

556 + (1512 + 3) st 4 (1554 + 1812 + 3) s2 4+ 505 + 1514 + 1512 + 5
BCylp:prs] = oo . and,

3558 + (14012A+ 20) 6 4 (21014A+ 18012 +—18) st 4+ (14016 + 30004 + 18012 + 20) s2 4 3518 + 14015 + 21014 + 14012 + 35
BCsp:pi,s] = .

128s4

Furthermore, we give some remarks about the complete elliptic integrals of the first and second
kinds.

Remark 12 (i) In practice, we can calculate efficiently K(t) using the arithmetic-geometric mean

(AGM):

s
~ 2AGM(1, V1 —12)

where AGM(a, b) = limy,—s 00 @y, = limy, 00 gn with ag = a, go = b, apy1 = a";g" and gni+1 = \/Gngn-
The mean is called the arithmetic-geometric mean because it falls in-between the geometric mean
and the arithmetic mean: g, < AGM(a,b) < a,, where g, is an increasing sequence and a, is a
decreasing sequence. We see that

K(?)

AGM(a,b) = T2 F0

4 b\’

K (5:4)
One way to show this relation is using the invariance of the Cauchy distribution with respect to the
Boole transform which is mentioned in Section [A]

*https://maxima.sourceforge.io/
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(ii) Let K and E be the complete elliptic integrals of the first and second kinds respectively. We leﬂ

w/2
= / V1 — tsin® 6d6.
0

The following expansion by C. F. Gauss in 1818 is well-known:

=>4+ 27 , € (0,1),

n>1

where (ag,by) = (1,v/1 —z) and (ap+1,bp+1) = (“"‘H’ Vanbn), n > 0. See [73] for more details.
V 'FR—Bhat\5) FR—»Bhat

of 1 — IEé((‘;)) See Lemma below for example. By numerical computations, it holds that

.’13

1\3\&

.f

By investigating of the behaviors of in Eq.|18, we get some approximation formulae

E(z) = Ly x? n 3 . 41 4 n 59 o T27
—+ =+ x x
K(z) 16~ 32 2048 4096 65536

3 log(2K(z)/m) r 2% 2 251 , 123 . 34781 .
0y O8ERW/T _T v T 0
v (2 log(1 — ) >t 76 T3 T s Taige® T agagizg” T 0@

1- 25 +0(27),

and

x (4 —2—/(4—32)2 +4(2—2)(1 — ) log(1 — x))
4 + 2(x — 1) log(1 — x)
x :U2 3 49 41

=< + 35+t 30m% et t 2
N 16 3072 6144 491520

See also [36, Lemma 6.2]. They are very close to each other if x > 0 is close to 0. For just a few of
recent results about complete elliptic integrals and its applications, see [306], [82] and the references
therein.

Table |1| summarizes the symmetric closed-form f-divergences It(px : px) = hy(x[pa : px])
between two univariate Cauchy densities py and py that we obtained as a function hy of the chi-

2% +0(z").

squared divergence x[px : py| = ”;‘)\ /\X” (with h¢(0) = 0).

Remark 13 The proof of [54, Proposition 2] is not applicable to the proof of Theorem @ abowve,
because it cannot be a Bregman divergence. See [1].

6.3 The Chernoff information

The Chernoff information [52] between two densities p; and po is defined by:

C(p1 : p2) == —log min /p1($)ap2($)l_ad1'-
a€(0,1)

The Chernoff information provides an upper bound for the error probabilities of Bayes hypoth-
esis testing [13] (Chapter 11).

3This is also a little different from the usual definition. The usual one is E(t fW/Q V1 — t2sin? 6d6.

36



f-divergence name f(u) hy(u) for Te[py, @ Dag] = hp(X[PA, : Prs))
Chi squared divergence (u—1)2 u
Total variation distance Hu—1] 2 arctan (/%)
Kullback-Leibler divergence | —logu log(1 + %u)

: u 1 14u 2v/2+u
Jensen-Shannon divergence log Tia — 3 log 5= | log (7\/2?& \/i)
Taneja T-divergence "‘H log ;‘\J;l log w ,
LeCam-Vincze divergence (uljif 2—4 (u )

) , QK( —(1+u+ u(2+u)>_2)

squared Hellinger divergence | 5(y/u — 1 1-—
q g g 2 (Vu ) 7T\/1+U+ ezt

Table 1: Closed-form f-divergences between two univariate Cauchy densities expressed as a function

hy of the chi-squared divergence x[py : py] = H’2\>\ ’\/\/,” . The square root of the KLLD, LeCam and

squared Hellinger divergences between Cauchy den51t1es yields metric distances.

Theorem 10 For the univariate Cauchy location-scale families, the Chernoff information is equal
to the Bhattacharyya divergence.

Proof. Let
Aa) := log/Rp@1 (x)“p92(x)17“dx.

This is finite for every R, and is in C*° class on R.
We see that for every a € R,

fR p91 p@z( )1—a 10g §91 gg dz

pr91 Z pGQ(x)l ¢dx

A(a) =
By the symmetry of f-divergences,

a 1—a p91(x) o )% 2 1—a o p92($) T
[ @@~ o 2Ee = [ oy (o), (@)1 log 2 S

Hence, for a = 1/2,

/ o, ()Y %pg, ()% log P, () dz = 0. (19)

R Do, (37)

Hence, A’(1/2) = 0. By the Cauchy-Schwarz inequality, A”(a) > 0. Hence A(a) takes its minimum

at a =1/2. QED.
Thus the Chernoff information between two Cauchy distributions py, and p,, can be computed

from the Bhattacharyya coefficient BCy[pa, : Pr,] := [ v/Pr, ()P, (x)da:

C(p)\l :pkz) = - log Bca[p/\1 :p)\g]'
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Since the Bhattacharyya coefficient can be recovered from the squared Hellinger divergence:

Bca[p)q :p>\2] =1- H2(p>\1 :p>\2))

we use the closed-form of the squared Hellinger divergence (Eq. to recover the closed-form
formula of the Bhattacharyya coefficient. The Bhattacharyya and Chernoff divergences are not
f-divergences because they are not separable divergences. Nevertheless, by abuse of notation, let

us write hChernoH(u) = - 10g (1 - hHellinger(“))-

Remark 14 We can compute Eq. by using the two formulas 4.386.3 and 4.386.4 in p. 588
of [27]. However such approach is much more tedious than the above proof.

Additional material is available at https://franknielsen.github.io/CauchyFdivergences/

7 Geometric properties of the metrizations of f-divergences

If a divergence D is given, then we can define an associated Riemannian metric gp on the parameter
space by following Eguchi [19, 20]. (See also Remark [1}) Specifically, by regarding D is a smooth
function on M x M where M is the space of parameters, we let

(gD)r(Xra Y;") = _XpY;]D(pa Q)|P=q=7“a S Ma

where X, Y are vector fields on M.

It is known that if D is the Kullback-Leibler divergence, then, gp is the Fisher metric. If D
is not the Kullback-Leibler divergence, then, we are not sure whether gp is the Fisher metric.
However, gp is the Fisher metric for every smooth f-divergence between the Cauchy distribution.

Proposition 10 Let Dy be the f-divergence between the univariate Cauchy densities. Let F' be a
function such that

Dy (pg, : po,) = F(x(61,62)), 61,62 € H.

Assume that F is in C?([0,00)). Then, the Riemannian metric gp is F'(0)p, where p is the Poincaré
metric on H.

For the (dual) connections induced by the f-divergence, see Remark |1. We remark that v/2ppr
is identical with the Poincaré distance on H.

Proposition 11 Let /Dgpay and /Dxr, be the distances between Cauchy densities. Then, neither
(H, v/Dghat) nor (H,+/Dxk1) is a geodesic metric space.

Proof. Recall that p,(x) = ﬂx Z‘Q ,z € H.

Assume that (H,+/Dxy,) is a geodesic metric space. Then, for every A > 0, there exists a
continuous map + : [0,1] — H such that v(0) =,v(1) = A, and

VDkL (pi : pai) \/ Dxv(pi : pyry) + \/ Dxr(py(t) : pai)

for every t € (0,1).
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Let 4(t) := Im(7(t))i. Then,
x((t1),7(t2)) < x(v(t1),7(t2)), t1,t2 € [0,1].
Since \/DxL (p : pw) is increasing as a function of x(z,w),
DKL (P3() * PA(t2) < DKL(Py(11) * Prya))s 182 € [0,1].
Since /Dppat is a distance,

V' Dk (pi  pai) \/ Dk (p \/ Dxr(p5(t) : pai)
for every t € (0,1). Since 7 is continuous, we see that
V' Dk (9i : pai) = /Dxr (i : pBi) + VDxu(ppi - pai), B € (1,4),

by the intermediate value theorem.
Let a > 0. Then,

prr(i,a%1) = ppr(i, ai) + prr(ai, a®i) = 2ppr(i, ai).

Hence,

7 — — —
=V PPR(D; a?i) < /prr(i, ai) + \/prr(ai, a%i).

Since
Dy (pz,pw) 1

im = —, 20
X(zw)—oo  prR(Z,W) /2 (20)
we see that
VDKL(Pi : pa2i) < V/DKL(Pi © Pai) + v/ DKL (Pai : Pa2:)
for sufficiently large a > 0. Thus we see that (H, /Dxkr,) is not a geodesic metric space.
The proof for v/ Dgpnat goes in the same manner, because
D : 1
lim M - (21)
X(zw)—oo  PFR(2, W) V2

QED.

Proposition 12 The metric spaces (H,/Dxr,) and (H,\/Dppat) are both complete.

Proof. Assume that (z,), is a Cauchy sequence with respect to /Dxr,. Since \/Dxr, (pz : pw)
is increasing as a function of x(z,w), we see that x(z, 2m) — 0,7, m — co. We see that x(z,w) < ¢

if and only if
|lw — (Re(z) +i(1 4 0)Im(z))| < +/0(d + 2)Im(z

Hence (zy), is bounded. Let z be an accumulation point of (2, ). Then, 2k, — Z, N — 00 with

respect to the Euclid distance. Hence, x(zg,,2) — 0,n — co. Hence, \/DKL (kan :pz) —0,n —

oo. Since (zp)n, is a Cauchy sequence with respect to v/ Dxr,, we see that / Dxr, (p2, : p.) — 0,n —
0. QED.
Now by Hopf-Rinow’s theorem (see [67, Theorem 16]) and Propositions |11 and
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Proposition 13 Let «/Dgnat and +/ Dx1, be the distances between Cauchy densities. Then, neither
V/Dghat or v/ Dx1, between Cauchy densities is a Riemannian distance.

Remark 15 (alternative proof of Proposition For A € SL(2,R), let pa(0) := A0, 6 €
H. We first remark that every Riemannian distance d on H which is preserved by every ¢4 has a
form of cp for some non-negative constant c. This is shown by two classical results in Riemannian
geometry. We remark that every SL(2,R) action to H is smooth and bijective. By the Myers-
Steenrod theorem (see [67], Theorem 18]), every va is a Riemannian isometry with respect to the
Riemannian metric associated with d. It is well-known that if a Riemannian metric on H is a
Riemannian isometry for every pa, then, it has a form of cprr for some constant c. This is
usually stated in the much more general framework for homogeneous spaces. See [35, Proposition

X.3.1 and Theorem XI.8.6] for example. By and , neither v/ Dk1, or /Dpnat has a form
of cprr for some constant c.

We finally consider isometric embedding into a Hilbert space.

Theorem 11 The square root of the Kullback-Leibler divergence between Cauchy densities is iso-
metrically embeddable into a Hilbert space.

Proof. By [74], it suffices to show that

n

Z ciciDKL(pz 1 pz;) <0
ij=1

for every (c1,---,¢p) such that Y ;" | ¢; = 0 and every z1,--- , 2, € ©.
Let the hyperboloid model be

L:={(z,y,2) €R*:2>0,2% +y* — 2 = —1}.
Let
dr ((z1,y1, 21), (T2, Y2, 22)) = cosh™! (122 — 21702 — Y192), (T1,91,21), (T2, Y2, 22) € L.

Let ¢1 : L — D be the map defined by

e~ (1)

142" 1+2

Let ¢9 : D — H be the map defined by

_ 2y Lo~y
¢2($ay)_ <_(1$)2+y2’ (1x)2+y2>.

Then, ¢1 and ¢9 are both bijective. Hence ¢o o ¢1 is a bijection between H and L.
Hence it suffices to show that for (x1,y1,21),  , (Tn, Yn,2n) € L,

zn: cic; log (1 n X(¢2(¢1(-’E7Lyyi,Zi))27¢2(¢1($j,yj,2j)))) 0

ij=1
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Since
2|wy — w2\2

(1= Jwi)(1 = wal?)”

X(¢2(w1), pa(ws)) =

w1, W2 € D,

we see that
X (P2(1(x1,y1, 21)), p2(d1 (22, Y2, 22))) = 2122 — 122 — Y1y2 — 1

= cosh (d]L ((9517y1721)7 (1’2,3/2, 22))) - 1) (961,y1,Z1), (1'2,:1/2, 22) e L.

Hence, it suffices to show that for (z1,y1,21), (T, Yn, 2n) € L,
n
Z cic; log (1 + cosh (df, ((wugi,zﬂ, (xj,yj,zj)))> <o,
i,j=1

Since 2(cosh(z/2))? = 1+cosh(x), = € R, it suffices to show that for (z1,y1,21)," " , (Tn, Yn, 2n) € L,

= d iy Yiy %1 )y 1y Yg5 <9
Z cic;2log <cosh( L ((zi,y 22) (j,y; Z])))) <0.

1,7=1

Now we can apply Theorem 7.5 in Faraut-Harzallah [23] in order to show the last inequality.
QED.

Remark 16 (i)The proof of Theorem 7.5 in Faraut-Harzallah [23] heavily depends on Takahashi’s
long paper [T7] in representation theory. Faraut-Harzallah [22] gave another derivation of Theorem
7.5 in Faraut-Harzallah [23]. However it heavily depends on Helgason’s long paper [28] in represen-
tation theory. By following the outline of [22], we give an elementary proof of Theorem without
using the terminologies of representation theory. See Appendiz[G,

(i) It is natural to consider whether the square root of the Bhattacharyya divergence \/Dppat 1S
isometrically embeddable into a Hilbert space. The squared Hellinger distance H? satisfies that

Dghat (P2 : pw) = — log (1 - H2(pz 3pw)) = —log (/R V' p=(T) V pw(x)dx> .

V' Dihat is isometrically embeddable into a Hilbert space if and only if for every s > 0, As a function
of (z,w), (prz(m)pw(x)dx)s is a positive definite kernel on H. By the definition of the squared
Hellinger distance, [p p.(x)pw(x)dx is positive definite. However, to our knowledge, it is not known
whether ([ pz(:v)pw(x)dx)s is positive definite or not for s # 1. For Cauchy densities, we can show

that
/ P2 (@) po(z)dz = 1 / (cosh(d(z,w)) + cos @ sinh(d(z,w))) 2 db, z,w € H,
R ™ Jo

where d is the Poincaré distance. See Appendiz|[G for more details.
It is also natural to consider whether (H,/Dxkr,) or (H, v/ Dphat) is Gromov-hyperbolic.

Definition 1 Let (M,d) be a metric space.
(i) Let the Gromov product be

d(z,z) +d(y,z) — d(z,y)
2 b

(z]y). = x,y,z € M.
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(ii) Let 6 > 0. We say that (M,d) is 6-hyperbolic if
(@]2)w = min{(z[y)w, (y[2)w} =6, z,y,2,we M.
We say that (M, d) is Gromouv-hyperbolic if it is §-hyperbolic for some § > 0.

It is known that H equipped with the Poincaré metric is Gromov-hyperbolic. (see Proposition
1.4.3 in [12])

Theorem 12 Neither (H,+/Dxr,) or (H, /Dppat) is Gromouv-hyperbolic.
Proof. By Proposition 1.6 in [12], (M, d) is not Gromov-hyperbolic if and only if

L (d(z,y) + d(z,w) — max{d(z, 2) + d(y,w), d(z,w) + d(y, 2)}) = +o0.

We first consider (H,+/Dkr,). For 0 < a < b,

b a 1
Jm:%og(wwﬁ_

Hence, for £ > 1,

lim sup ’\/DKL(pai  Danki) — Vk logn‘ = lim ‘\/DKL(I% CDpki) — VK logn’ =0.

n—o0 a>0

Hence,

lim <\/DKL(pi : Pn2i) + V/ DKL(Dni ¢ Prsi)

n—oo

— max{\/Dxr(pi : Pri) + vV DKL(Pn2i : Pr3i)s vV DrL(Pi * Do3i) + v/ DL (pni - pnzz')})

= nlg{.lo V' DKL(Di = Pp2i) + /DL (i = Pp3i) — VDL (Di : Pp3i) — V/ DKL(Pni : Pr2i) = +00.

We second consider (H, v/Dgpat). For 0 < a < b,

1 b 2 a2
P = e e (2 (1))

By Lemma [18]in Appendix,

1
log(4m) < K (1 - 2) < 2log(4m), m > 2.
m

) k
= nlgrolo ‘\/DBhat(pz- D Dnki) — A/ 3 logn
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Hence, for £ > 1,

) k
lim sup \/DBhat(pai : Danks) — A/ = logn
n—00 350 2

=0.




Hence,

lim <\/ Dgnat(pi © Pn2:) + v/ Dinat (Pri © Prsi)—

n—oo

max{\/DBnat (Pi : Pni) + v/ DBhat (Pn2i  Prsi)s v/ DBhat (Pi © Pnss) + v/ Dihat (Pni - pn%‘)}) = +o0.

QED.
Now we see that both of the metrics /Dkr, and /Dgpat are locally related with the Poincaré

metric, however, in global, they are completely different from the Poincaré metric.
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A Information geometry of location-scale families

The Fisher information matrix [48] 54] (FIM) of a location-scale family with continuously differen-
tiable standard density p(x) with full support R is

where

When the standard density is even (i.e., p(x) = p(—z)), we get a diagonal Fisher matrix that can
reparameterize with

o)) = (%/\1,>\2>

so that the Fisher matrix with respect to § becomes

¥ [1 0
It follows that the Fisher-Rao geometry is hyperbolic with curvature x = —b% < 0, and that the

Fisher-Rao distance is
pp(A1,A2) = b pu ((%11,81) ; (%12782>>

pu (61, 02) = arccosh (1 + x(61,602)) ,

where
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where arccosh(u) = log(u + vu? — 1) for u > 1.
For the Cauchy family, we have a? = b = % (curvature k = L= —2) and the Fisher-Rao

b2
distance is ]
PFR(DA; 1 Dy) = 7 arccosh(1 + x(A1, A2)).

2
Notice that if we let 8 = [ 4 is then the metric in the complex upper plane H is % where

|z +iy| = /22 + y? denotes the complex modulus, and 6 e H:={z +iy : x € R,y € Ry}

It has been shown that Amari’s dual +a-connections [3] “I" all coincide with the Levi-Civita
metric connection [48] I' = 9T for the Cauchy family since the Amari-Chentsov’s totally symmetric
cubic tensor 7" vanishes (i.e., Tjj;, = 0). That is, the a-geometry coincides with the Fisher-Rao
geometry for the Cauchy family [54], for all o € R. The 23 = 8 Christoffel functions defining the
Levi-Civita metric connection [48] for the Cauchy family are:

Fh = F%z = P%Q = P%l =0,

1

F%Q = r;1:r§2:—g,
1
rZ, = =
11 s

Next, we recall the symplectic manifold construction of Goto and Umeno [26] for the family
of Cauchy distributions (see also [63] for additional details): The Fisher information metric tensor
(FIm) is
B di? + ds?

282

A vector field K is a Killing vector field when the Lie derivative £ of the metric g with respect
to K is zero: Ligg = 0, i.e. the vector field K preserves the metric (the flow induced by Killing
vector field K is a continuous isometry). The three Killing vector fields on T'M are

K, = (12-5%0,+ 2ls0,,
K2 = lal + 885,
Kg = 8[.

Il,s

Consider the almost complex structure J = ds®d; —dl®ds and the Levi-Civita connection VC
induced by the Fisher information metric. Then (M, g, J, VLC) is a symplectic statistical manifold
(Definition 4.14 of [26], see also [63]) equipped with the symplectic form w = —515dl A ds with the
set of canonical coordinates (I, 5-). We have Lx,w = Lx,w = Li,w = 0.

The information geometry of the wrapped Cauchy family is investigated in [9]. Goto and
Umeno [26] regards the Cauchy distribution as an invariant measure of the generalized Boole
transforms and they model the Cauchy manifold is modeled as a symplectic statistical manifold.
The Boole transform % (X — %) of a standard Cauchy random variable X yields a standard Cauchy
random variable. See Subsection below. See [39] for a description of the functions preserving
Cauchy distributions.

B Relationship between the parametric family

We can interpret that the invariance of Cauchy f-divergence in Lemma [l] arises from a relationship
between the parametric family as in Assumption [I] below rather than the definition of the Cauchy
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density itself, although it is shown that they are equivalent to each other by [47, 26]. This measure-
theoretic viewpoint is clear and useful. As an application, we can give a simple, alternative proof
of [26, Proposition 3.1 and Theorem 3.1].

B.1 measure-theoretic framework

Let (X, u) be a measure space. Let ¢ : © UX — © U X be a map such that ¢(0) C © and
©(X) C X. Assume that ¢|x is measurable. For 6 € H, let Py(dx) := pg(x)u(dx), where pg is
non-negative measurable function on X and Py(dx) is a probability measure on X.

Assumption 1 P, = Pyo o=t for every 0 and o.

We consider one-dimensional location-scale families. We assume that X = R, © = H and
w is the Lebesgue measure. Let (U;); be at most countable disjoint open sets of R such that
w(R\ (U;U;)) = 0 and |y, is smooth and injective for each i.

Lemma 8

—1 T
Py(o) (37) = Z mlw(m)(w), a.e. T.

Proof. By Assumption [I]and the change of variable formula, it holds that for every nonnegative
measurable function f,

/R F(@)p o) (2)de = / ety =3 [ fe)mia)is

= oo ()
. Z /eow» Tt ™ (22)

Thus we have the assertion. QED.

Proposition 14 Assume that f : (0,00) = R is smooth and f(1) = 0 and convex. Let D¢ (pg, : po,)
be the f-divergence between py, and py,, that is,

Dy (pe, : po,) = /Rf <ml(x)> e, (z)d.

Do, (z)
Assume that {i(U;)}i are disjoint. Then,
Dy (P61 * Potes)) = Dy (po, : Poy)-

The assumption that {y;(U;)}; are disjoint is crucial. See Remark
Proof. By using and the fact that ¢ is bijective except a measure zero set, we see that

po(x) = pyo) ((2))|¢' ()],  ae.

Hence,

(pﬂ"(@l)(‘p(x))> po, (v)dz = /Rf (pel (x)) po, () d.

Dy (Py(on)  Peor) = / / Py(0)(P()) po, (2)

R
QED.
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B.2 Mbobius transformations

For A = (CCL Z) € SL(2,R), let pa(z) =A-z:= Zjiz
on H\ {—d/c} if ¢ # 0. If ¢ # 0, then we let pa(—d/c) := a/c. Then, ¢4 is a bijection on R. This
also holds if ¢ = 0.

For 6 € H, let Py(dx) := pp(x)dz. Assume that pp(xz) > 0 for every x € R. This is a probability
measure on R.

This is well-defined on H if ¢ = 0, and

Lemma 9 P,, ) = Pyo gogl for every A € SL(2,R) and 0 € H.

By [34], such parametric location-scale family is restricted to the univariate Cauchy distribution.
Let x be the maximal invariant. By Proposition [14] we have Theorem

Proposition 15 Let

s 1
C(xz;,s) = ;m, z,f €R,s>0.

Assume that x # —d/c if ¢ # 0. Let 2’ := @a(x),

(al + b)(cl + d) + acs?
(¢l + d)? + ?s?

0 :=Re(pa(l +is)) =

and
s

=1 {4+ is)) = .
y m(pa(l +is) (¢l + d)? + 252

Then, ¢, (2') = {z}, and

C(x'; 0§ = 70(:,6;6’ S).
“PA(QU)‘

This assertion essentially corresponds to [26, Proposition 3.1 and Theorem 3.1].
Proof. We remark that ¢, is bijective. Hence ¢’ (2') = {z}. By Lemma

C(z;¢, s)

= |<P14($)‘ , a.e. T.

C(2'; 08"

Since the functions in the left and right hand sides in the above display are both continuous on
R\ {—d/c}, we have the assertion. QED.

Remark 17 (i) Since po(H) C H, @4 defines a flow on H.
(ii) If ¢ # 0, then, {—d/c+yi:y € R} and R are invariant manifolds. The map restricted on
{—d/c+yi:y R} is s — 1/(c%s), and the map restricted on R is € — p(£).

B.3 Boole transformations

We give an alternative simultaneous proof of [26, Proposition 3.1 and Theorem 3.1] themselves.
For a > 0, let

Ja(z—2z"1) ze H\ {0}
Pale) = {o 2=0

o1



Proposition 16 Assume that x # 0. Let @' := ¢4 (z),

) P24+s2-1
El = Re(wa(ﬁ + ZS)) = UJKW

and 2 )
"= Tm(pa(f + is)) = as;_j_;_l

Then, o, (') = {x,—1/z}, and

C(x;¢,s) N C(—=1/x; ¢, s)
lu(@)]  leu(=1/2)]

Proof. For ease of notation we let 6 := ¢ + si. We remark that

va(y) = pa(=1/y), y#0, (23)

C(2;0,8) =

and 20+ 1]
xt +
[a(®) — pa(0)] = alz — 0 0 r#0,0 € H. (24)

Let F' be a non-negative Borel measurable function. By and the change of variable formula
with y = g (),

22+ 1)(|0)? + 1)

/F (y; a(0 dy—/ F(pa(z ))C(:B;Q)( 20+ 12 dx
0 .’I}2 2
- [ Fanowo 0 Dy,
Hence, ) ,
[ Fwcteoar= [ Fenew ot 0 g
132 2
—/RF(npa(x))C'(x;H)dx—i—/RF(cpa(x))C(ac;G) <( ;;9)(_1_9|1|2+ D —1> dx.
Since

(22 +1)(]0)*> + 1) g |z — 6]?
|20 + 1|2 N |26 + 1|2

it holds that

(et
/RF(cpa(x))C(x,G)< Tt —1> da

:;Am%mmmwQﬁfﬁ‘Q“

_ 8 [ Flea@), 1 / Fla(2))C(x: 0)da.

2w R |I’9+ 1’2 2 R
By the change of variable formula and (23),
F(pa(z
F( 0)dzx,
|$9 + 1|2 / Soa 95 )
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and hence,

(D0 +1) _
/RF(cpa(x))C(x,Q)< Tt —1> di =0,

Thus we obtain that

| FOICw @)y = [ Fleu@)Clasbis
Let two functions ¢, + be the restrictions of ¢, to (0,00) and (—o0,0) respectively. Then, by
Lemma

. _ Cleai®):0) | Cleal®)o)
CealD =" o) T ety Y

Since the functions in the left and right hand sides in the above display are both continuous on

R\ {0},

Clpas();0) | Cloat(y):0)

)

Cy;pa(0)) = o (v, i(y)) Qoa((Pa i(y))

, for every y # 0.

QED.

Remark 18
Dy (Pga(0r)  Poa(6)) 7 Dy (o, : Po,)
fora=2,01 =1 and 0y = 2i.

C Revisiting the KLD between Cauchy densities

We shall prove the following result [I1] using complex analysis:

(81 + 82)2 + <l1 — 12)2> '

DKL(pll,sl 3]912,52) = log < 45189

Proof.
log((z — 12)? + 52)
(z — L)+ 3

dz

™

s1
Dx1(piy sy Playsy) = /
R

g (z—UL)2+s2

As a function of z,
log(z — la + is2)
z—11+1is1

is holomorphic on the upper-half plane {z + yi : y > 0}. By the Cauchy integral formula [49], we
have that for sufficiently large R,

1 log(z — Iz +is2) ,  log(ly —la + i(s2 + 51))
2mi Jor (2 —0W)?+ s B 2511

)

where

Ch :={z:]z] = R,Im(z) > 0} U{z : Im(z) = 0, |Re(2)| < R}.

53



Hence, by R — +00, we get

s1 [ log(z —l2 +is2) .
— dz =log(ly —1 . 26
T Jp (z—0)2+ 2 z =log(ly —la +i(s2 + 81)) (26)

As a function of z,
log(z — Iy — is2)
z — ll — iSl

is holomorphic on the lower-half plane {z + yi : y < 0}. By the Cauchy integral formula again, we
have that for sufficiently large R,

L log(z — 1y — iSQ) L log(l1 — gy — ’i(SQ + 81))
2mi Joo (2 —h)*+ s B —2s11

)

where

Cr :={2z:]2| = R,Im(z) <0} U{z:Im(2) = 0,|Re(2)| < R}.
Hence, by R — 400, we get

s1 log(z — Iy — is9)

— dz =log(ly —lp — 1 . 27
e Gohrrse ¥ og(li — lo —i(s2 + 1)) (27)
By Eq. [26] and Eq. 27, we have that
s log((z — l2)? + s3
2 (( 2) 2)dz =log ((I1 — 12)* + (s1 + 52)?) . (28)

T Jr (z—hL)*+s3
In the same manner, we have that

51 log((z — 11)? + s%)

= dz = log(4s?). 29
T R (Z _ l1)2 + S% z Og( 81) ( )
By substituting Eq. 28] and Eq. 29 into Eq. we obtain the formula Eq. QED.

Remark 19 Thomas Simon [76] also obtained an alternative proof of [11)], which uses the Léuvy-
Khintchine formula and the potential formula for the infinitely divisible distributions, and the Frul-
lani integral.

D Revisiting the chi-squared divergence between Cauchy densi-
ties

Proposition 17
(I — 12)* + (51 — $2)?

ngv(ph,sl :p12;32) = (30)

25159
Proof. We first remark that
2
pl s (:B)
DY Y4 D —/2’2 dx — 1.
X ( 1,51 2,82) R pll,s1 (1‘)
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N2 2
Let F(z) := % Then, this is holomorphic on the upper-half plane H, and,

pl2782($)2 _ 5% F(I‘)

Diq,s1 (.I) 7Tisl (-T - l2 - i82)2 '

By the Cauchy integral formula [49], we have that for sufficiently large R,

| F(2) .
— ————=dz = F'(l
2mi /CE (2 — Iy —is9)? ? (I +is2).

where C}; := {z : |z| = R,Im(2) > 0} U {z : Im(z) = 0, |Re(z)| < R}.
Since
(z —s1)(z —lg +isg) — (2 — 11)% — s%

Fl'(z) =2
(2) (z —la+is9)3 ’

we have that

/ F(z) 7 (1 —12)? + 52 + s2
54z = = .
o la— s 2 3
Now, by R — oo, we obtain the formula Eq. QED.

E Total variation between densities of a location family

Consider a location family with even standard density p(—z) = p(z). Then p(z — 1) = p(z —
la) = p(la — ) when z = % Let ®(a) = [ p(x)dz denote the standard cumulative density
function, ®;4(a) = [ p(Et)de = (%) with @ 4(—oc0) = 0 and @, 4(+o0) = 1. We have
b _
J)p(z)dz = ®(b) — ®(a) and [, ps(z)dz =1 — d(%).
Then the total variation distance between p;, and p;, is

L1+l
1 5 +o0
DTV(ph :plz) = 5 </ ‘ph (.’E) — Py (:B)’dl’ + ﬁlJrlQ |pl2($) — Py (I’)‘dl‘)
— oo ata

— 2¢<M>_1§1
2s

Proposition 18 The total variation between two densities p;, and py, of a location family with
even standard density is 2P (%) —1.

For the Cauchy distribution, since we have

1 z—1 1
Q) 5(x) = ;arctan ( . ) + 2

we recover Drv(py, @ pr,) = %arctan (%)

The total variation formula extends to any fixed scale location families.
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F Complete elliptic integrals

This section is devoted to the details of the proof of in the proof of Theorem @
Proof. Let
~ —log (274K (1 — e7¥)/7)

u2

Fy(u) :

We consider the derivative.

Fi(u) = ;—21 <i + e“m - %log (2K (1 — e“)/n’)) .

Now it suffices to show that for every u > 0,

}‘i‘ equ/(l B e—u)

4 K _ev) %log (2K(1—e™™)/m) > 0.

Let z :=1— e~ ™. Then, it suffices to show that for every = € (0, 1),

1 K'(x) 2
L ta-o) K(r) " log(l ) log (2K (x)/m) > 0.
het 1 1-zK'(x)
Gu(x) :=log (2K(z)/m) + (log(1 — x)) <8 + > Kx) > .

It suffices to show that G4(z) < 0 for every z € (0,1).
We see that G4(0) = 0. Hence it suffices to show that G(z) < 0 for every z € (0,1). By
Lemma [14] below,

Ga(x) = log (2K (z) /) + (log(1 — 2)) (2 + i <1E<((?) _ 1)) |

By Lemmas [14] and [T5] below,
Ha(x)

A(@) = —m,

where we let
Hy(z) := (#(2 — z) + (z — 1) log(1 — 2))K(z)? — 22K (z)E(z) + log(1 — z)E(z)%.

Then it suffices to show that Ha(x) > 0 for every z € (0,1). Since —2z < 0 and log(1 — x) < 0, by
noting Lemma [16] below, it holds that

) 5 (@2 = ) + (2 - 1)log(1 — 2)) — 20L4(x) +log(1 — )1 (2)°,
K(z)
where we let 1 1
L) =5 -7+

Our main idea is to use different estimates for H(x)/K(x)? on a neighborhood of 1 and on the
compliment of it.
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Lemma 10 For z < 0.998,
((2 —x) + (z — 1) log(1 — z)) — 2zI(z) + log(1 — z)I(z)* > 0.
Proof. Let y:=+/1—z. Then,
((2 —z) + (z — 1) log(1 — z)) — 221 () + log(1 — z)I(z)? > 0
is equivalent with
logy > 42— 1
o -
B ey 1
Let
y -1
y2+6y+1°
Then, Py(1) = 0. By considering the derivative of P, it is increasing y < 5 — 2v/6 and decreasing

y>5—2V6.
We see that Py(y) > 0, y > 0.041. Now the assertion follows from the fact that

Py(y) :=logy — 4

0.998 < 1 — (0.041)%

QED.
Now it suffices to show that H(z) > 0 for = > 0.998.
Lemma 11
r(2—x)+ (x—1)log(l—x) >1, x€(0.998,1).
Proof. Let g4(z) :=2(2 —2) + (z — 1) log(l — z). Then, g4(1) =1 and
gy(z) =3 =2z +log(1 — ).
This is negative if x > 0.9. QED.
Lemma 12 B 1
x
2x. - 0.998,1
Proof. We see that 4
4 (Bl oy B 1
dx K(x) K(z) 2
By Lemma [15] below and the fact that
E(0.995) _ 1
K(0.995) ~ 4’
we see that
2. B@) 12 0905
K(z) — 2’ R
Hence,
E(z) _E(0.995) 1
2 2 —.
"K(z) S K0.99) 2
QED.
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Lemma 13

2
“log(1 — ) <IE<3((”;))> < % € (0.998,1).

Proof. We use Lemma below. It suffices to show that

2!/ < ! 0.998, 1
— 2 (0.998,1).
log(1 + x1/2) —log(1 — x1/2) = \| —2log(1 — z) 7€l )

This is equivalent with

2
ha(z) == (log(l +a/?) ~log(1 — x1/2)) +8zlog(l—z) >0, z e (0.998,1).

We see that

2log(l —vz) —log(1+ /) + 2y/x(z + (x — 1) log(1 — :L'))

i) == i-o)ve

It is easy to see that

log(1 — vz) —log(1 + vx) + 2v/x(x + (z — 1) log(1 — z)) < 0, = € (0.998,1).

Hence hy is increasing at least on (0.998,1). Now use the fact that hy(0.998) > 0. QED.
By Lemmas and we see that Hy(z) > 0 for z > 0.998. The proof of Eq. is
completed. QED.

F.1 Some Lemmas concerning the complete elliptic integrals
In this subsection, we collect standard results about the complete elliptic integrals.

Lemma 14

Lemma 15

i (K0) =2 ke maoa E(x)>2 =0

In particular, E/K is strictly decreasing.

Lemma 16
E(x)<1 $+\/1—x

K(z) — 2 4 2

, x€[0,1).

The following is due to Anderson, Vamanamurthy, and Vuorinen [4].
Lemma 17 ([4, Theorem 3.6])

E(z) < 2x1/2
K(z) ~ log(1+ 21/2) —log(1 — x1/2)’

The following is due to Eq. (1.1) in [10]. See also Eq. (6.2) in [4].

x € [0,1).

Lemma 18

)gK(x)g 3imlog(\/%>, ze0,1).
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G Negative definiteness of the KLD between Cauchy densities

In this section, we give an elementary proof of Theorem We first give an outline of the proof.
Our proof follows the strategy of [22] and consists of three steps. We do not need to introduce the

hyperboloid space L.
Step 1. Let d be the Poincaré distance on H. We remark that d = +2ppgr. Then,

cosh(d(z,w)) =1+ x(z,w) and

We see that for every r > 0,

1 1 (7
2log cosh (g) = lim - <1 — / (cosh(r) + cos @ sinh(r))™* d9> .

s—=+0 s 2 J_,

Hence it suffices to show that

1 s
Hy(z,w) := 27r/ (cosh(d(z,w)) + cos O sinh(d(z,w))) *df, z,w € H,

is positive definite for every s € (0,1).
Step 2. Let

I
P(z,x) := |33Hi(z)]2 (224 1), z € H,z € R,

dzx
d uldz) i= ———.
and p(dz) (2?2 +1)
Then we see that
Hy (o) = [ Ple)*Plu,a)*p(do)
R

-5 —s (1’ — y)2 -
o [[[ P (G50 ) ),

where C(s) is a positive constant depending only on s.

Step 3. Let z1,-+- ,z, € Hand ¢1,--+ ,¢, € R with > | ¢; = 0. Let

n

ws(x) == ZciP(zi, )1 7%z e R,
i=1

which is continuous on R.

Let ks(x,y) == (%)ﬂ, which is a positive definite kernel on R.

Thus we see that

E ciciHy(2i, 25) 772

i.j=1

ks(z,y)
dzdy > 0.
2 a:2+1 y+1) vy

Now we proceed to the full proof.
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Step 1. It is known that (see formula no.4.224.9 in [27])

1 T
2log cosh (g) = / log (cosh(r) + cos @ sinh(r))df, r > 0.

2 J_,

We see that for » > 0,
[log(cosh(r) + cos @ sinh(r))| < r.

Since for ¢ > 0, lim,_— 49 17;/—3 =logt and \ligi\ < |logt|,

T 11— h 0 sinh(r))*
/ log (cosh(r) + cos @ sinh(r)) df = lim (cosh(r) + cos fsinh(r)) do, r >0,
—r s—=+0 J_, S
by the Lebesgue convergence theorem. This convergence also holds for r» = 0.
Step 2.
Lemma 19 1 g
Py (cosh(r) + cos @ sinh(r)) *df = / P(e"i,x)°p(dr).
T ) _x R
0 2
Proof. Let x = tan 3. Then, dff = dx and
14 a2
. e + x? 1
cosh(r) + cos # sinh(r) = (11 29 = Pleia)
Lemma 20 For A € SO(2) and z € H,
/ P(A.z,z)°p(dx) = / P(z,z)°u(dx).
R R
cosf —sinf
Proof. Let A= . . Let y € R such that x = A.y. Then,
sinf  cosf
P(Az,Ay) = P(z,y)
and 1 1 d 1 1
x
dr) = —————dy = ————dy = u(dy).
p(dx) A 1Y T W p(dy)

Now we introduce a group structure on H. For z = 21 + 122 and w = w; + twa, let
2w := (21 + zow1) + izows.

This gives a group structure on H. It holds that

—1 _w1+i .
w =, W= W1 + Wy
w2

and the unit element is the imaginary unit .
We see that x(w™1z,i) = x(2,w), 2, w € H and hence

d(w'z,i) = d(z,w), z,w € H.
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Lemma 21 For z,w € H,
Hy(z,w) = / P(w 'z z)*pu(d).
R

Proof. By (31), we can assume that w = . Then there exists A € SO(2) such that
ed=0); = A.z. Now the assertion follows from Lemmas [19] and . QED.
For w = wy 4+ twy € H and z € R, we let wx := wox + w;.

Lemma 22
P(w 'z, 2)P(w,wz) = P(z,wzx), z,wecH,zcR.

Proof. Since

_ Z1 — wy + 129 . )
w 122—, 2 =2z1+ 129, W = W1 + W3,
w2
we see that o
_ 2W2
Pw tz,z) = (z% +1).

(21 — w1 — wow)? + 22

We also see that
ZQ((’UJQ.T + w1)2 + 1)

Pz, wr) = (21 — w1 — wamw)? + 23
and
P(w,wzx) = (woz + w1)® +1
wa(z? +1)
The assertion follows from these identities. QED.

Proposition 19
Hy(z,w) = / P(z,2)°P(w,z)' " u(dz), zw e H.
R

Proof. By Lemmas [21] and

Hy(z,w) :/RP(z,wm)sP(w,wx)su(da?).

w2

Let y = wx = wax + wy. Then, u(dr) = dy. Hence,

Ty — w]?

/ Pz wi)* P(w, war) " ju(de) = / P(zy)* Plw, y) *u(dy).
R R
QED.

Lemma 23 For every s € (0,1/2), there exists a positive constant C(s) such that for every a € R

_s  Cls) |z + a|™2
2\—s _
(14a%)™ = 7r /R (1+x2)1—5dx'
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Proof. Let z = tan6,|0| < /2. Then, df = cos? fdx = 1+1x2 dx and

(x +a)?

a2 (sin 6 4 a cos 0)>.
x

Hence,

/ e dr = /TF/2 |sin @ + a cos 6]~ db
R (14 (z—a)?)—* /2 '

By symmetry,

/2 1 - .
[ im0 acosor =1 [ oo +acono a0 = w1402 [ feoso# an
—7/2 —x

—Tr

-1
The assertion holds if we let C(s) := (ffﬂ |cos 0] ¢ dG) . QED.

Lemma 24 (intertwining formula) For every s € (0,1/2), w € H and y € R,

x —y)? o
Plw,y)* = C(s) /R Plw,z)'— ( (x2(+1) (§g+1)) u(dz). (32)

Proof. Let £ :=w —y and t := x —y. Then, holds if and only if

(54 - 2 (2) "o

Let u := (t — Re(§))/Im(§). Then,

—2s

A(érri(i‘)2>l_s|t|_25dt= (Im(ﬁ))_s/R (1;‘2)1_5 u+ Eﬁg du.
Hence holds if and only if
() 1) =22 f () ] o

which follows from Lemma QED.
By Proposition [19] and Lemma

Proposition 20 For every s € (0,1/2),

x — )2 -
Hy(z,w) = C(s) //R? P(w,z) "5 P(z,y)'* <(x2 i 1)(32 T 1)> p(dz)p(dy), zw e H.

Step 3.

Lemma 25 kg(x,y) is a positive definite kernel on R.
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Proof. For r € (0,1), let

. _ (zy+1)*  \7°
k") (z,y) == (1 - r(xZ +1)(y2 + 1)) '

Since (z,y) — m and (z,y) — (zy)?+ 22y + 1 are both positive definite kernels on R,

(z,y) — % is also a positive definite kernel on R.

By the Taylor expansion,

(1—2)" Zan:r lz] <1,

for a, > 0O,n = 0,1,---. Hence ky) (z,y) is a positive definite kernel on R.  Since
lim, _,1_¢ kT (x,y) = ks(x,y), k) (x,y) is a positive definite kernel on R. QED.

By this and the quadrature rule for the Riemannian integral for continuous functions, it holds
that for every a < b and r € (0, 1),

s (@)ps(yk (2, y)
//[a,bp @02t w0

Since 0 < kﬁ” (x,y) < ks(z,y),

|ps(z |ps( \k( y)
//R2 x2 y +1 2 x2+1 21 1) WS ZWHCHH (265 2j) < +oc.

1.7=1

By the Lebesgue convergence theorem, we see that for every r € (0, 1),

( ) ()
R2 ZL‘ y +1) n—o0 —n,n]? l‘ +1)( +1)

and furthermore,

ks(z, y) _ g s (@) s (K (2, y)
//R2 932+1 2—}-1) drdy = rEIlIlo//R2 (22 + 1)(y2 +1) dxdy > 0.

This completes the proof.

H Code snippet for Taylor expansions of f-divergences

We provide below a code using the MAXIMAE] software to calculate the truncated Taylor series of
f-divergences between two Cauchy distributions.

Cauchy(x,1l,s) := (s/(Upix((x-1)**2+s*x*2)));
KLCauchy(11,s1,12,s82) := log(((s1+s2)**2+(11-12)*%2)/(4*s1%s2)) ;
11:0;

sl:1;

“https://maxima.sourceforge.io/
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12:0.6;

s2:6/5;

k:40;

testcond: (9/16)-(12*%*2+(s2-(4/5))**2);

print("Is condition>0 for Taylor expansion?:",testcond);
Cauchyl:Cauchy(x,11,s1);

Cauchy2:Cauchy(x,12,s2);

print ("Exact KL");

KLCauchy(11,s1,12,s2);

ExactKL:float (%) ;

print ("KL numerical integration:");

kla: quad_gagi( Cauchyl*log(Cauchyl/Cauchy2), x, minf, inf,’epsrel=1d-10);
NumKL:float(kla[1]);

for i:2 while (i<=k)
do( r[i]: quad_qagi( (Cauchyl-Cauchy?2)**i/Cauchy2+**(i-1), x, minf, inf,’epsrel=1d-10),
print(i,r[il[11));

print ("KL Taylor truncated series:");

TaylorKL: sum( (((-1)**xi)/i)*r[il[1], i, 2, k);

print ("Exact:",ExactKL, "Numerical:" ,NumKL,"Trunc. Taylor", TaylorKL);
print ("Error |Taylor-Exact|",abs(TaylorKL-ExactKL));
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