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Abstract

We study the K-item knapsack problem (i.e., 1.5-dimensional knapsack problem), a general-
ization of the famous 0-1 knapsack problem (i.e., 1-dimensional knapsack problem) in which an
upper bound K is imposed on the number of items selected. This problem is of fundamental
importance and is known to have a broad range of applications in various fields. It is well known
that, there is no fully polynomial time approximation scheme (FPTAS) for the d-dimensional
knapsack problem when d > 2, unless P = NP. While the K-item knapsack problem is known
to admit an FPTAS, the complexity of all existing FPTASs have a high dependency on the
cardinality bound K and approximation error e, which could result in inefficiencies especially
when K and £7! increase. The current best results are due to [Mastrolilli and Hutter, 2006,
in which two schemes are presented exhibiting a space-time tradeoff-one scheme with time
complexity O(n + K22 /%) and space complexity O(n + z3/¢), and another scheme that requires
a run-time of O(n + (K22 + z%)/e%) but only needs O(n + 22/¢) space, where z = min{K,1/¢}.

In this paper we close the space-time tradeoff exhibited in [Mastrolilli and Hutter, 2006] by
designing a new FPTAS with a running time of 5(n + 22 /£?), while simultaneously reaching a
space complexit of O(n + 22/¢). Our scheme provides O(K) and O(z) improvements on the
state-of-the-art algorithms in time and space complexity respectively, and is the first scheme
that achieves a running time that is independent of the cardinality bound K (up to logarithmic
factors) under fixed . Another salient feature of our algorithm is that it is the first FPTAS that
achieves better time and space complexity bounds than the very first standard FPTAS over all
parameter regimes.

10 notation hides terms poly-logarithmic in n and 1/e.



1 Introduction

The famous 0-1 knapsack problem (0-1 KP), also known as the binary knapsack problem (BKP), is
a classical combinatorial optimization problem which often arises when there are resources to be
allocated within a budget. In addition, the 0-1 knapsack problem can be also viewed as the most
fundamental non-trivial integer linear programming (ILP) problem, and can be formally formulated
as follows:

max | pii, (1)
€l
s.t. Zwixi < W and z; € {0,1}. (2)
i€l

The value and size of each item i is called profit (p;) and weight (w;) respectively. For any positive
integer m, let [m] = {1,2,...,m}, we use set £ = [n] to denote the ground set, which includes
all possible items. Our goal is to make a binary choice for each item i to maximize the overall
profit subject to a budget constraint W. Beyond this basic model, there are several extensions and
variations of 0-1 KP, readers are referred to Kellerer et al.| [2003] for details.

In this paper, we study the K-item knapsack problem (KKP), a well known generalization of
the famous 0-1 KP that can be formulated as (I])-(2) with the additional constraint Y ;cpz; < K,
which means that the number of items in any feasible solutions is upper bounded by K. The
KKP can be cast as a special case of the two-dimensional knapsack problem, which is a knapsack
problem with two different packing constraints. Hence K KP problem can also be interpreted as
1.5-dimensional knapsack problem (1.5-KP) |Kellerer et al., 2003, p. 269]. Another closely related
problem is the ezact K-item knapsack problem (E-KKP), for which the results in this paper still
hold and discussions are included in [AT]

The KKP (and E-KKP) represents many practical applications in various fields ranging from
assortment planning |Désir et al. [2016] to multiprocessor task scheduling |Caprara et al. [2000],
and crowdsourcing [Wu et al.|[2015]. For example, the worker selection problem in crowdsourcing
systems |Gong and Shroff [201§], i.e., maximizing opinion diversity in constructing a wise crowd,
can be reduced to E-KKP. On the other hand, KKP also appears as a key subproblem in the
solutions of several more complicated problems Aardal et al.|[2015], [Ahuja et al. [2004], Epstein and
Levin [2012], Jansen and Porkolab| [2006], Martello et al.| [1999]. For example, in the bin packing
problem |[Epstein and Levin| [2012], to apply the ellipsoid algorithm to approximately solve the linear
program, the (approximation) algorithm to the KKP is utilized to construct a polynomial time
(approximate) separation oracle. In many such practical and theoretical applications, the subroutine
utilized to solve KKP frequently appears to be one of the main complexity bottleneck. These
observations and facts motivate our study of designing a faster algorithm for K'KP.

Complexity of knapsack problems. An FPTAS is highly desirable for NP-hard problems.
Unfortunately, it has been shown that there exists no FPTAS for d-dimensional knapsack problem
for d > 2, unless P=NP Magazine and Chern [1984].

1.1 Theoretical motivations and contributions

Known results of KKP. In this paper we focus on FPTAS for KKP (and E-KKP). The first
FPTAS for KKP was proposed in (Caprara et al. [2000], by utilizing standard dynamic programming



and profit scaling techniques, which runs in O(nK?/¢) time and requires O(n + K3 /¢) space. This
algorithm was later improved by Mastrolilli and Hutter| [2006]. Based on the hybrid rounding
technique, two alternative FPTASs (denoted by Scheme A and Scheme B) were presented, which
significantly accelerate the dynamic programming procedure while exhibiting a space-time tradeoff.
More specifically, Scheme A achieves a time complexity of O(n + K22 /¢?) and space complexity of
O(n + 23 /¢), Scheme B needs O(n + 22/¢) space but requires a run-time of O(n + (K22 + 2%)/&?).
We remark that |[Krishnan| [2006] also investigated this problem, under an additional assumption
that item profits follow an underlying distribution. This assumption enables the design of a fast
algorithm via rounding the item profits adaptively according to the profit distribution.

The current fastest FPTAS (Scheme A) sacrifices its space complexity, in order to improve
run-time performance. This may not be desirable as the space requirement is often a more serious
bottleneck for practical applications than running time [Kellerer et al., 2003| p. 168]. Despite the
recent widespread applications of the KKP problem |Désir et al.| [2016], [Wu et al.| [2015], |Ahuja
et al.| [2004], Epstein and Levin| [2012], Nobibon et al.| [2011], [Soldo et al.| [2012], the state-of-the-art
complexity results established in Mastrolilli and Hutter [2006] have not been improved since then.
This lack of progress brings us to our first question: Is it possible to design a more efficient FPTAS
with lower time and/or space complexity to enhance practicality?

Moreover, while the two schemes in Mastrolilli and Hutter|[2006] achieve substantial improvements
compared with |Caprara et al.| [2000], it is worth noting that there exists a hard parameter regime
H=1{(nK,e)|K =0(n),e ! =Q(n)}, in which existing FPTASs in the literature fail to surpass
both the time and space complexity barriers guaranteed by the standard scheme in [Caprara et al.
[2000]. For example, the run-time of Scheme B is higher than that of Caprara et al.| [2000]. Hence
from a theoretical point of view, it is natural to ask: Can we design a new FPTAS that has lower time
complezity or space complexity than the standard FPTAS |Caprara et al. [2000] over all parameter
regimes?

’ Reference ‘ Year ‘ Time Complexity ‘ Space Complexity
| |Caprara et al. [2000] 2000 | O(2E) O(n+ &)

| Mastrolilli and Hutter| [2006] (Scheme A) | 2006 | O(n + fig ) O(n+ %)
Mastrolilli and Hutter| [2006] (Scheme B) | 2006 | O(n + %) O(n + 25—2)
This Paper 2019 | O(n+ %) O(n + 2)

Table 1: Comparisons between different FPTASs. Here z = min{K,c" '}, and as shown in
Theorem (19} our time complexity can be refined to O(n + z* + (22/¢) - min{n,e~'}).

Our contributions. As summarized in Table[I.1] we break the longstanding barrier and answer the
aforementioned questions in the affirmative. In particular, we present a new FPTAS with 6(n—|—22 /%)
running time and O(n + 22 /¢) space requirement, which offers O(K) and O(z) improvements in
time and space complexity respectively. Our FPTAS is the first to achieve time complexity that is
independent of K (up to logarithmic factors, for a given ¢). According to Theorem the time
complexity of our algorithm can be indeed refined to O(n + z* + (22/¢) - min{n,~'}). From this
refined bound, it can be seen that even in the hard regime H, our algorithm has the same time
complexity (up to log factors) as the standard FPTAS Caprara et al.| [2000], while improving its
space complexity by a factor of n. This implies that our algorithm is also the first FPTAS that



outperforms the standard FPTAS |Caprara et al.| [2000] over all parameter regimes, thus answering
the second question in the affirmative.

Our new scheme also helps to improve the state-of-the-art complexity results of several problems
in other fields, owing to the widespread applications of KKP (and E-KKP). In Appendix |G| we take
the resource constrained scheduling problem Jansen and Porkolab [2006] as an illustrative example.

1.2 Technique Overview

Different from the hybrid rounding technique proposed in Mastrolilli and Hutter| [2006], which
simplifies the structure of the input instance and approximately guarantees the objective value,
we show that it is possible to achieve a better complexity result solely via geometric rounding in
the preprocessing phase. We divide items into two classes according to their profits and present
distinct methods for each class of items. To solve the subproblem for items with low profit, we
present a continuous relaxation function, using the natural linear programming relaxation and
other alternatives based on structured weights and scaled budget constraint. The carefully designed
relaxation function well approximates the optimal objective value of the subproblem and allows us
to exploit the redundancy among various input. For every new input parameters, the relaxation
can be computed in O(z/¢) time on average. As for items with large profit, our treatment mainly
follows from the novel “functional” approximation approach and point of view, which was recently
proposed in (Chan| [2018]. As a straightforward generalization of the 0-1 KP, a two dimensional
convolution operator is defined. We perform the convolution procedure in parallel planes to reduce
the running time. The fact that there are at most z elements with large profits helps us to bound
the discretization precision via parameter z, instead of the number of profit functions. Here we
adopt a slightly different but rather (unnecessary) sophisticated and tedious presentation via the
lens of numerical discretization. We hope that this presentation helps to make the approach more
clear (in the context of KKP). Finally, an approximate solution is obtained by appropriately putting
these two modules together.

2 Item Preprocessing

Definition 1 (Item Partition). Let £ and S denote the set of large and small items, respectively.
Item e € E is called a small item if its profit is no more than €OPT, otherwise it is called
a large itenf} ie., S = {e € E|cOPT/K < p. < eOPT} and L = {e € Elp. € E}, where
= = [eOPT,OPT]. We further divide L and S into different classes, {Ej‘}ie[rﬁ] and {Sj}ie[rs],
where EZ = {e € Llpe € (e(1 +¢)""'OPT, (1 + ¢)'OPT]} (i € [rz]) and SZT = {e € Slpe €
(e(1+¢)7"OPT, (1 + &)~ OPT]} (i € [rs]). Let r denote the number of non-empty classes in E,
as shown in[A.5, we have

r = O(min{rz + rs,n}) = O(min{log(K/e)/e,n}) = O(min{l/e,n}). (3)

Definition 2 (Geometric Rounding). Without loss of generality, we can assume that elements in
the same class have the same profit value. More specifically, we let p, = pl-L =e(1+¢)'OPT (Ve € L;)

and pe = pi =¢(1+¢)7'OPT (Ve € S)).

P =

*We discuss the method of obtaining OPT in



The simplification in Definitions [1| and [2| does not hurt the solution since it will incur a loss of
O(eOPT) in the objective value. Let O* denote the optimal solution, exploiting the simple structure
of item profits after item partition and profit rounding, we are able to derive the following more
fine-grained bound on |O* N £| and the size of S. Its proof is deferred to [C]

Proposition 3. There are no more than |O* N L| < z large items in the optimal solution set
O*. Without loss of generality, we can assume that the number of small items |S| = O(min{K -

log(K/e)/e,n}) = O(min{K /e, n}).

3 Algorithm for Large Items

To approximately solve the K-item knapsack problem on ground set E, the first step of our approach
is to divide this problem into two smaller KKP problems, which are defined on the large item set £
and small item set S respectively. In this section we study the subproblem on £, which is the same
as the original problem, except that the ground set is substituted by £ and the cardinality upper
bound k£ must be no less than z.

3.1 An abstract algorithm based on convolution

In the following we first define the profit function ¢(.)(-,-) : 2¢ X R* x [z] — RT. From the definition
we can see that ¢, (w, k) is equal to the optimal objective value of the subproblem considered in
this section.

Definition 4 (Profit function |Chan! [2018]). For any given set T C E, real number w, and integer k,
or(w, k) is given by pr(w, k) = max{d .cq Pe| Yoeer We < w, |T'| < k,T" C T C E}, which denotes
the optimal objective value of the K-item knapsack problem that is defined on set T, while the budget
and cardinality are w, k respectively.

Our objective is to approximately compute matrix Qg = {¢z(w,k)},ex kelz, in which the
value of X will be specified in Section This matrix plays an important role in our final item
combination procedure, as we will show later in Section [5| To compute the profit function efficiently,
we introduce the following inverse weight function ¢(.(-,-) : 2° x Z x [z] — RT, which is one of the
key ingredients in computing the profit function.

Definition 5 (Inverse weight function). For any given set T C E, real number p and integer k,
or(p, k) is given by ¢r(p, k) = min{> e We| e Pe > p, |T'| < k, T C T}, which characterizes
the minimum possible total weights under which there exists a subset of T with total profit being no
less than p and cardinality no more than k.

An immediate consequence of Definitions [4] and [5] is that we can easily obtain the value of
¢r(w, k) based on ¢, i.e., via equation o (w, k) = sup{p € RY|d,(p, k) < w}. Therefore it suffices
to derive the inverse weight function ¢, (-,-) to compute Q.

Algorithm 1: Computing ¢, (-, )

Input: Partition scheme £ = Uleﬁ(i), Convolution operator ®;
Output: ¢.(-,-)
fori=1 to ¢ do

| bui_,co () = (Buizicw @ beo)(0);

Return ¢,(-, ")

B W N
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Algorithm for computing ¢, (-,-). If we partition the large item set £ into ¢ disjoint subsets
as L = Uleﬁ(i), then ¢, can be computed by performing convolution operations sequentially. We
specify the details in Algorithm [ and the convolution operator ® is defined as follows.

Definition 6 (Two dimensional convolution operator ®). For any two disjoint sets S1,S2 C F,
we use (ps, ® ¢s,)(+,+) to denote the convolution of functions ¢g,(-,-) and ¢s,(-,-), then it can be
represented as,

(s, ® ¢s,)(p, k) = min {qbsl (p1, k1) + b5, (P2, k2)‘k1 + ko < k,p1 +p2 > p}
= (bSlUSz(p? k)

Under this notation, function ¢(+, ) defined on £ can be represented as ¢ (p, k) = (®f:1¢£(i> )(p, k).
It is important to remark that the algorithm is a rather general description of the convolution
procedure, and the partition scheme should be further specified. Generally speaking, different
partition schemes will induce different complexity results. For example, if we partition £ into
singletons, i.e., L& = {e;} and £ = |L|, then ¢.(p, K) = (®Li‘1¢{ei})(p, K). In this case, the
algorithm is equivalent to the standard dynamic programming paradigm. In each stage we are in
charge of making the decision of whether to include item e; or not.

In this paper, we divide £ in the same way as that in Definition [1} i.e., £() = EI-,W € [re].

3.2 Discretizing the function domain

At the current stage, it is worth pointing out that in the convolution operation between inverse
weight functions, the profit variable p appears as a decision variable that varies continuously in
=. In addition, we are not able to obtain the closed form solution of the convolution operation
analytically. The solution is to transform the problem into a computationally tractable one via
discretization, then compute an (approximate) solution utilizing the computable version.

Discretizing the profit space. To implement the convolution in polynomial time, we discretize
the interval = with the points {z;}icpm as X = {z; : cOPT = 21 < 12 < ... < Ty <
x,m = OPT} C E. We denote the discretization parameter of X by discretization parameter
dx = maxi<ij<m—1{Zi+1 — x;}. To tackle the computational challenge induced by the continuity
of profit p, we execute the convolution operation over the discrete functions that are defined on
X x [2],

(65, @ 05,)" (k) = min {6F (b1, k1) + 08, (b2, ko) ks + ks < kopr+p2 >} (4)
Pl,P2€X

More specifically, we start with functions ¢§(i), and compute qﬁfj;_:l £ iteratively until ¢2{ is

obtained. In general, function d)fjelﬁ(i)("‘) = (®¢e[¢§<i))(-,-) for any I C [¢]. The discrete

profit function gpfg( (+,-) can also be recovered by its relation with the inverse weight function, i.e.,
¥ (w, k) =max{p € X : ¢X(p, k) <w},VS C E.

Convergence behaviour of X (-,-). We first show point-wise convergence of {(,of() (+,+)} x towards
©()(+,+) when dx goes to zero. It is worth pointing out that the straightforward intuition that
convergence occurs if discretization is small, may not always hold. Indeed we can verify that the
weight function ¢X may not converge to ¢ through the following example.



Example 7 (¢ does not converge to ¢). Considering sets S; = {egi), eg)} (i =1,2), where the item
profits and weights are given by (pe(,-),we(i)) = (OPT/8,w/2) (i =1,2), (pe(l),we(l)) = (OPT/3,w/4),
1 1 2 2
(p.@,w (2)) = (OPT/6,w/4). According to Deﬁm’tz’on@ we know that ¢g,us,(OPT/2,3) =w o) +
€2 €2 €2

w ) = w/2. Let the discretization set Xq = EN {i - O;T|i € [29]}, then it follows that the
2

% and 0x, — 0 as d — oo. However, since p o) ¢ Xq (i = 1,2), we have
2

¢§1U32(OPT/27 3)=w/2+ W) + We@ =w # ¢s,us,(OPT/2,3) and qbfq(lusz does not converge to
¢51USQ .

spacing 0x, <

Lemma 8. For any finite index set I and w,k, we have lims, o SDSJ(‘EIE(” (w, k) = PUse L) (w, k)
for fixed w, k.

Proof. 1t suffices to prove the case when |I| = 2, because for the case when |I| > 2, convergence can
be proven by induction, using the result we have for |I| = 2. When there are only two elements in
I, it is easy to check that ¢, _ o) (w, k) —20x < (paiezﬁ(“ (w, k) < @y, 0 (w, k), thus the proof is
complete. n

The theoretical convergence of ¢ (-, -) ensures the near-optimality of the solution obtained by
discretization, as long as X is dense enough in =. However, what matters greatly is the order of the
accuracy, which refers to how rapidly the error decreases in the limit as the discretization parameter
tends to zero. The formal definition of the convergence speed of discretization methods is given as
following.

Definition 9 ([Michelle, [2002]). Let n be the number of grid points in the discretization process,
the discretization method is said to converge with order p if for the relevant sequence {zy}n>0, there
exists L such that |z, — L| = O(n™P) holds.

This speed is directly related to the complexity of our algorithm. From the following lemma, we
can conclude that the method of discretizing X by a uniform grid set converges with order 1, as
dx = O(1/|X|) for uniform grid set.

Lemma 10. Let d)f be the weight function, then for any given budget w < W, cardinality upper
bound k < z, and discretization set X, we have |o¥ (w, k) — ¢ (w, k)| < Cdx, where the coefficient
C =z+41. As a consequence, | X| must be of order Q(z/e) to ensure an error of order O(¢OPT).

Proof. The proof is deferred to Appendix O

3.3 Fast convolution algorithm

Now we settle the problem of designing a fast convolution algorithm, which is the last remaining
issue that has a critical impact on the efficiency of the algorithm for large items. To this end, we
show an inherent connection between convolution results under different inputs p and k, which is
formally described in Lemma Owing to this observation, we are able to remove a large amount
of redundant calculations when facing new input parameters. To start with, we first sort items in
each [,;-r in non-increasing order of weights, which takes O(zlog z) time. We define the optimum
index function as follows.



Definition 11 (Optimum index function). ¢ : X x [K| — [K] is defined as,
v(p, k) = argmin{@ € [k:]‘gbff (max{z € X : 2 <0 -p},0)

—i—(bfg{(max{a:EX::cgp—ﬁ-p:rl},k—e)}(peX). (5)

Here benefits from the partition in which all items in the same set L;-r have equal profit value.
Specifically, when we derive the result of (qﬁ? ® ¢X ) (p, k), there is indeed only one decision variable

0, i.e., the number of elements selected from EI, that should be figured out. Hence, we denote the
optimal value of 8 by the index function ¥. Our primary objective is then reduced to figure out
all the indices {¢(p, k) }pex ke[s), for which we give a graphic illustration in Figure @ It can be
regarded as finding column minimums in the cube, here column minimum refers to the optimal
indices defined in Definition [l

Consider the problem in parallel slices. As shown in Figure , we divide the cube into
parallel slices. Consider slice

H={(p.k)|p=po+ ark = ko + ¢ (Ex [0,4]), (6)

where (pg, ko) denotes the boundary point of slice H and hence pokg = 0, ¢ represents the drift of
point (p, k) from boundary. It can be seen that the angle between slice H and the frontal plane is
equal to arctan A\, !, and there are O(|X|) = O(z/¢) such parallel slices in the cube. On the other
hand, plugging @ into , the index function can be simplified to

xi(¢) = argmin {6 € [£]|¢%, (\ab, 0) + &3 (o + Aal¢ — ], ko + [¢ — ) }.

Without loss of generality we could assume that there exists an integer 7, € Z* such that
=1, @, otherwise we can always modify p}, by an O(@) additive factor to meet this criteria
while inducing a O(¢OPT) loss in the objective function. Consequently we have A\, = 7,6 OPT. We
consider the case when = is discretized by the uniform grid set X = {i - EO%H € [z/¢]}. Then the

following key observation about the distribution of column minima in slice H holds.

Lemma 12. For any two columns in H that are indexed by (1 and (o, we have

xu(G2) — xu(G1)
G -G

Proof. The proof is deferred to Appendix O

<1. (7)

Divide-and-Conquer on slice H. In Lemma we establish an upper bound on the growth
rate of the index function. Taking advantage of this lemma, we are able to reduce the size of
the searching space in one column, given that we have figured out the optimum indices at some
other columns in the slice H. More specifically, consider columns indexed by (1 < (o < (3, the
information of xg(¢1) and x g (¢3) indeed provide two cutting planes to help us locate xg({2) in a
smaller interval [xz(¢3) + C2 — (3, xm(C1) + (2 — (1)

Inspired by this observation, we design a divide-and-conquer procedure to compute the optimum
indices efficiently for any slice in the form of @ We start with a recursive call to determine the

7



optimum indices of all the even-indexed columns. Here a column is called even (odd) column if and
only if its corresponding ¢ value in (6]) is even (odd). Then for each odd column y(2i), it can be
computed by enumerating the interval [x g (2i + 1) — 1, xm(2¢ — 1) + 1]. The details are specified in

Appendix
The time complexity of computing the index function for a single slice is summarized in the
following proposition.

Proposition 13. It takes O(zlog z) = O(z) time to compute xg(-).
Proof. See Appendix [D.4] O

Boundary

&@ . Discrete Set X

+ =7 "2 Column | X |=z/¢
(a) Searching Space of qﬁff ® o3 (b) Divide-and-Conquer on H

Figure 1: Graphic lllustrations of the Convolution Operation

Fast convolution operation. We are ready to introduce the convolution algorithm, using the
concepts and algorithms developed in the previous subsections. Details are specified in Appendix
When the convolution operation is specified as Algorithm [3| the complexities of Algorithm [I] is
presented as follows.

Lemma 14. [t takes O(n) space and
O(n + (22log z/¢) - min{log(1/e) /e, n}) = O(n) + O(min{z? /&%, nz?/e})
time to complete the convolution operation.

Proof. See Appendix O

Generally speaking, for given p € X and k € Z™, it requires O(z - | X|) arithmetic operations to
compute (¢g;, ® ¢s,)(p, k), if we enumerate all possible pairs of (p1, k1) in equation , which further
results in a total complexity of O(z%|X|?) for operator ®. Compared with our Algorithm, this is
unnecessarily inefficient, since it restarts all the arithmetic operations when the input parameters
varies.



4 Continuous Relaxation for Small Items

In Section [3| we have shown how to approximately select the most profitable large items under any
given budget and cardinality constraints. One important task left is to solve the subproblem with
only small items involved. In this section we show how to approximately solve this subproblem
efficiently. Similar to Definition |5} the profit function of small items, @g(-,-) : RT x [K] — R, is
given by ¢s(w, k) = max{} .csPeTe| Y ccs Te < k, D ecs WeTe < w,xe € {0,1}}. The main spirit of
our approach for small items is similar to that of Section (3} i.e., find a new function gpjrg, which is a
good approximation of pg and is economical in computations.

One question that may arise is the following: can the methods in Section [3]still work for the
small item set S, i.e., can we apply Algorithm [1] over S and use the output discrete function as an
approximation of ps? It can be verified that O(n) 4+ O(K?/e?) time is required, which is significantly
high especially when K is large, and fails to provide the desired complexity result. This is because
that there could be many more small items than large items, which will result in a larger searching
space.

To construct the approximation function goj;, we turn to the continuous relaxation of the
subproblem, as the continuous optimization problem is much easier to deal with. More importantly,
the boundness of small item profits will ensure that the gap between optimal values of the two
problems is sufficiently small.

Our main result in this section is formally stated in the following Theorem In the remaining
of this section, we will show the correctness of Theorem [15|step by step. We first present the details
of ijg and prove its approximation error in Section then show the computational complexity of
calculating goTS in Section The proof is summarized in Appendix

Theorem 15. There exists a function cp];(‘, ) :RT x [K] — R, such that |cp];(w, k) — os(w, k)| =
O(eOPT) for any w and k. In addition, for any weight set W of size O(1/¢) and cardinality bound set
KC of size O(z), Qs = {cp:fg(w, k)lw e W,k € K} can be computed within O(n+z*+min{z2/e? nz/e})
time, while requiring O(z/e) space.

4.1 Relaxation function design and approximation error analysis

We first introduce the two building block functions in our construction.

Definition 16 (Definition of Y(-,-) and Ya(-,-)). For any weight w and cardinality ¢, function
Ti(-,-) : RT x [K] = RT (i = 1,2) is defined as

T1(w, k) = max{ Zpexe Z WeTe < W, Za:e < k,z. € [0, 1]} ()

eeS eeS eeS

The second relazation function is constructed as the mazimum summation of functions Y3 and Yy,
T = T T
2w, ) = uas (Yo, 0) + Tafeo, £ )}, 9)
where Y3(+,+) : RT x [K] = R and T4(-,-,-) : RT x [K] x [K] = RT are given by

Ts(w,l) = max{ Zpe

ecT

T CSi(w), T < ¢}, (10)



Ty(w,l, k) = m%xl{ Z PDee

Z Te < k—14, Z We - Te < (1 —¢) - w}. (11)

€Sz (w) €Sz (w) e€S2(w)

Here S1(w) = {e € S|lwe < ew/K} represents the set of elements in S with weight less than
threshold ew/ K, set Sg( ) = {e € Slwe < w} \ S1(w). The modified weight we in is given as

We =we - (1 +¢€)

(Ke), where [-] refers to the ceiling function.

The first function Y1(w, k) is the most natural linear programming relaxation of go‘JrS, where all
the integer variables are relaxed to real numbers in [0, 1]. In the second function Ys(w, k), we only
relax variables corresponding to elements in S, while element weights are rounded to integer powers
of (1 +¢), and the budget w is scaled by a factor of (1 — ¢).

In our algorithm, we let the approximation function

(p];(w,k?) = Tl(w,k) . ]]-{Kgs—l} + Tg(w,k) . ]]-{K>5—1}'

The following lemma shows that cp:fs provides a good approximation of ¢gs.

Lemma 17. The differences between functions gpg and ps is bounded as \(p:rg(w, k) — os(w, k)| <

4e - OPT.
Proof. See Appendix [E-2] O

4.2 Computing gofg efficiently

In this subsection, we consider how to compute set {tp}(w,k)]w € W,k € K} efficiently, for
any given K € ZXl and W e RWI. We treat functions T3 and Y4 separately. To compute
relaxation Y3(-,-), it is worth noting that one straightforward approach is to utilize the linear
time algorithm |[Megiddo, |1984, Megiddo and Tamir, (1993, |Caprara et al.l 2000] to solve equation
, for each pair of distinct parameters in W and K. This will result in a total complexity of
O(IS| - |K| - W) = O((z/¢e) - min{ K /e, n}), which has a high dependence on the parameter K.

4.2.1 Computing relaxation Yo(-,-)

For notational convience, we let Ts(w, 4, k) = Tg(w, £)+Y4(w, l, k), then To(w, k) = maxg<p<t Ys5(w,?, k)

according to Deﬁnition We first claim the following observation with regard to {Y5(w, ¢, k) }o<e<k,
which enables us to compute Ya(w, k) for each fixed value of w and k, via O(logk) calls to the
routine of computing Ys5(w, ¢, k).

Lemma 18 (Concavity of {Ys5(w, ¢, k)}o<e<r). Sequence {Y5(w,?, k) o<e<i is concave with respect
tol, ie., Ts(w,l1,k)+Ts(w,lo, k) < 2Y5(w, (¢1+¥2)/2,k). Consequently, Yo(w, k) can be computed
in O(Ty -log k) time, where Ty represents the worst case running time of computing Ys(w, £, k) under
fized values of w,t, k.

Proof. We first show that {Y3(w, )} ¢y is a concave sequence. Note that the first order difference
AY3(w,l) = T3(w,l) — Y3(w,¢ — 1), which is equal to the ¢-th largest profit in S;(w). Thus,
the first order sequence {AY3(w, £)}cx) is non-increasing and concavity of {Y3(w,€)} ¢y follows.
For sequence {Y4(w,?, k)}er), We use x7, , ;. to denote the optimal fractional solution to ,
Ty(w, b, k) > [Ta(w, € —1,k) +Ty(w, £+ 1,k)]/2 holds, since (X}, _py1 4 + X5 x ¢ 1)/2 is a feasible

10



solution to under cardinality bound k& — £. The concavity of Ts5 follows from the fact that
sequence concavity is preserved under summation.

As for the time complexity, notice that sequence concavity implies monotonicity of the first
order difference sequence {AY5(w, ¢, k)}o<r<k. Hence £* = argmax ) Ys(w, £, k) can be derived
via binary search, using the sign of AY5(w, 4, k) as indication information. For each fixed w and ¢,
To(w,?) can be computed in O(7; - log k) time. The proof is complete. O

Computing T5(w,?, k) At the current stage, we have shown that Yo(w, k) can be computed
within the same order of time (up to a factor of O(log k)) as computing Ys5(w, £, k). In the following,
we present our two subroutines of calculating Y3(w,?) and Y4(w, ¢, k).

o Calculating T3(w, ). Let weight set W = {w1 <wsa--- <w)py}. We partition and store the
small item set S = Ul-ivl‘flSi, where S; = {e € S|we € [w1,ws]} and for ¢ € [2,|W| — 1],

SZ' = {6 S S‘we S (wi,wiﬂ}}, (12)

which takes O(|S] - log|W|) = O(|S|) time and O(|S|) space. Without loss of generality,
we assume that items in sets S = {e1,...,e;5} and S; = {e,; 1, €5, ’ebi,\&l} are in non-
increasing order of profit values, as sorting takes O(|S|) time, which is a lower order term. We
further store the partial summation sequence {7 (3, j) }icw|—-1),j¢is:|, Where
J
w(i,7) = D Pe,, (13)
t=1
represents the total profits of the first j items in S;. This procedure contributes a lower order
term of O(n) to the time and space complexity.
To compute function Yg(w;, £), we first figure out the index of the ¢-th largest item in Uje[Sis
again using binary search. Then T3(w, ) can be computed based on the pre-computed partial
summations defined in (L3)), which takes O(|W)|) time, under given values of w and ¢. Hence
the total complexity of computing Y3(w,?) for w € W and k € K is in the order of
O(IKh-o(Wh + > 0O(8;-1oglS; 1)
Jelwl-1]
=0(n + z/¢).

o Computing Y4(w, £, k). We first remark that there are O(log?(K/¢)/e?) types of elements in
Sa(w), here two elements are of the same type, if and only if both their weights and profits are
identical to each other. This is because that the profits and weights are rounded into integer
powers of (1 + ¢), hence there are O(log(K/e)/e) types of profits and weights.

Now we dualize the budget constraint through a non-negative Lagrangian multiplier . It
holds that Y4(w, ¢, k) = min,>q L(p,w, ¢, k), where

L(p,w,?, k)

:max{ Z pexe—l—,u,(w— Z wexe) Z xegk—é}
2c€[0,1] e€S2(w) e€Sa(w) e€S2(w)
- s sta] 3 et

e€Sa(w) e€Sz(w)

11



and profit p,(u) = pe — pwe. For any fixed value of p, w and k, function L(p,w,?, k) can be
computed by first sorting elements in Sp(w) in non-increasing order of pr(u), then selecting the
top k — £ elements with non-negative value of p,(u). This can be done within O(log?(K/¢)/e?)
time.

Note that L(p,w,?, k) is convex with respect to p, as it is the point-wise supremum of a family
of linear functions in p. In particular, as long as the order of the elements remain unchanged,
L(p,w, k) is a linear function with respect to u, with slope equal to (w — D eeSs(w) Wele).
Hence L(u,w, k) is a piecewise linear function of p. As a consequence, the optimal multiplier
w* must belong to set

B = {p‘ there exist eV, e® € Sy(w) such that Pev) (1) = Per2) (,u)},

which can be formally represented as

OPT

B— { Pe() ~ Pe() _
w

e e ¢ Sg(w)} C { b‘b € B’}, (14)

We(1) — Wy(2)
where
B p (I4+¢e)—1
B = {(1 +e)”- m’]b[, e, |d] <log(K/e)/e, and b,c,d € Z}. (15)

This follows from the facts that p,u) = S9ET - (1 + €)% and w,e = &£ - (1 +¢)% (i = 1,2) for
some integers b;, ¢; € [log(K/e)/¢e]. Therefore

B < |B'| = O(log? (K /¢) /%) = O(1/<%).

Utilizing the convexity of L(u,w,?, k), for each fixed value of w, ¢ and k, YT4(w, ¥, k) can be
computed in O(log |B| - log?(K/e)/e?) = O(1/€?) time, by figuring out p* via binary search
over set B’. It is worth pointing out that B’ must be computed and sorted in advance, which
takes O(|B'|log |B']) = O(1/&%) time.

To summarize, our second type of relaxation {Y2(w, k) }wew ke[k] can be obtained in
O(1/e%) + O(IK| - [W|/€*) + O(n + 1/£?)
————

BI T4(w,€, k) Tg(w,ﬁ)
=0(n) + O(z/&?) (16)

time, and requires O(n + |[K| - [W|) = O(n + z/¢) space.

5 Putting The Pieces Together—-Combining Small and Large Items

In our main algorithm, we utilize our two algorithms established in Section [3] and [4] as two basic
building blocks, to approximately enumerate all the possible profit allocations among £ and S.
The details are specified in Appendix and performance guarantee is given by Theorem
We remark that set X’ in the algorithm is not equal to X but a subset of X, and is given by
X' ={i-eOPTJi € [1/e]}.

12



Theorem 19. The total profits of items in set S, returned by Algozithm is no less than (1—¢)-OPT.
4lgom'thm requires O(n + 22 /€) space and a running time of O(n + z* + (2%/¢) - min{n,e~'}) =
O(n + 22/€?).

Proof. See Appendix [F.2] O

Recall that our ultimate objective is to retrieve the solution set that has almost optimal objective
function value. For large items, it can be obtained from the convolution algorithm by keeping
track of the optimal allocation of the budget and cardinality bound. As for the collection of small
items, let x* = {x}}.cs be the optimal solution to the continuous problem or @D, we use the
corresponding integer components {e|z} = 1} as the approximate solution.

6 Conclusion

In this paper we proposed a new FPTAS for the K-item knapsack problem (and Ezactly K-item
knapsack problem) that exhibits O(K) and O(z) improvements in time and space complexity
respectively, compared with the state-of-the-art Mastrolilli and Hutter |[2006]. More importantly,
our result suggests that for a fixed value of €, an (1 — ¢)-approximation solution of KKP can be
computed in time asymptotically independent of cardinality bound K. Our scheme is also the
first FPTAS that achieves better time and space complexity (up to logarithmic factors) than the
standard dynamic programming scheme in |(Caprara et al.|[2000] over all parameter regimes.
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A Supplementary Preliminaries

A.1 Exact K-item Knapsack Problem

The Ezxact K-item Knapsack Problem (E-KKP) is another variant of the knapsack problem which
has a deep connection with KKP, and can be formally formulated via replacing the cardinality
upper bound constraint by an equality constraint Y ,.pz; = K. It has been shown in |Caprara
et al., 2000] that E-KKP and KKP can be converted into each other, i.e., any instance of one
problem can be solved by using the algorithm of the other problem. We claim that our results
presented in this paper work for E-KKP as well, which is straightforward to verify.

A.2 Knowledge of the value of OPT

Notice that an 1/2-approximate solution could be obtained in O(n) time by properly rounding the
real-valued solution of its linear programming relaxation to a feasible solution set [Caprara et al.,
2000]. Hence, in this paper, for clarity of presentation, we assume that we know the value of OPT.
Indeed it can be verified that, if we replace OPT by 20PT’, where OPT’ denotes the objective
value of the 1/2-approximate solution, all of the analyses in this paper will still hold.

15



A.3 Upper bound on the number of non-empty classes

The correctness of bound is straightforward. Based on the definition of r,, rs in Definition |1} it
can be seen that (1 4 ¢)™@{"e7s} < /e holds, combining this with the fact that there are at most
n non-empty classes, we conclude that is true.

B Additional Related Work

Here we give a brief overview of the relevant work with respect to the classic variant named
Unbounded Knapsack Problem (UKP) [Ibarra and Kim)| 1975|, in which the number of copies of each
item could be any non-negative integer, instead of being restricted to a boolean variable as in the
0-1 KP. The earliest FPTAS for UKP was due to [Ibarra and Kim), [1975], which is an extension
of their algorithm for 0-1 KP. The scheme achieves a time complexity of O(n + 1/e*log(1/¢)) and
space complexity of O(n + 1/¢%). A more efficient FPTAS was designed by [Lawler, [1977], which
runs in O(n + 1/¢3) and requires O(n + 1/¢2) space. Recently an O(1/e) improvement on both time
and space complexity was made by |Jansen and Kraft, 2018], in which a new FPTAS was presented
with running time of O(n + 1/£21og(1/¢)) and O(n + 1/clog?(1/¢)) space bound.

C Proof of Proposition

Proof. The first result is due to the simple fact that in each class SZ-T , we can retain the K most
profitable items, 7.e., items with the smallest weights, and eliminate the other ones. Hence we have
|S| < min{Kr,n}. On the other hand, notice that |O* N L] < OPT/mineeco+nc pe < €, together
with the fact that |O* N L] < |0*| < K, we know that Proposition (3| follows. O

D Supplementary Materials of Section

D.1 Proof of Lemma [10l

Proof. An important observation in the proof is, there are O(z) number of effective convolutions
in total, as the number of large items is always no more than z. This enables us to relate the
convergence rate with the number of large items, instead of the number of classes in {£;}ic[r,). In
the following, we formalize our intuition and present a rigorous proof.

Let O},  denote the optimal solution to subproblem for large items and £ " k) =L£0n o; k be

the optimal elements in £(). For notational convenience, we let z " k) = sup{z € X|z < p(L (1))}’
and z, ;= sup{z € X|z < Sz w’k},
Observe that for set £("),
030 @) = oo @ 1ED < 00 (eI ) = w2l a7

where the first equality holds since ¢ () 18 the restriction of ¢, to X, and the inequality follows
from the fact that ¢(-,-) is monotone non-decreasing with respect to profit p. Combining
with the subadditivity of inverse weight function,

¢
(R bp) (@l g K <Z¢g() wka *(Z Z (18)
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which further implies that ¢ (w, k) > Tl > S .%‘Z(Q — dx. Hence, we are able to lower bound
the error incurred by discretization as,

Z . .
e (w. k) —pr(w. k) = 32l = S p(ly) = ox = —ox (1+ 3 1a,0). (19)

where A; = Ew(lk) — xw( k) , and the second inequality holds because A; < dx. To bound the RHS of
, we note that A; # 0 only if Ez(zk) is non-empty. Hence

4

ZHA;AO Zﬂ*(>¢@<|£’00wk|<z (20)
=1

and the error brought by discretization is lower bounded by —(z + 1)dx. On the other hand, it is
clear that ¢ (w, k) < ¢z (w, k), which follows by applying induction on |£|. Therefore the absolute
value of the error is no more than (z + 1)dx. Combining this with the fact that dx > O|)P(|T the
proof is complete.

D.2 Proof of Lemma [12

Proof. Let A = [xu(¢2) — xu(¢1)] — [¢2 — (1] denote the difference between the numerator and
denominator in inequality [7] We assume that A > 0 and finish the proof by contradiction.

Without loss of generality we can assume that (o > ;. We first consider points (pg + AeC1, ko +
C1,xu (1)) and (po + AaCi, ko + (1, xm(¢1) + A) in column indexed by (q, the following inequality
follows from the fact that xg(¢1) is the index of column minimum,

S Caxar (1), X1 (1)) + 6§ (o + XalG = xa1 ()] ko + [G1 = X (G1))]) (21)
<65 (o + AalG = (e (Q) + A)] ko + [ = (e (1) + A)))
+ 651 Malxm (G) + AL xm (G) + A). (22)

Similar results can be obtained for points (po+AaC2, ko+C2, X r(C2)) and (po+AaC2, ko+C2, xm(C2)—A)
in the cube,

Sy Caxar (G2), x1(C2)) + 6§ (o + XalC2 = x21(G2)] ko + [G2 = X (1)) (23)
<05 (o + AalC2 — (xa1(G2) — A)] ko + [G2 — (xmr(G2) — A)])
+ 0731 (Aalxa (G2) — Al xa (G2) = A). (24)

We remark that xp(C1) + A is a valid index as xm(¢1) < xu(G) + A = xu () — [¢2 — ] < xu ()
Similar arguments can be applied to show the validity of index xz(¢2) — A. According to the

definition of A,

po+ Aa[C2 — (xm(C2) = A)] = po + AalC1 — xu (C1)], (25)
which suggests that the term in (24]) is identical to that in . Via similar reasoning, we have
po + Aa[C — (xu(C1) + A)] = po + AalG2 — xu(C2)]- (26)
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Substituting (25)-(26) into ([21)-(24), it holds that

Sy axar (G1), xa(C1)) = dy (Aalxar (Gr) + Al xar(Gr) + A)
S¢§l(/\a[XH(C2) — Al xu(G)—A) - ¢§Z( aXH (C1); xH(C1))- (27)

Recall that gZ)X (Aat,t) = min{>" cqwelS C ch , >ecsPe = Aqt}, in which the cardinality upper
bound is redundant as the profit of each single item is no less than eOPT. Without loss of generality

we can assume that w; # wj, otherwise we can slightly change w; and the budget to achieve this goal.
Therefore gbéﬂ (Aqt, t) is a strictly convex function and does not hold. The proof is complete. [

D.3 Details of Algorithm

Algorithm 2: Slicelndex(H)

Input: H,;
Output: xx(:)
H' + Even fibers in H;
Compute the optimum indices of fibers in H' via SliceIndex(H');
for each odd fiber 2i in H do
| Enumerate [xz(2i 4+ 1) — 1, xz(2i — 1) + 1] to find the minimum index in the 2i-th fiber of H.

o Uk W N -

D.4 Proof of Proposition

Proof. We use cy to denote the number of columns in slice H and let Tg(cy) be the running time
of computing the index function for H. Then

o Line 4 requires Ty (cp/2) time. Without loss of generality we can assume that ¢y is even,
otherwise it can be verified that the corresponding total time complexity is within the same
order.

e FEach iteration in line 6 takes
O([xu(2i — 1)+ 1] — [xg(20 +1) — 1] + 1)
=0(xg(2t — 1) — xg(2i + 1) + 3) (28)

time. We remark that the RHS of is non-negative according to Lemma Taken together,
the running time of computing column minimum in odd columns can be upper bounded as,

O(cn/2)
Y O(xm(2i—1) = xu(2i +1) +3) = Och + 2) = O(2), (29)
i=1

which holds because both ¢y and x g ({) are no more than z.

To summarize, the total running time satisfies the recurrence relation 7T (cy) = T (cu/2) + O(2).
Solving this equation we have Ty (cy) = O(zlog z), the proof is complete. O
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D.5 Details of Algorithm

Algorithm 3: Convolution Algorithm ®
Tput: o3, (), 03 ()
Output: (6% @ 03) ()
for each slice H in the form of (@) do
L Compute xp(-) using SliceIndex(H);
forpe X, ke [K] do
L (6, ® 65)(p: k) = ¢ (max{z € X : 2 <9p(p, k) - pl}, ¥(p, b)) + 6§ (max{r € X : 2 <
p—(p. k) phhk—v(p, k)} (p € X)
Return ( é @ dx) ().

N =

[ .-

o o

~

D.6 Proof of Lemma [14

Based on Proposition [L3} it can be seen that a single convolution operation takes O(|X| - zlog z) =
O(22/¢) time, since there are O(| X|) slices in the searching space. Additionally, in Algorithm |1| we
need to

o Compute the base functions ¢ .+(-,-) (i € [rz]), which requires O(n) time. This is achieved by

storing sequence

min{ Z We

ecT

T C T TN =3
_‘Cz7| ’ ]}Ze[r],]E“LIH

and then utilizing binary search on the sequence, which requires O(>7_; ]EI\) = O(n) space
and time in advance.

o Perform ® operation for » = O(min{log(1/¢)/e,n}) times, the time complexity of which is
O((2%rlog 2)/e) = O((2*log z/¢) - min{log(1/¢)/e,n}).

The proof is complete.

E Supplementary Materials of Section

E.1 Proof of Lemma 015

Proof. The complexity results in Lemma [15| can be achieved by letting goj; =7, when K <& ! and

<p2; = T3 otherwise. Therefore, the total running time is bounded by

O(g .mjn{g,n}) . H{Kgs—l} + [6<min{§2, g}) + O(é%)} : 1{K>6*1}

2

—O(min { = * 4 i 2
_O<m1n{€2, 5 }—{—z —|—m1n{Kz ,nz}). (30)
The space required is in the order of O(|K||W]) = O(z/e). O
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E.2 Proof of Lemma

Proof. 1t suffices to show the following bounds on the differences between functions ¢g and 11, Yo:

|T1(w, k) — ps(w, k)| < 2e0OPT, (31)
|To(w, k) — ps(w, k)| < 4eOPT. (32)

Assuming inequalities above, we can complete the proof. Now we proceed to prove the bounds

and .

(I) Proof of bound We first make the observation that ¢s(w,k) < Yi(w,k), since the
feasible region in pg is a subset of that in Y;. As it has been shown in [Caprara et al., 2000], there
are at most two fractional components in x*, the optimal solution to the LP relaxation . Hence,
the objective value will suffer a loss of at most 2eOPT, if we set all the fractional entries in x* to be
0, i.e.,

Zpifi > T (w, k) — 2¢OPT
i=1

holds for the integer vector x*. On the other hand, notice that X* is also a feasible solution to the
subproblem ¢gs(w, k), it follows that Y7 | piz; < ps(w, k). Relating ps(w, k) and Y1 (w, k) to the
total profits of X, follows.

(ITI) Proof of bound (32)) To show the correctness of , observe that each one of the following
two operations appearing in the definition of T4(w, ¢, k), will incur a multiplicative loss of at most
(1 —€), compared with the LP relaxation on set Sa(w), denoted by Y1 (w, k, Sa(w)):

o Increasing the weight we (e € Sa(w)) to we € [we, (1 + €)wel;
o Scaling the budget w by a factor of (1 — ¢).

Therefore Y4 can be lower bounded using T (w, k, S2(w)):
Ty(w, k) > (1 — €)% T1(w, k,Sa(w)) > ps, (w, k) — 4cOPT. (33)

The last inequality (a) follows from the fact that (1 —¢)? > 1 — 2¢, together with inequality
Ti(w, k,Sa(w)) > ps, (w,t) —2e0PT, whose proof goes along the same lines as the proof of .

Let §*(w, k) be the optimal solution set to ps(w, k). Observe that the profit function ps can be
expressed as

ps(w, k) = ps(w — w(Si(w, k), k = |57 (w, k)|) + p(S7(w; k), (34)

where S} (w, k) = §*(w, k) N{e € S|we < ew/K} represents the set of elements in S*(w, k) with cost
no more than ew/K. As a consequence, the difference between Y9 and s can be lower bounded as,
To(w, k) — ps(w, k)
2[Ta(w = Sy (w, k), k =[S (w, k)]) — ps(w — w(S) (w, k), k — |57 (w, k)])]
+ [T3(IS7 (w, k)[) = p(St (w, k)]
> — 4e0OPT,
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where the last inequality follows from and the fact that Y3(|ST(w,k)|) > p(SF(w, k)).
Finally we conclude that T4(w, k) < ps(w, k)+2eOPT. Let £}, , be the optimal index in T4(w, k),

we consider set S consists of the following two types of items:
o Top {7, ;. elements in S (w);
« Elements corresponding to the integer entries in the optimal solution to T4(w,k — £, ;).

Observe that the indicator vector of S is a feasible solution to ¢s(w, k), hence p(S) < ps(w, k).

Combining with the fact that p(S) > T4(w, k) — 26OPT, the proof is complete. O

F Supplementary Materials of Section

F.1 Details of Algorithm

Algorithm 4: Main Algorithm

1 Input: Functions ¢3 (-,-), Ps(-,);

2 Qutput: Near optimal solution 7T,;

(k*,2*) < argmaxyc(.) zex/ {a: + @L(W — ¢ (2, k), K — k)};

4 TS + The solution set in S corresponding to @L(W — ¢ro(x* k%), K — k*);
5 T <+ The solution set in £ corresponding to ¢, (z*, k*);

6 Return S, « TS UTE.

w

F.2 Proof of Theorem [19]
Proof. Without loss of generality we can assume that
¢F (OPT — 6x/,|0* N L|) > w(O* N L). (35)

Otherwise, the optimal solution in S already achieves a near optimal approximation. In the following,
we let (*) be the best approximation of 3 ,cownp pe in X', i.e., ) € X" and

oX (), kY < w0 N L) < ¢¥ (2™ + 5y, kH)), 36
L L

where k) = |O* N L]. Notice that gbf is non-decreasing with respect to profit, we can conclude
that such an () exists. In addition, z*) + dx € X’. On the other hand, we have

(a)
2™ 65 > oF (6F (2% + 6x, k™), kM) (37)

Q
> ¢f (w(0" N L), kM)

()
> e (w(0* N L), k™) — cOPT, (38)

where (a) follows from the definition of ¢ and ¢,; (b) is based on the monotonicity of ¢ (-, [LNO*|)
and RHS of (36); In (c) we utilize the point-wise convergence property of X claimed in Lemma

21



To summarize, the total profits of S, can be lower bounded as,

>[ps(w(0* N L), K — k™) + op(w(0* N L), k™)] — 6 - OPT
(1—6¢)-OPT,

where (a) comes from Lemma (17 and the fact that (), 2(*)) is a candidate pair in the 3-th line of
Algorithm [ In (b), the first term follows from inequality (3§)), the second term is due to LHS of

1| and the monotonicity of go:rg.

Complexity Results. The time complexity result directly follows from Lemmas [14] and

2 2 2

O(n)—i—é(min{%,%}) —i—é(n—l—min{%,%}—i—/‘) (39)
Figure out {ﬁbf:{(% k’)}ke[z],zex Compute gp‘];
zé(n + 24+ Z:: - min {n, 5_1}), (40)

which is within the order of 6(71 + 2%2/€2). For the space requirement, we need to store the
information about d)ifi—l ot to implement the new convolution operation in the current stage, this
=1

requires O(|X| - z) = O(2?/¢) space. Combining with Lemmas [14] and it can be seen that
O(n + 2%/¢) space is sufficient. O

G Application in resource constrained scheduling

In this section, we briefly revisit the classic resource constrained scheduling problem in [Jansen
and Porkolabj, 2006], which asks to design a preemptive scheduling algorithm that minimizes the
maximum completion time, while satisfying the resource constraint. More specifically, for a given set
of tasks T = {11, T, ..., Ty} and m identical machines, p; (j € T) units of time and r;(j € 7) units
of resources are required for processing task j, while there are only ¢ units of resources available at
each time slot. The problem is to design a scheduling algorithm to minimize Ci,4,, the maximum
completion time. As in the literature, the problem is denoted by P|resl, ..., pmitn|Cpax.

We remark that it is possible to obtain a faster FPTAS for this problem by following the approach
in [Jansen and Porkolab| 2006], which is mainly based on the linear programming formulation [Jansen
and Porkolab, 2006, Eq (1.1)]. For the case when there is only one resource constraint, the subproblem
that need to be solved turns out to be the K-item knapsack problem studied in this paper. According
to [Jansen and Porkolabl 2006], the following proposition holds.

Proposition 20 (|Jansen and Porkolab, 2006]). An FPTAS for K-item knapsack problem with time
complezity T (n,m,1/e) implies a FPTAS for problem P|resl,..., pmitn|Cunax with time complezity
O((T (n,m,1/e) +nloglog(n/e)) - nlog(1/e)(1/e* + logn)).
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Note that the complexity term in Proposition [20|is proportional to T (n,m,1/¢) 4+ nloglog(n/e).
In most parameter regimes, it is dominated by T (n,m,1/e), the complexity of K-item knapsack
problem. Roughly speaking, the complexity reduction achieving in P|resl, ..., pmin|Cpax is in the
same order as the improvement obtained in KKP.

H Application in network caching

As the Internet traffic is dominated by popular contents (e.g., YouTube, Netflix videos) and the
price of storage gets cheaper, recent Internet architectures such as Content-Centric Networking
(CCN) suggest storing popular contents in network caches or routers, which could significantly
reduce network congestion |[Jacobson et al., 2007]. One problem arising is how to choose files to store
in a network cache to mazximize the hit ratio (i.e., the probability that a requested file is stored in the
cache). Let f(S) denote the required storage size to store the chosen file set S and g(S) represent
the cache miss probability for the chosen files. We consider the following cardinality constrained
minimization problem, motivated by this file selection problem in network caching |[Meyer and
Boloskyl, 2012, Nam et al., [2017],

min F(S) = f(S) +9(5), (41)
st |S| = K, (42)

where function F(-) : 28 — R7 is the summation of f(-): 2¥ — RT and g(-) : 2¥ — R*, which is
non-negative and additive. We remark that f(-) satisfies the marginal decreasing property, since we
assume that caches compress the files to maximize the remaining storage, the compression efﬁciencyﬁ
increases as more files are compressed together [Nam et al., 2017]. g(-) is a modular function since
the cache miss probability is simply the sum of the hit probabilities of the uncached files.

The formal definition of a submodular function is given as following.

Definition 21 (Submodular function). Set function f(-) : 2¥ — R* is submodular if for all subsets
S, T C E, inequality f(S)+ f(T) > f(SUT)+ f(SNT) holds. f(-) is monotone non-decreasing if
f(S) > f(T) holds for VT C S.

The formulation of — might be not that interesting in the context of submodular
optimization, as the non-increasing property of g(-) is rather artificial. In addition, the problem
is closely related to the problem of minimizing the difference between submodular functions [Lyer
and Bilmes| 2012], and submodular cost submodular cover (SCSK) problem [Iyer and Bilmes| 2013]
when the constraint function is additive, while we have an additional cardinality constraint. Here
we present an alternative approach that is standard to a certain degree, but is more straightforward.
Our motivation is to show the potential application of E-KKP.

H.1 A near-optimal algorithm

We present a near-optimal algorithm in which the solution to E-KKP plays an important role. One
important ingredient in the algorithm is the ellipsoid approzimation |[Goemans et al.,; 2009] of a
monotone submodular function.

3The compression efficiency is the ratio between the compressed size and the sum of original file sizes [Nam et al.|
2017).
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Definition 22 (Ellipsoid relaxation [Goemans et al., 2009]). For any monotone submodular function
(), we can construct a function f°(-) : 28 — RT that approxzimates f(-) by a factor of a(n) =
O(y/nlogn), by issuing polynomial number of queries to f(-), i.e., f4(S) < £(S) < a(n) - f4(9).
Moreover, there exist ¢, > 0 such that f%(S) = V2 ees Ce-

Owing to the simple form of f?, we can reduce the problem to E-KKP.

Reduction to E-KKP. Note that g(-) can represented as a constant minus a monotone non-
decreasing modular function, i.e., there exists a constant C' and g(-) : 2¥ — RT, such that
g(-) = C — g(+). Consider the following problem with budget w and cardinality bound K,

max g(S) (43)
st f2(8) <w (44)
S| =K (45)

where constraint is soft. It is equivalent to E-KKP because f#(S)(:) is the square root of an
additive function. We approximately solve problem for every w € {LF(1 +¢)li > 0} N [L8, U"),
where LF = min{3} .5 g(e)||S| = K}, Ut = max{3.cq g(e)||S| = K}, then we use the FPTAS for
E-KKP to obtain solution S,,. Among all the solutions obtained, the final solution S* is chosen
as the set with smallest objective value among all the S,,. In this section we focus on the scenario
when the following assumption holds.

Assumption 23. max.cg g(e)/ minecg g(e) =poly(n)

Indeed, [L?, UY] can be replaced by any interval [L, U], such that U/L =poly(n) and g(O*) €
[L,U].

Performance analysis. Consider the iteration when parameter w = w* satisfies that
fAOM el -2)- v w,
the corresponding solution S, returned by the FPTAS satisfies that
9(Se) = (1 —¢) - g(0), (46)
and g(Su+) = C — g(Su+) < g(O*) + - g(O*). Under Assumption 23] we can obtain g(S,-) <
(1+¢€) - g(O*) by replacing € by e/poly(n). In addition,

fH0) _ aln) o o a(n)
'\/l—eg\/l—e'f(O)S '

f(Su) < an) - f{(Sw) < aln) - Vor < a(n)

Consequently, we know that

FOY) | FIOY) _ HO)+6(0) @ () f(Sir) ol £ o(5er)

F(S*) = F(Su)  J(Sur) + 9(Sur) = F(S) + g(Sur)

® 1 1

> (1-e)1-(1- ——)——

_( 8)[ ( a(n))]_—i—'r]:|7
where the first inequality follows from and ([47), parameter n = ming.sc g {g(S)/f(S)} denotes
the minimum ratio between f and g, hence g(S,+) > 1 - f(Su+) and (b) follows. Intuitively the

difficulty of problem is related to n. More specifically, when 7 increases, the problem becomes
easier since the proportion of the modular function increases.
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Approximation ratio lower bound. For problem , the following approximation ratio lower
bound is implied by [Goemans et al., 2009} [Svitkina and Fleischer, [2011], Tyer and Bilmes| 2013].

Proposition 24 (|Goemans et al., 2009, |Svitkina and Fleischer| |2011, Iyer and Bilmes| 2013]).
Given a submodular function f and modular function g, no polynomial time algorithm can achieve

n

approximation ratio better than 1 — (1 — loj—") ﬁ, where n = ming.gcp {g(S)/f(5)}.
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