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Abstract

Decision markets are mechanisms for selecting one among a set of ac-
tions based on forecasts about their consequences. Decision markets that
are based on scoring rules have been proven to offer incentive compati-
bility analogous to properly incentivised prediction markets. However, in
contrast to prediction markets, it is unclear how to implement decision
markets such that forecasting is done through the trading of securities.
We here propose such a securities based implementation, and show that it
offers the same expected payoff as the corresponding scoring rules based
decision market. The distribution of realised payoffs, however, might dif-
fer. Our analysis expands the knowledge on forecasting based decision
making and provides novel insights for intuitive and easy-to-use decision
market implementations.

1 Introduction

Prediction markets [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11] are popular tools for aggregat-
ing distributed information into often highly accurate forecasts. Participants in
prediction markets trade contracts with payoffs tied to the outcome of future
events. The pricing of these contracts reflects aggregated information about
the probabilities associated with the possible outcomes. A frequently used con-
tract type is Arrow-Debreu securities that pay $1 when a particular outcome is
realised, and otherwise pay $0. If such a security is traded at $0.30, this can
be interpreted as forecast for that outcome to occur at 30% chance. Potential
caveats with the interpretation of prices in prediction markets as probabilities
have been discussed in the literature [4, 5], but are not seen as critical for typical
applications [3, 4, 5]. Prediction markets have been extensively investigated in
lab based experiments and real world settings [1, 2, 4, 5, 6, 8, 11, 12].

In many practical prediction markets applications, such as recreational mar-
kets on political events, participants trade directly with each other, and one
participant’s gain is the other participant’s loss. Prediction markets can, how-
ever, also be designed to offer net benefits to the participants. Such incentivised
prediction markets can be used by a market creator who is willing to compensate
the market participants for the information obtained from the market [3, 7, 10].
Incentivised prediction markets rely on market maker algorithms to trade with
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the participants, and on cost functions to update prices based on past trans-
actions. These functions are closely related to proper scoring rules such as the
Brier (or quadratic) scoring rule and the logarithmic scoring rule [13, 14], which
measure the accuracy of forecasts and allow rewarding a single expert based on
forecast and actual outcome. The market maker in an incentivised prediction
market subsidises the entire market rather than single experts; its worst-case loss
is finite and its expected loss depends on how much the participants ‘improve’
on the information entailed by the initial market maker pricing [3].

Accurate forecasts, as obtained from prediction markets, can be of tremen-
dous value for decision makers. Commercial companies, for instance, can ben-
efit substantially from accurate forecasts regarding the future demand for their
products. However, many decision-making problems require conditional fore-
casts [15]. To decide, for instance, between alternative marketing campaigns,
a company needs to understand how each of the alternatives will affect sales.
In other words, it needs to predict, and choose between, ‘alternative futures’.
To implement such forecasting based decision making, Hanson [16] proposed so
called decision markets. While it is non-trivial to properly incentivise partici-
pants to provide their information in decision markets, it has been shown that
this can be achieved [15, 17, 18, 19, 20].

Properly incentivised decision markets work in a stepwise process to select
one among a number of mutually exclusive actions. First, forecasts about the
expected future consequences of each action are elicited in a step analogous
to incentivised prediction markets. Second, a decision rule is used to select
an action based on the forecasted consequences. Once an action has been se-
lected, and its consequences are revealed, payoffs are provided for the forecasts as
elicited in the first step. Importantly, the decision rule in properly incentivised
decision markets is stochastic, with each action being picked with a strictly pos-
itive probability [15, 19]. Payoffs are scaled up to ensure that the participants’
expected payoffs in decision markets remain analogous to those made in prop-
erly incentivised prediction markets [15, 19], and that game-theoretical results
on strategic interactions between participants in prediction markets [10] carry
over.

The literature on decision markets has so far focused on implementations
based on scoring rules. For prediction markets it is well established how to im-
plement properly incentivised forecasting such that forecasts are made through
the trading of securities. A similar securities based decision market implementa-
tion has however not yet been described. Such an implementation is important
because participants in decision markets are likely familiar with ordinary asset
trading, and it is thus convenient for them to report their forecasts through
a securities trading interface. Furthermore, securities based decision markets
simplify managing liabilities, because the payment for the purchased securities
covers the traders’ worst-case loss. We here propose such a securities based
decision market setting, and compare it to existing, scoring rule based decision
markets.

The remaining manuscript is organised as follows: In section 2 we briefly
introduce scoring rules, sequentially shared scoring rules, prediction markets
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and scoring rule based decision markets. In section 3, we describe a securities
based market design and compare it with the existing scoring rule based decision
markets. In section 4 we compare our design with the the scoring rule based
decision markets mechanism in terms of worst-case losses. In section 5, we
discuss how trading in this setup allows to re-allocate worst-case losses. Finally,
in section 6, we conclude and discuss our future work.

2 Related Work and Notation

2.1 Scoring Rules

Let us define Ω as a finite set of mutually exclusive and exhaustive outcomes
{ω1, ω2, ..., ωn}. A probabilistic prediction for those outcomes is denoted by
~r = (r1, r2, ..., rn) with

∑n
x=1 rx = 1 and ri ∈ [0, 1]. A scoring function si(~r)

allows to quantify the accuracy of prediction ~r once the outcome ωi materialises
[21].

Scoring rules allow to incentivise forecasters for predictions. Denoting the
reported distribution as ~r = (r1, r2, . . . , rn) and the forecasters’ belief as ~p =
(p1, p2, . . . , pn), the expected payoff for a forecaster is given by

G(~p, ~r) =

n∑
k=1

pksk(~r)

A scoring rule is defined as proper if a forecaster maximises his/her expected
payoff by truthfully reporting what he/she believes.

G(~p, ~p) ≥ G(~p, ~r)

Furthermore, a scoring rule is strictly proper if G(~p, ~p) > G(~p, ~r) for all ~r 6= ~p.

2.2 Sequentially Shared Scoring Rules

Because information is often distributed across multiple agents, it is of inter-
est to expand proper scoring to elicit forecasts from groups of forecasters. In
his work on incentivised prediction markets, Hanson proposed a mechanism to
sequentially elicit information from forecasters [3, 7]. The mechanism keeps
a current report ~r and offers a contract for a new report ∗~r to be scored as
si(
∗~r)− si(~r) if the outcome ωi is observed. Note that si(

∗~r)− si(~r) is a proper
scoring rule if si is a proper scoring rule. Once a forecaster accepts the offer,
the decision maker will update the current report from ~r to ∗~r and allow a next
forecaster to further modify the new current report. Under such a sequentially
shared scoring rule, forecasters are scored for how much they improve or worsen
the current report. Such a mechanism uses incentives efficiently in that it avoids
paying for the same information twice.

3



2.3 Securities based Prediction Markets

The mechanism described in section 2.2 involves a two-sided liability. The de-
cision maker is liable to pay each forecaster who improves a forecast, and fore-
casters are liable to pay the decision maker if they worsen a forecast. It is often
considered convenient to implement sequentially shared scoring rules through
the trading of Arrow-Debreu securities [3, 7]. In such an implementation, fore-
casters purchase securities from the market maker and their payments cover
their liabilities. Another reason to use securities based trading is that the ma-
jority of existing real-world prediction markets, such as recreational markets
on sports or political events, are trading securities in a double auction process.
Traders who are familiar with these prediction markets will prefer an interface
to be expressed in terms of trading with securities.

To incentivise traders, securities are bought and sold by a market creator.
The market creator uses a market maker algorithm which keeps track of past
trades and sets security prices derived from a cost function. The total amount
spent on purchasing a particular quantity of securities can be calculated from
this cost function. We denote the quantity of outstanding securities as ~q =
(q1, q2, . . . , qn) for a market on n mutually exclusive and exhaustive outcomes
Ω. Element qi represents the number of securities sold by the market creator
that pay if outcome ωi is observed. The instantaneous prices of the securities
with outstanding quantities ~q are denoted as ~r(~q) and play the same role as
reports in scoring rule based markets.

Assume a trader wants to change the outstanding securities distribution
from ~q to ∗~q by buying securities to change the price from ~r to ∗~r. The cost
for the trader to purchase the amount of securities ∗~q − ~q can be calculated
from C(∗~q) − C(~q), where C(~q) denotes a cost function. Once the final event,
i.e. ωi is observed, the market maker will resolve the market by paying $1 for
each winning security. If the trader holds ∗qi − qi securities when the market is
resolved, his/her payout will be $(∗qi − qi). Overall the realised payoff for the
trader will be

(∗qi − qi)− (C(∗~q)− C(~q))

Chen and Pennock generalised the relationship between cost functions, price
functions and scoring rules, and proposed three equations that establish their
equivalence [22]: 

si(~r) = qi − C(~q) ∀i∑
i ri(~q) = 1

ri(~q) = ∂C(~q)
∂qi

(1)

Furthermore, Chen and Vaughan proved that there exist a one-to-one mapping
between any strictly proper scoring rule and cost function in securities based
prediction markets and such a securities based market is incentive compatible
[23]. Elicitation through scoring rule based and securities based prediction mar-
kets offers the same payoffs for participants when the markets start with the
same initial forecasts and end with the same final forecasts.
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Cost functions C(~q) and price functions rk(~q) have the following properties:

C(~q + β~1) = β + C(~q)

rk(~q + β~1) = rk(~q)
(2)

where β is a real constant [22]. These properties imply that the same report
can be made through different trades. If a trade ∗~q − ~q changes market prices
from ~r to ∗~r, so does a trade ∗~q + β~1 − ~q. This permits the trader to make
any report by buying contracts from the market creator. Short selling is not
required. The overall payoff will not be affected by the choice of β, because
both costs of purchasing the contracts, and the payout from the contracts at
resolution increase by the same amount.

2.4 Decision Markets

The design of decision markets expands prediction markets to use conditional
forecasts for decision making. Decision markets consist of two components. The
first component is a set of conditional prediction markets, each of which elicits
the forecasts for one of the actions. The second component is the decision rule
that defines— based on conditional prediction markets forecasts— how the final
decision will be made. An example is the MAX decision rule [17] which is to
always select the action that has the highest predicted probability for a desired
outcome to occur.

Decision markets with deterministic rules such as the MAX decision rule
do not always properly incentivise a forecaster to truthfully report irrespective
of the scoring rule it uses [17, 19]. An intuitive example to illustrate how a
trader can benefit from misreporting is given in [17]. Chen et al. described
that a stochastic decision rule can myopically incentivise forecasters to truth-
fully report [15]. This approach is rephrased in the following in the notation
used throughout this paper to allow for straight forward comparison with the
securities-based implementation.

Definition 1. In a decision market, the market creator has a finite set of m
actions A = {α1, α2, ..., αm} to choose from. For each action αj, there is a set

of possible outcomes Ωj = {ωj1, ω
j
2, . . . , ω

j
nj
}, which nj is the number of possible

outcomes for action αj. Both action set A and outcome sets Ωj are collec-

tively exhaustive and mutually exclusive. A stochastic decision rule ~φ assigns a
probability φk to each action αk with φk > 0 and

∑m
k=1 φk = 1.

Note that in our notation the outcome ωji for action αj can be unrelated to
ωki for action αk. In other words, outcomes can be specific to the actions. The
sets for the outcome of two actions can be completely disjoint. The decision
rule can take the final report into account, i.e. ~φ = ~φ(~r1, ~r2, . . . , ~rm) where
~r1, ~r2, . . . , ~rm are the final reports over the m different actions. It can, for
instance, approximate the MAX decision rule by assigning high probabilities to
actions with desirable outcomes.
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Similar to scoring rules in prediction markets, decision scoring rules can
be defined to map forecasts, decisions and outcomes to a real number. For
simplicity, we will denote this score as Sji (~rj) that the selected action is αj and

the observed event is ωji . Assume sji (~rj) is a strictly proper scoring rule for
conditional market j. A decision score for changing the current report from ~rj
to ∗~rj is given by:

Sji (
∗~rj)− Sji (~rj) =

1

φj

(
sji (
∗~rj)− sji (~rj)

)
(3)

The expected payoff G of a forecaster in a scoring rule based decision market
as defined in definition 1 is given by:

G =

m∑
j=1

φj

nj∑
i=1

pji
1

φj

(
sji (
∗ ~rj)− sji (~rj)

)

=

m∑
j=1

nj∑
i=1

pji

(
sji (
∗ ~rj)− sji (~rj)

) (4)

where pji denotes the belief of the forecaster which will be identical to ∗ ~rj if the
scoring rule is strictly proper. The forecaster has the same expected payoff as
if he/she participated in m independent and strictly proper prediction markets.
Moreover, findings on strategic interaction between traders and incentives for
instantaneous revelation of information from [10] apply as well.

Note that φj in equations (3) and (4) is the probability for the selected
action in the decision rule after the final report. Equation (4) shows that the
value of φj does not affect the expected payoff that risk-neutral forecasters seek
to maximise. This is important because for scoring rules that depend on the
final report, no participant except for the final forecaster knows the value of φj .
To provide truthful forecasts forecasters do not need the decision rule φ and its
dependence on the final report as long as they can trust that the rule has full
support.

An alternative method is to ask a single expert for a recommendation and
use scoring rules to align the incentives of the expert with the market creator’s
interest [15, 24].

2.5 Empirical Work

There is a substantial body of empirical studies on prediction markets [1, 2,
4, 5, 6, 8, 11, 12], and a number of empirical studies on decision markets [25].
Some of these studies have addressed whether there are any differences in the
efficiency of a scoring rule based mechanism vs. a securities based mechanism.
Jian and Sami conducted laboratory experiments and found the performance of
the two mechanisms is similar [26]; but they stated that further validation was
required in ‘field settings’, which familiarity with how to report forecasts may
be an important factor. While similar experimental comparisons in decision
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markets do not exist yet, it is worth noting that securities trading is frequently
used in the experimental literature about decision markets [25].

3 Strictly Proper Securities Based Decision Mar-
kets

In section 2.3, we discuss the advantages of implementing forecasting through
the trading of securities. We here formulate a cost function for securities based
decision markets that offers the same expected payoff for participants as a scor-
ing rule based decision market. In a prediction market, the cost function and
price function can be calculated by solving the equations (1) [22]. However,
because only decision markets with a stochastic decision rule are myopically
incentive compatible, the stochastic decision rule needs to be accounted for.

3.1 Design

We adopt the cost function approach for prediction markets as described in
section 2.3. To account for the stochastic decision rule, the securities traded in
this market have payoffs that depend on the selected action.

Definition 2. In addition of the notation in definition 1, we denote ~qj =

(qj1, q
j
2, . . . , q

j
nj

) as outstanding securities for the conditional market for action

αj. Element qji represents the number of securities sold by the market creator

that pay if action αj is selected and outcome ωji is observed. The payout per
security is denoted by vj, and can depend on the selected action, but is the same
for all traders and does not depend on the observed outcome. The payout for all
other securities is zero. Cost function, price function and corresponding scoring
rule for the conditional market on action αj and outcome ωji , are denoted by

Cj(~qj), rji (~qj) and sji (~rj), respectively, and together fulfil equation 4.

Theorem 1. Let a trader in a securities based decision market as defined in
definition 2 make a trade ∗~qj − ~qj to move prices from ~rj(~qj) to ~rj(

∗~qj). Then
the trader will have the same expected payoff as a forecaster who makes the same
forecast in a scoring rule based decision market as described in equation (4) if
and only if we set vj = 1/φj for all action αj.

Proof. Let a forecaster in the a scoring rule based decision market change the
reports from ~rk to ∗~rk for any action αk. The expected payoff of the forecaster
is denoted as G and is given in the equation (4). Let a trader in our securities
based decision market change the outstanding securities distribution from ~qk to
∗~qk for each action αk such that prices change from ~rk to ∗~rk. Then the realised
payoff the trader gains from such a trade is given by:

vj

(
∗qji − q

j
i

)
−

m∑
k=1

(
Ck(∗ ~qk)− Ck(~qk)

)
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where the selected action is αj and the observed outcome is ωji .

The expected payoffs of the trader is denoted as Ĝ and we obtain:

Ĝ =

m∑
j=1

φj

nj∑
i=1

pji

(
vj

(
∗qji − q

j
i

)
−

m∑
k=1

(
Ck(∗ ~qk)− Ck(~qk)

))

=

m∑
j=1

φjvj

nj∑
i=1

pji

(
∗qji − q

j
i

)
−

m∑
k=1

(
Ck(∗ ~qk)− Ck(~qk)

) (5)

Substituting equation (1) into the equation (5), we obtain:

Ĝ =

m∑
j=1

nj∑
i=1

pji

(
∗qji − q

j
i

)
−

m∑
k=1

(
Ck(∗ ~qk)− Ck(~qk)

)
+

m∑
j=1

(φjvj − 1)

nj∑
i=1

pji

(
∗qji − q

j
i

)

=G+

m∑
j=1

(φjvj − 1)

nj∑
i=1

pji

(
∗qji − q

j
i

)
︸ ︷︷ ︸

a

(6)

The expected payoff Ĝ in a securities based market is equal to the expected
payoff G in a scoring rule based market if and only if term a in equation (6) is
zero. One way to achieve this for arbitrary trades is to set the payoffs of the
contracts vj to 1/φj . Thus G = Ĝ if vj = 1/φj .

An alternative with vj 6= 1/φj would be to choose vj such that the vector

(dot) product ~a · ~b, with vector element aj being defined as
∑m
j=1(φjvj − 1)

and bj being defined
∑nj

i=1 p
j
i

(
∗qji − q

j
i

)
, becomes zero. This however, would

require to make vj dependent on trade-specific quantities such as the ∗qji and
contradicts the properties of contract payoffs as defined in definition 2.

3.2 Distribution of Realised Payoffs

Securities based decision markets and corresponding scoring rule based decision
markets provide the identical expected payoff for participants under the same
conditions. However, the actual distribution of payoffs for the participants are
not necessarily the same. In this subsection, we will discuss the difference be-
tween securities based decision markets and the corresponding scoring rule based
decision market in terms of realised payoffs for participants.

The realised payoffs for a forecaster who changes report ~rk to ∗ ~rk in a scoring
rule based decision market is given by equation (3). In the securities based
market, assume a trader makes a trade to change the price for any action αk
from ~rk to ∗~rk . This trade changes the market creator inventory from ~qk to
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∗~qk and has a cost given by Ck(∗~qk)−Ck(~qk). Let the market creator select the
action αj to execute and observe the outcome ωji . Using equation (1) we obtain
the realised payoffs for the trader in the securities based decision market:

1

φj

(
∗qji − q

j
i

)
−

m∑
k=1

(
Ck(∗ ~qk)− Ck(~qk)

)
=

1

φj

(
sji (
∗ ~rj)− sji (~rj)

)
+

1

φj

(
Cj(
∗ ~qj)− Cj(~qj)

)
−

m∑
k=1

(
Ck(∗ ~qk)− Ck(~qk)

)
︸ ︷︷ ︸

a

(7)

The term a in equation (7) shows that there is a difference in realised payoffs of
participants between the securities based decision market and the scoring rule
based decision market. This difference cancels out when computing the expected
payoff of a participant. Although the sign of term a cannot be decided easily,
term a will increase when the trader spends more in the selected conditional
market and decrease when the trader spends more in the conditional markets
that are not selected.

Equation (7) shows that the realised payoffs in our securities based decision
market can be rewritten as a scoring rule with an additional term a. This term
can be interpreted as a ‘lottery’ that costs I and returns I/φ at probability φ.
Equation (7) can be generalised as:

1

φj

(
sji (
∗ ~rj)− sji (~rj)

)
+

1

φj
Ij −

m∑
k=1

Ik︸ ︷︷ ︸
a

(8)

Equation (7) is a special case of equation (8) where Ik equals to the total cost
the trader spent in conditional market k for each k. This can be interpreted
as a forecaster making a report in a scoring rule based decision market and
simultaneously participates in a ‘lottery’ at a cost that depends on the report.
Any securities based decision market can be seen as a market where the market
creator offers a scoring rule based decision market along with a ‘lottery’ with an
expected payoff of zero. The terms Ik can be chosen such that the payoffs from a
scoring rule based decision market are the same as for a securities based decision
market. In the following we provide an example to illustrate the differences
between the payoffs in securities based and scoring rule based decision markets.
In Section 4 and Section 5 we will show how the additional flexibility in the
design of securities based decision markets can be used to reallocate liabilities
and worst case losses between traders and market creator.

3.2.1 Example: investment into a single conditional market.

To further detail the differences between a securities based decision market and
the corresponding scoring rule based decision market, we analyse an example

9



where a trader invests in only one conditional market, the market corresponding
to action αk. We focus on a setting where forecasters do not engage in ‘short
selling’, and thus only hold positive positions, and the cost Ck(∗~qk) − Ck(~qk)
paid to the market creator is positive. Assume the market creator to select the
action αj and to observe the outcome ωji . We will compare the realised payoffs
between securities based decision markets and corresponding scoring rule based
decision market under two conditions.

The realised payoffs for a trader who invested into the selected market, i.e.
j = k, can be found in table 1. Naturally, the forecaster in corresponding scoring
rule based decision market is also assumed to report in the selected conditional
market.

Table 1: Realised payoff difference between a decision scoring rule based decision
market and the corresponding security based decision market when participants
invest into or report on the selected action.

Market Type Realised Payoff
Scoring Rule Based 1

φj
(si(
∗rj)− si(rj))

Securities Based 1
φj

(∗qji − q
j
i )− (Cj(

∗ ~qj)− Cj(~qj))

Using equation (1) for the realised payoffs of securities based decision market
in table 1 we obtain:

1

φj

(
∗qji − q

j
i

)
−
(
Cj(
∗ ~qj)− Cj(~qj)

)
=

1

φj
(si(
∗rj)− si(rj)) +

1− φj
φj

(
Cj(
∗ ~qj)− Cj(~qj)

)
︸ ︷︷ ︸

positive

(9)

Assuming that traders can only hold positive positions, i.e. cannot “short”
securities, equation (9) shows that participants gain a larger payoff in securities
based decision markets compared to scoring rule based decision markets.

Table 2 shows the realised payoffs of the trader and the forecaster investing
into, or report, on an unselected conditional market, i.e. k 6= j.

Table 2: Payoff difference between a decision scoring rule based decision market
and the corresponding security based decision market when participants invest
into or report on an unselected conditional market.

Market Type Realised Payoff
Scoring Rule Based 0

Securities Based −(Ck(∗ ~qk)− Ck(~qk))

Changing the prediction for a conditional market corresponding to an action
that is not selected has a zero payoff in the scoring rule based decision market,
regardless of how accurate the prediction is. This is because in the scoring rule
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based decision market, unselected conditional markets will be declared void.
However, there is a cost for changing a prediction for an unselected market in
the securities based market because purchasing shares to changing a prediction
is costly.

4 Worst-case Losses for Participants and Mar-
ket Creator

An analysis of worst-case losses is crucial for practical implementation because it
needs to be ensured that all liabilities can be properly resolved. A common way
to ensure that all parties can serve their liabilities is through depositing escrows
which can cover the worst-case scenario. A further purpose is to understand
how liabilities are distributed between market creator and participants.

4.1 Worst-case Loss for Participants

Consider a forecaster in a scoring rule based decision market who reports ∗ ~rk
when the current prediction is ~rk for each conditional market k. The worst-case
loss for this report is given by:

min
j,i

(
Sji (
∗ ~rj)− Sji (~rj)

)
= min

j,i

1

φj

(
sji (
∗ ~rj)− sji (~rj)

) (10)

From equation (10) we can tell that the worst-case loss for the forecaster
depends on both the decision rule φj and the report ∗ ~rj he/she made. The
probability φj depends on the decision rule. Small probabilities in the decision
rule, which may be in the interest of market creator to approximate deterministic
scoring rules, increase the worst-case loss for the forecaster.

A trader in a security based decision market purchase securities from ~qk
to ∗ ~qk. Assuming again that forecasters cannot hold negative positions, the
worst-case loss for the trader can be calculated as:

m∑
k=1

(
Ck(~qk)− Ck(∗ ~qk)

)
(11)

Equation (11) shows that the worst-case loss for a trader in the securities
based decision market only depends on the cost the trader spent. In other words,
the trader in the securities based market will not be exposed to any liabilities
beyond the costs already paid for purchasing the assets. Therefore a securities
based implementation has the advantage that it does not need to further track
the liabilities on the side of the traders. Moreover, the worst-case loss of trader
does not depend on the decision rule.
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4.2 Worst-case Loss for Market Creator

The loss of a market creator mirrors the profits gained by the participants. Apart
from the distribution of realised payoffs for the participants, there is therefore a
difference of the worst-case loss for the market creators between a scoring rule
based decision market and the corresponding securities based decision market.

Carrying over the conditions from equation (3), the worst-case loss for a
market creator of a scoring rule based decision market is

min
j,i

(
Sji (~rj)− S

j
i (
∗ ~rj)

)
= min

j,i

1

φj

(
sji (~rj)− s

j
i (
∗ ~rj)

) (12)

As we can tell from equation (12), the worst-case loss for a market creator
depends on three factors: initial report ~rj and final report ∗~rj for the selected
conditional market and the decision rule φj . Among three factors, the market
creator has control over the initial report ~rj and the value that decision rule
φj can take, but does not have control over which action is being picked. Even
though the decision rule can be arbitrary as long as forecasters are convinced
that it has full support, it is the interest of the market creator to take the final
forecasts of the market into account. For instance, it does not fit the interest of
the market creator to assign a small probability to the action that is predicted
to most likely lead to a desirable outcome. The relationship between decision
rule φj and the final score sji (

∗ ~rj) can be complex in that it depends on how

exactly the final forecast determines the decision rule ~φ. There is a suggestion
about computing a minimal feasible decision rule for each action according to
the budget of market creator [18].

Using the conditions for equation (7), the worst-case loss for a market creator
of a securities based decision market is:

m∑
k=1

(
Ck(∗ ~qk)− Ck(~qk)

)
−max

i,j

(
1

φj

(
∗qji − q

j
i

))
(13)

In equation (13), the term
∑m
k=1(Ck(∗ ~qk) − Ck(~qk))) is the income from

securities sales for market creator, which mirrors the cost spent by participants
in order to move the inventory distribution from ~qk to ∗ ~qk in each conditional
market k. The second term, maxi,j(

1
φj

(∗qji −q
j
i )) in the equation is the maximal

payout that can be won by participants. In order to compare the worst-case
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losses, we substitute the equation (1) into the equation (13) and obtain:

m∑
k=1

(
Ck(∗ ~qk)− Ck(~qk)

)
−max

i,j

(
1

φj

(
∗qji − q

j
i

))

=

m∑
k=1,k 6=j

(
Ck(∗ ~qk)− Ck(~qk)

)
︸ ︷︷ ︸

a

−max
i,j

(
sji (
∗ ~rj)− sji (~rj)︸ ︷︷ ︸

b

− (1− φj)
φj

(
∗qji − q

j
i

)
︸ ︷︷ ︸

c

)

(14)

Term a of equation (14) is non-negative, and depends on the sales in all
conditional markets except for the one representing the selected action. Term
b is the scoring rule that corresponds to our cost function and is bounded.
However, term c depends on final outstanding securities ∗qji and (1 − φj)/φj .
While the market creator has control over φj , the final outstanding securities
is not known ex ante. Therefore no finite initial escrow can guarantee to cover
the market creator’s liability. This loss of a bound on the worst-case loss of
a market maker differs from the the loss of a bound from low probabilities in
the decision rule as described in [18]. The final budget for a market maker in a
decision market does not have an upper limit because traders can buy arbitrarily
large numbers of shares qji on the selected action, while buying fewer (or no)
shares on the other actions. Note that it is in the interest for the market creator
to assign a small probability φj to actions that are not preferred. The term
(1−φj)/φj increases rapidly as φj approaches zero. In summary, the advantage
of a worst-case loss for the participants that does not depend on the decision
rule thus comes at the disadvantage that the worst case loss for the market
creator cannot be known ex ante.

4.3 Numeric Example for Worst-case Losses

Let us consider a numeric example that a market creator has two actions and
each action has two outcomes. The market creator uses simple logarithmic
scoring rule with sj(

∗rj) = log(∗rj) for both actions. The corresponding cost
function is Cj(

∗~qj) = log((eq1 + eq2)/2). The markets start with an initial report

of rj1 = rj2 = 0.5 and qj1 = qj2 = 0 for each action αj . A forecaster reports as
shown in the table 3.

Table 3: The reports and the corresponding securities.
Report ∗~rj

∗~rj∗~rj
ω1 ω2

α1 0.88 0.12
α2 0.27 0.73

Securities ∗~qj
∗~qj∗~qj

ω1 ω2

2 0
0 1

Figure 1 shows the worst-case loss for the trader and the market creator
under a securities based and scoring rule based mechanism in dependence of the
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Figure 1: Worst-case loss comparison between the trader and the market creator
in different decision markets with a varying probabilities in the decision rule.

decision rule. A trader in the securities based mechanism faces a worst-case loss
that does not depend on the decision rule. In the scoring rule based market,
his/her risk is higher and increases rapidly if the decision rule approaches 0
or 1. For the values used here, the market creator in the scoring rule based
decision market faces less risk than the trader but the risk is still dependent
on the decision rule probability. In securities based market, the market creator,
however, faces larger risks. The reduction of the worst-case loss of the forecaster
comes with an increased worst-case loss for the market creator. This feature of
securities based decision markets is preferred by market creators who are willing
to sacrifice financial efficiency for more liquidity.

5 Re-allocation of worst case losses between mar-
ket creator and participants

Compared to scoring rule based decision markets, securities based decision mar-
kets offer additional flexibility to shape the distribution of realized payoffs. This
flexibility arises because in a securities based decision market, each report ∗r
can be realized through infinitely many trades. As outlined in equation (2), in
prediction markets, if a trader purchases β security for each outcome, the cost
will be β. The prices, i.e. the current forecast for the probability distribution
over the outcomes, remains the same. The payout from these additional securi-
ties will be exact β regardless of outcomes, and the net realised payoff for such
a trade will be zero.

In a securities based decision market this is, however, not the case. Assume
a trader in a securities based decision market purchases a number of βk of
each outcome in conditional market k, for any k. We refer to such a trade as
purchasing a “bundle” of securities. Let the market creator select action αj .
Regardless of which outcome is observed, the realised payoff of the trader from
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these trades can be obtained as:

1

φj
βj −

m∑
k=1

βk (15)

While the prices for each outcome in all conditional markets remains the same,
the realised payoff for the trader in a decision market is affected by these trades
and depends on which action is selected.

This property allows a trader to adjust the distribution of realised payoffs
through purchasing bundles of securities without changing the reported prob-
ability distributions. Purchasing the same number of βk of each outcome in
conditional market k can also be viewed as the trader purchasing a ‘lottery’
ticket that costs βk and returns βk/φk at a probability of φk. The realised
payoff of a trader in a securities based decision market can be rewritten as:

1

φj
(∗qji − q

j
i )−

m∑
k=1

(Ck(∗~qk)− Ck(~qk)) +
1

φj
βj −

m∑
k=1

βk (16)

For each specific report there is a manifold of trading strategies that link to
it each of which leading to a different distribution of payoffs.

5.1 Standardised trades

For further discussion, we introduce a standardized trade as reference point in
the trading strategy space. We define a standardized trade for changing reports
from ~rk from ∗~rk as the trade with the smallest possible non-negative elements
in the number of purchased shares for any k. The standardised trade can be
obtained from any arbitrary trade (∗~qk − ~qk) as:

(∗~qk − ~qk)−min
i

(∗qki − qki )×~1k ∀k

An example is shown in table 4. An arbitrary and the standardised trade
lead to the identical report. A standardised trade is the least costly way to
make a report without shorting in a securities based decision market. As for
any trade that does not involve short positions, traders will have no liabilities
once they have paid the cost for purchasing securities. On the other hand, the
market creator has a greater liability to resolve the outstanding securities after
the action is selected and the outcome is realised.

Table 4: Both the arbitrary trade and the standardised trade lead to the same
report but result in different realised payoffs.

Arbitrary Trade
ω1 ω2

α1 3 1
α2 1 2

Standardised Trade
ω1 ω2

2 0
0 1
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5.2 Approximating the payoffs of scoring rule based deci-
sion markets

The flexibility to shape the distribution of realised payoffs can be used to design
trades such that the payoffs in securities based decision markets match exactly
those in scoring rule based markets. However, this requires the traders to ac-
cept negative positions, i.e. to short sell securities, and re-introduces two-sided
liabilities.

Let βk in equation (16) to be substituted by −
(
Ck(∗~qk)− Ck(~qk)

)
for all k.

The realised payoff for such a trader can be obtained by:

1

φj
(∗qji − q

j
i )−

m∑
k=1

(
Ck(∗~qk)− Ck(~qk)

)
− 1

φj

(
Cj(
∗~qj)− Cj(~qj)

)
+

m∑
k=1

(
Ck(∗~qk)− Ck(~qk)

)
=

1

φj

(
(∗qji − q

j
i )−

(
Cj(
∗~qj)− Cj(~qj)

))
=

1

φj

(∗
sji (~rj)− s

j
i (~rj)

)
(17)

With such a trade, a trader makes a report through longing securities that
she/he believes are under-priced and shorting securities on over-priced outcomes
to meet the cost. The net cost for such a trade is zero. An example for the
numbers of securities exchanged under such a trading strategy is shown in Table
5.

Table 5: Traders can design their trades to achieve the same realised payoffs as
the corresponding scoring rule based decision market. However, this requires
short selling.

Standardised Trades Scoring Rule
ω1 ω2 ω1 ω2

α1 2 0 2− ln (e2 + 1)/2 − ln (e2 + 1)/2
α2 0 1 − ln (e+ 1)/2 1− ln (e+ 1)/2

5.3 Market Creator Liability Free Decision Markets

We will conclude this discussion a with a design that allocates liabilities entirely
to the side of traders. Let the βk = maxi(

∗qki − qki ) in the conditional market
which represents the action αk, we obtain

(∗~qk − ~qk)−max
i

(∗qki − qki )×~1k ∀k
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The realised payoff from the market creator point of view can be obtained
by:

m∑
k=1

(
Ck(∗~qk)− Ck(~qk)

)
−

m∑
k=1

βk −
1

φj

(
(∗qji − q

j
i )− βj

)
=

m∑
k=1

(
Ck(∗~qk)− Ck(~qk)

)
−

m∑
k=1

max
x

(∗qkx − qkx)− 1

φj

(
(∗qji − q

j
i )−max

x
(∗qjx − qjx)

)
=

1

φj

(
max
x

(∗qjx − qjx)− (∗qji − q
j
i )
)

︸ ︷︷ ︸
Non-negative

−
m∑
k=1

(
max
x

(
skx(∗~rk)− skx(~rk)

))
︸ ︷︷ ︸

Known ex ante

(18)

As demonstrated by equation (18), the term that depends on decision rules
and quantities of outstanding securities is guaranteed to be non-negative. As
a result, the liability of the market creator is guaranteed to be covered if the
market creator can afford

∑m
k=1 maxx

(
skx(∗~rk)−skx(~rk)

)
which is known ex ante.

Table 6: In this market, traders report probability distribution through short
selling completely.

Standardised Trades Liability-free
ω1 ω2 ω1 ω2

α1 2 0 0 −2
α2 0 1 −1 0

In this setting, the market creator essentially purchases securities from the
forecasters. The market creator covers the worst case loss by paying for the
securities.

βk = maxx(∗q k
x − q k

x )

βk = (
C
k(∗~qk)− C

k(~qk)
)

βk = minx(∗q k
x − q k

x )

βk = 0

Market creator
liability-free

Scoring rule
based decision
markets equiva-
lent

Standardised
trades

Arbitrary
Trades

Figure 2: The liability is shifted with different choice of βk.

Figure 2 provides a graphical summary of the trading strategies discussed
above. In the dark gray area on the right side of the figure, traders cover their
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worst-case losses when paying for the purchased securities. The worst-case loss
for the market creator can become arbitrarily high. In contrast, in the left, light
gray part of the graph where traders engage solely in short selling, the market
creator will cover their worst-case loss when paying for the securities purchased
from the forecasters, and the traders will have liabilities to the market creator.
The scoring rule based decision market sits in between where the market creator
and forecasters both have liabilities.

5.4 External Insurers

In previous sections, we use the trading of bundles βk in a conditional market
k to better understand how liabilities are allocated in different mechanisms.
Consider we separate traders into two kinds: regular traders report in stan-
dardised trading (thus change prices) with long position only; special traders
trade “bundles” of securities (which does not change prices) with short position
only. These special traders can be considered as insurers. In this case, the lia-
bility can be separated from both regular traders and the market creator. Thus
the stochastic decision rule can further approximate deterministic decision rules
with a predictable worst-case loss for the market creator.

If an insurer accepts short positions at an amount equal to the costs of all
regular traders’ outstanding securities

(
Ck(∗~qk) − Ck(~qk)

)
for each conditional

market k, the realised worst-case loss of the market creator can be obtained by:

m∑
k=1

(
Ck(∗~qk)− Ck(~qk)

)
− 1

φj
(∗qji − q

j
i )

+
1

φj

(
Cj(
∗~qj)− Cj(~qj)

)
−

m∑
k=1

(
Ck(∗~qk)− Ck(~qk)

)
=

1

φj

((
Cj(
∗~qj)− Cj(~qj)

)
− (∗qji − q

j
i )
)

=
1

φj

(
sji (~rj)−

∗ sji (~rj)
)

The realised payoff will be identical to the scoring rule that the cost function is
derived from. If we change the insurers’ shorting position to maxx

(∗
qkx− qkx

)
to

each conditional market k and substitute equation (1) into the market creator’s
realised payoff , then we will have:

18



m∑
k=1

(
Ck(∗~qk)− Ck(~qk)

)
− 1

φj
(∗qji − q

j
i ) +

1

φj
max
x

(∗
qkx − qkx

)
−

m∑
k=1

max
x

(∗
qkx − qkx

)
=

m∑
k=1

(
Ck(∗~qk)− Ck(~qk)

)
−

m∑
k=1

max
x

(∗qkx − qkx)− 1

φj

(
(∗qji − q

j
i )−max

x
(∗qjx − qjx)

)
=

1

φj

(
max
x

(∗qjx − qjx)− (∗qji − q
j
i )
)

︸ ︷︷ ︸
Non-negative

−
m∑
k=1

(
max
x

(
skx(∗~rk)− skx(~rk)

))
︸ ︷︷ ︸

Known ex ante

The insurer essentially offers a lottery. For real-world applications it might
not be realistic to assume that this is done without additional costs. However,
paying a small additional fee to such an insurer is might be in the interest of the
market creator to reduce the worst-case loss, which in turn will also to better
approximate deterministic decision rules.

6 Conclusion and Discussion

We introduce a setting for securities based decision markets that can be conve-
niently deployed in practical applications. In such a setting, a trader will report
a forecast through trading securities. For the securities that represent the se-
lected action and observed outcome, a trader will receive 1/φj payoff per share,
where φj is the probability in the decision rule corresponding to the selected
action. Other shares pay zero, including those purchased in the unselected con-
ditional markets. We prove that under the same condition, specifically, the same
action space and the same outcome space, a securities based decision market in
our setting has the same expected payoff for participants as the corresponding
scoring rule based decision market.

We compare a securities based decision market under our setting and the
corresponding scoring rule based decision market in terms of realised payoffs
for participants. The comparison demonstrates that the difference depends on
how much the participants report or trade in the selected conditional market.
We notably find that the forecaster in scoring rule based decision market will
have no cost for reporting in unselected conditional markets while this is not
the case in the securities based decision market. We further show that with an
additional ‘lottery’, a forecaster in scoring rule based decision market can have
the identical realised payoffs as a trader in the corresponding securities based
decision market under the same condition. Similarly, the realised payoffs of a
trader in a securities based decision market can recover the realised payoffs of
the corresponding scoring rule based market, but this requires the forecasters
to ‘short-sell’ securities, i.e. to hold negative positions.

By being equivalent to a scoring rule based decision market with an addi-
tional zero-mean ‘lottery’, the securities based mechanism described here offers
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an additional set of parameters that allow to shape the distribution of pay-
offs beyond what can be achieved based on scoring rules alone. This allows to
re-allocate liabilities and worst-case losses between forecasters and the market
creator. As illustrated in section 4, in a market where forecasters only purchase
positive positions (no short selling), their liabilities are covered when paying for
the purchased securities. Moreover, in contrast to scoring rule based decision
markets, their worst-case losses do not depend on the probabilities used in the
decision rule. A securities based decision market design might thus be of ad-
vantage for a market creator who aims to attract forecasters who are concerned
about limiting their worst-case losses. In Section 5, we show that the creator
risks can be further mitigated by external insurers, which allows to closer ap-
proximate deterministic decision rules. Further empirical studies will be of value
in determining how to shape trading to obtain the most accurate forecasts.

References

[1] Charles R Plott. Markets as Information Gathering Tools. Southern Eco-
nomic Journal, 67(1):2–15, 6 2000. ISSN 00384038. doi: 10.2307/1061610.

[2] Charles R. Plott, Jorgen Wit, and Winston C. Yang. Parimutuel bet-
ting markets as information aggregation devices: Experimental results.
Economic Theory, 22(2):311–351, 2003. ISSN 09382259. doi: 10.1007/
s00199-002-0306-7.

[3] Robin D. Hanson. Combinatorial information market design. Information
Systems Frontiers, 5(1):107–119, 2003. doi: 10.1023/A:1022058209073.

[4] Charles F Manski. Interpreting the predictions of prediction markets.
Economics Letters, 91(3):425–429, 2006. ISSN 0165-1765. doi: https:
//doi.org/10.1016/j.econlet.2006.01.004.

[5] Justin Wolfers and Eric Zitzewitz. Interpreting Prediction Market Prices
as Probabilities. Technical Report 12200, National Bureau of Economic
Research, 5 2006.

[6] George Tziralis and Ilias Tatsiopoulos. Prediction markets: An extended
literature review. The journal of prediction markets, 1(1):75–91, 2007. doi:
https://doi.org/10.5750/jpm.v1i1.421.

[7] Robin D. Hanson. Logarithmic market scoring rules for modular combina-
torial information aggregation. The Journal of Prediction Markets, 1(1):
3–15, 2007. ISSN 1750676X. doi: http://dx.doi.org/10.5750/jpm.v1i1.417.

[8] Joyce E Berg, Forrest D Nelson, and Thomas A Rietz. Prediction market
accuracy in the long run. International Journal of Forecasting, 24(2):285–
300, 2008. ISSN 0169-2070. doi: https://doi.org/10.1016/j.ijforecast.2008.
03.007.

20



[9] Kenneth J Arrow, Robert Forsythe, Michael Gorham, Robert Hahn, Robin
Hanson, John O Ledyard, Saul Levmore, Robert Litan, Paul Milgrom, For-
rest D Nelson, George R Neumann, Marco Ottaviani, Thomas C Schelling,
Robert J Shiller, Vernon L Smith, Erik Snowberg, Cass R Sunstein, Paul C
Tetlock, Philip E Tetlock, Hal R Varian, Justin Wolfers, and Eric Zitzewitz.
The Promise of Prediction Markets. Science, 320(5878):877 LP – 878, 5
2008. doi: 10.1126/science.1157679.

[10] Yiling Chen, Stanko Dimitrov, Rahul Sami, Daniel M Reeves, David M
Pennock, Robin D Hanson, Lance Fortnow, and Rica Gonen. Gam-
ing Prediction Markets: Equilibrium Strategies with a Market Maker.
Algorithmica, 58(4):930–969, 2010. ISSN 1432-0541. doi: 10.1007/
s00453-009-9323-2.

[11] Anna Dreber, Thomas Pfeiffer, Johan Almenberg, Siri Isaksson, Brad Wil-
son, Yiling Chen, Brian A. Nosek, and Magnus Johannesson. Using pre-
diction markets to estimate the reproducibility of scientific research. Pro-
ceedings of the National Academy of Sciences, 112(50):15343–15347, 2015.
ISSN 0027-8424. doi: 10.1073/PNAS.1516179112.

[12] Charles R Plott and Kay-Yut Chen. Information aggregation mechanisms:
Concept, design and implementation for a sales forecasting problem. 2002.

[13] J Eric Bickel. Some comparisons among quadratic, spherical, and loga-
rithmic scoring rules. Decision Analysis, 4(2):49–65, 2007. doi: https:
//doi.org/10.1287/deca.1070.0089.

[14] Tilmann Gneiting and Adrian E Raftery. Strictly Proper Scoring Rules,
Prediction, and Estimation. Journal of the American Statistical As-
sociation, 102(477):359–378, 3 2007. ISSN 0162-1459. doi: 10.1198/
016214506000001437.

[15] Yiling Chen, Ian A. Kash, Michael Ruberry, and Victor Shnayder. Eliciting
predictions and recommendations for decision making. ACM Transactions
on Economics and Computation, 2(2), 2014. ISSN 21678383. doi: 10.1145/
2556271.

[16] Robin D. Hanson. Decision Markets. IEEE Intelligent Systems, 14(3):
16–19, 1999.

[17] Abraham Othman and Tuomas Sandholm. Decision rules and decision mar-
kets. In Proceedings of the International Joint Conference on Autonomous
Agents and Multiagent Systems, volume 1, pages 625–632, 2010.

[18] Yiling Chen, Ian Kash, Mike Ruberry, and Victor Shnayder. Decision
markets with good incentives. In Lecture Notes in Computer Science
(including subseries Lecture Notes in Artificial Intelligence and Lecture
Notes in Bioinformatics), volume 7090 LNCS, pages 72–83, 2011. ISBN
9783642255090. doi: 10.1007/978-3-642-25510-6{\ }7.

21



[19] Yiling Chen and Ian A. Kash. Information elicitation for decision mak-
ing. In 10th International Conference on Autonomous Agents and Mul-
tiagent Systems, volume 1, pages 161–168. International Foundation for
Autonomous Agents and Multiagent Systems (IFAAMAS), 2011.

[20] Craig E. Boutilier. Eliciting forecasts from self-interested experts: Scoring
rules for decision makers. In 11th International Conference on Autonomous
Agents and Multiagent Systems 2012, AAMAS 2012: Innovative Applica-
tions Track, volume 2, pages 1008–1015, Department of Computer Science,
University of Toronto, Toronto, Canada, 2012. International Foundation
for Autonomous Agents and Multiagent Systems (IFAAMAS).

[21] P H Garthwaite, J B Kadane, and A O’Hagan. Statistical methods
for eliciting probability distributions. Journal of the American Statis-
tical Association, 100(470):680–701, 2005. ISSN 01621459 (ISSN). doi:
10.1198/016214505000000105.

[22] Yiling Chen and David M. Pennock. A utility framework for bounded-loss
market makers. In Proceedings of the 23rd Conference on Uncertainty in
Artificial Intelligence, UAI 2007, pages 49–56. Conference on Uncertainty
in Artificial Intelligence, 2007. ISBN 0974903930.

[23] Yiling Chen and Jennifer Wortman Vaughan. A new understanding of pre-
diction markets via no-regret learning. In Proceedings of the ACM Confer-
ence on Electronic Commerce, pages 189–198, 2010. ISBN 9781605588223.
doi: 10.1145/1807342.1807372.

[24] Caspar Oesterheld and Vincent Conitzer. Decision Scoring Rules. In 16th
International Conference on Web and Internet Economics, 2020.

[25] Florian Teschner, David Rothschild, and Henner Gimpel. Manipulation
in Conditional Decision Markets. Group Decision and Negotiation, 26(5):
953–971, 2017. ISSN 15729907. doi: 10.1007/s10726-017-9531-0.

[26] Lian Jian and Rahul Sami. Aggregation and manipulation in prediction
markets: effects of trading mechanism and information distribution. Man-
agement Science, 58(1):123–140, 2012.

22


	1 Introduction
	2 Related Work and Notation
	2.1 Scoring Rules
	2.2 Sequentially Shared Scoring Rules
	2.3 Securities based Prediction Markets
	2.4 Decision Markets
	2.5 Empirical Work

	3 Strictly Proper Securities Based Decision Markets
	3.1 Design
	3.2 Distribution of Realised Payoffs
	3.2.1 Example: investment into a single conditional market.


	4 Worst-case Losses for Participants and Market Creator
	4.1 Worst-case Loss for Participants
	4.2 Worst-case Loss for Market Creator
	4.3 Numeric Example for Worst-case Losses

	5 Re-allocation of worst case losses between market creator and participants
	5.1 Standardised trades
	5.2 Approximating the payoffs of scoring rule based decision markets
	5.3 Market Creator Liability Free Decision Markets
	5.4 External Insurers

	6 Conclusion and Discussion

