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Abstract. In recent years, although the Alternating Direction Method of Mul-
tipliers (ADMM) has been empirically applied widely to many multi-convex
applications, delivering an impressive performance in areas such as nonnega-
tive matrix factorization and sparse dictionary learning, there remains a dearth
of generic work on proposed ADMM with a convergence guarantee under mild
conditions. In this paper, we propose a generic ADMM framework with multiple
coupled variables in both objective and constraints. Convergence to a Nash point
is proven with a sublinear convergence rate o(1/k). Two important applications
are discussed as special cases under our proposed ADMM framework. Extensive
experiments on ten real-world datasets demonstrate the proposed framework’s ef-
fectiveness, scalability, and convergence properties. We have released our code at
https://github.com/xianggebenben/miADMM.

1 Introduction

Due to the advantages and popularity of non-differentiable regularized and distribu-
tive computing for complex optimization problems, the Alternating Direction Method
of Multipliers (ADMM) has received a great deal of attention in recent years [6]. The
standard ADMM was originally proposed to solve the following separable convex op-
timization problem:

min, , f(z) + g(z) s.t. Az + Bz =c.

where f(z) and g(z) are closed convex functions, A and B are matrices and c is a vec-
tor. There are extensive reports in the literature exploring the theoretical properties for
convex optimization problems related to ADMM and its variants, including multi-block
ADMM [12], Bregman ADMM [30], fast ADMM [14} 18], and stochastic ADMM [24]).
ADMM has now been extended to cover a wide range of nonconvex problems, and it
has achieved outstanding performance in many practical applications [40].

Unlike convex problems, the convergence theory on the nonconvex ADMM is much
more difficult, and considerable progress has been made on this problem, please refer
to Section [2] for a detailed summary. Recently, however, there has been an increasing
number of real-world applications where the objective functions are multi-convex (i.e.
nonconvex for all the variables but convex for each when all the others are fixed). For
example, nonnegative matrix factorization, which aims to decompose a matrix into a
product of two matrices, has been applied widely in computer vision, machine learning,
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and various other fields [19]]; A bilinear matrix inequality problem has been designed
for the analysis of linear and nonlinear uncertain systems [16]].

All of the above applications can be considered as special cases of multi-convex op-
timization problems. However, such problems have not yet been rigorously and system-
atically investigated by ADMM. Moreover, the convergence properties of the ADMM
required to solve such problems remain unknown. In this work, we propose mild con-
ditions to ensure the convergence of ADMM to a Nash point on the multi-convex prob-
lems with a sublinear convergence rate o(1/k). We also discuss how our ADMM is
applied to two important applications. Extensive experiments show the effectiveness of
our proposed ADMM. Our contributions in this paper include:

— We propose an ADMM framework to solve the multi-convex problem, and we
investigate the convergence properties of the proposed ADMM. Specifically, we
prove that the objective value and the residual are convergent. Moreover, any limit
point generated by the proposed ADMM is a Nash point of the original problem.
The convergence rate of the proposed ADMM is o(1/k).

— We demonstrate two important and promising applications that are special cases of
our proposed ADMM framework and benefit from its theoretical properties. Specif-
ically, we show how these applications can be transformed equivalently to fit into
the proposed ADMM framework.

— We conduct extensive experiments to validate our proposed ADMM. Experiments
on ten real-world datasets demonstrate its effectiveness, scalability, and conver-
gence properties.

The rest of this paper is summarized as follows: Section [2] summarizes previous work
related to this paper. Section [3| introduces the ADMM algorithm and its convergence
properties. In Section[d} the proposed ADMM algorithm is applied to several important
applications. Extensive experiments are described in Section [5} The paper concludes
with a summary of the work in Section [6]

2 Related Work

Multi-convex optimization problems: Some works studied multi-convex problems.
The earliest work required that the objective function was differentiable continuous and
strictly convex [38]]. Various conditions on separability and regularity on the objec-
tive functions have been discussed in [28, 29]. In the most recent work, Xu and Yin
presented three types of multi-convex algorithms and analyzed convergence based on
either Lipschitz differentiability or strong convexity assumption [39]. For a comprehen-
sive survey, please refer to [26]].

Convergence analysis of ADMM: Existing literature on the convergence analysis of
ADMM can be categorized into two classes: the convex ADMM and the nonconvex
ADMM. The convex ADMM is investigated relatively well compared with the noncon-
vex ADMM. Existing works either study suitable stepsizes of the convex ADMM or
extend ADMM to the stochastic version. For example, Bai et al. proposed a general-
ized symmetric ADMM to solve the multi-block separable objective by updating the
Lagrange multiplier twice with suitable stepsizes [3]; Gu et al. extended contractive



Peaceman-Rachford splitting method to ADMM with larger stepsizes [15]]; Ouyang et
al. proposed a stochastic ADMM with a convergence rate O( ) Despite the outstand-
ing performance of the nonconvex ADMM, its convergence theory is not well estab-
lished due to the complexity of both coupled objectives and various (inequality and
equality) constraints. Most existing works discussed the convergence of the nonconvex
ADMM on separable objectives: they provided convergence guarantee to the stationary
solutions with different assumptions [} 9} 10, [20]. Some works explored more diffi-
cult cases where the objectives are coupled: for example, Wang et al. presented mild
convergence conditions of the nonconvex ADMM where the objective can be nons-
mooth [37]; Gao et al. explored the convergence condition of ADMM on multi-affine
constraints [13]]; Wang et al. gave the convergence proofs of ADMM in the nonconvex
deep learning problems [31}133}34]; while experiments by Wang and Zhao showed that
the ADMM was not necessarily convergent in the nonlinear-constrained problems [35]].

3 ADMM on the Multi-convex Problems

In this section, we present an ADMM framework to solve Problem 1.

3.1 Preliminaries
First, the definition of Lipschitz differentiability is shown as follows [8]:

Definition 1 (Lipschitz Differentiability). Any arbztmry differentiable function G :
R™ — R is Lipschitz differentiable if for any x ,x € R™,

IVGi(2') = VGi(z")|| < Dl|z" — 2.
where D > 0 is constant and V G1(x) denotes the gradient of G1(x).

The following defines strong convexity, which is indispensable for the proof of conver-
gence to a Nash point.

Definition 2 (Strong Convexity). A convex function G4(x) is strongly convex if there
exists H > 0 such that forVz ,x € dom(Gy), the following holds

Ga(z") > Gu(@) + (V) (2" =) + (H/2) 2" — 2|2

where Vv € 0G4 (') is a subdifferential of Gy at x'.
Finally, the Nash point is defined as follows [39]:

Definition 3 (Nash Point). Given G5(a1, az, - ,anm), a Nash point (af,a%,--- ,ak)
satisfies the following property:
G5(ax1{7 e ,Cl:_l, a:’a;'k-i-lv Tty m) < G5(ala o ’a:—lvaiv a:—&-l’ e 7arn)v
V(al, - ,a;i_q,a5,a5.,, - ,an,) € dom(Gs), (i=1,---,m).

Naturally, when we optimize one variable while fixing others, the Nash point ensures
the optimality of this variable [39]. Without loss of generality, we assume that Problem
1 has at least a Nash point, and in the next section, we will prove that any limit point
generated by ADMM converges to a Nash point.



3.2 The ADMM algorithm

The following problem is our focus in this paper:
Problem 1.

ming, ... g, - F(z1, - &0, 2) = f(z1, - ,zn)+ h(2) st 2711 Ajx; —z2=0.

where 2; € RPi(i = 1,---,n), z € RY, f(x1,-,2,) : RP = RU {oo}(p =
>-7_, pi) are proper, continuous, multi-convex and possibly nonsmooth functions, i(z)
is a proper, differentiable and convex function. A; € R9*Pi(§ = 1,--- , n) are matrices.
Obviously, the domain of F is dom(F) = {(z1,--- , &y, 2)| Dy Aizi — 2z = 0}
Without the loss of generality, the objective of Problem 1 is assumed to be bounded
from below.

To ensure the convergence of the proposed ADMM, some mild assumptions are
imposed, which are shown as follows:

Assumption 1 (Lipschitz Differentiability) ©.(z) is Lipschitz differentiable with con-
stant H > 0.

Most loss functions such as the cross-entropy loss and the square loss are Lipschitz dif-
ferentiable [34]. In order to propose the ADMM algorithm, the augmented Lagrangian
function can be formulated mathematically as follows:

Lp(xla' o 71'”,25,:1/) = F(mh' cTn, Z)J'_yT(Zl:l Azmz_z)‘F(P/z)H Zi:l Alml_z”%
(H

where y is a dual variable and p > 0 is a penalty parameter. The proposed ADMM aims
to optimize the following n + 1 subproblems alternately.

xiﬁ_l < arg minﬂ?z f( o 7I§j_11’ L, xf—‘rl’ T ) + (yk)TAVrl
1—1 n
k41 k k2
+ (p/2)] Zj:1 Aja; +Aixi+zj:i+l Ajai — 2" |l3. (2
PAan s arg min, L,(- - wffl, z, yk) 3)

—argmin. h(z) (") =+ (o/D]| 3| A =23,

Algorithm [I] is presented for Prob-

lem 1. Concretely, Lines 3-5 and 6 up-
date z¥t1(i = 1,---,n) and 2Ft1
respectively. Line 7 updates the pri-
mal residual 71, which is defined in
accordance with the standard ADMM
[6]: it measures how the linear con-
straint - A;z; — z = 0 is violated.
Line 8 updates the dual variable y**+1,
which follows the routine of the standard
ADMM. Line 10 uses the norm of the
primal residual r as a condition to ter-
minate the algorithm, where § > 0 is a

Algorithm 1 The Proposed ADMM to
Solve Problem 1

Require: A, (i =1,

Ensure: z;(i =1, -

1: nitialize p, k = 0.

2: repeat

for i=1 to n do
Update ¥ in Equation @).

end for

Update 2"+ in Equation ().

,m),d > 0.
)%

Al

5

6:

7o Rt o AgeR 2P 4 update primal
residual

8 yFt gk g prktl

9 k<+ k+ 1

10: until ||7*+1]| < 6.

11: Output z;(s = 1,--- , n), .

threshold. Each subproblem is convex and implicitly assumed to be solvable.



3.3 Convergence Analysis

This section focuses on the convergence of the proposed ADMM algorithm. Specifi-
cally, the first lemma states that the augmented Lagrangian L, keeps decreasing, which
is stated as follows.

Lemma 1 (Objective Descent). If p > 2H so that C; = p/2 — H/2 — H?/p > 0,
then there exists Cy = min(p/2, Cy) such that

n

> Col#H = 3+ S0 Al - 2B B). @

k k _k ,k k+1 k+1 _k+1 | k+1
Lp(xlv"'axnazay)_[’p(‘rl T s % » Y )

Lemma [T] holds under Assumption [T} and its proof can be found in Section [B]in the
supplementary materialﬂ The next lemma states that the augmented Lagrangian is
bounded from below, as shown below:

Lemma 2 (Objective Bound). If p > 2H, then L,(x%,- - - ,z%, 2% y*) is lower bounded.

P

The proof of Lemmacan be found in Sectionin the supplementary materials @ Now
we can prove that the proposed ADMM converges globally in the following theorem.

Theorem 1 (Residual and Objective Convergence). If p > 2H, then for the bounded

sequence (x%, .- xk 2% yF) then it has the following properties:

? n?
a). Residual convergence. This means that as k — oo, % — 0, where v is defined in
Algorithm([l

b). Objective convergence. This means that as k — oo, F(z%,--- 2k 2*) converges.

Theorem [I] guarantees the convergence of the proposed ADMM, whose proof is in
Sectionin the supplementary materials @ However, k(i =1,--- ,n)and 2* are not
necessarily shown to be convergent. The next theorem states that any limit point is a

feasible Nash Point of Problem 1.

Theorem 2 (Convergence to a Nash Point). Let p > 2H, if either of two assump-
tions hold: (a). A;(i = 1,--- ,n) have full rank. (b). F is strongly convex with re-

gard to x;. Then for bounded variables (x%,--- ,x’fl, 2¥), it has at least a limit point
(%, - ,ak,2%), and any limit point (x5, - ,x%,z*) is a feasible Nash point of F
defined in Problem 1. That is

Z Azl — 2" = 0. (feasibility)

F(:CTv T 7$:<L7Z*) < F(xiv T 7x;—17$i7$:+17 T ,IE;,Z*)7

V(JJT, e ’xj—laxi’x;k—&-l’ e 7$:u Z*) € d0m<F)a (Z =1, 7”)'

F(xy, -z, 2") < F(x}, - ,x, 2)V(z], -+ ,x), 2) € dom(F) (Nash point).

P

'The  supplementary —materials are available at |https://github.com/
xianggebenben/miADMM/blob/main/multi_convex_ ADMM-13-18.pdf
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The proof of Theorem is detailed in Section in the supplementary materials @ The
third theorem states that our proposed ADMM can achieve a sublinear convergence rate
of o(1/k) under Assumption despite the nonconvex and complex nature of Problem
1. Such a rate is state-of-the-art even compared to those methods for simpler convex
problems. The theorem is shown as follows:

Theorem 3 (Convergence Rate). If p > 2H, for a bounded sequence (z%,-- -, xF 2F y*),
define uj, = ming<j<p (|| 241 = 2H|3 + 30, | Ai(al T — 28)||2), then the convergence
rate of uy, is o(1/k).

The proof of this theorem is in Section|Cin the supplementary materials . The o(1/k)
convergence rate of the proposed ADMM is consistent with much existing work analyz-
ing the convex ADMM, including [12} 17, 22]]. Our contribution in term of convergence
rate is that we extend the guarantee of o(1/k) into the multi-convex Problem 1.

Our proposed ADMM is more general than some influential works in terms of for-
mulation. The relations between our proposed ADMM and previous works are summa-
rized as follows:

1. Generalization of Block Coordinate Descent (BCD) for multi-convex problems.
When the linear constraint Z?:l A;x; = zis removed in Problem 1, then the proposed
ADMM is reduced to the Block Coordinate Descent [39]].

2. Generalization of multi-block ADMM. When f(z1,---,z,) = 0, the proposed
ADMM is reduced to the convex multi-block ADMM [27], i.e. the ADMM with no less
than three variables.

Apart from general formulations, the convergence guarantees of our proposed ADMM
cover more applications than previous literature. For example, [37]] requires the coupled
objective f(x1,- -+ ,x,) to be Lipschitz differentiable. However, some important appli-
cations such as weakly-constrained multi-task learning (Section . 1)) and learning with
signed-network constraints (Section[4.2) do not satisfy this condition. But they are cov-
ered by our convergence guarantees of the multi-convex ADMM to a Nash point.

4 Applications

In this section, we apply our proposed ADMM to two real-world applications, both
of which conform to Problem 1 and benefit from the convergence properties of the
proposed ADMM.

4.1 Weakly-constrained Multi-task Learning

In multi-task learning problems, multiple tasks are learned jointly to achieve a better
performance compared with learning tasks independently [32]]. Most work on multi-task
learning has tended to enforce the assumption of similarity among the feature weight
values across tasks [2, 11}, 36} 32} 143]] because this makes it possible to use convex
regularization terms like ¢ ; norms [36] and Graph Laplacians [43]]. However, this as-
sumption is usually too strong and is seldom satisfied by the real-world data. Instead of
requiring feature weights to be similar in magnitude, a more conservative but probably
more reasonable assumption is that multiple tasks share similar polarities for the same



feature, which means that if a feature is positively relevant to the output of a task, then
its weight will also be positive for other related tasks. This assumption is appropriate for
many applications. For example, the feature ‘number of clinic visits’ will be positively
related to flu outbreaks, while the feature ‘popularity of vaccination’ will be negatively
related to them, even though their feature weights can vary dramatically for different
countries (namely tasks here). This is achieved by enforcing the requirement for every
pair of tasks with neighboring indices to have the same weight sign. This optimization
objective is shown as follows:

ming, ... w, Z?_I(Lossi(wi) + £2;(w;)) ©)

s.t. Wi, Wi4-1,5 ZO(Z: 1,2,"' ,n—l,j:l,Q,-'- 7’I’)’L).

where n and m denote the number of tasks and features, respectively, w; ; is the weight
of the j-th feature in the i-th task, w; is the weight of the i-th task, and Loss;(w;) and
£2;(w;) are the loss function and the regularization term of the i-th task, respectively.
The inequality constraint implies that the ¢-th and the ¢ 4 1-th tasks share the same sign
for their weights. Equation (3) is rewritten in the following form to fit in our proposed
ADMM framework:

n n—1 m
My, ... w,,z Zizl(LOSSi(wi) + .QZ(Z,)) + M Zi:l Zj:1 Cc1 (U}i)]"wi_’_l)j) 6)

st.zi=w; (i=1,2,--+,n).

where z = [21;- - ; z,] is an auxiliary variable, and \; > 0 is a tuning parameter. No-

tice that the inequality constraint w; jw;1,y > 0 is transformed to a quadratic penalty

2 <0

c1(z) such that ¢y (z) = 0 -0 which makes the formulation consistent with
xr =

Problem [I] The proposed ADMM algorithm for this case is shown in Appendix [D.T]in
the supplementary materials o

4.2 Learning with Signed-Network Constraints

The application of network models for social network analysis has attracted the atten-
tion of a large number of researchers [7]]. For example, influential societal events often
spread across many social networking sites and are expressed in different languages.
Such multi-lingual indicators usually transmit similar semantic information through
networks and have thus been utilized to facilitate social event forecasting [41]. The
problem with network constraints is formulated as follows:

n
ming, ... g, Loss(B1,- -+, Bn) + Zi:l wi(Bi)
s.t. 3(Bs, Bj) € Es, A(Bp, By) € Ea (1 <4, 5,p,q < n).
where [, is the weight of the i-th node. Loss(81, - - , 8,,) is a loss function and w;(3;)

is a regularization term for the i-th node. E5 = {(8;,8;)|8:;8; > 0} and E; =
{(Bp, By)|BpBy < 0} are two edge sets to represent two opposite relationships: (3;, 3;) €



E, means that 3;8; > 0, while (8, 5,) € Eq means that 3,3, < 0. The constraint
means that some pair (/3;, 5;) satisfies the edge set E;, and that some pair (53, 3,) satis-
fies the edge set ;. For example, in the problem of social event forecasting with French
and English, E; and E,; are edge sets of synonyms and antonyms between French and
English, and the weight pair of the French word ”’bien” and the English word ”good” be-
longs to Es. The problem with network constraints can be reformulated approximately
to the following:

1 n
ming, ..., = Loss(Br, -+, Bn) + Zi:l wi(zi) + )\2(2(61-,/31)6135 c2(Bi, B;)
* Z(BPHBq)GEd Cg(ﬂp, 5q))5.t. R = Bl (Z = 1v 27 e an) (7)

where z = [z1;- - ; 2,] is an auxiliary variable, and Ay > 0 is a tuning parameter. The
constraint (3;, 8;) € Es and (Bp, B4) € Ea(l < 1,j,p,q < n) are transformed to two
quadratic penalties c2(f;, ;) and c3(3,, B4) as follows:

i35)2 isB5) & Es 2 ; E
Cg(ﬁi,ﬁj) _ (ﬂ 5]) (5 ﬂj) ¢ aCS(B]NBq) _ (Bpﬂq) (ﬁp Bq) ¢ d.

0 (ﬂz»ﬁ]) € Es 0 (ﬁpvﬁq) € Ed
The proposed ADMM for this case is also shown in Appendix[D.2]in the supplementary
materials ™.

5 Experiments

In this section, we test our proposed ADMM using ten real-world datasets on two ap-
plications detailed in Section ] Scalability, effectiveness, and convergence properties
are compared with several existing state-of-the-art methods on ten real datasets. All
experiments were conducted on a 64-bit machine with Intel(R) Core(TM) processor
(i7-6820HQ CPU@ 2.70GHZ) and 16.0GB memory.
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5.1 Experiment I: Weak-constrained Multi-task Learning

To evaluate the effectiveness of our method on the application of weak-constrained
multi-task learning described in Equation (), a real-world school dataset is used to
evaluate the effectiveness of our proposed ADMM. It consists of the examination scores
in three years of 15,362 students from 139 secondary schools, which are treated as tasks
for examination scores prediction based on 27 input features such as year of the exam-
ination, school-specific features, and student-specific features. The dataset is publicly



available and the detailed description can be found in the original paper [21]]. p was
set to 1000. Here we chose two kinds of A;: (1) \¥ = 10°; (2) A’f“ = A} + 10 with
A¥ = 1. A1(1) and A1 (2) are the first and the second choice of A1, respectively.
Metrics. In this experiment, five metrics were utilized to evaluate model performance.
Mean Squared Error (MSE) measures the average of the squares of the difference be-
tween observation and estimation. Different from MSE, Mean Squared Logarithmic
Error (MSLE) measures the ratio of observation to estimation. Mean Absolute Error
(MAE) is also an error measurement but computed in the absolute value. The less the
above three metrics are, the better a regression model is. Explained Variance (EV) com-
putes the ratio of the variance of the error to that of observation. The coefficient of
determination or R2 score is the proportion of the variance in the dependent variable
that is predictable from the independent variable. The higher score of EV and R2 are,
the better a regression model is.

Baselines. To validate the effectiveness of the proposed ADMM, five benchmark multi-
task learning models served as comparison methods. Loss functions were set to least
square errors. The number of iterations was set to 5, 000. The regularization parameter
a was set based on 5-fold cross-validation on the training set.

1. multi-task learning with Joint Feature Selection (JES) [2}43] . JES is one of the
most commonly used strategies in multi-task learning. It captures the relatedness of
multiple tasks by a constraint of a weight matrix to share a common set of features. «
was set to 100.

2. Clustered Multi-Task Learning (CMTL) [42} |43]. CMTL assumes that multiple
tasks are clustered into several groups. Tasks in the same group are similar to each other.
« was set to 1.

3. multi-task Lasso (mtLasso) [43]]. mtLasso extends the classic Lasso model to the
multi-task learning setting. o was set to 10.

4. a convex relaxation of Alternating Structure Optimization (cASO) [43.[1]. cASO
decomposes each task into two components: task-specific feature mapping and task-
shared feature mapping. o was set to 0.01.

5. Block Coordinate Descent (BCD) [39]]. BCD is an intuitive method to solve
multi-convex problems, which optimizes each variable alternately. o was set to 10.

) Performance. As discussed in Sec- Table 1: Performance in Experiment I.
tion[d.1] the convergence of our proposed —
ADMM is guaranteed based on our theo- Method | MSE |MSLE[MAE] EV | R2
retical framework. To verify this, Figures JES 114.1052]0.4531]8.4349]0.2948]0.2948
) . CMTL __ |114.9892|0.4647|8.47560.2876]0.2875
2}) and [Tb) illustrate the residual and miLasso__|115.3143]0.4625[8.4725(0.2873]0.2873
objective values in different iterations, cASO 137.8336]0.5204]9.3450|0.1606|0.1605

which demonstrates the convercence of BCD 149.2313]0.5577|9.8057{0.1299|0.0777
g ADMM(\1 (1))]113.69750.4423|8.4024[0.2950(0.2960

the proposed ADMM on this nonconvex  "ADMM(}, (2))[113.2400]0.4423]8.3943[0.3002|0.3002

problem. Then the performance of exam- Standard Deviation

ination score prediction on this dataset is Mje;k;"d [ I‘;i‘; [N(I)SOLZE[ I‘(;“;()E [ (i:’z [ 0R022

illustrated in Table [Tl Table [1] shows the ML 55 T o000 005 o011 001

mean and the standard deviation of all miLasso 177 | 0.02 | 0.05 | 0.01 | 0.01
: : cASO 726 | 0.01 | 0.06 | 0.01 | 0.01

methods, which were repeated 10 times 50D e e T

by initializing parameters randomly, to  ADMM(x;(1))| 0.83 |0.005] 0.03 | 0.01 | 0.01
make experimental evaluation robust. It ~ADMMQ(2)] 095 | 0.01 | 0.04 | 002 | 002




shows that \; (2) outperforms \; (1) in four out of five metrics for the proposed ADMM.
In addition, the proposed ADMM achieves the best performance in all the metrics,
compared to all comparison methods. Moreover, the standard deviation of the proposed
ADMM is about 30% smaller than any other comparison method. This is because our
method only enforces that the sign of the feature weight across different tasks is the
same, while comparison methods typically perform too aggressive assumptions on the
similarity among tasks. For example, CMTL enforces that the correlated tasks need
to have similar feature weights using squared regularization on the difference between
feature weights. JFS and mtLasso still tend to enforce similar weights on features in
different tasks by ¢5 ; norm. Because their enforcement is weaker than CMTL, their
performance is better. cASO gets relatively weak performance because it optimizes
an approximation of a nonconvex problem, and thus the approximate solution may be
distant from the true solution to the original problem. Finally, the BCD performs the
worst among all methods, even though it shares the same formulation with our pro-
posed ADMM. This reflects the advantage of our proposed ADMM algorithm: dual
information in one iteration can be passed to its following iteration by dual variables,

which yields better performance.
12

Scalability. To investigate the scalability of 10/—"//\9/0__:;—0

the proposed ADMM compared with all baselines %
in Experiment I, we measured the training time g 6
of them in the school dataset when the number of £

E

features varies. The training time was averaged by P
running 20 times. Figure[2]shows the training time : W

of all methods when the number of features ranges % 15 20 25 30
from 10 to 28. The training time of all methods Number of Features

increased linearly concerning the number of fea-
tures. cASO was the most efficient of all methods,
while the proposed ADMM was ranked second.
mtLasso and JFS also trained a model within 5 seconds on average. CMTL was time-
consuming for training, which spent more than 10 seconds.

Fig.2: The training time of all
methods in Experiment 1.

5.2 Experiment II: Event Forecasting with Multi-lingual Indicators

Datasets. To evaluate the performance of our proposed ADMM on the application in
Section extensive experiments on nine real-world datasets have been performed.
The dataset is obtained by randomly sampling 10% (by volume) of the Twitter data
from Jan 2013 to Dec 2014. The data in the first and second years are used and training
and test set, respectively. For the topic (i.e., social unrest) of interest, 1,806 keywords in
the three major languages in Latin America, namely English, Spanish, and Portuguese,
were provided by the paper [41]. Their translation relationships have also been labeled
as semantic links among them, such as “protest” in English, “protesta” in Spanish, and
“protesto” in Portuguese. The event forecasting results were validated against a labeled
event set, known as the Gold Standard Report (GSR), which is publicly available [235].
Metric and Baselines. The metric used to evaluate the performance is Area Under
the receiver operating characteristic Curve (AUC). Five comparison methods includ-
ing the state-of-the-art Multi-Task learning (MTL), Multi-Resolution Event Forecast-



ing (MREF), and Distant-supervision of Heterogeneous Multitask Learning (DHML)
as well as classic methods Logistic Regression (LogReg) and Lasso. p was set to 10.
Here we chose two kinds of A\a: (1) A5 = 10°; (2) A§+1 = A+ 10 with \§ = 1.
A2(1) and Ao(2) are the first and the second choice of Ao, respectively. All the hyper-
parameters were tuned by 5-fold cross-validation.

Table 2: Event forecasting performance in AUC in each
Performance. As shown in of the 9 datasets.

Table [2} \2(2) outperforms [BR_|JCL [CO |EC [EL |MX [PY [UY |VE
A2(1) marginally in seven TLogReg 0.686[0.677]0.644]0.599]0.618]0.661]0.616]0.628]0.667
. LASSO 0.685(0.677(0.648(0.603(0.636[0.665(0.615(0.6660.669
out of nine datasets for 0.7220.669(0.810[0.6170.772(0.795[0.600/0.811|0.771
the proposed ADMM, and  MREF 0.714{0.563(0.515(0.784(0.612(0.693(0.6580.681(0.588
DHML 0.845(0.683(0.846(0.839(0.780(0.793(0.737(0.835(0.835
they generally perform the o 0.847/0.668|0.850(0.8300.773{0.800[0.736|0.835|0.856
best among all the methods, ~ ADMM (A2 (1))[0.864|0.699|0.870/0.848|0.794|0.820(0.746 |0.850|0.867
with DHML and BCD the ADPMM (A2(2))]0-8670.701]0.872|0.851|0.798|0.823]0.7470.847/0.865

second-best performer. They all outperform the others typically by at least 5%-10%.
This is because they leverage the multilingual correlation among the features to
boost up the model’s generalizability. Thanks to the framework of multi-task learn-
ing, MTL and MREF obtained a competitive performance with AUC typically over
0.7, which outperforms simple methods like LogReg and LASSO by 5% on average.
Efficiency. In Experiment II, we also

compared the training time of the proposed LogReg|LASSO[MTLMREF|DHML|ADMM
ADMM in comparison with all baselines EE Zgé? ;555 523 égg?g gg; 1‘1‘

on 9 datasets. The training time was aver- CO[8060 [780  [108 [14714[87 |31
aged by running 5 times. The training time Ef ;5 izf }Z 322; gg §5
was shown in Table 3l We do not show MX|17712 2043 [853 |31349|175 |29
BCD because its training time is similar E‘é ;2‘:7 gi; ‘2‘8 2‘3‘(9)2 é;u ;
to the proposed ADMM. Overall, the pro- VE 15563 |1008 |49 |5769 |179 28
posed ADMM was the most efficient of all
methods for all datasets. It consumed no
more than 30 seconds on all datasets. MTL
ranked second, but it spent hundreds of seconds on some datasets, like BR and MX. As
the most time-consuming baselines, LogReg and MREEF trained a model in thousands

of seconds or more.

6 Conclusions

We propose an ADMM framework for multi-convex problems with multiple coupled
variables. It not only inherits the merits of general ADMMs but also provides advanta-
geous theoretical properties on convergence conditions and properties under mild con-
ditions. Besides, several machine learning applications of recent interest are discussed
as special cases of our proposed ADMM. Extensive experiments have been conducted
on ten real-world datasets, and demonstrate the effectiveness, scalability, and conver-
gence properties of our proposed ADMM.
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Appendix

A Preliminary Lemmas

In this section, we give preliminary lemmas which are also used in the proof the proofs of Lemmas and@ While Lemmas
Ednd@depend on the optimality conditions of subproblems, Lemmds@@dndmreqmre Assumption|

Lemma 3. It holds thatVz1, zo € RY,

h(z1) < h(z2) + Vh(z2)T (21 — 22) + (H/2)||l21 — 22|?, —h(z1) < —h(22) — Vh(22)T (21 — 22) + (H/2)[|z1 — 22|°.

Proof. Because h(z) is Lipschitz differentiable by Assumption so is —h(z). Therefore, this lemma is proven exactly as
same as Lemma 2.1 in [4]

Lemma 4. It holds that y* = Vh(z") forall k € N.

Proof. The optimality condition for the problem with regard to P gives rise to
K k-1 n k ky _
Vh(z") —y - p(zi=1 Az, —z")=0.

Because y* = y* 71 4 p(3 Azl — 2F), we have y* = Vh(2").

Lemma 5. It holds that for Vk € N,

Lo(-aitl,ay, ) = Lp(oo syt halg, o) > (p/2) | Asey — Az T3, ®)

Proof.
Lo(-- x5 +1 ,-C )= Lp(-- i l,w,]f+1,~~)
=f(-, fff, Foe) = fC zf+1,zf+1,---)
+<yk>T<Aix;—Aixi-““)ﬂp/z)uzj; Agaft 3T Agel = IR = /N AT T Ayl — 2R
=fCo et al ) = e e Tl )

k k+1 k k+1,2 i k+1 n k k\NT k+1
+ @O (el = AT + (/D Al — Al G+ o0 AT+ 3T Ajal = )T (Al - AsefT
=fCoaftal o) = fC b k)

AT +pAT QD Ayt 3T Al =T @E - T 4 (o)At - At

where the second equality follows from the cosine rule: ||b 4 ¢||? — ||a + ¢||? = ||b — a||? + 2(a + ¢) T (b — a) with
a:A'?c].chl b= Azl andc = ”71A k+1+z;”:i+1 ij?—zkﬂ

k41

The optimality condition of x; leads to

0e axq‘,LP(' e xwi'c+lxwic+1; )
=0z, f(-- ’If+l’xf+1v )+ AiTyk + PA;'T(Z;:1 i k+1 + Z j=i41 Ajz; — 2*)
CAT AT AT gt € o, g e
We have the following result according to the definition of subgradient
ICRE rt R
> f(-- 7$?+17I?+1v )+ (_A?yk - pAZ(Z_::l i k+1 + ng +1 AJ‘T? - Zk))T('T?+1 - rf)

= FCoaf el )+ AT+ pAT QT ATt 30T Ajel = )T el - .

Therefore, the lemma is proved.



Lemma 6. If p > 2H sothat C1 = p/2 — H/2 — H?/p > 0, then it holds that
Lo(- a2 8 = Lo an ™ 2 M > o)l -2 ©
Proof.

Lp(xlerl, L ,ﬂfffl,zk,yk) _ Lp($lf+1, . ,mﬁ+1,zk+1,yk+1)

=h() +WNHTQDT AT =)+ (/21307 A =2

_ h(zk+1) _ (yk+1)T(Z:-:1 AM(;H _ zk+1) — (p/2)ll Z;] Aﬂfﬂ _ Zk+1H§

=h(") = hETY @8 -yt DT YT AT (TR T (/)1 30T Avel T - 2R
(/DN At =2

— h(zk) _ h(zk+1) 4 (yk _ yk+1)T Z:;l Aimf+1 4 (yk+1)Tzk+1 _ (yk)Tzk

F /DN =G e =30 AT -2

(cosine rule |la — b]|*> — |la — ¢||> = |lc — b]|*> + 2(c — a)T (b — ¢) where a = Z;l Aix,’f+1, b=z"andc= 21
=h(z") = h("TH + (0 =y T
(Because y* T = ¢* + p(ZLl Aiwarl — M)

= 1) = A + (0 =g DT DT Al 2 T 4 P - T+ (o/2) 1M R

— h(zk) _ h(zk+1) 4 (yk _ yk+1)T(Z7_L . AiZE;C+1 _ Zk+1) + (ylc _ yk+1)Tzk + (yk+1)Tzk+l _ (yk)Tzk + (P/Q)sz+1 _

=h(z") = (") = (/) * =TT R = ) = GFTHTER - 2T 4 (/2112 - 2R
(Because y* 11 = y* + p(Z;l Aizf"'l — zk+1).)

=h(z") — h(Z"T) — PO = T+ (p/2) 115 = 2RI - (/)T - RS

= h(z*) = h(Z*T) + VREFTHT T =2+ (/21125 = 205 - (/o) = o F113 (LemmalR)

> (—H/2)12MT =215 + (o/2) 1125 = 215 = (/) IVAGEET) = VRGPS
(—V h(z) is Lipschitz differentiable, Lemmaand LemmaE)

> (—H/2)|2" = 252 + (p/2)l12"F = 212 = (H?/p)[|="H = %12 (Assumption[T)

= Cull s =23

We choose p > 2H to make C7 > 0.

Lemma 7. Vk € N, we have ||y*T1 — y*|| < H||zF ! — 2F|.
Proof.

Iy T — %) = VARG — VAGES)|| Cemmaf) < HI||2FT! — 2% (Assumption([T).

B Proofs of Lemmas [T+

Proof (Proof of Lemmal[l). This follows directly from Lemmas[5|and 6]

Proof (ProofofLemmaE). There exists z’ such that Z?:l Alrf — 2z’ = 0. Therefore, we have

f(ac’f,'w ,acfb) + h(z') > min S > —co.

D €A Rl (7 o Y ) P o (T T K G

zk+1)

k2
275



where S = {f(x1, -+ ,@n)+h(z) : 31, Aix; — z = 0}, which is the objective value of ProblemEI and therefore
bounded from below. Then we have

Ly(y, - ap, 2", y")

=Sy, ) +hED) + T QT At =)+ (/2 D07 Aved - 2F)?

= f@f, s ah) G+ T =)+ /2 YT Al =P G0 Ak — 2 =0)
=S, an) + () + (VRE)TE =28+ (o/21 D07 Aief = 2" (LemmaF)

> f(w’f’ . )QJI:L) +h(Z)+ (p—H)/2| Z:;l Awa - zng (LemmasElandE,h(z) is Lipschitz differentiable)

>minS+ (p— H)/2|| ijl Aizf - zk||§ > min S > —oco.

Therefore, Lp(:c’f, ceey 95];7 2", y*) is bounded from below.

C Proofs of Theorems 13|

Proof (Proof of Theoremm). ‘We show residual convergence and objective convergence based on Lemmasmand
From Lemma Lp(z’f, BRI mfﬂ 2", yk) decreases monotonically, and Lp(m’f, szl 2k yk) is lower bounded by

no
Lemma Therefore, L p(x’f, s, xfﬁ P s yk) is convergent because a monotone bounded sequence converges (Mono-
tone Convergence Theorem). According to the continuity of L,, we take k — oo on the both sides of Inequality @ to
obtain

s k k _k Kk k+1 k+1 _k+1 _k+1
Jim (Lo (@, o, 28 y%) = L@@ SR M)

. k+1 k2 n . k+1 _ _k 2
> lim Ca(ls"*! = M3+ 30 il - b)),

7

Onone hand, L,(x1,- - ,Zn, 2, y) is convergent, so we have
. k1 k2 n k1 ky2
Jim Ca(H = S A - ) <o
On the other hand, C2 (||z*F1 — 2% (|3 + =1 |\Ai(a:f+1 — x¥)||2 is nonnegative, so we get
. k1 k2 n k41 kyi2y _
Jim Co(l = I ST At - b)) = 0.

This suggests that lim;c_,oo(zk+1 — zk) = 0 and limy_, Ai(x?+1 — :vf) = 0(¢ = 1,---,n). Moreover, by
Lemmal[7] limy,— o0 ly" T = y* || < H limp—yoo |27 — 2% = 0. So we have limj—y 00 ("1 — y*) = 0.

a). For residual convergence, by the Line 8 of Algorilhmm we have

limg 00 rk = limkﬁoo(yk — ykfl)/p = 0.

b). For objective convergence, since
k k k Kk k k k Kk k\T k k2
Lp(ay, - smy, 2,y ) = Fay, @, 25,y") + ()" " + (p/2)lI7" Iz

and Lp(ac]f, S ,w’fl, 2", 4% is convergent, 7* converges to 0 and 3/* is bounded, then F(w’f, ceey z’fm 2F, y*) is also
convergent.

Proof (ProofofTheoremE). Obviously limkﬁoc,(zk+1 — zk) = 0 and limkﬁm(y"'Jrl — yk) = 0 from the
proof of Theorem In order to prove this theorem, we firstly prove that limy,_, oo (merl —zF)=0(G=1,---,n)if
either of two assumptions holds, then prove that any limit point (z7,- - - , x,, ™) is a feasible Nash point of Problem 1.

(a). Suppose A;(i = 1, -+ , n) have full rank. Because limy_, oo A; (mf+1 — xf) = 0 from the proof of Theorem
then obviously limkﬁoc(a:f'*'1 —zF) = 022

(b). Suppose F is strongly convex with regard to x;. Because L, (z1, - ,Zn,2,y) = F(x1, -+ ,Tn,2z) +
YT (Z Aiwi —2) + (p/2) | Z Avwi — 2|13, F(1, -+ @n, 2), and y T (3 Agwi —2) + (p/2)| T Asi — 2|13
are strongly convex, L, is also strongly convex regard to x; [23] with the assumed constant D; > 0. We have

k1 k+1 _k _k E _k _k k1 E+1 k41 _k k _k K k+1\T , k k41
Ly(zy s Ty T Tyt T 2 Y ) > Lp(zy - ym g, @y s Tip1s T2 Y )+ () (= — 2 T)

k k
+ (Di/2)lwf - 2F|13



where VUerl € Oz, Lp(mIerl, cee ,rc,’fjll,rc?rl, riﬂrl, s ,xk zk, yk) The optimality condition of rc,’frl leads

no
to
0€ 0z, Ly(x k+1, BRI ffll,a;k+1,a:f+1,~-~ ,mﬁ,zk7yk).Therefore, we have
ket LFTL R k k41 FTL gkl ok ko _k K k41 k
L,(zy 71,xl,x1+1,~~~,xn,z,y)>L($ s Ty 15Ty 5Tyt Ty R Y )+ (Di/2)||x; —z;ll3
(10)
We sum up Inequality fromi =1, -, n and Inequality (9 to obtain
k k _k K k41 k41 _k+1 | k41 n k41 k2 k41 k)2
Loy, a2 y") = L@@y a5y M ) > T (Di/2)llaf T = 2fll3 + Call" T = 2N
(11)
where C'; > 0 by Lemmaﬁlf p > 2H. According to the continuity of L ,, we take k& — oo on the both sides of Inequality
(TT) to obtain
. k K _k K k41 kbl kel ke k1 k)2 k41 k2
kli}néo(l’ﬂ(xlf"’xrwz sy ) = Lp(zy w2 ’ ) > hm (Z (D /2)|l@; —zillz + Cillz -z 13)
Onone hand, L,(x1,- -+ ,2n, 2, y) is convergent, so we have
. n k+1 k2 k41 k2
Jim (37 (De/2) 25 = k3 + Call - g2 <o
On the other hand, > 77", (D; /2)kaJrl — zF)12 + C1]]2F Y — 2%|2 is nonnegative, so we get
. n k41 k)2 k1 ky2y _
klgf;o(zlzl(Dt/Q)”zz —z;llz + Cillz —z"13) =0
This suggests that llmkqm(l‘k*»l — mf) =0(¢=1,---,n)and lim;cqoo(zk’Jrl — zk) =0.
Therefore, hmkﬁoo(:vk'*'l x¥) = 0(i = 1,-- -, n) ifeither of two assumptions holds. Because (z%, - - - , z% | 2% y*)
is bounded, thereexlstsasubsequence (xf,--- ,x;,2°, y")suchthat (z7,--- , x5, 2%, y°) = (], , x5, 2", y")
where (7, ,x),, 2", y") is alimit point. Because llm@H,()o(acs'*'1 z;)=0GE=1,---,n), limsﬂoo(zsJrl -
2°%) = 0and lims_, o0 (y° T —y®) = 0, we have (= 1+1,»-- yasTl st sty (2t 2l 2%, y™). Now
we prove that the limit point (z7, - - - , z), ™) is a feasible Nash point of Problem 1.
For feasibility, since limj,_, oo 7 = limg s o0 > Ai@?—zk = 0, so for the subsequence (1, ,z5,2%,9%) —
(x3, -z, 2", y"), wehave lim, 00 7° = limy 00 (D01 Ajzj —2°) =0then > 7 | Asz] — 2" =0.
For the Nash point, we obtain the following according to the optimality conditions of zs+1(z =1,---,n)and z5t1
in Equations (2) and (3), respectively.
+1 +1 s+l s s s s +1 s41 ’ s s
L(wg 7"'75’7:71y$:+g$:+1g"'aw:ﬁzgfyg)<l/( H w",Iff1,$i7$§+17"'J:L,Zg,ys),
+1 +1
V(i ,xffl,mhw;rh-»- ,xh,2°) € dom(F)
1 s+ 1 1 1 541 1 1
L (wé'Jr ,a:fLJr PR Y<L (wé'Jr ,a:fLJr 2,90, V(a:&Jr ,wf;r ,z) € dom(F)
According to the cominuity of L, wetake s — oo on the both sides of two inequalities. Because (z7, - - - , z;,, 2°,3y°) —
(w7, mpn, 2%y ) and (@Y a2 gt o (e, 1), 27, y"), we have
LP(LE;, e gI:Lu Z*yy*) < Lp(II, R ,a::_l,xi, z:+17 te ’1;,2*,9*), V(II7 ce 712_17zigmr+11 o 11/‘:.’2*) S dom(F)
Lo(zy, - xn,29") < Lp(ay, -+ yan,27,y"), V(zy, - ,a,, 2) € dom(F)
HereV(z], -, @] 1, %, @]y, , %, 2") € dom(F)andV(z], - , 25, 2) € dom(F)meanVa; s.t. 357, ., Ajzi+
i — 2z = 0and Vz s.t. A izt — z = 0, respectively. Using the fact that (z7,--- ,x), 2™) is feasible in
A Y =0andVzst Y, Al 0, respectively. Using the fact that (2} % 2*) is feasibl
Problem 1, we obtain L, (z],--- ,2",y") = F(a], -+ ,2"), Lp(x], - ,@]_1, i, @jy 1, - @5, 2"5,y") =
F(xy, -z, @i, x5y, x5, 2")and Ly(x], -+ ,2,,,2,9") = F(z], -, x,, 2). Therefore, we prove
that (z7, - - - , ), ") is a feasible Nash point of F' defined in Problem 1.

Proof (ProofufTheoremE). To prove this theorem, we will first show that . satisfies two conditions: (1). ug > Ur41.
(2). 3°72 uk is bounded. We then conclude the convergence rate of o(1/k) based on these two conditions. Specifically,
first, we have

. 1 l n 1 1
up = ming<; < (|21 = 2415 + Zi:l lA: (= = 2h))13)
. 1 l n 1 1
mino<i<ia (127 =215+ D27 Ai(@ ™ = 2))l3)

= Uk+1

\Y%



Therefore u, satisfies the first condition. Second,

>
k:Ouk
o0 : I+1 12 n I+1 Iy)2
=> 7 minocick (2 =25+ D00 4@ - 2)3)
o k+1 k2 n k+1 ey 2
<SIT AT =S Al -

< (Lp(f, -+ ,20,2% %) — L7)/Ca (Lemma[T)

where L; = limp 00 Lp(z’f, S ,x’;, 2", yk) So >°77 uk is bounded and wuy satisfies the second condition.
Finally, it has been proved that the sufficient conditions of convergence rate o(1/k) are: (1) up > ug41,and (2) Y72 Uk
is bounded, and (3) u;, > O (Lemma 1.2 in [12]). Since we have proved the first two conditions and the third one u; > 0
is obvious, the convergence rate of o(1/k) is proven.

D Algorithms for Applications

D.1 Weakly-constrained Multi-task Learning

Applying the proposed ADMM to solve the problem in Equation (6), we get Algorithm Q Specifically, Lines 4-9 update
primal variables w; (¢ = 1,--- ,mn)and z;(¢ = 1, - -+ , n), Line 10 updates the dual variable y; (i = 1,--- ,n).

Algorithm 2 The Proposed ADMM to Solve Equation (6)).

1: Denote z = [21;- -+ ;2n]y = [Y1;- -+ ; Yn]-
2: Initialize p, k = 0.
3: repeat
Update w¥ T by Equation (T2).
for i=2 to n-1 do
Update w ! by Equation (T3).
end for
Update wffl by Equation @
Update 25 by Equation (T3) in parallel.
10: yf+l —yF+ p(w§+1 - zf+l) (i=1,---,n)in parallel.
11: k<« k+1.
12: until convergence.
13: Output w; (i = 1,--- ,n), 2.

Lok

All subproblems are detailed as follows:
1. Update whtl

The wf+1(i =1, ,n) are updated as follows:
w]erl < arg miny,; Lossi(wi) + A1 Z:;l c1 (wl,jw;j) + (p/2)||wr — Z,f + yf/ﬂ”i 12)
k+1 . m k m k+1 k ko2
w; < argming,; Loss;(w;) + A1 ZJ_:I cl(wi,jwi+1’j) + A1 ijl cl(wi_l)jwi,j) + (p/2)||lwi — z; +v; /pll5-
(13)
wh T argming,, Lossn(wn) + A1 Z;’;l e (it Jwn ) + (p/2)lwn — 25 +yk /oll3- (14)

They can be solved by the Iterative Soft Thresholding Algorithm (ISTA) [4]. Take wlf+1 as an example, The ISTA leads to

Wi e Ay Z;”:l er(wr jwh )+ 1/2n)lwi — (wi — nVe(wi)|3.

where w is the ¢-th iteration in the ISTA, 7 > 0 is a learning rate, ¢(w’) = Lossi(w?) + p/2||w} — z’f + y’f/pHg
For each entry of wfrjl (7 =1,2,--- ,m), we have the following closed-form solution as follows:



D). Ifwf;.lwgyj < 0, then witl — (wij - anqﬁ(wi))/(Qn)\lwg’j +1).

2). If wt+1w]2"yj > 0, then witl < wij — NV ¢(w?h). where V;¢(wh) is the j-th entry of Ve (w?).

1,5 K
2. Update P
The zf"'l(i =1, ,n) are updated as follows:
Zi T argming; 25(2:) + (o/2)llw; =z 4y /pl3G =1, n). s

For £; or £2 regularization, they have closed-form solutions.

D.2 Learning with Signed-Network Constraints

Applying proposed ADMM to solve the problem in Equation @, we get Algorilhm@ Specifically, Lines 4-7 update primal
variables 3; (¢ = 1,--- ,n) and z, Line 8 updates the dual variable y. All subproblems are detailed as follows:

Algorithm 3 The Proposed ADMM to Solve Equation (7).

: Denote 2 = [215- - ;2n)sy = (Y15 3 Ynl-
. Initialize p, £ = 0.
repeat
for i=1 to n do
Update 85 by Equation (T8).
end for
Update szrl (i =1,---,n) by Equation @ in parallel.
yf'H —yk+ p(ﬁf'H - zf'H) (i=1,---,n) in parallel.
k <+ k+1.
. until convergence.
: Output B;(i =1, ,n), 2.

TOO R AN NELY

——

1. Update g~ +1
The ﬁerl(i =1, ,n) are updated as follows:

k1 ~ Y L g L
B! argming, Doss(c o+ BI Bi Bl )+ 2y akityep, s BB A 2080 B))

. pk+1 . pk Lk k 2
T2 s hemgaci B0 BT D ey gni B0 B0+ (0/2)1Bs = 2+ v/ pll3).

16)
Similar to updating warl in Algorithm they can be solved efficiently by the ISTA [4].
2. Update P
The zf"'l (¢ =1,---,n) are updated as follows:
# argming, wilzi) + (p/DNBIT — 2+ uf/pl3(E =1, ). an

Similar to updating szrl in Algorithm they usually have closed-form solutions.
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