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CHARACTERIZING LEVEL ONE IN GROUP-BASED CONCATENATION
HIERARCHIES

THOMAS PLACE AND MARC ZEITOUN

ABSTRACT. We investigate two operators on classes of regular languages: polynomial closure (Pol)
and Boolean closure (Bool). We apply these operators to classes of group languages G and to
their well-suited extensions gﬁ which is the least Boolean algebra containing G and {5} This
yields the classes Bool(Pol(G)) and Bool(Pol(G1)). These classes form the first level in important
classifications of classes of regular languages, called concatenation hierarchies, which admit natural
logical characterizations. We present generic algebraic characterizations of these classes. They
imply that one may decide whether a regular language belongs to such a class, provided that a more
general problem called separation is decidable for the input class G. The proofs are constructive
and rely exclusively on notions from language and automata theory.

1. INTRODUCTION

An active line of research in automata theory is to investigate natural subclasses of the regular
languages of finite words. We are particularly interested in classes associated to fragments of
standard pieces of syntax used to define the regular languages (e.g., regular expressions or monadic
second-order logic). Given a fragment, we consider the class of all languages that can be defined by
an expression of this fragment. For each such class C, a standard approach for its investigation is
to look for a C-membership algorithm: given a regular language L as input, decide whether L € C.
Getting such an algorithm requires a solid understanding of C. We are not only interested in a
yes/no answer on the decidability of C-membership but also in the techniques and proof arguments
involved in order to obtain this answer.

We look at classifications called concatenation hierarchies. A concatenation hierarchy is built
from an input class of languages, called its basis, using two operators. The polynomial closure of a
class C, written Pol(C), consists in all finite unions of languages Loai L1 - - - ap Ly, where ay,...,a,
are letters and Lo, ..., L, are languages in C. The Boolean closure of C, denoted by Bool(C),
is the least class containing C and closed under Boolean operations. We investigate level one of
concatenation hierarchies: the classes Bool(Pol(C)) (abbreviated BPol(C)). Moreover, we consider
special bases C. The group languages are those recognized by a finite group, or equivalently by a
permutation automaton (i.e., a complete, deterministic and co-deterministic automaton). We only
consider bases that are either a class G containing only group languages, or its well-suited extension
GT (roughly, GT is the least Boolean algebra containing G and the singleton {€}). The motivation
for using such bases stems from the logical characterizations of concatenation hierarchies [22| [13].
A word can be viewed as a logical structure consisting of a sequence of labeled positions. Therefore,
we may use first-order sentences to define languages. It turns out that BPol(G) and BPol(G")
correspond to the logical classes BY1(<,Pg) and BX1(<,+1,Pg) where BY; is the fragment of
first-order logic containing only the Boolean combinations of purely existential formulas. Here, the
predicates “<” and “+1” are interpreted as the linear order and the successor relation. Moreover,
Pg is a set of predicates built from G: for each language L € G, it contains a unary predicate that
checks whether the prefix preceding a given position belongs to L.
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In the paper, we present generic algebraic characterizations of BPol(G) and BPol(G"). They
apply to all classes of group languages G satisfying mild hypotheses (namely, G must be closed
under Boolean operations and quotients). Moreover, they imply that membership is decidable for
both BPol(G) and BPol(G") provided that a more general problem, separation, is decidable for
G. Separation takes two input regular languages Lo, L1 and asks whether there exists K € G such
that Ly C K and Ly N K = (). From the decidability point of view, the results are not entirely
new. In particular, for BPol(G), it is even known [I5] that separation is decidable for BPol(G)
when it is already decidable for G (on the other hand, this is open for BPol(G")). Hence, our
main contribution consists in the characterizations themselves and the techniques that we use to
prove them. In particular, the proof arguments are constructive. For example, given a language
L satisfying the characterization of BPol(G), we prove directly that L belongs to BPol(G) by
explicitly building a description of L as a Boolean combination of products Loai Ly - - - an L, where
Lo,...,L, €G.

With these characterizations, we generalize a number of known results for particular classes of
group languages G. Let us first consider the case when G is the trivial Boolean algebra, which we
denote by ST: we have ST = {(), A*} and ST = {0, {e}, AT, A*} (where A is the alphabet). In
this case, we obtain two well-known classes: BPol(ST) = BX1(<) defines the piecewise testable
languages and BPol(STT) = BY1(<,+1) the languages of dot-depth one. The famous algebraic
characterizations of these classes by Simon [I7] and Knast [7] are simple corollaries of our generic
results. Another key example is the class MOD of modulo languages: membership of a word in such a
language depends only on its length modulo some fixed integer. In this case, the logical counterparts
of BPol(MOD) and BPol(MOD™) are the classes BY1(<, MOD) and BX;(<,+1, MOD) where
“MOD” denotes the set of modular predicates. It is again possible to use our results to reprove the
known characterizations of these classes by Chaubard, Pin and Straubing [5] and Maciel, Péladeau
and Thérien [8]. Our result also applies to the important case when G is the class GR of all group
languages [9]. In particular, there exists a specialized characterization of BPol(GR) by Henckell,
Margolis, Pin and Rhodes [6] which is independent from GR-separation. While it is also possible
to reprove this result as a corollary of our characterization, this requires a bit of technical work as
well as knowledge of the GR-separation algorithm [2] which is a difficult result. Finally, another
generic characterization of the classes BPol(G) follows from an algebraic theorem of Steinberg [18]
(though it only applies under more restrictive hypotheses on G).

The techniques used in the paper are quite different from those used for proving the afore-
mentioned specialized results. Historically, classes of the form BPol(G) or BPol(G') are often
approached via alternate definitions based on an algebraic construction called “wreath product”.
Indeed, it turns out that all classes of this kind can be built from the piecewise testable languages
(i.e., the class BPol(ST)) using this product [20, [I0]. The arguments developed in [5 [8, 9, [6] 18]
build exclusively on this construction. The paper is completely independent from these techniques:
we work directly with the language theoretic definition of our classes based on the operator BPol.
This matches our original motivation: investigating classes of regular languages.

We introduce the terminology that we shall need in Section Bl Then, we look at classes of the
form BPol(G) in Section Bl Finally, we devote Section [l to classes of the form BPol(G™").

2. PRELIMINARIES

In this section, we present the objects that we investigate in the paper and introduce the termi-
nology that we require in order to manipulate them.

2.1. Words, regular languages and classes. We fix an arbitrary finite alphabet A for the whole
paper. As usual, A* denotes the set of all finite words over A, including the empty word €. We
let At = A*\ {e}. For u,v € A* we let uv be the word obtained by concatenating u and wv.
Additionally, given w € A*, we write |w| € N for the length of w. A language is a subset of A*.
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We denote the singleton language {u} by u. We lift concatenation to languages: for K, L C A*,
we let KL = {uww | v € K andv € L}. We shall consider marked products: given languages
Lg,...,L, C A*, a marked product of Ly,..., L, is a product of the form LgaiL; ---a,L, where
ai,...,an € A (note that “Lo” is a marked product: this is the case n = 0).

Regular languages. All languages considered in the paper are reqular. These are the languages
that can be equivalently defined by a regular expression, an automaton or a morphism into a finite
monoid. We work with the latter definition. A monoid is a set M equipped with a binary operation
s,t — st (called multiplication) which is associative and has a neutral element denoted by “lp;”.
Recall that an idempotent of a monoid M is an element e € M such that ee = e. For all S C M,
we write £(S) for the set of all idempotents in S. It is standard that when M is finite, there exists
w(M) € N (written w when M is understood) such that s* is idempotent for every s € M.

An ordered monoid is a pair (M, <) where M is a monoid and < is a partial order on M which is
compatible with multiplication: for every s,t,s’,t’ € M, if s <t and s’ < t, then ss’ < tt’. A upper
set of M (for <) is a set S C M which is upward closed for <: for every s,t € M such that s <t¢,
we have s € S = t € S. For every s € M, we write Ts for the least upper set of M containing s
(i.e., Ts consists of all t € M such that s < t). We may view arbitrary monoids as being ordered,
as follows: we view any monoid M with no ordering specified as the ordered monoid (M,=): we
use equality as the ordering. In this special case, all subsets of M are upper sets.

Clearly, A* is a monoid for concatenation as the multiplication (e is neutral). Given an ordered
monoid (M, <), we may consider morphisms « : A* — (M, <). We say that a language L C A* is
recognized by such a morphism « when there exists a upper set F' C M such that L = a~!(F) (the
definition depends on the ordering <, since F' must be a upper set). Note that this also defines
the languages recognized by a morphism n : A* — N into a unordered monoid N since we view N
as the ordered monoid (N,=). It is well-known that a language is regular if and only if it can be
recognized by a morphism into a finite monoid.

Remark. The only infinite monoid that we consider is A*. From now, we implicitly assume that
every other monoid M, N, ... that we consider is finite.

Classes of languages. A class of languages C is a set of languages. A lattice is a class closed
under both union and intersection, and containing the languages () and A*. Moreover, a Boolean
algebra is a lattice closed under complement. Finally, a class C is quotient-closed when for all L € C
and u,v € A*, the language {w € A* | uwv € L} belongs to C as well. We say that a class C is a
positive prevariety (resp. prevariety) to indicate that it is a quotient-closed lattice (resp. Boolean
algebra) containing only reqular languages.

We rely on a decision problem called membership as a means to investigate classes of languages.
Given a class C, the C-membership problem takes as input a regular language L and asks whether
L € C. Intuitively, obtaining a procedure for C-membership requires a solid understanding of C. We
also look at more involved problem called separation. Given a class C, and two languages Lg and
L1, we say that Lg is C-separable from L; if and only if there exists K € C such that Ly C K and
LN K = (. The C-separation problem takes two regular languages Lo and L; as input and asks
whether L is C-separable from L;. Let us point out that we do not present separation algorithms
in this paper. We shall need this problem as an intermediary in our investigation of membership.

Group languages. A group is a monoid G such that every element g € G has an inverse ¢! € G,
i.e., such that gg~! = g7 lg = 1g. We call “group language” a language recognized by a morphism
into a finite group. We consider classes G that are prevarieties of group languages (i.e., containing
group languages only).

We let GR as the class of all group languages. Another important example is the class AMT of
alphabet modulo testable languages. For every w € A* and every a € A, we write #,(w) € N for
the number of occurrences of “a” in w. The class AMT consists in all finite Boolean combinations
of languages {w € A* | #,(w) = k mod m} where a € A and k, m € N such that k¥ < m. One may



4 THOMAS PLACE AND MARC ZEITOUN

verify that these are exactly the languages recognized by commutative groups. We also consider
the class MOD, which consists in all finite Boolean combinations of languages {w € A* | |w| =
k mod m} with k,m € N such that k& < m. Finally, we write ST for the trivial class ST = {0, A*}.
One may verify that GR, AMT, MOD and ST are all prevarieties of group languages.

It follows from the definition that {¢} and AT are not group languages. This motivates the next
definition: for a class C, the well-suited extension of C, denoted by C*, consists of all languages of
the form L N AT or L U {e} where L € C. The following lemma can follows from the definition.

Lemma 1. Let C be a prevariety. Then, Ct is a prevariety containing the languages {e} and A™.

2.2. Polynomial and Boolean closure. In the paper, we look at classes built using two standard
operators. Consider a class C. The Boolean closure of C, denoted by Bool(C) is the least Boolean
algebra that contains C. Moreover, the polynomial closure of C, denoted by Pol(C), contains all
finite unions of marked products Lyai Ly - - - ap L, where Ly, ..., L, € C. Finally, we write BPol(C)
for Bool(Pol(C)). It is known that when C is a prevariety, Pol(C) is a positive prevariety and
BPol(C) is a prevariety. This is not immediate (proving that Pol(C) is closed under intersection is
difficult). This was first shown by Arfi [I], see also [I1 [I3] for more recent proofs.

Theorem 2. IfC is a prevariety, then Pol(C) is a positive prevariety and BPol(C) is a prevariety.

In the literature, these operators are used to define classifications called concatenation hierarchies.
Given a prevariety C, the concatenation hierarchy of basis C is built from C by iteratively applying
Pol and Bool to C. In the paper, we only look at the classes Pol(C) and BPol(C). These are the
levels 1/2 and one in the concatenation hierarchy of basis C. Moreover, we look at bases that are
either a prevariety of group languages G or its well-suited extension GT. Most of the prominent
concatenation hierarchies in the literature use bases of this kind.

The hierarchy of basis ST = {0, A*} is called the Straubing-Thérien hierarchy [19, 21]. In
particular, BPol(ST) is the class of piecewise testable languages [I7]. Another prominent example
is the basis ST = {0, {e}, AT, A*} which yields the dot-depth hierarchy [3]. Non-trivial prevarieties
of group languages also yield important hierarchies. For example, the group hierarchy, whose basis
is GR was first investigated in [9]. The hierarchies of bases MOD and MOD™ are also prominent
(see for example [5], 8]). These hierarchies are also interesting for their logical counterparts, which
were first discovered by Thomas [22]. Let us briefly recall them (see [I3] [15] for more details).

Consider a word w = ay ---ap,| € A*. We view w as a linearly ordered set of |w| + 2 positions
{0,1,...,|wl|,|w| + 1} such that each position 1 < i < |w| carries the label a; € A (on the other
hand, 0 and |w| + 1 are artificial unlabeled leftmost and rightmost positions). We use first-order
logic to describe properties of words: a sentence can quantify over the positions of a word and use
a predetermined set of predicates to test properties of these positions. We also allow two constants
“min” and “max”, which we interpret as the artificial unlabeled positions 0 and |w| + 1 in a given
word w. Each first-order sentence ¢ defines the language of all words satisfying the property stated
by ¢. Let us present the predicates that we use. For each a € A, we associate a unary predicate (also
denoted by a), which selects the positions labeled by “a”. We also consider two binary predicates:
the (strict) linear order “<” and the successor relation “+1”.

Example 1. The sentence “Jz3y (z < y) A a(xz) A b(y)” defines the language A*aA*bA*. The
sentence “JxIy a(z) A c(y) A (y + 1 = max)” defines A*aA*c.

We associate a (possibly infinite) set of predicates Pg to every prevariety of group languages G.
For every language L € G, Pg contains a unary predicate P, which is interpreted as follows. Let
w=ay---a € A*. The unary predicate P selects all positions i € {0, ..., [w|+1} such that i # 0
and ay---a;—1 € L. It is standard to write “B>1” for the fragment of first-order logic, containing
exactly the Boolean combinations of existential first-order sentences. We let BY1(<,Pg) be the
class of all languages defined by a sentence of BY; using only the label predicates, the linear order
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“<” and those in Pg. Moreover, we let BX1(<,+1,Pg) be the class of all languages defined by a
sentence of BY, which additionally allows the successor predicate “41”. The following proposition
follows from the generic logical characterization of concatenation hierarchies presented in [13] and
the properties of group languages.

Proposition 3. For every prevariety of group languages G, we have BPol(G) = BX1(<,Pg) and
BPol(Q*) = BY(<,+1,Pg).

Remark. When G = ST, all predicates in Pgr are trivial. Hence, we get the classes BX;(<) and
BXi(<,+1). When G = MOD, one may verify that we obtain the classes BX;(<,MOD) and
BYi(<,+1, MOD) where “MOD?” is the set of modular predicates (for all r,q € N such that
r < g, it contains a unary predicate M, , selecting the positions ¢ such that i = r mod ¢). When
G = AMT, one may verify that we obtain the classes BX(<, AMOD) and BX;(<,+1, AMOD)
where “AMOD?” is the set of alphabetic modular predicates (for all a € A and r,q € N such that
r < ¢, it contains a unary predicate M, selecting the positions ¢ such the that number of positions
j <t with label a is congruent to » modulo q).

We complete the presentation with a key ingredient of our proofs [16, Lemma 3.6]. It describes
a concatenation principle for classes of the form BPol(C). It is based on the notion of “cover”.
Given a language L, a cover of L is a finite set K of languages satisfying L C (Jgcx K. If D is a
class, we say that K is a D-cover of L, if K is a cover of L such that K € D for every K € K.

Proposition 4. Let C be a prevariety, and let n € N, Ly, ..., L, € Pol(C) and a1, ...,a, € A. For
every i < n, let H; be a BPol(C)-cover of L;. There exists a BPol(C)-cover K of LoayLy - anLy
such that for every K € K, there exists H; € H; for each i < n satisfying K C Hya1Hy - - a, Hy,.

Moreover, we have the following simple corollary. It will be useful when dealing with classes of
the form BPol(C").

Corollary 5. Let C be a prevariety, let L € Pol(CT), H be a BPol(C")-cover of L, n € N and
n + 1 nonempty words wy, ..., wp+1 € AT. There exists a BPol(CT)-cover K of wiL - -+ wpLwp11
such that for each K € K, we have K CwiHy -+ wyHpwpe1 for Hy, ..., H, € H.

Proof. By definition, we have {¢} € C*. Hence, we may view wy L - - - w, Lwy11 as a language of the
form Loai Ly ---apL, where each language L; is either {¢} € Pol(C*) or L € Pol(C"). Therefore,
since H. = {{e}} is a BPol(C")-cover of {¢}, we may apply Proposition @ to get the desired
BPol(C*)-cover K of wy L+ wy, Lwp1. O

2.3. C-morphisms. We now introduce a key tool, which we shall use to formulate our results. Let
C be a positive prevariety. A C-morphism is a surjective morphism 7 : A* — (N, <) into a finite
ordered monoid such that every language recognized by n belongs to C. Let us make a key remark:
when C is a prevariety, it suffices to consider unordered monoids (we view them as monoids ordered
by equality).

Lemma 6. Let C be a prevariety and n : A* — (N, <) a morphism. Then, n is a C-morphism if
and only if n : A* — (N,=) is a C-morphism.

Proof. The “if” direction is trivial. We focus on the converse one. Assume that n is a C-morphism.
We show that n71(s) € C for every s € M. Clearly, this implies that n : A* — (N,=) is a
C-morphism by closure under union. Let T' C M be the set of all elements ¢ € M such that
s < tand s # t. One may verify that we have {s} = (s) \ (U,er 1t). Consequently, we obtain
nt(s) = (18)\ (User n~ 1 (1t)). By hypothesis, this implies that 7' (s) is a Boolean combination
of languages in C. We conclude that ~!(s) € C since C is a Boolean algebra. O 0

While simple, this notion is a key tool in the paper. First, it is involved in the membership
problem. It is well-known that for every regular language L, there exists a canonical morphism
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ar : A* — (Mg, <) into a finite ordered monoid recognizing L and called the syntactic morphism
of L (we do not recall the definition as we shall not use it, see [12] for example). It can be computed
from any representation of L and we have the following standard property.

Proposition 7. Let C be a positive prevariety. A reqular language L belongs to C if and only if its
syntactic morphism oy : A* — (Mp,<p) is a C-morphism.

In view of Proposition[7] getting an algorithm for C-membership boils down to finding a procedure
to decide whether an input morphism « : A* — (M, <) is a C-morphism. This is how we approach
the question in the paper. We shall also use C-morphisms as mathematical tools in proof arguments.
In this context, we shall need the following simple corollary of Proposition [7.

Proposition 8. Let C be a positive prevariety and consider finitely many languages L1, ..., L € C.
There exists a C-morphism n : A* — (N, <) such that Ly,..., Ly are recognized by n.

Finally, we state the following simple lemma, which considers group languages.

Lemma 9. Let G be a prevariety of group languages and let n : A* — G be a G-morphism. Then,
G is a group.

Proof. Let p = w(G). For every g € G, we write g~' = ¢P~!. It now suffices to prove that
g? = g9~ ' = g7'g = 1g. By hypothesis, a~!(gP) is a group language. Hence, we have a morphism
B : A* — H into a finite group H recognizing o~ !(1g). Since ¢ € a™'(1g), it is immediate that
B 1(1y) € a (1g). Let w € a~!(gP) and n = w(H). Since H is a finite group, (B(w))" = 1y
(the unique idempotent in H). Therefore, B(w") = 1, which implies that w™ € a~!(1g). Hence,
a(w™) = 1g. Since a(w) = gP which is idempotent, we get gF = (¢?)" = a(w") = 1g. O

2.4. C-pairs. Given a positive prevariety C and a morphism « : A* — M, we associate a relation
on M. The definition is taken from [13], where it is used to characterize all classes of the form
Pol(C) for an arbitrary positive prevariety C (we recall this characterization below). We say that
(s,t) € M? is a C-pair (for a) if and only if a~!(s) is not C-separable from a~!(t). The C-pair
relation is not robust. One may verify that it is reflexive when « is surjective and symmetric when
C is closed under complement. However, it is not transitive in general. We shall use the following
lemma, which connects this notion to C-morphisms.

Lemma 10. Let C be a positive prevariety and let a : A* — M be a morphism into a finite monoid.
The two following properties hold:
e for every C-morphism n : A* — (N, <) and every C-pair (s,t) € M? for a, there exist
u,v € A* such that n(u) < n(v), a(u) = s and a(v) =t.
e there exists a C-morphism n: A* — (N, <) such that for all u,v € A*, if n(u) < n(v), then
(a(u),a(v)) is a C-pair for .

Proof. For the first assertion, let 1 : A* — (N, <) be a C-morphism and let (s,t) € M? be a C-pair
for a. Let F C N be the set of all elements 7 € N such that n(u) < r for some u € a~1(s).
By definition, F' is an upper set for the ordering < on N. Hence, n7'(F) € C. Moreover, it is
immediate from the definition of F that a=!(s) C n~1(F). Since (s,t) is a C-pair, it follows that
n Y (F)Na~t(t) # 0. This yields v € A* such that n(v) € F and a(v) = t. Finally, the definition
of F yields u € A* such that n(u) < n(v) and a(u) = s, concluding the proof.

For the second assertion, let P C M? be the set of all pairs (s,t) € M? which are not C-pairs.
For every (s,t) € P, there exists Ks; € C separating a~!(s) from a~!(¢). Proposition B yields a
C-morphism 7 : A* — (N, <) such that every language K, for (s,t) € P is recognized by n. It
remains to prove that for every u,v € A*, if n(u) < n(v), then (a(u), a(v)) is a C-pair. We prove the
contrapositive. Assuming that («(u), a(v)) is a not a C-pair, we prove n(u) £ n(v). By hypothesis,
(a(u),a(v)) € P. Hence, Ky () a(v) € C is defined and separates a Y (a(u)) from a~!(a(v)). Thus,
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u € Kow)aw and v € Kyw)aw): Since Kyy) o) is recognized by 7, this implies n(u) £ n(v),
concluding the proof. O

Application to polynomial closure. We now recall the characterization of Pol(C) from [13].

Theorem 11. Let C be a positive prevariety and let o : A* — (M, <) be a morphism. Then, « is
a Pol(C)-morphism if and only if the following condition holds:

(1) s9TL < s¥ts®  for every C-pair (s, t) € M?.

By definition, one can compute all C-pairs associated to a morphism provided that C-separation
is decidable. Hence, in view of Proposition [7] it follows from Theorem [IT] that when C is a positive
prevariety with decidable separation, membership is decidable for Pol(C).

An interesting point is that Theorem [IT]can be simplified in the special case when C is a prevariety
of group languages G or its well-suited extension G*. This will be useful later when dealing with
BPol(G) and BPol(G"). We first present a specialized characterization of the Pol(G)-morphisms.

Theorem 12. Let G be a prevariety of group languages and let o : A* — (M, <) be a surjective
morphism. Then, a is a Pol(G)-morphism if and only if the following condition holds:

(2) 1y <s for every s € M such that (1, ) is a G-pair.

Proof. If ais a Pol(G)-morphism, it is immediate from Theorem [IT]that (2)) holds, since (1a7)? = 1/
for every p € N. We turn to the converse implication: assume that (2) holds. We show that « is a
Pol(G)-morphism. By Theorem [T} it suffices to prove that (I]) holds: given a G-pair (s,t) € M?,
we show that s*T! < s¥ts¥. By Lemmal[I0] there exists a G-morphism 7 : A* — G such that for all
u,v € A* if n(u) = n(v), then (a(u),a(v)) is a G-pair. Moreover, G is a group by Lemma [0 Since
(s,t) is a G-pair, Lemma [I0] yields x,y € A* such that n(x) = n(y), a(z) = s and a(y) = t. Let
n =w(G) x w(M). Since G is a group, we have n(yz"~1) = n(z") = 1g = n(e). Thus, (1p7,ts"1)
is a G-pair by definition of 7. Hence, we get 1); < ts"~! from (). We may now multiply by s™ on
the left and s on the right to get s"*! < s™ts". Since n is a multiple of w(M), we get s* ! < s¥ts¥,
as desired. g

Finally, we present a similar statement for classes of the form Pol(G™").

Theorem 13. Let G be a prevariety of group languages, o : A* — (M, <) be a surjective morphism
and S = «(AT). Then, a is a Pol(GT)-morphism if and only if the following condition holds:

(3) e <ese foreverye & E(S) and s € M such that (15, s) is a G-pair.

Proof. Assume first that « is a Pol(G")-morphism. We show that () is satisfied. Let e € F(S) and
s € M such that (1, s) is a G-pair. We show that (e, se) is a GT-pair. Since e is idempotent, it will
then be immediate from Theorem [[Tlthat e < ese, as desired. By contradiction, assume that (e, se)
is not a G*-pair. This yields K € G such that a~!(e) C K and K N a~!(se) = (. By definition
of GT, there exists L € G such that either K = {e}ULor K = A% U L. Proposition Bl yields a
G-morphism 7 : A* — G recognizing L. Since (1p,s) is a G-pair, Lemma [I0 yields z,y € A* such
that n(z) = n(y), a(x) = 1p and a(y) = s. Moreover, let u € A" be a nonempty word such that
a(u) = e (u exists since e € S = a(A™)). Since a(z) = 1, we have a(zu) = e. Hence, we get
zu € K by hypothesis on K. This yields zu € L by definition of L since zu € AT. Finally, since
n(xu) = n(yu) and L is recognized by 7, we get yu € L. Since yu € A, this yields yu € K. This
is a contradiction since a(yu) = se and K Na~!(se) = (.

We turn to the converse implication. Assume that (3] holds. We show that « is a Pol(G™)-
morphism. By Theorem [II] it suffices to prove that (1) holds for C = G*: given a G*-pair
(s,t) € M?, we show that s“t! < s¥ts*. We consider two cases. First, we assume that s & a(AT).
By definition, this exactly says that s = 1p; and a~!(157) = {¢}. Since {¢} € G*, the hypothesis
that (1p7,t) = (s,t) is a GT-pair implies that {e¢}Na~'(t) # 0. In other words, we have s =t = 1),
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and it is clear that s“T1 = s“ts¥ = 1;;,. We now assume that s € a(A™). Clearly, this implies that

s¥ € E(S). Since G C g7, it is immediate that (s,t) is a G-pair. One may now use the argument
from the proof of Theorem [[2] to obtain that (1,7,ts*~!) is a G-pair. Hence, it follows from (3] that
s¥ < s¥ts?~1 Tt now suffices to multiply by s on the right to get s¥t! < s¥ts¥ as desired. O

3. GROUP LANGUAGES

In this section, we look at classes of the form BPol(G) when G is a prevariety of group lan-
guages. We present a generic algebraic characterization of such classes, which implies that BPol(G)-
membership is decidable when this is already the case for G-separation.

3.1. Preliminaries. We present a result that we shall use whenever we need to build a Pol(G)-
cover. Let L C A* be a language. For every word w € A*, we associate a language T w C A*.
Let ay,...,a, € A be the letters such that w = a; - - - a,,. We define t,w = La;L---a,L C A* (in
particular, we let 1,e = L). We may now present the statement.

Proposition 14. Let H C A* be an arbitrary language and let L C A* be a group language such
that € € L. There exists a cover K of H such that every K € K is of the form K = 1T,w for some
word w € H.

Proof. Since L is a group language, it is recognized by a morphism 7 : A* — G where G is a finite
group. Let L' = n=1(1g). Clearly, L is a group language such that ¢ € L’ and since ¢ € L, we
have L' C L.

We use L' to define an ordering “<” on A*. Consider two words u,v € A*, we write v < v when
v € Tpu. Since L' = n71(1g), is is straightforward to verify that n(u) = n(v) for every u,v € A*
such that v < v. Since € € L/, it is simple to verify that < is reflexive and antisymmetric. We
prove that it is transitive. Let u,v,w € A* such that u < v and v < w. We show that © < w. By
definition, we have v € 1,,u. Hence, we get a1,...,a, € A and x,...,z, € L' = n~(1g) such
that v = ay---a, and v = zpa121 - - - apTy,. Since we also have w € 1;,v, one may verify that this
yields yo,...,yn € A" such that w = yoa1y1 - - - apyn and y; € Tprx; for every ¢« < n. The latter
property implies that n(y;) = n(x;) = 1g for every i < n. Therefore, yo,...,y, € L’. We conclude
that w € 1, u which exactly says that u < w as desired. The following lemma states that < is a
“well quasi-order”. A proof is available in [4, Proposition 3.10]. This can also be shown using a
simple generalization of the proof of Higman’s lemma.

Lemma 15. Consider an infinite sequence (u;)ien of words in A*. There exist i,j € N such that
1< j and u; X uj.

We may now complete the proof and build the desired cover of the language H C A*. We say
that a word v € H is minimal if there exists no other word u € H such that u < v. Moreover,
we define ' C H as the set of all minimal words of H. By definition, we have u £ u’ for every
u,u’ € F such that u # u/. Hence, it is immediate from Lemma [I5] that F' C H is a finite set.
We define K = {T;u | u € F}. It remains to prove that K is a cover of H. Since K is finite by
definition, we have to prove that for every v € H, there exists u € F' such that v € T u. We fix v
for the proof. If v is minimal, then v € F' and it is clear that v € 1, v since € € L. Assume now
that v is mot minimal. In that case, there exists another word w € H which is minimal and such
that v < v. Since w is minimal, we have v € F. Thus, it suffices to prove that v € T u. Since
u < v, we have v € T;,u by definition. Moreover, since L' C L, it is immediate that 1;u C T u.
Consequently, we obtain that v € 1;u, which completes the proof. O

3.2. Characterization of BPol(G). We are ready to present the characterization. As announced,
we actually characterize the BPol(G)-morphisms. Recall that since BPol(G) is a prevariety, it
suffices to consider unordered monoids by Lemma
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Theorem 16. Let G be a prevariety of group languages and let o : A* — M be a surjective
morphism. Then, a is a BPol(G)-morphism if and only if the following condition holds:

(4) (qr)*(st)* ™t = (qr)*qt(st)*
for every q,r,s,t € M such that (q,s) is a G-pair.

Computing the G-pairs associated to a morphism boils down to G-separation. Hence, in view
of Proposition [7, Theorem implies that if separation is decidable for a prevariety of group
languages G, then membership is decidable for BPol(G).

Remark. The decidability result itself is not new. In fact, it is even known [15] that separation is
decidable for BPol(G) when this is already the case for G. Our main contribution is the algebraic
characterization and its proof, which relies on self-contained language theoretic arguments.

We can also use Theorem [16]in order to reprove well-known results for particular classes G. For
example, since ST = {), A*}, every pair (s,t) € M? is an ST-pair. Hence, using Theorem [I6} one
may verify that a surjective morphism « : A* — M is a BPol(ST)-morphism if and only if the
equation (st)¥“s = (st)¥ = t(st)¥ holds for every s,t € M. This is exactly the characterization
of the class BPol(ST) = BXi1(<) of piecewise testable languages by Simon [I7]. We also get a
characterization of the class BPol(MOD) = BX (<, MOD). Though the statement does not really
simplify in this case, it is easily shown to be equivalent to the one presented in [5]. Finally, there
exists a simple characterization of BPol(GR) presented in [6]: a surjective morphism « : A* — M
is a BPol(GR)-morphism if and only if (ef)” = (fe)¥ for all idempotents e, f € E(M). This is
also a corollary of Theorem Yet, this requires a bit of technical work as well as a knowledge of
the GR-separation algorithm [2] (which one needs for describing the GR-pairs).

Proof of Theorem [16. We first assume that « is a BPol(G)-morphism and prove that it satisfies (4)).
There exists a finite set H of languages in Pol(G) such that for every s € M, the language a~!(s)
is a Boolean combination of languages in H. Since Pol(G) is a positive prevariety, Proposition [§
yields a Pol(G)-morphism n : A* — (N, <) recognizing every H € H. Moreover, Lemma [I0 yields
a G-morphism 8 : A* — G such that for every u,v € A*, if B(u) = B(v), then (n(u),n(v)) € N? is
a G-pair for n. We know that G is a group by Lemma[dl We let n = w(M) x w(N) x w(G).

We may now prove that () holds. Let ¢,r,s,t € M such that (g, s) is a G-pair. We prove that
(qr)@(st)*Tt = (gr)~“qt(st)”. Since B : A* — G is a G-morphism and (g, s) is a G-pair, Lemma [0
yields u,z € A* and g € G such that f(u) = B(x) = g, a(u) = ¢ and a(x) = s. Since « is surjec-
tive, we get v,y € A* such that a(v) = r and a(y) = t. Since G is a group, we have B((uv)") =
B((xy)") = 1g by definition of n. Let v/ = v(uv)"! and y = y(xy)"~!. Since f(u) = f(z) = g,
we get (V") = B(Y) = g7}, Buy') = 1g and B(v'z) = 1g. Hence, by definition of 3, (1x,n(uy’))
and (1y,n(v'z)) are G-pairs. Since n is a Pol(G)-morphism, Theorem yields 1y < n(uy’)
and 1y < n(v'z). We may now multiply to obtain n((uv)™(zy)"*!) < n((uv) uy’(zy)"*!) and
n((wo)uy(zy)™) < n((uwv)"uv'zy(xy)™). By definition of n, ¥’ and ', one may verify that this
implies that n((uv)"(zy)"*") < n((w) uy(zy)") and n((uv) uy(zy)") < n((uv)"(zy)"+). Alto-
gether, we get n((uv)™(xy)") = n((uv)"uy(xy)™). Moreover, since 1 recognizes all H € H by
definition, it follows that (uv)"(zy)"™' € H & (uwv)"uy(zy)” € H for every H € H. Since all
languages recognized by a are Boolean combination of languages in H, we get a((uv)"(zy)" ') =
a((uv)"uy(zy)"™). By definition, this exactly says that (gr)«(st)*T! = (qr)“qt(st)* as desired.

We turn to the converse implication. Assume that « satisfies ({dl). We prove that a is a BPol(G)-
morphism. Lemmal[IQlyields a G-morphism 3 : A* — G such that for every u,v € A*,if B(u) = B(v),
then (a(u), a(v)) is a G-pair. We write L = 37(1g) € G. By hypothesis on G, L is a group language.
Moreover, we have ¢ € L by definition. Given a finite set of languages K, and s,t € M, we say
that K is (s, t)-safe if for every K € K and w,w’ € K, we have sa(w)t = sa(w')t. The argument
is based on the following lemma.
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Lemma 17. Let s,t € M. There exists a BPol(G)-cover of L which is (s,t)-safe.

Before proving Lemma [I7] we first use it to prove that every language recognized by « belongs
to BPol(G), thus concluding the argument. We apply Lemma [I7] with s = ¢ = 1),. This yields
a BPol(G)-cover Ky of L which is (1,7, 1y)-safe. We use it to build a BPol(G)-cover K of A*
which is (17,1p7)-safe. Since L € G and ¢ € L, Proposition [I4] yields a cover P of A* such
that every P € P, there exist n € N and ay,...,a, € A such that P = LayL---a,L. We cover
each P € P independently. Consider a language P € P. By definition, P = LayL---a,L for
ai,...,an € A. Since L € G and K, is a BPol(G)-cover of L, Proposition [ yields a BPol(G)-cover
Kp of P = LaiL---a,L such that for every K € Kp, there exist Ky,..., K, € K satisfying
K C Kya1 Ky -+ apK,,. Since Ky, is (1p7, 1ps)-safe, it is immediate that Kp is (157, 157)-safe as
well. Finally, since P is a cover of A*, it is now immediate that K = (Jpcp Kp is a (1a7, 1a1)-
safe BPol(G)-cover of A*. Since K is (1ps,1ar)-safe, we know that for every K € K, there exists
s € M such that K C a~!(s). Hence, since K is a cover of A*, it is immediate that for every
F C M, the language o~ !(F) is a union of languages in K. By closure under union, it follows that

~1(F) € BPol(G). This exactly says that all languages recognized by a belong to BPol(G).

It remains to prove Lemma [[7l We define a preorder on M? that we shall use as an induction
parameter. Consider (s,t), (s',t') € M2 We write (s,t) <y, (s',t') if there exist z,y € A* such that
xy € L, s = sa(x) and t' = a(y)t. It is immediate that <, is reflexive since we have ¢ = ee € L.
Let us verify that <y is transitive. Let (s,t),(s,t'),(s”,t") € M? such that (s,t) < (s/,#) and
(s',t") <, (s",t"). We show that (s,t) < (s”,t"). By definition, we have zy,2'y’ € L such that
s = sa(z), t' = a(y)t, s’ = sa(z’) and t”" = a(y')t'. Hence, s” = sa(zz’) and t”’ = a(y'y)t.
Moreover, since L = $71(1g), we have B(z2'y'y) = B(xy) = 1, which yields z2'y'y € L. We
conclude that (s,t) <y, (s”,¢"), as desired.

We may now start the proof. Let s,t € M. We construct a BPol(G)-cover K of L which is
(s,t)-safe. We proceed by descending induction on the number of pairs (s',#') € M? such that
(s,t) <p (s',t"). We handle the base case and the inductive step simultaneously. Consider a word
w € L. We say w stabilizes (s,t) if there exist u,v € A* such that wv € T w, sa(u) = s and
a(v)t = t. Observe that by definition, ¢ stabilizes (s t) since we have ee = ¢ € L = Tre. We let
H C L be the language of all words w € L that do not stabilize (s, t). Note that by definition e ¢ H.
We first use induction to build a BPol(G)-cover Ky of H and then complete it to build K. Let us
point out that it may happen that H is empty. This is the base case, it suffices to define Kz = (.

Let P C M? be the set of all pairs (s',#') € M? such that (s,t) <p, (s',#') and (s/,¢') €1, (s,1).
We define ¢ = |P| and write P = {(s},t}),...,(s},t;)}. For every i < ¢, we may apply induction
in the proof of Lemma [T to obtain a BPol(G)-cover K; of L which is (s},t;)-safe. We define
K, ={LNnKin---NKy| K; €K, for every i < ¢}. Since L € G, it is immediate that K, is a
BPol(G)-cover of L which is (s, t')-safe for every (s',t') € P. We use it to construct K.

Lemma 18. There exists an (s,t)-safe BPol(G)-cover Kg of H.

Proof. Since L is a group language such that ¢ € L, Proposition [I4] yields a cover U of H such that
for every U € U, there exist n > 1 and aq,...,a, € Asuchthata;---a, € Hand U = La1L---a,L
(note that n > 1 as e ¢ H). For each U € U, we build an (s, t)-safe BPol(G)-cover Ky of U. Since
U is a cover of H, it will then suffice to define Ky as the union of all covers Kyy. We fix U € U.
By definition, U = LajL- - - a, L where ay---a, € H. Since L € G, ¢ € L and K, is a BPol(G)-
cover of L, Proposition [ yields a BPol(G)-cover Ky of U such that for each K € Ky, we have
K C Ky Ky -+ - a, K, for Ky,..., K, € Kg. It remains to show that K is (s,t)-safe. We fix
K € Ky as described above and w,w’ € K. We show that sa(w)t = sa(w’)t. By definition,
we have w;, w] € K; for all ¢ < n such that w = woajw; - - - apw, and w' = whaw] - - - a,w;,,. We
let u; = woay - wij—1a; and uw, = whay---w,_ja; for 0 < i < n (ug = uy = 5) We also let
Vi = Qip1Wis1 - ApWy and v = i 1wiy - - apwy, (v, = v, = €). Note that u;wjv; = w;_1w;_1vj_,
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for 1 < i < n. Hence, it suffices to prove that sa(uw;v})t = sa(uwiv))t for 0 < i < n. By
transitivity, it will then follow that sa(u,w,v),)t = sa(ugwjv))t, i.e., sa(w)t = sa(w')t as desired.

We fix ¢« < n and show that sa(uwv))t = sa(u;wiv))t. By hypothesis, w;,w, € K;. Since
K; € Ky, is (¢,t')-safe for all (s',¢') € P, it suffices to prove that (sa(u;),a(v))t) € P. There are
two conditions to verify. First, we show that (s,t) <p (sa(u;),a(v})t). By definition of <y, this
boils down to proving that u,v) € L. By definition, wj,w; € K; for every j < n. Moreover, since
K; € Ky, it follows that wj,w;- € L for every j < n by definition of K. It follows that f(w;) =
B(w}) = 1¢ since L = B71(1¢g). Therefore, by definition of u; and v}, we obtain 8(u;) = B(a; - a;)
and S(v)) = B(ai41 - ay). This yields S(u;v)) = (a1 - - - ap). Finally, since a; ---a, € H C L and
L is recognized by /3, we get w,v} € L, as desired. It remains to prove that (sa(u;), a(v))t) €1 (s,t).
By contradiction, assume that (sa(u;), (vi)t) <z (s,t). This yields z,y € A* such that zy € L
and s = sa(u;z) and t = a(yv)t. Since zy € L and wj,w; € L, it is immediate by definition of
u; and v} that u;zyv; € Tp (a1 -+ ay). Hence, ay - - - a,, stabilizes (s,t). This is a contradiction since
a---an € H. O

We are ready to construct the desired (s, t)-safe BPol(G)-cover K of L. Let Kz be the BPol(G)-
cover of H given by Lemma 8 Welet K| = L\ (Ugcxk,, K)- Finally, we define K = {K, } UK.
It is immediate that K is a BPol(G)-cover of L since BPol(G) is a Boolean algebra (recall that
L € G). It remains to verify that K is (s,t)-safe. Since we already know that Ky is (s,t)-safe,
it suffices to prove that for every w,w’ € K|, we have sa(w)t = sa(w')t. We actually show that
sa(w)t = st for every w € K| . Since this is immediate when w = ¢, we assume that w € A1 and
let ay,...,a, € A be the letters such that w = ay - - - a,.

By definition of K|, we know that w ¢ K’ for every K’ € Kpy. Since Ky is a cover of H, it
follows that w ¢ H, which means that w stabilizes (s,t) by definition of H. We get u/,v' € A*
such that u'v" € T w, sa(u') = s and «(v')t = t. Since v/v' € T w, there exist 0 < ¢ < n and
XQy -5 TiyYis- o> Yn € A* which satisfy zo, ..., i1, Zi¥i, Yis1,---,Yn € L, v = z9a1x1 - - a;x; and
v = Y;a4;41%i41 - Qpy. We write u = a1 ---a; and v = a1 -+ - a,. By definition w = wv. We
show that s = sa(ux;) and t = a(y;v)t. Let us first assume that this holds and explain why this
implies st = sa(w)t.

Since uv = w and w € K; C L = 87 1(1g), we have B(u)B(v) = 1g. Let p = w(G). We have
1¢ = B((y;v)?). Thus, since G is a group, it follows that B(u) = B((y;v)?~1y;). By definition of 3,
it follows that (a(u), a((y;v)P~ty;)) is a G-pair. Consequently, we obtain from (@) that,

(ui))* (ol (yav)P~Hyiw) )T = (auzq))” alww) (o ()P~ yiv))”.

We may now multiply by s on the left and ¢ on the right. Since s = sa(ux;) and t = a(y;v)t, this
yields st = sa(uv)t. This concludes the proof since uv = w.

It remains to show that s = sa(ux;) and t = a(y;v)t. We prove the former (the latter is sym-
metrical and left to the reader). For every j such that 0 < j <, we write z; = xjaj41 - Ti—10;2;
(when i = j, we let z; = ;). We use induction on ¢ to prove that s = sa(a; - - - ajz;) for 0 < j <.
Clearly, the case j = i yields s = sa(ay - - - a;x;) which exactly says that s = sa(uz;). When j = 0,
we have 2 = zpa1z1 -+ - a;x; = v’ and sa(u') = s by hypothesis. Assume now that 1 < j <. Since
zj—1 € L and L = B71(1¢), we have B(z;j_1) = B(e) = 1g. Hence, (a(zj_1),1a) is a G-pair by
definition of 3. Applying (@) with the values a(zj_1), a(ajzja; ---aj—1), 1y, 1y yields that,

(5) (alzj1ajzjar - a;—1))” = (a(zj—1azja1 - - - aj—1))  olzj-1).
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By induction hypothesis, we know that s = sa(a; - --a;—12;-1). Since it is immediate by definition
that ai ---aj_12j-1 = a1 ---aj—17-10;2;, we get,

s = sofar---aj_1xj-10;2;)
S(a(a1 tee aj_lznj_lajzj
safar -+~ aj1)((zj 105201 - aj1)) a(zj1)o(a;z))

safay -+ aj1)(e(zj1a5z501 - - aj1))afa;z)) by (@)
s(alar - aj1xj1052))) alar - - aj1a;2)

= sa(ar---ajz;).

))w—i—l

This concludes the proof. O

4. WELL-SUITED EXTENSIONS

We now consider the classes BPol(G1) where G is an arbitrary prevariety of group languages.
In this case as well, we present a generic algebraic characterization, which implies that BPol(G")-
membership is decidable when this is already the case for G-separation. Again, we start with a
preliminary result that we shall use to build Pol(G™)-covers in the proof.

4.1. Preliminaries. Consider an arbitrary morphism « : A* — M and a nonempty word w € A™.
An a-guarded decomposition of w is a tuple (wy, ..., wy4+1) for some n € N such that wy, ..., w41 €
AT are nonempty words, w = wy - - - wy 11 and, if n > 1, then for every i satisfying 1 < i < n, there
exists an idempotent e; € a(A") such that a(w;)e; = a(w;) and e;a(wit1) = a(wit1). We may
now present the statement. We prove it as a corollary of Proposition [I4l

Proposition 19. Let H C AT be a language, o : A* — M be a morphism and L C A* be a group
language such that ¢ € L. There exists a cover K of H such that for each K € K, there exist
a word w € H and an a-guarded decomposition (wi,...,wn41) of w for some n € N such that
K =w L wypLw,y1 (if n=0, then K = {w}).

Proof. We fix k = |M|? for the proof. We define an auxiliary alphabet B. Intuitively, we use the
words in BT to represent the a-guarded decompositions of any word in AT whose length is strictly
greater than k. We write E C a(A™) for the set of all idempotents in «(A™). Consider the following
sets:

B, = {(w,f) €At x F| |w| <2k and a(w)f = a(w)}.

B. = {(e,w,f) € Ex AT x E||w| <2k and ea(w)f = a(w)}.

B, = {(e,w)e Ex A" ||w| <k and ea(w) = a(w)}.
We define B = B, UB, UB.. It is clear from the definition that B is finite. We use it as an
alphabet and define a morphism ~ : B* — A*. Let b € B. There exists a nonempty word w € A"
and e, f € E such that b = (w,f) € By, b = (e,w) € B, or b = (e,w, f) € B.. We define
v(b) = w. Moreover, we write v, : B — A* for the restriction of v to B}. Finally, we say
that a word = € B* is well-formed if x € ByB:B, (in particular, |x| > 2) and z is of the form
x = (w1, f1)(e2,wa, f2) - (en, Wn, fn)(€nt1, wnt1) where f; = ej1q for every i < n. The following
lemma can be verified from the definitions.

Lemma 20. Let by,...,b, € B be letters such that the word v = by ---b,, € BT is well-formed.
Then, (y(b1),...,7v(bm)) is an a-guarded decomposition of the word v(x) € AT.

Intuitively Lemma states that every well-formed word in x € BT encodes an a-guarded
decomposition of some word in AT. We handle the converse direction in the following lemma: for
every word w € AT of sufficient length, there exists an a-guarded decomposition of w which is
encoded by a word in BT.

Lemma 21. For every w € A" such that |w| > k, there exists © € BT which is well-formed and
such that w = ~y(z).
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Proof. We proceed by induction on the length of w. Since |w| > k, there exist ag,...,a; € A and
w' € A* such that w = w'ag---ag. Since k = |M|?, we may apply the pigeon-hole principle to
obtain 4, j such that 0 < i < j <k, a(ag---a;) = a(ap---a;) and a(a;q1---ar) = a(aji1---ag).
Let u=ag---a; and v = a;41---ap. We have u,v € AT, |u] <k and |v| < k. Moreover, w = w'uv.
We consider the idempotent e = (a(a;q1---a;j))¥ € E. By definition, we have a(u)e = a(u) and
ea(v) = a(v). There are now two cases depending on w’'.

Assume first that |w'| < k. In that case |w'u| < 2k which implies that (w'u,e) € B, since
a(u)e = afu). Moreover, we have (e,v) € B, since |v| < k and ea(v) = a(v). Consequently,
x = (wu,e)(e,v) € BT is a well-formed word such that vy(x) = w'uv = w. Assume now that
|w'| > k. Since it is clear that |w'| < |w]|, induction yields a well-formed word 2/ € BT such
that v(z') = w’. By definition 2’ = z”(f,v’) where 2z € B* and (f,v’) € B,. In particular,
we have |[v'| < k and fa(v') = a(v') by definition of B,. Hence, |v'u| < 2k which implies that
(f,v'u,e) € B, since a(u)e = a(u). Moreover, we have (e,v) € B, since |v| < k and ea(v) = a(v).
Let © = 2"(f,v'u,e)(e,v). Clearly, = is well-formed since ' = z”(f,v) is. Moreover, v(x) =
y(@" (f,v"))uv = w'uv = w. This concludes the proof. O

~1(L) C B:. Since L is a group language (over

A) and € € L, one may verify that L. is also a group language (over B.) and ¢ € L.. Let by € By
and b, € B,. We define,

Hy, p, = {z € B} | byzb, € B* is well-formed and ~(byzb,) € H}.

Proposition [[4] yields a finite set Fy,, C Hp,p,. C B} such that {1, x| x € [3,,} is a cover of
Hy, .. We are ready to build our cover K of H C A*. For every word = = by ---b, € B, every

be € By and every b, € B,., we associate the language [x]p, 5, = 7(be)Ly(b1)L - - y(by)Ly(b,) C AT.
Finally, we define,

K={{w}|weHand w <k}U |J | {[zlo6. | 7 € Fyyp,}-
be€By by €By

We now prove Proposition T9 We define L. = 7,

It remains to prove that K is the desired cover of H. First, let us verify that every K € K is of
the form K = wiL---wy,Lw,11 where (wy, ..., w,11) is an a-guarded decomposition of some word
w € H. This immediate if K = {w} for some w € H. We have to handle the case when K = [z]p, 5,
for some = € Fp, .. By definition, € Hy,p, which means that byxb, € B* is well-formed and
v(bezb,) € H. Let by,...,b, € B! be the letters such that = by ---b,. Since bgb; - - - b,b, € B* is
well-formed, Lemma 20 yields that (y(be),y(b1),...,7(bn),v(by)) is an a-guarded decomposition of
v(bexb,) € H. This concludes the proof since K = [z]p, 5, = Y(be)Ly(b1)L - - - (b )Ly (by).

We now prove that K is a cover of H. It is immediate by definition that K is finite. Given
w € H, we exhibit K € K such that w € K. This is immediate if |w| < k: we have {w} € K in that
case. We now consider the case |w| > k. Lemma 2] yields € B* which is well-formed and such
that w = y(x). By definition of well-formed words = = byyb, where y € B, by, € By and b, € B,.
Therefore, since y(z) = w € H, we have y € Hy, 5, by definition. Hence, since {1 2|z € Fp, 5.} isa
cover of Hy,, , we get z € Fy, 3, such that y € 1 z. We prove that w € [2], 5, which concludes the
proof since [z, 5, € K by definition. We have 1, _z = L¢biLe - - - by L where by, ..., b, € B, are the
letters such that by ---b, = 2 € Hy,p,. Therefore, since y € 1_z, this yields xo,...,z, € L. such
that y = zobyxy - - - byxy,. Altogether, it follows that = bpzgbixy - - - byrpb,y. Since w = vy(x), we
get w = y(be)y(x0)y(b1)y(21) - - - Y(bn)y(#n)v(by). Finally, since L. = v, '(L) and o, ...,z € Le,
we have y(z;) € L for every i < n. Hence, we obtain that w € v(bg)Lvy(b1)L---v(bn)L~(b,). This
exactly says that w € [z]p, 5, since by --- b, = z by definition. This concludes the proof. O

4.2. Characterization. We may now present the characterization. As we explained, we actually
characterize the BPol(G")-morphisms. Recall that since BPol(G") is a prevariety, it suffices to
consider unordered monoids by Lemma [6l
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Theorem 22. Let G be a prevariety of group languages, let o : A* — M be a surjective morphism
and S = «(AT). Then, a is a BPol(GT)-morphism if and only if the following condition holds:

(6) (eqfre)*(esfte) ! = (eqfre)“qft(esfte)
for all q,r,s,t € M and e, f € E(S) such that (q,s) is a G-pair.

Again, by Proposition [l Theorem 22l implies that if separation is decidable for a prevariety of
group languages G, then membership is decidable for BPol(G™").

Theorem can also be used to reprove famous results for specific classes G. As seen in Sec-
tion Bl since ST = {), A*}, every pair (s,t) € M? is an ST-pair. Hence, one may verify from
Theorem that a surjective morphism a : A* — M is a BPol(ST™)-morphism if and only if
(eqfre)“(esfte)” = (eqfre)¥qft(esfte) for every q,7,s,t € Sande, f € E(S) (where S = a(AT)).
This is exactly the well-known characterization of the languages of dot-depth one by Knast [7] (i.e.,
the class BPol(ST") = BY1(<,+1)). Additionally, there exists a specialized characterization of
BPol(MOD™) = BX1(<,+1, MOD) in the literature [§]. It can also be reproved as a corollary of
Theorem However, this requires some technical work involving the MOD-pairs.

Proof of Theorem [22. Assume first that « is a BPol(G")-morphism. We show that it satisfies (@]).
By hypothesis, there exists a finite set H of languages in Pol(G™) such that for every s € M, a~!(s)
is a Boolean combination of languages in H. Since Pol(G") is a positive prevariety, Proposition [
yields a Pol(G")-morphism 7 : A* — (N, <) recognizing all H € H. Moreover, Lemma [I0 yields a
G-morphism (3 : A* — G such that for every u,v € A*, if B(u) = B(v), then (n(u),n(v)) € N?is a
G-pair for n. We know that G is a group by Lemma [0l Finally, we let n = w(M) X w(N) x w(G).

We now prove that () holds. Let e, f € E(S) and ¢,r,s,t € M such that (g, s) is a G-pair. We
prove that (eqfre)”(esfte)t = (eqfre)“qft(esfte)”. We let 2,2y € AT such that a(z;) = e
and a(2}) = f (recall that S = a(A™)). Moreover, we let z. = (z;)" and 2y = (2})". Clearly,
a(ze) = e and a(zy) = f. Moreover, 3(z.) = 3(z¢) = 1¢ by definition of n since G is a group. Since
B : A* — G is a G-morphism, Lemma [0 yields u,z € A* and g € G such that g(u) = B(z) = g,
a(u) = q and a(xr) = s. Moreover, let v,y € A* such that a(v) = r and a(y) = t. We let
u = Zetizy, v = vze(zeuzpvze) Y @ = zewzp and ¥ = yze(zewzpyze)" " . We have B(u') = B(u) =
g and B(a') = ﬂ( ) = g. By definition of n, one may also verify that g(u/v") = B(2'y') = 1g.
Therefore, 3(v') = B(y') = g~!. It follows that B(u'y’) = 1g and B(v'2z’) = 1g. Hence, by
definition of 3, (15,7 (u y')) and (1n,n(v'2’)) are G-pairs for 1. Since 7 is a Pol(G")-morphism and
n(ze),n(zp) € E(n(AT)) by definition of n, it then follows from Theorem 3] that n(z.) < n(zeuy ze)
and n(zf) < n(zpv'zzp). One may now multiply to obtain the following inequalities:

(o) @'y )" < on((u) My @y ).
(W) 'y (@y)") < (W) sy (y')").

One may verify from the definitions of u’,v’, 2’, 3’ and n that when put together, these inequalities
imply that n((zeuzpvze) (zexzpyze)" ™) = n((zeuzpvze) uzpy(zexzpyze)"). Since n recognizes all
H € H, this yields (zeuzpvze)"(2ex2fyze)" ™ € H & (2euzpvze) uzpy(zewzpyze)” € H for every
H € H. Finally, since all languages recognized by « are Boolean combination of languages in H,
this implies that these two words have the same image under «. By definition, this exactly says
that (eqfre)(esfte)t! = (eqfre)“qft(esfte)” as desired.

We turn to the converse implication. Assume that « satisfies (@). We prove that « is a BPol(G™)-
morphism. Lemmal[lQ0yields a G-morphism 3 : A* — G such that for every u,v € A*,if f(u) = B(v),
then (a(u), a(v)) is a G-pair. We write L = 37!(1¢) € G. By hypothesis on G, L is a group language.
Moreover, we have € € L by definition. Given a finite set of languages K, and s,t € M, we say
that K is (s, t)-safe if for every K € K and w,w’ € K, we have sa(w)t = sa(w’)t. The argument
is based on the following lemma.

Lemma 23. Let s,t € M. There exists an (s,t)-safe BPol(G1)-cover of L.
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We first apply Lemma 23] to prove that every language recognized by a belongs to BPol(G™").
We apply it in the case when s = ¢t = 1j;. This yields a BPol(G")-cover K, of L which is (1a7, 15/)-
safe. We use it to build a BPol(G)-cover K of A* which is (157, 17)-safe. Since L € G and € € L,
Proposition [I4] yields a cover P of A* such that every P € P, there exist n € N and aq,...,a, € A
such that P = LayL---a,L. We cover each P € P independently. Consider a language P € P.
By definition, P = LayL---a,L for ay,...,a, € A. Since L € G and K, is a BPol(G")-cover of
L, Proposition @ yields a BPol(G")-cover Kp of P = LajL---a,L such that for every K € Kp,
there exist Ky, ..., K, € K|, satisfying K C Kya1K; ---a,K,. Since Ky, is (157, 1ps)-safe, it is
immediate that Kp is (17, 157)-safe as well. Finally, since P is a cover of A*, it is now immediate
that K = (Jpep Kp is a (1a7, Lyr)-safe BPol(G™)-cover of A*. Since K is (157, 1p7)-safe, we know
that for every K € K, there exists s € M such that K C a~!(s). Hence, since K is a cover of A*, it
is immediate that for every FF C M, the language a~!(F) is a union of languages in K. By closure
under union, it follows that a~!(F) € BPol(G"). This exactly says that all languages recognized
by « belong to BPol(GT).

It remains to prove Lemma 23l We define a preorder on M? that we shall use as an induction
parameter. Let (s,t),(s',t') € M2 We write (s,t) <f (¢,t') if either (s,t) = (s/,t') or there
exist z,y € A* and e € E(S) such that zy € L, a(x)e = a(z), ea(y) = a(y), s = sa(z) and
t'" = a(y)t. It is immediate by definition that {Lf is reflexive. Let us verify that it is transitive.
Let (s,t),(s',t),(s",t") € M? such that (s,t) <} (s',¢) and (s/,#') <} (s",#"). We show that
(s,t) <F (", t"). If either (s,t) = (s',¢') or (s/,t') = (s”,¢"), this is immediate. Otherwise,
we have x,y,2',y € A* and e,¢’ € E(S) such that zy,z'y € L, a(x)e = a(z), eay) = aly),
alz)e = a(2)), ealy) = a(y), s = sa(z), t' = a(y)t, s" = sa(z’) and t" = a(y’)t’. Since
L = 7' (1g), it is immediate that zaz'y'y € L. Moreover, a(zx')e’ = a(zz’), da(y'y) = a(y'y),
s" = sa(za’) and t” = a(y'y)t. Hence, (s,t) < (s”,1") as desired.

We may now start the proof. Let s,t € M. We construct a BPol(G")-cover K of L which is
(s,t)-safe. We proceed by induction on the number of pairs (s',¢') € M? such that (s,t) <f (s, t).
The base case and the inductive step are handled simultaneously. First, we define a language
H C L. Let w e L. We say w stabilizes (s,t) if w = ¢ or w € AT and there exists n > 1, an
a-guarded decomposition (wq,...,w,11) of w, an index 1 < i < n, x1,...,24,Yi,-..,Yn € A* and
e € E(S) which satisfy the following conditions:

® Ty, ..., Ti 1, %Y Yitl,---,Yn € L, and,

o sa(wixy -+ wix;)e = s, and,

o ea(ywit1 - YnWny1)t =t
We let H C L as the language of all words w € L which do not stabilize (s,t). Observe that by
definition, we have ¢ ¢ H. We first use induction to build an (s,t)-safe BPol(G")-cover of H.
Then, we complete it to obtain the desired BPol(G™")-cover of L. It may happen that H is empty.
In this case, we do not need induction: it suffices to use () as this BPol(G")-cover.

We let P C M? as the set of all (s/,#') € M? such that (s,t) <} (s,¢') and (s',t') £ (s,1).
We define ¢ = |P| and write P = {(s},t}),...,(s},t;)}. For every i < ¢, we may apply induction
in the proof of Lemma 23] to obtain a BPol(G")-cover K; of L which is (s}, t})-safe. We define
K, ={LNnKin---NK;| K; € K; for every i </{}. Since L € G, it is immediate by definition
that K is a BPol(G™")-cover of L which is (s',t')-safe for every (s',t') € P. We use it to build Kp.

Lemma 24. There exists an (s,t)-safe BPol(G")-cover Ky of H.

Proof. Since L is a group language such that ¢ € L and ¢ ¢ H, Proposition [19 yields a cover U of
H such that each U € U is of the form U = wy L - - - wy, Lwy, 41 where (wq, ..., wy41) is an a-guarded
decomposition of a word w € H. For each U € U, we build an (s, t)-safe BPol(G")-cover Ky of U.
As U is a cover of H, it will then suffice to define Ky as the union of all covers K. We fix U € U.
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By definition of U, U = wi L - - w, Lwy,41 where (wy, ..., w,+1) is an a-guarded decomposition
of aword w € H. Since L € G, e € L and K, is a BPol(G")-cover of L by hypothesis, Corollary
yields a BPol(G")-cover Ky of U such that for each K € Ky, we have K C w1 K -+ w, Kijwp 11
for Ky,..., K, € K. It remains to show that Ky is (s,t)-safe. We fix K € Ky as described
above and u,u’ € K. We show that sa(u)t = sa(u/)t. If n = 0, then K C {w;}. Hence
u = v = wp and the result is immediate. Assume now that n > 1. We get u;,u, € K; for
1 <4 < n such that u = wyug - - WpUpWp41 and v = wyu] -+ - wpuLwp1. For 1 <4 < n, we write
T = wiugws - - - ui—qw; and x, = wiujws - - - ul_yw; (when i = 1, 21 = 2} = wy). Moreover, we write
Yi = Wit1Uip] " WplpWpt1 and y,/ = ’wi+1’u§+1 Wty Wiyt (Yn = Yp, = Wpy1). Observe that for
1 < i < n, we have z;uly, = z;_ju;—1y,_,. Hence, it suffices to prove that sa(z;u;y,)t = sa(z;uly.)t
for 1 < i < n. It will then be immediate by transitivity that sa(xn,u,y,)t = sa(xiujy))t, i.e.
sa(u)t = sa(u')t as desired. We fix ¢ such that 1 <4 < n for the proof.

We have u;, u, € K; by hypothesis. Hence, since K; € K, which is (s, t')-safe for every (¢,t') €
P, it suffices to prove that (sa(x;), a(y.)t) € P. There are two conditions to verify. First, we show
that (s,t) <F (sa(z;), a(y})t). By definition of <}, this boils down to proving that z;y, € L and
there exists e € E(S) such that a(z;)e = a(z;) and ea(y)) = a(y;). We get e € E(S) by definition
of z;,y, as (wy,...,wp41) is an a-guarded decomposition. Moreover, uj,u;- € Kj for every j < n
and since K; € KL, it follows that u],u] € L for every j < n by definition of Kp. Hence,
B(u;) = B(u}) = 1g since L = 5~ 1(1¢). By definition of x; and y, we obtain B(z;) = B(wy - - - w;)
and B(y) = B(wit1 - wpt1). This yields S(x;y) = B(w1 -+ - wpt1). Finally, since (wy, ..., wpt1)
is an a-guarded decomposition of w € H, we have wy - - wn11 = w € H C L. Since L is recognized
by 3, it follows that z;y; € L as desired.

We now prove that (sa(z;),a(y})t) €5 (s,t). We proceed by contradiction. Assume that
(sa(x;), a(yi)t) <& (s,t). We prove that w stabilizes (s, t), contradicting the hypothesis that w € H.
For this purpose, we exhibit z,y € A* and f € E(S ) such that zy € L, (s,t) = (sa(z;z), a(yy.)t),
a(zz)f = a(z;z) and fa(yy) = a(yy;). Since u],u € L for every j < n, this clearly implies that
w stabilizes (s,t) by definition of z; and y, from that a-guarded decomposition (wi,...,wy41) of
w. It remains to exhibit the appropriate z,y € A* and f € E(S). Since (sa(z;), a(yg)t) éz (s,t),
there are two cases. When (sa(x;), a(yi)t) = (s,t), it suffices to choose z = y = ¢ and f = e.
Otherwise, there exist z,y € A* and f € E(S) such that (s,t) = (sa(z;x), a(yy))t), a(z)f = a(x)
and fa(y) = a(y). Hence, the result is also immediate. O

We now define the desired (s, t)-safe BPol(G")-cover K of L. Consider the BPol(G")-cover Ky
of H provided by Lemma R4l We let K| = L\ (Ugck,, &)- Finally, we let K = {K,} UKy. It
is immediate that K is a BPol(G")-cover of L since BPol(G") is a Boolean algebra (recall that
L € G). Tt remains to verify that K is (s,t)-safe. Since we already know that Ky is (s,t)-safe,
it suffices to prove that for every w,w’ € K, we have sa(w)t = sa(w’)t. We actually show that
sa(w)t = st for every w € K . Since this is immediate when w = ¢, we assume that w € A*.

By definition of K, we have w ¢ K’ for every K’ € Kp. Since Ky is a cover of H, it follows
that w ¢ H which means that w stabilizes (s,t) by definition of H. Since w # ¢, we get an
a-guarded decomposition (wi,...,w,+1) of w, some index 1 < i < n, x1,...,T;, Yi,...,y1 € A*
and e € F(S) such that we have z1,...,2—1, %%, Yi—1,.--,Yn € L, sa(wiz - w;z;)e = s and
ea(Yiwiy1 « - Ypwp)t =t. We let u = wq -+ w; and v = w;4q - - Wpy1. We show that s = sa(uz;)e
and t = ea(y;v)t (note that since e is an idempotent, this also implies s = se and t = et) Let us
first assume that this holds and explain why this implies st = sa(w)t.

Since (wq,...,wn+1) is an a-guarded decomposition, there exist an idempotent f € E(S) such
that a(w;)f = a(w;) and fa(w;t1) = a(w;+1). By definition of u and v, we have a(u) f = a(u) and
fa(v) = a(v). Clearly, we have uv = w. Thus, since w € L = 7 1(1¢), we have 3(u)3(v) = 1g Let
p = w(G). We have 1g = B((y;v)P). Thus, since G is a group, it follows that B(u) = B((y:v)? " y;).
By definition of 3, it follows that (a(u),a((y,v)P~ty;)) is a G-pair. Let ¢ = a(u), r = (ZEZ)
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¢ = a((y,v)Ply;) and r’ = a(v). Since we just proved that (q,q’) is a G-pair, we obtain from (@)
that,

(7) (eqfre)”(eq fr'e) ™ = (eqfre)“qfr'(eq fr'e)”.

Since a(u)f = a(u), we have eqfre = ea(uz;)e and qfr’ = a(uv) = a(w). Moreover, since
fa(v) = a(v), we have eq fr'e = ea((y;v)P)e. Hence, since we have s = sa(ux;)e = se and
t = ea(y;v)t = et, it is immediate that seqfre = s and eq fr'et = t. We may now multiply by s on
the left and ¢ on the right in (7)) to obtain st = sqfr't = sa(w)t as desired.

It remains to prove that s = sa(ux;)e and t = ea(y;v)t. We concentrate on s = sa(uz;)e
(the other equality is symmetrical and left to the reader). For every j such that 1 < j < 4,
we write r; = o(w;xj - w;x;)e and u; = wy---wj—1 (we let up = €). We use induction on j
to prove that s = sa(uj)r; for 1 < j < 4. This concludes the argument: when j = i, we get
s = sa(wy - - wi—jw;x;)e. Since u = wy - - - w;, this exactly says that s = sa(ux;)e as desired. The
case j = 1 is immediate by definition: we have sa(wixy---w;z;)e = s. Thus, we now assume
that 2 < j < 4. Since (wy,...,wp+1) is an a-guarded decomposition, there exist an idempotent
f € E(S) such that a(w;—1)f = a(wj—1) and fa(w;) = a(w;). By definition of u; and 7,
we have a(uj)f = a(uj) and fr; = r;. Moreover, since z;_; € L and L = 371(1¢), we have
B(zj—1) = B(e) = 1g. By definition of 3, it follows that (a(xj—1),1ar) is a G-pair. Hence, we may
apply (@) for ¢ = a(xj_1), r = rja(u;) and s =t = 17 to obtain,

(8) (fa(zj-1)fria(u) ) = (fa(zj-1)frio(u) f)o(z;j-1)f.

It follows from induction that s = sa(u;—1)rj—1. Moreover, it is immediate from the definitions

that we have a(u;_1)rj—1 = a(u;j)o(xj_1)r; = a(u;) fa(z;—1)fr;. Therefore, we get,
s = so(uy) fo(zj—1)fr;
= s(aluy) falzj_r)fri)t
= sa(u;)(fa(zj-1)frja(u) ) a(zj-1) fr;
= sa(y))(fa (arj 1) frijo(ug) f)or; by (8)
= s(a(uy)folzj—1)fr;)* (uj)fTJ
= Soz(u])fr].
This exactly says that ¢ = sa(u;)r; which completes the proof. O

5. CONCLUSION

We presented generic algebraic characterizations for classes of the form BPol(G) and BPol(G")
when G is a prevariety of group languages. They imply that membership is decidable for these two
classes as soon as separation is decidable for the input class G. The most natural follow-up question
is whether these two characterizations can be generalized to encompass all classes BPol(C) where C
is an arbitrary prevariety and obtain a characterization similar to the one provided by Theorem [I1]
for Pol(C). This is a difficult question. In particular, it seems unlikely that B Pol(C)-membership
boils down to C-separation in the general case. Indeed, a specialized characterization for the class
BPol(BPol(ST)) is known [14]. Yet, deciding it involves looking at more general question than
BPol(ST)-separation.
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