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Abstract. We introduce labelled sequent calculi for the basic normal non-distri-
butive modal logic L and 31 of its axiomatic extensions, where the labels are
atomic formulas of a first order language which is interpreted on the canonical
extensions of the algebras in the variety corresponding to the logic L. Modular
proofs are presented that these calculi are all sound, complete and conservative
w.r.t. L, and enjoy cut elimination and the subformula property. The introduction
of these calculi showcases a general methodology for introducing labelled calculi
for the class of LE-logics and their analytic axiomatic extensions in a principled
and uniform way.
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1 Introduction

The present paper pertains to a line of research in structural proof theory aimed at
generating analytic calculi for wide classes of nonclassical logics in a principled and
uniform way. Since the 1990s, semantic information about given logical frameworks
has proven key to generate calculi with excellent properties [19]. The contribution of
semantic information has been particularly perspicuous in the introduction of labelled
calculi for e.g. classical normal modal logic [16] and intuitionistic logic [17]], and their
axiomatic extensions defined by axioms for which first-order correspondents exist of a
certain syntactic shape [[10]. Moreover, recently, the underlying link between the prin-
cipled and algorithmic generation of analytic rules for capturing axiomatic extensions
of given logics and the systematic access to, and use of, semantic information for this
purpose has been established also in the context of other proof-theoretic formats, such
as proper display calculi [[L5/1], and relative to classes of logics as wide as the normal
(D)LE-logics, i.e. those logics canonically associated with varieties of normal (distribu-
tive) lattice expansions [7]] (cf. Definition 1.1). In particular, in [[15], the same algorithm
ALBA which computes the first-order correspondents of (analytic) inductive axioms in
any (D)LE-signature was used to generate the analytic rules in a suitable proper display
calculus corresponding to those axioms.
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The algorithm ALBA [6/7] is among the main tools in unified correspondence the-
ory [5], and allows not only for the mechanization of well known correspondence argu-
ments from modal logic, but also for the uniform generalization of these arguments to
(D)LE-logics, thanks to the fact that the ALBA-computations are motivated by and
interpreted in an algebraic environment in which the classic model-theoretic corre-
spondence arguments can be rephrased in terms of the order-theoretic properties of
the algebraic interpretations of the logical connectives. These properties guarantee the
soundness of the rewriting rules applied in ALBA-computations, thanks to which, the
first-order correspondent of a given input axiom (in any given LE-language £) is gen-
erated in a language L* expanding £, which is interpreted in the canonical extensions
of L-algebras.

In the present paper, we showcase how the methodology adopted in [15]] for intro-
ducing proper display calculi for (D)LE-logics and their analytic axiomatic extensions
can be used also for endowing LE-logics with labelled calculi. Specifically, we focus
on a particularly simple LE-logic, namely the basic normal non-distributive (i.e. lattice-
based) modal logic L [413], for which we introduce a labelled calculus and show its ba-
sic properties, namely soundness, completeness, cut-elimination and subformula prop-
erty. Moreover, we discuss, by way of examples, how ALBA can be used to generate
analytic rules corresponding to (analytic inductive) axiomatic extensions of the basic
logic L.

Structure of the paper. Section[2recalls preliminaries on basic normal non-distributive
logic, canonical extensions and the algorithm ALBA, Section 3] presents a labelled cal-
culus for normal non-distributive logic and its extensions. Section M proves sound-
ness, completeness, cut elimination and subformula property for basic normal non-
distributive logic and some of its axiomatic extensions. Section [3] shows that the all
calculi introduced in the paper are proper labelled calculi. We conclude in Section[@l In
Appendix [Al we provide the formal definition of proper labelled calculi and we show
that any calculus in this class enjoys the canonical cut elimination a la Belnap.

2 Preliminaries

2.1 Basic normal non-distributive modal logic, its associated ALBA-language,
and some of its axiomatic extensions

The basic normal non-distributive modal logic is a normal LE-logic (cf. [7i8]]) which
was used in [3/4] as the underlying environment for an epistemic logic of categories and
formal concepts, and in [2] as the underlying environment of a logical theory unifying
Formal Concept Analysis [13] and Rough Set Theory [[18].

Let Prop be a (countable or finite) set of atomic propositions. The language L is
defined as follows:

e=L|TlplerneleVelOpl| O,

where p € Prop. The extended language L*, used in ALBA-computations taking in-
equalities of £-terms in input, is defined as follows:

g=jlmlie YAyl Vo oy my| ey,
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where ¢ € L, and the variables j € NOM (resp. m € CNOM), referred to as nominals
(resp. co-nominals), range over disjoint sets which are also disjoint from Prop. The
basic, or minimal normal L-logic is a set L of sequents ¢ + ¢, with ¢, € L, containing
the following axioms:
prp Lrp pEpVg pAgFrp THOT OpAOg+OpAq)
pFT gkpVgqg pAgrFqg SOLkFL O(pVgrEOpVOgq
and closed under the following inference rules:

$FX XFY pry XFe xryY ¢oFx Ybx  pry pry
pry ex/Pryx/p)  xreAy PV OptOy  Opk Oy

An L-logic is any extension of L with £-axioms ¢ + . In what follows, for any set 2’ of

L-axioms, we let L.2 denote the axiomatic extension of L. generated by 2. Throughout
the paper, we will consider all subsets 2 of the set of axioms listed in the table below.
These axioms are well known from classical modal logic, and have also cropped up in
[2] in the context of the definition of relational structures simultaneously generalizing
Formal Concept Analysis and Rough Set Theory.

(4) OOA OA transitivity (D) DA OA  seriality
(T) DArA reflexivity (C) ©OA +0¢A confluence
B) ArDOCA symmetry

2.2 [-algebras, their canonical extensions, and the algebraic interpretation of
the extended language of ALBA

In the present section, we recall the definitions of the normal lattice expansions canon-
ically associated with the basic logic L, their canonical extensions, the existence of
which can be shown both constructively and non-constructively, and the interpretation
of the extended language L* in the canonical extensions of L-algebras.

An L-algebrais atuple A = (L, &*,0%), where L is a bounded lattice, &* (resp. 0*)
is a finitely join-preserving (resp. finitely meet-preserving) unary operation. That is,
besides the usual identities defining general lattices, the following identities hold:

S(xVy)=0xV Oy Ol =1 O(xAy)=0OxA0Oy oT =T.

In what follows, we let Alg(L) denote the class of L-algebras. Let L be a (bounded)
sublattice of a complete lattice L'.

1. L is dense in L’ if every element of L’ can be expressed both as a join of meets
and as a meet of joins of elements from L. We let K(L") (resp. O(L")) denote the
meet-closure (resp. join-closure) of Lin L. Thatis, K(L") ={ke L' | k= A\ S for
someS CL},and O(L')={oe L’ |o=\/T forsomeT C L}.

2. Lis compactin L’ if, for all S, T € L,if AS <\ T then A S’ < \/ T’ for some
finite S’ C S and 7' C T.

3. The canonical extension of a lattice L is a complete lattice L° containing L as
a dense and compact sublattice. Elements in K(L?) (resp. O(L°)) are the closed
(resp. open) elements of L.
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As is well known (cf. [[14]), the canonical extension of a lattice L exists and is unique
up to an isomorphism fixing L. The non-constructive proof of existence can be achieved
via suitable dualities for lattices, while the constructive proof uses the MacNeille com-
pletion construction on a certain poset obtained from the families of proper lattice filters
and ideals of the original lattice L (cf. [14/11] for details). In the latter case, the ensuing
complete lattice L° can be shown to be perfect, i.e., to be both completely join-generated
by the set J*(L?) € K(L°) of the completely join-irreducible elements of L°, and com-
pletely meet-generated by the set M®(L°) € O(L?) of the completely meet-irreducible
elements of L[

For every unary, order-preserving operation f : L — L, the o-extension of f is
defined first on any k € K(L?) and then on every u € L? as follows:

Ik = A{f(a) laeLandk <a}  f7(u):= \/{f"(k) | k€ K(L°) and k < u}.

The n-extension of f is defined first on every o € O(L°), and then on every u € L° as
follows:

(0) = \/{f(a) laeLanda<o}  f"(u):= /\{f”(o) loe O’ and u < o).

Defined as above, the o- and m-extensions maps are monotone, and coincide with f
on the elements of A. Moreover, the o-extension (resp. (resp. m-extension) of a finitely
join-preserving (resp. finitely meet-preserving) map is completely join-preserving (resp.
completely meet-preserving). This justifies defining the canonical extension of an L-
algebra A = (L,0,9) as the L-algebra A° := (L%, 07, 7). By construction, A is
a subalgebra of A% for any A € Alg(L). In fact, compared to arbitrary L-algebras,
A° enjoys additional properties that make it a suitable semantic environment for the
extended language £ of Section 2.1l Indeed, the lattice reduct of A° is a complete
lattice. Together with the fact that the operations ¢“ and O" do not preserve only fi-
nite joins and meets respectively, but arbitrary joins and meets, this implies, by well
known order-theoretic facts (cf. [9, Proposition 7.34]), that the right and left adjoint
of ©7 and of O" are well defined on A%, which we denote m”’ and ¢~ respectivelyE
and provide the interpretations of the corresponding logical connectives in £*. More-
over, by denseness, A? is both completely join-generated by the elements in K(L°) and
completely meet-generated by the elements in O(L?), and when considering the non-
constructive proof, these families of generators can be further restricted to J*(L°) and
M>(L?), respectively. These generating subsets provide the interpretation of the vari-
ables in NOM and CNOM, respectively. As is well known, for any set 2 of L-sequents,
if K2) = {A € Alg(L) | A E 2} is closed under taking canonical extensions(,]ﬁ then
the axiomatic extension L.2" is complete w.r.t. the subclass Ko(X) = {A% | A € K(2))},

4 For any complete lattice L, any j € L is completely join-irreducible if j # L and forany S C L,
if j = \/ S then j € S. Dually, any m € L is completely meet-irreducible if m # T and for any
SCLifm=ASthenmeS.

> The unary operations m*’ and ¢’ on A°® are the unique maps satisfying the equivalences
O"u<viffu<w’vand *’u <viffu < o™ for all u,v € A°.

¢ By the general theory of unified correspondence (cf. [7]), this is the case of every subset X of
the set of axioms listed at the end of Section 2.1}
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because any non-theorem ¢ + y will be falsified in the Lindenbaum-Tarski algebra A
of L.2, which is an element of K(X) by construction, and hence ¢ + y will be falsified
under the same assignment in A’ given that A is a subalgebra of A°.

2.3 The algorithm ALBA

The algorithm ALBA is guaranteed to succeed on a large class of formulas, called (an-
alytic) inductive axioms, and it can be used to automatically generate labelled calculi
with good properties equivalently capturing the LE-logics axiomatized by means of
those axioms. We refer the reader to [[7, Section 6,8] for the proof of correctness and
success in the general setting of LE-logics. In the present section, we informally illus-
trate how the algorithm ALBA works by means of examples, namely, we run ALBA
on the modal axioms in 2" = {Op + p,p + OCp,Op + Op,O0Op F OOp} computing
their first-order correspondent, which, in turn, can be automatically transformed into an
analytic structural rule of a labelled calculus equivalently capturing the axioms (see the
table at the end of Section[3). In what follows, A denotes an £-algebra, and A? denotes
its canonical extension. We abuse notation and use the same symbol for the algebra and
its domain. We recall that variables j, h and k (resp. m) range in the set of the complete
join-generators (resp. complete meet-generators) of A°.

The following chain of equivalences is sound on A°:

Vp(OOp < Op)
iff VpVjym((G < p & Op <m) = ¢Oj <m) join- and meet-generation, < c. join-preserving
iff Vjym (O <m = 00j <m) Ackermann’s lemma
iff Vj¥hVm (¢j <m = (h < Oj = oh <m))

Indeed, the first equivalence in the chain above is due to the fact that, since the
variable j (resp. m) ranges over a completely join-generating (resp. completely meet-
generating) subset of A% and ¢ is completely join-preserving, we can equivalently
rewrite the initial inequality as follows: Yp(\/{0<0j | j < p} < A{m | Op < m}), which
yields the required equivalence by the definition of the least upper bound and the great-
est lower bound of subsets of a poset. The second equivalence is an instance of the core
rule of ALBA, which allows to eliminate the quantification over proposition variables.
As to the direction from bottom to top, by the monotonicity of <, the inequalities j < p
and Op < m immediately imply ¢j < ¢p < m, from which the required inequality
<©<©j < m follows by assumption. For the converse direction, for a given interpretations
of j and m such that ¢j < m, we let p have the same interpretation as j. Then this inter-
pretation satisfies both inequalities j < p and Op = ¢j < m, from which the required
inequality ©<j < m follows by assumption. The third equivalence immediately follows
from considerations similar to those made for justifying the first equivalence; namely,
that the inequality ©<¢j < m can be equivalently rewritten as \/{Ch | h < Oj} < m,
which yields the required equivalence by the definition of a subset of a poset. Analogous
arguments can be made to justify the following chains of equivalences:

Vp@p < p)
iff YVpVjVm((j<oOp & p<m) = j<m) join- and meet-generation
iff Vjym(j < O0m = j <m) Ackermann’s lemma
Vp(p <aop)

iff VpVjym((j < p & Op <m) = j<Om) join- and meet-generation
iff Vjym (0j <m = j < om) Ackermann’s lemma
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Yp@p < Op)
iff VpVjvm((j<oOop & Op <m) = j<m) join- and meet-generation
iff VpVjVm (¢j < p& Op<m) = j<m) 4 40O adjunction
iff Vjym (O®j <m = j<m) Ackermann’s lemma
iff Vjymik ((k < ¢j = Ok <m) = j <m) join-generation

Vp(oOp < O0Op)

iff VpVjvm((j < op & Op <m) = ¢j < Om) join- and meet-generation
iff VpVjVm((¢j < p & Op <m) = ¢Oj <m) ¢ 4 O adjunction
iff VjVm(O#j <m = ¢0j <m) Ackermann’s lemma

iff Vj¥mvhik ((k < ¢j = ¢k <m) = (h < 0j = eh <m)) join- and meet-generation

The second equivalence in the chain above is based on the existence of the adjoints
of the maps interpreting the original connectives on canonical extensions of L-algebras
(cf. Section 2.2)). Finally, we remark that carrying out the correspondence arguments
above in the algebraic environment of the canonical extensions of L-algebras allows
us to clearly identify their pivotal properties, and, in particular, to verify that no prop-
erty related with the setting of (perfect) distributive lattices (viz. the complete join-
primeness of the elements interpreting nominal variables) is required.

3 The labelled calculus A.L and some of its extensions

In what follows, we use p, g, . . . for proposition variables, A, B, . . . for formulas metavari-
ables (in the original language of the logic), j, 1, ... for nominal variables, m, n, .. . for
conominal variables, J,H, ... (resp. M, N, ...) for nominal terms metavariables (resp.
conominal terms), T for terms metavariables, and I', 4, . . . for meta-structures metavari-
ables. Given p € Prop, j € NOM, m € CNOM, the language of (labelled) formulas,
terms and structures is defined as follows:

formulas > A = p|T|L|AAA|AVA|OA|QCA

nominal terms > J = j| Oj| €
conominal terms >M ::= m|Om | Em
terms > T = J|M
labelled formulas 3 ¢ = jJ<SA|A<m
pure structures 3 * = j<T|T<m
structures > o = a|t
meta-structures > I’ = o | I, I’

*Side condition: j and m do not occur in T.

Let us first recall some terminology (see e.g. [21, Section 4.1]) and notation. A
(A.L-)sequent is a pair I + 4 where I and 4 (the antecedent and the consequent of
the sequent, respectively) are metavariables for meta-structures separated by commas.
An inference r, also called an instance of a rule, is a pair (S, s) of a (possibly empty)
set of sequents S (the premises) and a sequent s (the conclusion). We identify a rule
R with the set of all instances that are instantiations of R. A rule R, also referred to
as a scheme is usually presented schematically using metavariables for meta-structures
(denoted by upper-case Greek letters I,4,11,2,...,1'1,1>,...), or metavariables for
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structures (denoted by lower-case Latin letters: a, b, c,...,ai,as, ... for labelled for-
mulas and #, tp, 13, . . . for pure structures), or metavariables for formulas (denoted by
A,B,C,...A|,A,,..., or metavariables for terms (denoted by j,i,h,...,ji,jo,... for
nominal terms and m,n,o0,...,m;,my,... for conominal terms). A rule R with no
premises, i.e. S = 0, is called an axiom scheme, and an instantiation of such R is called
an axiom. The immediate subformulas of a principal formula (see Definition [I)) in the
premise(s) of an operational inference are called auxiliary formulas. The formulas that
are not preserved in an inference instantiating the cut rule are called cut formulas. If the
cut formulas are principal in an inference instantiating the cut rule, then the inference
is called principal cut. A cut that is not principal is called parametric. A proof of (the
instantiation of) a sequent I” 4 is a tree where (the instantiation of) I" 4 occurs as the
end-sequent, all the leaves are (instantiations of) axioms, and each node is introduced
via an inference. Before providing the list of the primitive rules of A.L, we need two
preliminary definitions.

Definition 1 (Analysis). The specifications are instantiations of meta-structure meta-
variables in the statement of R. The parameters of r € R are substructures of instan-
tiations of (meta-)structure metavariables in the statement of R. A formula instance is
principal in an inference r € R if it is not a parameter in the conclusion of r (except for
switch rules).

(Meta-)Structure occurrences in an inference r € R are in the (symmetric) relation
of local congruence in r if they instantiate the same metavariable occurring in the same
position in a premise and in the conclusion of R, or they instantiate nonparametric
structures in the application of switch rules (namely, in the case of A.LX, occurrences
of labelled formulas j < A and A < m, or occurrences of pure structures j < T and
T < m). Therefore, the local congruence is a relation between specifications.

Two occurrences instatiating a (meta-)structure are in the inference congruence
relation if they are locally congruent in an inference r occurring in a proof n. The proof
congruent relation is the transitive closure of the inference congruence relation in a
derivation m.

Definition 2 (Position). For any well-formed sequent I' + 4,

— The occurrence of a labelled formula j < A (resp. A < m) is in precedent position
ifj <A el (resp. A <m e 4) and it is in succedent position if j < A € 4
(resp. A<mel)

— any occurrence of a pure structure j < T in I (resp. 4) is in precedent (resp. succe-
dent) position; any occurrence of a pure structure T < m in I' (resp. 4) is in
succedent (resp. precedent) position.

We follow the notational conventions as stated in Definition [1, which provides the
so-called analysis of the rules of any proper labelled calculus. In particular, according
to Definition [I] notice that if an occurrence o is a substructure of I7 € {I, I, 4,4’}
occurring in an instantiation r of a rule R € A.L (including axioms, namely rules with
no premises), then o is a parameter of r and every other o is nonparametric in r

7 Therefore, every instantiation of a labelled formula (resp. a pure structure) occurring in R €
AL is nonparametric. For instance, j < p is nonparametric in Idj<,, and A < m, j < 0OA,j <
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moreover, if o occurs in a premise and in the conclusion of r in the same position
(namely, in precedent versus in succedent position: see Definition 2), then these two
occurrences of o are locally congruent in r[ Notice that in the display calculi literature
‘being locally congruent’ usually presupposes ‘being parametric’, but in labelled calculi
this is not anymore the case due to the presence of switch rules (see Remark [I)).

Initial rules”

Wpsm 1, —— 15— — jg'|'|—j<'r1dT

Id;<,

jsprjsp psmrp<m

The initial rules above encode identities for atomic propositions and zeroary con-
nectives, namely the fact that the derivability relation F is reflexive. Identity sequents
of theformj <A + j< A (resp. A <m + A < m) are derivable in the calculus.

Initial rules for T and L*
T;
j

m

Lj

1
j<Lrj<A " B<mrl<m T<mFB<m J<SARj<T

*Side condition: A € {p,A; A A,,0A,} and B € {p, B, V By, OB}

The initial rules for L (resp. T) above encodes the fact that L is interpreted as the
minimal element (resp. T as the maximal element) in the algebraic interpretation.

The cut rules below encode the fact that the derivability relation F is transitive.
Notice that the notion of ‘cut formula’ in standard Gentzen sequent calculi corresponds
to ‘labelled cut formula’ in the present setting. Before defining the cut rules, we need
the following definition.

Definition 3. A labelled formula a is a j-labelled (resp. m-labelled) formula in a deriva-
tion n if the uppermost labelled formulas congruent with a in © are introduced via
IdjS[)’ Lja TJ’ /\P’ /\S > DP’ DS (resp' Id[)Sm’ Lm, Tm, VP’ VS > <>P’ <>S)

Cut rules*
I'rj<A4 I'j<sAv A '+ B<m,4 I' B<mt+ A

Cut
W NVE Il F A4 Ut Bsm

CutjsA

*Side condition: j < A and B < m are in display,
j < Ais aj-labelled formula and B < m is an m-labelled formula.

The switch rules below encode elementary properties of pairs of inequalities with
the same approximant (either a nominal j or a conominal m) occurring in the same
sequent with opposite polarity (namely, the first in precedent position and the second
in succedent position: see Definition[2)). Notice that we might use S as a generic name

Om are all nonparametric in Op. Moreover, according to Definition [I] every instantiation of
a structure (resp. a labelled formula) in the conclusion of initial rules (resp. logical rules) is
principal. For instance, j < p is principal in Id;<, and j < OA is principal in Op.

8 For instance, given an instantiation r of the rule Ag, assuming o € I’ in the first (resp. second)
premise of r, then it occurs in the same position in the conclusion of r, and these two occur-
rences of o are locally congruent in r. Nonetheless, notice that the two occurrences of o in the
premises of r are not locally congruent in r.
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denoting a specific switch rule in the following set. If so, we rely on the context to
disambiguate which rule we are referring to. In particular, the label S is unambiguous
whenever we use it as the name for a rule application in a derivation.

Switch rules*

Lj<Ar j<m,4

LA<m&*r j<m,4

s
S A < m. 4 Irj<A4 )
q Li<Avj<BA4  LAsmrB<md
mm o mrA<md  Lj<Brj<ad Y
Li<sTrj<A4 I'T<m*rA<m4d _,
SmT n . SiT
LA<mtr T<m4 Lj<Arj<T,4
oy DISAFISTA  LA<mrT<md oo
ST rA<mAd  Lj<Trj<Ad
Lj<T v j<T,4 ILT<mrT<mdad _..,
STT'm —— J SjTT

LT<mrtr T <mA Lj<Trj<T,.4

*Side condition: For all the switch rules except Sm and Sj,
j and m do not appear in I" or 4. j (resp. m) in Sm (resp. Sj)
must not appear in the conclusion of the rule.

Remark 1 (Analysis of switch rules). For each instantiation r of R € {STT'm, SjTT'},
the instantiations of j < T” and T” < m (where T” € {T, T’}) are nonparametric and
locally congruent in r (see Definition [I). For each instantiation r of any other switch
rule R, the instantiations of j < C and C < m (where C € {A, B}) are nonparametric and
locally congruent in r (see Definition [I)).

Adjunction rules

o I'r oj<m, 4 I'rj<mmA '
im -
Trj<mm4 Troj<ma '™
I'rj<om4 I'r ¢j<m4
&40 ¢40!

I't+ j<m, 4 I'rj<om A

Structural rules for T and L
' T<m4 I'rj<l1,4
Li<Trj<omd TLi<mr Oj<m4

o

The adjunction rules above encode the fact that unary modalities ¢, m and ¢,O0
constitute pairs of adjoint operators. The structural rules T (resp. L¢) above encodes
the fact that O preserve T (resp. ¢ preserves L).

The logical rules below encode the minimal order-theoretic properties and the arity
of propositional and modal connectives.
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Logical rules for propositional connectives*
I'+j<B4

N Lj<A+ 4 rvj<A4 .
PTj<A A+ 4 T'rj<AAB A s
v I'+A<m,4 '+ B<m,4 I'A;<m+ 4
r T'rAvB<m/ LAVA<mrd °

*Side condition: labelled formula in the conclusion of any logical rule are in display.

We consider the following logical rules for modalities, where Og and ¢p are invert-
ible, but Op and ¢y are not. This choice facilitates a smoother analysis of the rules and
therefore it is preferable whenever the goal is to provide a canonical cut elimination.

Logical rules for modalities*
ILA<mt+ j<oOm4

I'rA<m,4 .
[Lj<OAr j<Om,A T'Fj<oA4 s
Lj<Ar Oj<m,4 I'rj<A4 o

LOA<mroj<md °

or 't OA<m,4

*Side conditions: m (resp. j) must not occur in the conclusion of Og (resp. <p).
Labelled formulas in the conclusion of any logical rule are in display.

Remark 2. The invertible version of Ap, Vg, f Op and Oy are as follows:
A Lj<Aj<Br+r 4 IA<mB<mt+ 4
"TTj<AABF 4 LLAVB<m¢F A

LLOA<m¢*E j<A Oj<m, 4
Os

Ij<oA+r A<m,j<oOmA
ILOA<mF Oj<m,4

Op s .
Ij<DAFr j<Om4
Invertible rules can be used whenever the goal is to facilitate backwards-looking

proof searches. In this case, the initial rules have to be generalized accordingly.

The table below collects the analytic rules, both in the format of display calculi and
in the present format, generated by reading off the ALBA outputs of the corresponding

axioms reported on in Section 2.3

modal axiom display rule labelled rule
@) 0o+ oA SXrY I'r oj<m,4
SOX r Y I’h<ojr oh<m,4
X + 0y '+ j<oOm4
T OAFA —FT
M XrY I'rj<m,A
B) Arooa | 2XEY [roj=mA
X+ oy I'+ j<om,4
D) DAroA | D SeX Y rk<ejr ok<m,4
XrY I'rj<m4
SOX Y Tk<ejr ok<mA
C OA +F OOA C—F——
©© © 8SX Y Th<Ojr ¢h<m, 4
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Where k in rules C and D must not appearin I, 4. Forany 2’ C {(T), (4), (B), (D), (C)},
we let A.LX be the calculus defined by the rules in the sections above plus the additional
rules in the table above corresponding to the axioms in 2. We let A.L := A.L®.

4 Properties of the calculus A.LY

4.1 Soundness

In the present section, we show that, for any 2 C {(T), (4), (B), (D), (C)}, the rules of
A.LX are sound on the class K’(X) := {A° | A | X}. Firstly, let us recall that, as
usual, any A.L-sequent I + A is to be interpreted as “any assignment of the variables
in Prop U NOM U CNOM under which all inequalities in /" are satisfied also satisfies
some inequality in 4”; in symbols: YpVjvm(& I’ = 2 4).

As to the basic calculus A.L, the soundness of the initial rules, cut rules, adjunction
rules, and logical rules for propositional connectives is straightforward. The soundness
of the switch rules hinges on the fact that nominal and co-nominal variables range over
completely join-generating and completely meet-generating subsets of A% for any £-
algebra A. For example, the soundness of Sjm follows from the following chain of
equivalences:

VPRV & T & j< A= j< B 1) validity of premise
iff VEVEVE(&I‘ SVj<A=j<B)® I uncurrying + side condition
iff VpYKYn(& ' = A < B® 29 1) c. join generation

iff VﬁVEVﬁ(&F SVmB<m=A<m)®2PA) c.meetgeneration
iff VpYmVKYR(& M & B<m = A<m%¥2Q4)  currying

Since m does not occur in I” and 4, the rule is also invertible. The verification of the
soundness of the remaining switch rules is similar.

The soundness and invertibility of the introduction rules for the modal connec-
tives hinge on the fact that the operation ¢7 (resp. O") is completely join-preserving
(resp. completely meet preserving) and on the complete- join-generation and meet-
generation properties of the subsets of A% on which nominal and co-nominal variables
are interpreted. For example, the soundness and invertibility of Og is verified via the
following chain of equivalences:

VpViVmVkVi(& I & A<m = j<om® 2 4)  validity of premise
iff VEVjVEVﬁ(&I‘ =>VmA<m=j<om)®294) uncurrying + side condition
iff VPYjVRYR(& I’ = Ym(A <m = &j <m)® 29 1) adjunction
iff VRVIVRYR(& T = ¢j < A 2D 4) c. meet-generation
iff VPVjVRYR(& I = j < 0A® 29 4) adjunction

The soundness of Op immediately follows from the monotonicity of O”. Indeed, fix
an assignment of variables in Prop U NOM U CNOM under which all inequalities in I
and j < DA are satisfied. If such assignment also satisfies A < n, then, by monotonicity,
Jj < DA < On, as required. The proof for the rules ¢p and O is similar.

As to the extended calculus A.LY, the soundness of rule (4) is verified by the fol-
lowing chain of computations holding on the canonical extension of any L-algebra A
such that A | OOp < Op:
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VpYkYiVmYn(& I' = 0j <m % 29 4) validity of premise
then VRVKYj¥mYn(& I' = 00j <m ¥ 29 4) axiom (4)
iff VﬁVEVijVﬁ(& I'=>VYhh<oj=oh<m)®2P4) c.join-generation
iff VpvkYjVmYhvn(& I'&h< Oj= oh<m®294)  currying + h fresh

The key step in the computation above is the one which makes use of the assumption
of axiom (4) being valid on A. Indeed, by the general theory of correspondence for LE-
logics (cf. [[7]), axiom (4) is canonical, hence the assumption implies that (4) is valid
also on A’. Then, as is shown in the computation concerning axiom (4) in Section 23]
the validity of (4) in A? is equivalent to the condition Yj¥m (¢j < m = ©Oj < m)
holding in A°, which justifies this key step. The verification of the remaining additional
rules hinges on similar arguments and facts (in particular, all axioms we consider are
canonical), so in what follows we only report on the corresponding computations.

VpVYKYjYmyn(& I' = j < om ¥ 29 4)  validity of premise
then VﬁVEVijVﬁ(&F Sj<m®2P4)  axiom (T)

VpVKYiVmVn(& I’ = 0j <m® 29 4)  validity of premise
then YpVKYj¥mVa(& I’ = j <om % 29 4)  axiom (B)

VpYKYjYmyn(& I' = j<om ® 29 4)  validity of premise
then VpVkVj¥vmVn(& I’ = 0j <m® 29 4) axiom (B™!)

The soundness of the rule (C) is verified by the following chain of computations
holding on the canonical extension of any L-algebra A such that A | oOp < OOp:

VRV YjVmYkYn(& I & k < j = Ok <m ® 2 1) validity of premise
iff VpVYh'VjvmVn(& I’ = Vk(k < j = Ok <m) % 29 4) uncurrying + side cond.
iff VPYRYjVmYR(& I = Vk(k < 4j = k <mm)® 29 1) adjunction

iff VpYhVjvmVn(& ' = ¢j <mm® 29 1) c. join-generation
iff YpYh'Vjvmyn(& I = 0ej <m® 2 A1) adjunction

then VpYh'Vjivmyn(& I’ = ¢0j <m % 29 A) axiom (C)
iff YpYh'YjYmyn(& I = Oj < om® 29 4) adjunction
iff YpYh'YjYmyn(& I = Vi(i < 0j = i < om) ® 29 4) c. join-generation
iff VpYivhVivmyn(& I'&i< ¢j = i<om¥® 29 1) currying
iff VpYivRViVmVn(& I &i< Oj= #i<m® 29 1) adjunction

Instantiating i as h completes the proof. The key step in the computation above is
the one which makes use of the assumption of axiom (C) being valid on A. Indeed, by
the general theory of correspondence for LE-logics (cf. [[7]]), axiom (C) is canonical,
hence the assumption implies that (C) is valid also on A°. Then, as is shown in the
computation concerning axiom (C) in Section[2.3] the validity of (C) in A% is equivalent
to the condition ¥Yj¥Vm (O#j < m = €<0j < m) holding in A®, which justifies this key
step.

The soundness of the rules (D), (T), (B) is verified in a similar way.



Ve

Labelled calculi for lattice-based modal logics 13

4.2 Syntactic completeness

In the present section, we show that all the axioms and rules of the basic logic are
derivable in A.L, and that for any 2" C {(T), (4), (B), (D), (C)}, the axioms and rules of
LY are derivable in A.LX[]

Thesequentsp + p, L+ p,p+ T,pF pVqg(gF pVg),andpAg+ p(gAp + q)
are trivially derivable with one single application of the rule Idj<,, L., Ty, Vs, and Ap,
respectively. The derivability of the rules “t LA 2 ;vi‘/; X and S HAT ¥ can be
shown by derivations in which the cut rules, Vp, and Ag, respectively, are applied. The
two derivations below show the rules concerning the connectives O and <:

Yy<mroep<m j<orj<y o
"j<opy<mrj<om oy<mj<groj<m 05
j<oprj<oy SY<mr OCp<m r

pry

To show the admissibility of the substitution rule T T

induction on the derivation height of ¢ + ¢ suffices.

As to the axioms and rules of the basic logic L, below, we derive the axioms encod-
ing the distributivity of ¢ over V and L in A.L. The distributivity of O over A and T is
derived similarly.

a straightforward

IdiSA — IdisB

i<Ari<A o5 i<Bri<B
i<ACA<mMFOIi<m A\/s i<B,OB<mF Oi<m Vs
i<AQAVOB<m&F Oi<m i<B,OAVOB<m}F Oi<m
i<AQAVOB<mtFi<mm o4m i<B,OAVOB<m*F i<mm oqm
CAVOB<mmEm<ntA<n CAVOB<mmEm<n*t B<n § M, — _
CAVOB<mEm<ntAVB<n J<lrj=s1
h<AVBOAVOB<m+ h<mm L<mj<lt j<mm
O4m! O4m! - -
h<AVB,OAVOB<mtI OCh<m 1L<mj<OLFJj<m
P T GAVOB<m < AV B) <m T mroL<m

The syntactic completeness for the other axioms and rules of L can be shown in
a similar way. In particular, the admissibility of the substitution rule can be proved by
induction in a standard manner.

As to the axiomatic extensions of L, Let us consider the axiom (4) OOA + OA.
Using ALBA we generate the first order correspondent VjVm (¢0j < m = ¢0j <
m). Further processing the axiom (4) using ALBA we obtain the equivalent first order
correspondent (in the so-called ‘flat form’): Vj¥hVm (¢j < m = (h < ¢j = Oh < m)),
which can be written as a structural rule in the language of ALBA labelled calculi as
follows:

I'r Oj<m,4
I'h<ojr Ch<m,4

We now provide a derivation of the axiom (4) in the basic labelled calculus A.L ex-
panded with the previous structural rule 4.

® That is, we show that, for any £-axiom s = A + B € {(T), (4), (B), (D), (C)}, a derivation exists
in A.L{s} of the sequent j < A + j < B, or equivalently of B<m#+ A <m.

oL
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1d, j<Arj<A
JSAQCA<mMFEOj<m

4 j<ACA<Mh<Ojr Oh<m
J<AOA<mMh<{Ojr h<mm

JSACA<mMmEm<m + oj<m’

CA<mmEm<m +r OA <m’

J<O0ACA<m+ j <mm

JF<OA QA<M Of <m
CA<mF OCA<m

Co4m

P

O4m!

P

Analogously, we provide a derivation of the axioms (T), (B), (D), and (C) in the
basic labelled calculus A.L expanded with the structural rules 7', B, D, and C, respec-
tively.

1ds A<mrA<m O J<Arj<A 1da s
jJ<SOA A<m¢‘t j<Om JSAQCA<mMFOj<m
jJ<SOAA<mtF j<m 0 JSACA<m G j<Om
jJ<oArj<A JSAFRj<OOA
P TTY Ty
PjSDA,ASOl—jSDO
¢40 J<DA,A<ot+ &j<o
u k<®j.j<oArk<aA ° .
A"A<nrA<n O k<@j,j<oA,0A<m+*+ Ok<m s
j<OAA<nrj<oOn ¢P4|:| h<ojj<oAdoA<mr eh<m
j<OA,A<n+ &j<n h<9j,j<DA,0A<m + h<oOm
k<4®jj<oArk<A jJ<SOACA<m,Om<nt Oj<n
k<ejj<odoA<mrok<m % GA<moOm<nromi<n
JSOACA<m*F j<m i<ODA,CA<m+i<Om 0g
CA<m+ OA<m i<ODmAri<ooA

4.3 Conservativity

In the present section, we argue that, for any 2 € {(T), (4), (B), (D), (C)} and all £L-
formulas A and B, if the A.L-sequent j < A + j < B is derivable in A. LY, then the
L-sequent A + Bis an L.X-theorem.

Indeed, because the rules of A.L are sound in the class K°(2) = {A% | A E X},
the assumption implies that A° = YpYj(j < A = j < B) which, by complete join-
generation, is equivalent to ASE Vp(A < B). Since, as discussed in Section2.2] L.X is
complete w.r.t. K%(2), this implies that A + B is a theorem of L., as required.

4.4 Cut elimination and subformula property

As usual in the tradition of display calculi, we first characterize a new class of cal-
culi. The actual definition is given in Appendix [Al Here we just mention that a proper
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labelled calculus is a proof systems satisfying the conditions C,-Cg of Definition
Then, in the appendix, we prove the following general result, namely a canonical cut
elimination theorem a la Belnap for any calculus in this class:

Theorem 1. Any proper labelled calculus enjoys cut-elimination. If also the condition
Cy in Definition|6lis satisfied, then the proof system enjoys the subformula property.

Finally, we obtain that the calculi A.LY introduced in Section[Blenjoys cut elimina-
tion and subformula property thanks to the following result, proved in Section

Corollary 1. ALY is a proper labelled calculus.

S A.LYis a proper labelled calculus

In this section we first show that A.LLX has the display property and then we provide a
proof of Corollary[T]as stated in Section [4.4]

Lemma 1. Let s be any derivable sequent in A.LX. Then, up to renaming of the vari-
ables, every nominal or conominal occurring in s occurs in it exactly twice and with
opposite polarity.

Proof. The proof is by induction on the height of the derivation. The statement is triv-
ially true for the axioms. All the rules in the calculi with the exception of the cut-rules
either (a) introduce two occurrences of a new label, (b) eliminate two occurrences of
the same existing label, or (c) keep the labels in the sequent intact. Before applying
the same reasoning to Cutj<s and Cut,<y,, we must take care of renaming nominals
and conominals in I, ", 4, 4’ to avoid conflicts. Thus, up to substitution, any variable
occurring in a derivable sequent occurs exactly twice.

To prove that A. LY has the display property (see Definition ) we need the following
definition:

Definition 4. Let s = I' + A be any sequent. For any structure o = j < T, (resp. o =
T < m) in I', we say that it has a j-twin (resp. m-twin) iff there exists exactly one
occurrence of j (resp. m) in A.

Proposition 1. For any derivable sequent s = I' + 4 and any structure o = j < T
(resp. o0 =T <m) in I there exists a sequent s' = I"" + A" which is interderivable with
s such that o € I'" and o has a j-twin (resp. m-twin) in s’.

Proof. A sequent s is said to have the j-twin property (resp. m-twin property) iff every
structure of the form j < T (resp. T < m) has a j-twin (resp. m-twin) in 4. Notice
that the conclusions of initial rules satisfy all twin properties trivially. We say that an
inference rule preserves the twin property if the premises having a certain twin property
implies that the conclusion has the same twin property.

All the rules in the basic calculus which do not involve switching of structural terms
(i.e. all the rules except for the rules STm, SmT, STj, ST, STT'm, SJTT’) and the rules
T, B, and C preserve the twin property, since, for each nominal j or conominal m in the
rule, one of the following holds:
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1. each occurrence of j or m remains on the same side in the conclusion as it was in
the premise (adjunction rules, rules for propositional connectives, 7', B);

2. exactly two occurrences of j (resp. m) are eliminated (cut, Sm, Sj, Og, ¢p, D, C)@

3. j (resp. m) does not occur in the premise, and exactly two occurrences of j (resp. m)
are added in the conclusion, one in the antecedent and one in the consequent of the
conclusion (Tg,Le,0p,0s, C).

Notice that rule C occurs both in items 2 and 3 and, in particular, we can assume that
the nominal h in the conclusion of C is fresh (see the proof of Lemma[2).

In the case one of the STm, SmT, STj, SjT, STT'm, SjTT’ rules is applied, the
twin property can be broken, as nominals (resp. conominal) contained in the structural
terms T, T’ switch side without their twin nominals (resp. conominals) doing the same.
LetR = % be an application of any of these rules. Let o € I'} N I'; be a structure
which has a twin in 4; but not in 4,. This is only possible if o is of the formi < T,
(resp. T; < n) and there exists a ¢’ of the form T < m (resp. j < T) for some T
containing i (resp. n) which will appear in I, with j (resp. m) introduced fresh. We can
switch the term T back to the right by using the switch rule applicable to the conclusion
of R, which gives a sequent of the same form as I'; + 4, but with a fresh conominal
(resp. nominal) in the place of m (resp. j). Here, we show the proof for the rules STT'm
and SmT, the proof for other rules being similar.

Li<T rj<T.4 LA<m+r T<m4 .

STT'm 7 - - STj
SITT’ I‘,”I-‘Sml—'I-‘Sm,A Li<Trj<A4 ST

Li<T rj<T,4 INA<m' + T<m',4
Let s’ = I's + 43 be any sequent derived from I, + 4, such that o € I's. If 07 ¢ I3,
it must have been switched to the right by a switch rule, as all other rules leave pure
structures on the left intact. However, whenever a switch rule is applied, the term T
occurs on the right of the sequent and has a twin. Thus, if the last rule of the derivation
is such a switch rule, then o has a twin in s’. If 0’ € I'; and ¢’ has a twin structure,
then we can switch T to right by the application of an appropriate switch rule leading
to a interderivable sequent in which o has a twin. Thus, reasoning by induction, it is
enough to show that o has a twin when it occurs for the first time (by the application
of the switch rule). This is immediate from the fact that the label occurring in o’ € I';
in any switch rule is of the form j < T or T < m where j or m is fresh and also occurs
in 43. Thus switch rules preserve the twin property.

LetR = g : j; be an application of rule (4). Let oo € I'} N I, be a structure which
has a twin in 4 but not in 4,. This is only possible if o is of the form j < T € I" for
some structure T. In this case, after the application of 4 we can reintroduce the relevant
twin structure ¢j < m in the following way.

j<TelF oj<m
4 j<TelLh<ojr oh<m
J<TelLh<ojrh<mm
j<sTelmm<n+t Oj<n

O4m

STT'n

10 Given the result in Lemma [I] notice that this is the same as saying that all occurrences of j
(resp. m) are eliminated, except in the case of cut rules, which have two premises. But, if the
cut formula has a j-twin (resp. m-twin) in /" in the one premise and in 4’ in the other, the
conclusion I, I + A, 4" will still have the j-twin (resp. m-twin) property.
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The rest of the proof now follows by the same inductive algorithm.

We can now prove the display property of the calculus.

Proposition 2. If s = I' + 4 is a derivable A.LLX-sequent, then every structure o oc-
curring in s is displayable (see Definition|[3).

Proof. We prove the display property only for the structures of the form j < T and
Jj < A. The proof for structures of the form T < m and A < m are dual. Let o be
a structure of the form j < T or j < A. By Lemmal[ll j occurs exactly twice in any
derivable sequent. Let o’ be the structure containing the other occurrence of j. If o is a
labelled formula we are done. The set of well-formed pure structures containing j is the
following: {j <m, Oj < m, ®j <m,j < 0Om,j < mm,i < ¢j,i < j}. For any derivable
sequent s = I 4, it is easy to verify the following (by inspection of all the rules in
AL):

(a) if ©j < n (resp.i < Om) occurs in s, then it occurs in 4, given that Og and L
(resp. Op and T) are the only rules introducing such a structure;

(b) if ®j < n (resp.i < mm) occurs in s, then it occurs in 4, given that ¢ and m can be
introduced only via adjunction rules to structures ¢j < n and i < Om which only
occur in 4 by (a);

(c) if any pure structure ¢ € {i < ¢j,i1 < ¢j,0m < n,mm < n} occurs in s, then it
occurs in I, given that they can only be introduced via a switch rule (namely, STm,
STj, STT'm, Sj, TT").

Case (a) and (b). If j (resp. m) occurs in some pure structure ¢j < n or ¢j < n (resp.
i < Omori < mm), then it occurs in 4 and it is displayable through a single application
of an adjunction rule.

Case (c). If j (resp. m) occurs in some pure structure i < ¢j, i < @] (resp. Om < n,
mm < n), then it occurs in I". If we can apply a switch rule moving the relevant complex
term to 4, we reduce ourselves to the previous cases (a) or (b) and we are done. We will
consider the case where a pure structure i < ¢j occurs on the left. All the other cases are
treated analogously. By Proposition[]] there exists a sequence s’ = I'”” + A’ such that s’
is interderivable with s, i < ¢j occurs in I and has an i-twin (resp. n-twin) in s’. Thus,
i occurs in 4’ by definition. By (a) and (b), i can occur in 4’ in one of the structures
i<A,i<mdoi<m,orei <m Ifioccursini < A ori < m, we can apply a switch
rule with i < ©j to reduce ourselves to previous cases. If i occurs in the structure of the
form ¢i < m or i < m, we first apply adjunction and then proceed in the same way.
This concludes the proof of display property for the basic calculus.

In case of the axiomatic extensions, we need to argue that the added rules preserve
the property in Proposition[Il Notice that all the additional rules preserve the Lemmal[ll

In case of rules (7), (B), and (C) no variables nominals or conominals switch side
thus the twin structures are preserved by these rules. (4): The rule 4 moves ¢j from the
right to the left. Thus, the only structure in I which loses the twin property is some
structure o in I” containing j. However, just like in the case of the switch rules we can
switch j back to the right by applying an adjunction followed by a switch rule on h as
follows.
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I'h<dojr Oh<m
I'h<<oj - h<mm
I'mm<nt Oj<n

oA
STT'm

Thus, the twin of o reappears. We can now argue that the existence of an interderivable
sequent with a twin is preserved in a derivation containing an application of this rule in
similar way as we did with the switch rules.

(D): In case of rule D, as the premise contains the structure k < #j, there must be
another structure o € I containing j of the form j < A or j < T. The premise must be
interderivable with a sequent in which o has a twin. However, in the conclusion k does
not occur and j < Om occurs on the right. Thus, o has a twin in the conclusion. All
other nominals and conominals in the premise stay on the same side in the conclusion.
Thus, rule D preserves the property of existence of interederivable sequent with the twin

property.

To show that A.LLY is a proper labelled calculus, we need to verify that A.LY satis-
fies each condition in Definition[6l The verification of the conditions C6 and C7 requires
to preliminarily show the following:

Lemma 2 (Preservation of principal formulas’ approximants). If the sequents s and
s" occur in the same branch b of an A.LX-derivationn, j < A € sandi < A € §
(resp.A <m € sand A < n € §') are congruent in b (see Definition[d), j < A
(resp. A < m) is principal in s and i < A (resp. A < n) is in display in §', then the
term occurring in i < A (resp. A < n) in n can be renamed in a way such that i = j
(resp. n = m), and the new derivation n’ is s.t. © = m modulo a renaming of some
nominal or conominal.

Proof. Assumethatj<Aesandi<Ae€ s (resp.A<me sandA <n € s’) are con-
gruent in the branch b of a derivation r, j < A (resp. A < m) is principal in s and i < A
(resp. A < n) is in display in s’. This means that there is a sub-branch b’ C b connecting
s and s” and the height of s is strictly smaller than the height of 5" in 7, given that j < A
(resp. A < m) is principal in s. If j < A stays parametric in »’, then j = i (resp. m = n).
If not, it means that j < A (resp. A < m) is nonparametric in an even number of appli-
cations of switch rules occurring in b’, given that j < A andi < A (resp. A < m and
A < n) are both approximated by a nominal (resp. conominal) and a single application
of a switch rules changes the nominal (resp. conominal) approximating a formula into
a conominal (resp. nominal). W.l.o.g. we can confine ourselves to consider a branch b’
with exactly two applications of switch rule involving j < A andi < A (resp. m < A)
as nonparametric structures. If a rule R is applied in »’, R is not a switch rule, and x is a
nominal or conominal occurring in a nonparametric strucure in the conclusion of R but
not necessarily occurring in the premise(s) of R, then we can pick x fresh in the entire
sub-branch b”” C b’ connecting the conclusion of R with the sequent s. In the case of
ALY, such rule R is either Op, Og, C, or 4. Therefore, j (resp. m) occurs neither in the
premise nor in any parametric structure in the conclusion of S, where S is any applica-
tion of a switch rules in the branch 4" and s.t. i < A (resp. A < n) is a nonparametric
structure in the conclusion of S'. So, the side conditions of switch rules are satisfied, and
in any application of such S we can switch i for j (resp. n for m).
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We now proceed to check all the conditions C;-Cg defining proper labelled calculi.

Proof. The fact that A.LX satisfies condition C; is proved in Proposition 2l To show
that A.LX satisfies condition Cg we need to consider all possible principal cuts.

Below we consider cut formulas introduced by initial rules and we exhibit a new
cut-free proof that is an axiom as well (notice that axioms are defined with empty con-
texts). The principal cut formulais j < T or j < p, R € {ldj<,,Id+, T,}, and x,y,z are
instantiated accordingly to R (the proof for L < mor p < m, and R € {Idp<,,Id., L,}
is similar and it is omitted).

— g — R
J<xr <Ly JSyrJ=sz T
isxrj<z ~w jJ<xrj<z

Cutjg

Below we consider formulas introduced by logical rules. The side conditions on
logical rules impose that the parametric structures are in display or can be displayed
with a single application of an adjunction rule, therefore we can provide the following
proof transformations where the newly generated cuts are well-defined (in particular
the cut formulas are in display) and of lower complexity (the new cut formulas are
immediate subformulas of the original cut formulas).

The principal cut formula is OA and A is m-labelled formula (see Definition [3)).

i

R e /53 ILA<mtr j<om,4

IA<mt+ j<om,4 0 g I+ A<m A I+ A<mA A<mtr j<m,4
T'rj<oA4 S P Tj<oArj<om A LT rA,ej<mA
Cutjcna - - - &0 - - -
I+ 4, <om,4 ~ L[+ A4,j<oOm, A4

The principal cut formula is OA and A is a j-labelled formula (see Definition[3)): in
this case the original cut is as in the proof above. The principal cut elimination transfor-
mation requires we perform a new cut on the immediate labelled subformulas A < m,
but, given A is a j-labelled formula by assumption, only Cutjcs can be applied, so we
need first to apply the appropriate switch rules changing the approximants of the im-
mediate subformulas A on both branches. In branch m; of the original proof, we can
apply adjunction and derive /A < m + 4j < m where #j < m is the twin structure
(see Definition ) of A < m, so we can apply the rule STj. In branch 7, Proposition[I]
ensures that IV + A < m, 4’ is interderivable with I/, x <m + A < m, A" for some
x formula or x pure structure, where x < m is the twin structure of A < m. Therefore,
we can apply the appropriate switch rule changing the approximant of A. The proof
transformation is detailed below.

T ¥/
IA<mt j<oOm,4 I+ A<m A
S = E e .
A<mtr ¢j<m,4 ;T' I, x<m*tr A<m4" Prop.
Ti<ejri<aa I"i<Ari<xA’

Cut;
LI i<ejri<xad” i=A

LT+ ej<mda
> LT v j<omd,4

¢ 40
CUIASm
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The principal cut formula is A A B and both immediate subformulas are j-labelled
formulas (the case in which at least one immediate subformula is an m-labelled formula
is analogous to the proof transformation step for ©A and it is omitted. The case for AV B
are similar and they are omitted).

ST 1T 73
Frj<A,4 rristd o jsArd L im
Cutyon o, TrFj<A AAyLA T j<ANA v A Cutyon Irj<And I j<A v A
< LT + 4,4 s S LT 4.4

To show that A.LLY satisfies all the other conditions is immediate and it requires
inspecting all the rules in A.LX.

6 Conclusions

In the present paper, we have showcased a methodology for introducing labelled cal-
culi for nonclassical logics (LE-logics) in a uniform and principled way, taking the basic
normal lattice-based modal logic L and some of its axiomatic extensions as a case study.
This methodology hinges on the use of semantic information to generate calculi which
are guaranteed by their design to enjoy a set of basic desirable properties (soundness,
syntactic completeness, conservativity, cut elimination and subformula property). Inter-
estingly, the methodology showcased in the present paper naturally imports the one de-
veloped and applied in [15]] in the context of proper display calculi to the proof-theoretic
format of labelled calculi. Specifically, just like the algorithm ALBA, the main tool in
unified correspondence theory, was used in [[15[1] to generate proper display calculi
for basic (D)LE-logics in arbitrary signatures and their axiomatic extensions defined
by analytic inductive axioms, in the present paper, ALBA is used to generate labelled
calculi for L and 31 of its axiomatic extensions. Similarly to extant labelled calculi in
the literature (viz. those introduced in [16]]), the language of the calculi introduced in
the present paper manipulate a language which properly extends the original language
of the logic, and includes labels. However, the language of these labels is the same
language manipulated by ALBA, the intended interpretation of which is provided by
a suitable algebraic environment, rather than by a relational one; specifically, by the
canonical extensions of the algebras in the class canonically associated with the given
logic. Just like the use of canonical extensions as a semantic environment for unified
correspondence theory has allowed for the mechanization and uniform generalization of
correspondence arguments from classical normal modal logic to the much wider setting
of normal LE-logics without relying on the availability of any particular relational se-
mantics, this same semantic setting allows for the uniform generation of labelled calculi
for LE-logics in a way that does not rely on a particular relational semantics. However,
via general duality theoretic facts, these calculi will be sound also w.r.t. any relational
semantic environment for the given logic, and can also provide a “blueprint” for the
introduction of labelled calculi designed to capture the logics of specific classes of re-
lational structures (cf. [20]). In future work, we will generalize the current results to
arbitrary LE-signatures, and establish systematic connections, via formal translations,
between proper display calculi and labelled calculi for LE-logics.
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Proper labelled calculi

In what follows we provide a formal definition of the display property and proper la-
belled calculi.
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Definition 5 (Display). A nominal j (resp. conominal m) is always in display in a la-
belled formula j < A (resp. A < m), and is in display in a pure structure t ifft = j < T
(resp. t =T <m) for some term T such that j does not occur in T.

A pure structure j < T (resp. T < m) is in display in a sequent s if j (resp. m) is in
display in each structure of s in which it occurs.

A labelled formula j < A (resp. A < m) is in display in a sequent s if j (resp. m) is
in display in each structure of s in which it occurs.

A proof system enjoys the display property iff for every derivable sequent s = I" + A
and every structure o € s, the sequent s can be equivalently transformed, using the
rules of the system, into a sequent s’ s.t. o occurs in display in s’ (in this case we might

say that o is displayable).

Definition 6 (Proper labelled calculi). A proof system is a proper labelled calculus if
it satisfies the following list of conditions:

C: Preservation of formulas. Each formula occurring in a premise of an inference r
is a subformula of some formula in the conclusion of r.

C,: Shape-alikeness of parameters and formulas/terms in congruent structures. (i)
Congruent parameters are occurrences of the same (meta-)structure (i.e. instantiations
of structure metavariables in the application of a rule R except for switch rules); (ii) in-
stantiations of labelled formulas in the application of switch rules (in the case of A.LX,
occurrences of the form j < C and C < m) are congruent and the formulas in these
occurrences instantiate the same formula metavariable (namely C); (iii) instantiations
of pure structures in the application of switch rules (in the case of A.LZ, occurrences of
the form j <T” and T < m) are congruent and exactly one term in these occurrences
instantiate the same term metavariable (namely T” ).

Cs: Non-proliferation of parameters and congruent structures. (i) Each parameter in
an inference r is congruent to at most one constituent in the conclusion of r. (ii) Each
nonparametric structure in the instantiation r of a switch rule R is congruent to at most
one nonparametric structure in the conclusion of r.

Cy: Position-alikeness of parameters and congruent structures. Congruent parame-
ters and congruent structures occur in the same position (i.e. either in precedent posi-
tion or in succedent position) in their respective sequents.

Cs: Display of principal constituents. If a labelled formula a is principal in the con-
clusion of an inference r, then a is in display.

C.: Display-invariance of axioms and structural rules. If a structure o occurs in the

. S1yeey S . .
conclusion s of a structural rule —"""_R (where R is an axiom whenever the

set of premises is empty), then either o occurs in display in s, or a structure o’ and
a sequent §' exist s.t. o’ is in display in s', and s’ is derivable from s via application
of switch and adjunction rules only, and o and o’ are congruent in this derivation.
Moreover, if the rule R is an axiom, then ~ g~ R is an axiom of the calculus as well.
Cs: Closure under substitution for succedent parts. Each rule is closed under simul-
taneous substitution of (sets of) arbitrary structures for congruent labelled formulas
occurring in succedent position.

' Notice that we are not requiring that every meta-structure is displayable.
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C7: Closure under substitution for precedent parts. Each rule is closed under simul-
taneous substitution of (sets of) arbitrary structures for congruent labelled formulas
occurring in precedent position.

where T is a multi-set of structures and o |a means that & are substituted for a.

This condition caters for the step in the cut-elimination procedure in which the cut
needs to be “pushed up” over rules in which the cut-formula in succedent position is
parametric.

Cs: Eliminability of matching principal constituents. This condition requests a stan-
dard Gentzen-style checking, which is now limited to the case in which both cut formu-
las are principal, i.e. each of them has been introduced with the last rule application of
each corresponding subdeduction. In this case, analogously to the proof Gentzen-style,
condition Cg requires being able to transform the given deduction into a deduction with
the same conclusion in which either the cut is eliminated altogether; or is transformed in
one or more applications of the cut rule(s), involving proper subformulas of the original
cut-formula.

We now provide the proof of Theorem [ stated in Section [4.4]

Proof. The proof is close to the proofs in [12] and [22| Section 3.3, Appendix A].
As to the principal move (i.e. both labelled cut formulas are principal), condition Cg
guarantees that this cut application can be eliminated. As to the parametric moves (i.e. at
least one labelled cut formula is parametric), we are in the following situation:

ST S
(I'y v A)[ay, 1" (I v 4))[a,, 1P
my tim
(1 + 2)la]™ (I' v Dla]"
Inrvx.4

where we assume that the cut labelled formula a is parametric in the conclusion of
(the other case is symmetric), and (I" + A)[a]?™ (resp. (II + 2)[a]**“) means that a occur
in precedent (resp. succedent) position in I" + 4 (resp. I1 + 2).

Conditions C,-C4 make it possible to follow the history of that occurrence of a,
since these conditions enforce that the history takes the shape of a tree, of which we
consider each leaf. Let a,, (abbreviated to a, from now on) be one such uppermost-
occurrence in the history-tree of the parametric cut term a occurring in 7, and let 7 ;
be the subderivation ending in the sequent I'; + 4;, in which a, is introduced.

Wansing’s parametric case (1) splits into two subcases: (la) a, is introduced in
display; (1b) a, is not introduced in display. Condition C guarantees that (1b) can only
be the case when a, has been introduced via an axiom.

If (1a), then we can perform the following transformation:

TT ‘m ST
(I v 4p)la, )P 1+ 2)[al™ I v A)[a, 1P Cut
. . T+ 2.4, ut
2T )
(T + D)[a]*™ (I - Hla) S ({1, 2}/l
Cut

I+ 2,4 > I,r+2,4
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where m;, [{II,2}/a] is the derivation obtained by m, by substituting /7,2 for a in 712
Notice that the assumption that a is parametric in the conclusion of 7, and that a, is
principal implies that m, has more than one node, and hence the transformation above
results in a cut application of strictly lower height. Moreover, condition C; implies that
Cut’ is well defined and the substitution of {/7, 2} for a in m, gives rise to an admissible
derivation m; [{I1, 2}/a]P" in the calculus (use Cg for the symmetric case). If (1b), i.e. if
a, is the principal formula of an axiom, the situation is illustrated below in the derivation
on the left-hand side:

ST
{1+ 2)al™ I v A)la, ,
I r o4 Cut
(i v 4)[a, ) ¥
Eﬂ'l 571'2 (I v 4)I1, 2} a]
(T + )[a]™ (I + Dlay™ 7y ({11, 2} /a)
LTz A e ,rv 5,4

where (I'; + 4)[a,]P[a]** is an axiom. Then, condition C; implies that some sequent
(Il v ADla, )P la]*™ exists, which is display-equivalent to the first axiom, and in which
a, occurs in display. This new sequent can be either identical to (I'; + 4;)[a,]"[a]®™",
in which case we proceed as in case (1a), or it can be different, in which case, condition
C. guarantees that it is an axiom as well. Further, if 7 is the derivation consisting of
applications of adjunction and switch rules which transform the latter axiom into the
former, then let 7’ = n [{{l,X}/a,]. As discussed when treating (1a), the assumptions
imply that , has more than one node, so the transformation described above results in a
cut application of strictly lower height. Moreover, condition C; implies that Cut’ is well
defined and substituting {/, 2’} for a, in 7, and in 7 gives rise to admissible derivations
7y [{I1,2}/a,] and 7’ in the calculus (use Cg for the symmetric case).

As to Wansing’s case (2), assume that a,, has been introduced as a parameter in the
conclusion of 7, ; by an application r of the rule R.

Therefore, the transformation below yields a derivation where 7| is not used at all
and the cut is not applied.

PT
(i + 4)la, 17" 7,
tm L7 i = )L 2 a]
{1 F 2)[a]™ (I' + Dlal™ sy [{I1, 2}/ al
I.rrx.4 U OrezA

From this point on, the proof proceeds like in [22].

12 Notice that the writing 7, [{/1,X}/a] does not mean that /7 and X remain untouched in 7,
namely it does not mean that every sequent in 1, is of the form I7, I + X', A” for some I, 4" .
Indeed, structures in /7 or in 2 might play the role of active structures in some applications of
switch rules occurring in 7, if any.
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