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ABSTRACT. Fixpoints are ubiquitous in computer science as they play a central role in
providing a meaning to recursive and cyclic definitions. Bisimilarity, behavioural metrics,
termination probabilities for Markov chains and stochastic games are defined in terms of
least or greatest fixpoints. Here we show that our recent work which proposes a technique
for checking whether the fixpoint of a function is the least (or the largest) admits a natural
categorical interpretation in terms of gs-monoidal categories. The technique is based on
a construction that maps a function to a suitable approximation. The compositionality
properties of this mapping are naturally interpreted as a gs-monoidal functor. This guides
the development of a tool, called UDEfix that allows us to build functions (and their approx-
imations) like a circuit out of basic building blocks and subsequently perform the fixpoints
checks. We also show that a slight generalisation of the theory allows one to treat a new
relevant case study: coalgebraic behavioural metrics based on Wasserstein liftings.

1. INTRODUCTION

Graph compositionality has always been an important part of the theory of graph
rewriting. For instance, one way to explain the double-pushout approach [19] is to view the
graph to be rewritten as a composition of a left-hand side and a context, then compose the
context with the right-hand side to obtain the result of the rewriting step.

Several algebras have been proposed for a compositional view on graphs, see for in-
stance [9, 23, 11]. For the compositional modelling of graphs and graph-like structures it
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has in particular proven useful to use the notion of monoidal categories [24], i.e., categories
equipped with a tensor product. There are several variants of such categories, such as gs-
monoidal categories, that have been shown to be suitable for specifying term graph rewriting
(see e.g. [21, 22]). In essence gs-monoidal categories describe graph-like structures with ded-
icated input and output interfaces, operators for disjoint union (tensor), duplication and
termination of wires, quotiented by the axioms satisfied by these operators. Particularly
useful are gs-monoidal functors that preserve such operators and hence naturally describe
compositional operations.

We show that gs-monoidal categories and the composition concepts that come with
them can be fruitfully used in a scenario that — at first sight — might seem quite unrelated:
methods for fixpoints checks. In particular, we build upon [8, 6] where a theory is proposed
for checking whether a fixpoint of a given function is the least (greatest) fixpoint. The
theory applies to a variety of fairly diverse application scenarios, such as bisimilarity [28],
behavioural metrics [17, 31, 12, 4], termination probabilities for Markov chains [3] and
simple stochastic games [13]. Such theory applies to non-expansive functions of the kind
f: MY — MY, where M is a set of values and Y is a finite set. More precisely, M is an
MV-chain, i.e., a totally ordered complete lattice endowed with suitable operations of sum
and complement, a prototypical example being the interval [0, 1] with truncated sum.

The rough idea consists in mapping such functions to corresponding approximations,
whose fixpoints can be computed effectively and give information on the fixpoints of the
original function.

Here we show that the approximation framework and its compositionality properties can
be naturally interpreted in categorical terms. This is done by introducing two gs-monoidal
categories in which the concrete functions respectively their approximations live as arrows,
together with a gs-monoidal functor, called #, mapping one to the other. Besides shedding
further light on the theoretical approximation framework of [6], this view guided the reali-
sation of a tool, called UDEfix that allows to build functions (and their approximations) like
a circuit out of basic building blocks and subsequently perform the fixpoints checks.

The function characterising the system to be checked is viewed as a (hyper)graph whose
edges represent some basic building blocks. On the one hand, the graphical interpretation
naturally combines with the underlying theory which builds the approximation of a complex
function compositionally out of the approximation of the basic components. On the other
hand, it leads to an intuitive visual representation which inspires the development of the
tool UDEfix.

We also show that the functor # can be extended to deal with functions f: MY — MY,
where Y is not necessarily finite, becoming a union of lax functors. We prove some properties
of this functor that enable us to give a recipe for finding approximations for a special type of
functions: predicate liftings that have been introduced for coalgebraic modal logic [26, 29].
This recipe allows us to include a new case study in the machinery for fixpoint checking:
coalgebraic behavioural metrics, based on Wasserstein liftings.

The paper is organized as follows: In Section 2 we give some high-level motivation,
while in Section 3 we review the theory from [6]. Subsequently in Section 4 we introduce
two (gs-monoidal) categories C, A (of concrete and abstract functions), investigate the
properties of the approximation map # between these categories. We then show how to
handle predicate liftings (Section 5) and behavioural metrics (Section 6) in that setting.
Next, for the finitary case, we show that the categories C, A are indeed gs-monoidal and #



FIGURE 1. Two probabilistic transition systems.

is gs-monoidal functor (Section 7) and lastly discuss the tool UDEfix in Section 8. We end
by drawing some conclusions (Section 9).

This article is an extended version of the paper [5] presented at ICGT ’23. With respect
to the conference version, the present paper contains additional explanations and examples
and full proofs of the results.

2. MOTIVATION

We start with some motivations for our theory and the tool UDEfix, which is based on
it, via a case study on behavioural metrics. We consider probabilistic transition systems
(Markov chains) with labelled states. These are given by a finite set of states X, a function
n: X — D(X) mapping each state z € X to a probability distribution on X and a labelling
function £: X — A, where A is a fixed set of labels (for examples see Figure 1). Our aim
is to determine the behavioural distance of two states, whose definition is based on the so-
called Kantorovich or Wasserstein lifting [32] that measures the distance of two probability
distributions on X, based on a distance d: X x X — [0,1]. In more detail: given d, we
define dP: D(X) x D(X) — [0,1] as

dP (p1,p2) = inf{ Z d(z1,22) - t(w1,22) [t € (p1,p2)}

z1,x20€X

where I'(p1, p2) is the set of couplings of p1, ps (i.e., distributions t: X x X — [0, 1] such that
Y eex HT1,22) = p1(z1) and Yy t(21,72) = p2(72)). The Wasserstein lifting gives in
fact the solution of a transport problem, where we interpret pi, p2 as the supply respectively
demand at each point x € X. Transporting a unit from x; to zg costs d(z1,z2) and t is a
transport plan (= coupling) whose marginals are p1, ps. In other words dP(p1,p2) can be
seen as the cost of the optimal transport plan, moving the supply p; to the demand ps.

The behavioural metric is then defined as the least fixpoint of the function W: [0, 1]¥*X —
[0, 1]X*X where W(d)(z1, 2) = 1 if £(z1) # £(x2) and W(d)(z1, x2) = dP (n(x1), n(z2)) oth-
erwise. For instance, the best transport plan for the system on the left-hand side of Figure 1
and the distributions n(1),n(2) is ¢t with ¢(3,3) = 1/3, ¢(3,4) = /6, t(4,4) = 1/2 and 0 oth-
erwise.

One can observe that the function W can be decomposed as

W = max, o(cj, ® (n x n)* o min, 0D),

where ® stands for disjoint union (on functions) and we use the functions given in Table 1.
Note that the operators can be generalised to the case in which the underlying sets are
infinite, by replacing min and max with inf and sup. More concretely, the types of the
components and the parameters k, u, p are given as follows, where ¥ = X x X:
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Function Ck g* min,, max,, avp =D

k:Z—-M|g:Z—=Y | wY—=>Z wY -2 |M=]0,1], Z=D()

Name constant | reindexing minimum maximum expectation
a— ... k aog Az. min a(y) | Az. max a(y) | Az. Y. z(y) - a(y)
u(y)== u(y)== yey

TABLE 1. Basic functions of type MY — M%, a: Y — M.

[0,1]" I
a
[0,1]"

+ maxp s

min x n)*
2] [0, 1)) - [0, 1]PCO*PX) ) [0,1]"

[0,1*

FIGURE 2. Decomposition of the fixpoint function W for computing be-
havioural metrics.

: [0, ] — [0,1]Y where k(z,2') = 1 if £(x) # £(2") and 0 otherwise.
$[0,1)Y — 0, ] P,
e min,: [0,1]P0) — [0, 1]PCIXPE) where u: DY) — D(X) x D(X), u(t) = (p,q)
with p(:L’) = Zx reX t(x, "), q(x) = Zx’EX t(a', ).
o (1 xn)*: [0, 1]PEPE) — o, 1]¥

e max,: [0,1]¥*Y — [0,1]Y where p: Y +Y — Y is the obvious map from the co-
product (disjoint union of sets) Y +Y to Y.

In fact, this decomposition can be depicted diagrammatically, as in Figure 2.

The function W is a monotone function on a complete lattice, hence it has a least
fixpoint by Knaster-Tarski’s fixpoint theorem [30], which is the behavioural metric. By
giving a transport plan as above, it is possible to provide an upper bound for the Wasserstein
lifting and hence there are strategy iteration algorithms that can approach a fixpoint from
above. The problem with these algorithms is that they might get stuck at a fixpoint that
is not the least. Hence, it is essential to be able to determine whether a given fixpoint is
indeed the smallest one (cf. [2]).

Consider for instance the transition system in Figure 1 on the right. It contains two
states 1,2 on a cycle. In fact these two states should be indistinguishable and hence, if
d = pWV is the least fixpoint of W, then d(1,2) = d(2,1) = 0. However, the metric a with
a(1,2) = a(2,1) = 1 (0 otherwise) is also a fixpoint and the question is how to determine
that it is not the least.

For this, we use the techniques developed in [6] that require, in particular, that W is non-
expansive (i.e., given two metrics dy, dg, the sup-distance of W(d1), W(dz) is smaller or equal
than the sup-distance of dy,ds). In this case we can associate VW with an approximation
W, on subsets of X x X such that, given Y C X x X, the set W4 (Y”) intuitively contains
all pairs (z1,z2) such that, decreasing function a by some value § over Y’, resulting in a
function b (defined as b(x1,z2) = a(x1,x2) — d if (x1,22) € Y and b(x1,22) = a(z1,x2)
otherwise) and applying W, we obtain a function W (b), where the same decrease takes place
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at (z1,22) (L.e., W(b)(21,22) = W(a)(x1,22)—0). Concretely, here Wy ({(1,2)}) = {(2,1)},
since a decrease at (1,2) will cause a decrease at (2,1) in the next iteration. In fact the
greatest fixpoint of W4, which here is {(1,2),(2,1)}, gives us those elements that have a
potential for decrease (intuitively there is “slack” or “wiggle room”) and form a vicious
cycle as above. It holds that a is the least fixpoint of W iff the the greatest fixpoint of Wy
is the empty set, a non-trivial result proved in [6].

The importance of the decomposition stems from the fact that the approximation is
compositional, that is W4, can be built out of the approximations of max,, cx, (6 x 0)%,

min,, D = avp, which can be easily determined (see Table 2).

The function D can be obtained as the predicate lifting of the distribution functor D
(see Section 5). But for general functors, beyond D, the characterization is still missing and
will be provided in this paper.

We anticipate that in our tool UDEfix we can draw a diagram as in Figure 2, from which
the approximation and its greatest fixpoint is automatically computed in a compositional
way, allowing us to perform such fixpoint checks.

3. PRELIMINARIES

This section reviews some background used throughout the paper. This includes the
basics of lattices and MV-algebras, where the functions of interest take values. We also
recap some results from [6] useful for detecting if a fixpoint of a given function is the least
(or greatest).

We will also need some standard notions from category theory, in particular categories,
functors and natural transformations. The definition of (strict) gs-monoidal categories is
spelled out in detail later in Definition 7.1.

For sets X, Y, we denote by P(X) the powerset of X and P;(X) the set of finite subsets
of X. The set of functions from X to Y is denoted by Y ¥.

A partially ordered set (P, C) is often denoted simply as P, omitting the order relation.
For z,y € P, we write x C y when x C y and = # y. For a function f : X — P, we
will write arg mingc x f(z) to denote the set of elements where f reaches the minimum, i.e.,
{re X |Vy e X. f(z) C f(y)} and, abusing the notation, we will write z = arg mingecx f(x)
instead of z € argmingcx f(z). The join and the meet of a subset X C P (if they exist)
are denoted | | X and [ X.

A complete lattice is a partially ordered set (IL, C) such that each subset X C L admits
a join | | X and a meet [ | X. A complete lattice (L, C) always has a least element | =[]L
and a greatest element T = | |L.

A function f : L — L is monotone if for all [,I’ € L, if [ T I’ then f(I) C f(I'). By
Knaster-Tarski’s theorem [30, Theorem 1], any monotone function on a complete lattice has
a least fixpoint pf and a greatest fixpoint v f, characterised as the meet of all pre-fixpoints
wf=THl| f(I) E} and, dually, a greatest fixpoint vf = | |[{l | I C f(I)}, characterised as
the join of all post-fixpoints. We denote by Fiz(f) the set of all fixpoints of f.

For a set Y and a complete lattice L, the set of functions LY = {f | f: Y — L} with
pointwise order (for a,b € LY, a C b if a(y) C b(y) for all y € Y), is a complete lattice.

We are also interested in the set of finitely supported probability distributions D(Y) C
[0,1]Y, i.e., functions 3 : Y — [0, 1] with finite support such that Zer Bly) = 1.



Definition 3.1 (MV-algebra). An MV-algebra [25] is a tuple M = (M,®,0, (-)) where
(M, ®,0) is a commutative monoid and (-) : M — M maps each element to its complement,
such that, if we define 1 = 0 and subtraction x Sy = x @ y, then for all z,y € M it holds
that

(1) T =u=;

(2) zd1=1;

(3) (roy)dy=(yor) o

MV-algebras are endowed with a partial order, the so-called natural order, defined for
z,y € M,byz Cyif @2z =y for some z € M. When C is total, M is called an MV-chain.
We will often write M instead of M.

The natural order gives an MV-algebra a lattice structure where 1. =0, T =1, z Uy =
(zoy)®yand zMNy =TUY = xS (r6y). We call the MV-algebra complete if it is a
complete lattice, which is not true in general, e.g., ([0,1] N Q, <).

Example 3.2. A prototypical MV-algebra is ([0, 1], ®, 0, (-)) where z & y = min{z + y, 1},
T=1—2and z©y =max{0,z —y} for z,y € [0,1]. The natural order is < (less or equal)
on the reals. Another example is K = ({0,...,k},®,0,(:)) where n ® m = min{n + m, k},
7 =k—nand n6&m = max{n—m, 0} for n,m € {0, ..., k}. Both MV-algebras are complete

and MV-chains.

We next briefly recap the theory from [6] which will be helpful in the paper for checking
whether a fixpoint is the least or the greatest fixpoint of some underlying endo-function.
For the purposes of the present paper we actually need a generalisation of the theory which
provides the approximation also for functions with an infinite domain (while the theory in [6]
was restricted to finite sets). Hence in the following, sets Y and Z are possibly infinite.

Given a € MY we define its norm as |a| = sup{a(y) | y € Y}. A function f : MY — M?
is non-expansive if for all a,b € MY it holds |f(b) © f(a)| C |b© a|. It can be seen that
non-expansive functions are monotone. A number of standard operators are non-expansive
(e.g., constants, reindexing, max and min over a relation, average in Table 1), and non-
expansiveness is preserved by composition and disjoint union (see [6, Theorem 5.2]). Given
Y’ CY and 6 € M, we write dys for the function defined by dy/(y) = 0 if y € Y’ and
dy:(y) = 0, otherwise.

Let f: MY - MY, a € MY and 0 C 6 € M. For a non-expansive endo-function
f:MY — MY and @ € MY, the theory in [6] provides a so-called a-approximation fy of

f, which is an endo-function over a suitable subset of P(Y"). More precisely, for a,b € MY,
let [a,b] = {c€ MY |aCcCb}andlet [Y]* = {y € Y | a(y) # 0}. Consider the functions
a®d : P([Y]Y) = [a©6,a] and v*0 : [a ©d,a] — P([Y]?), defined, for Y' € P([Y]*) and
belaod,al, by
a®(Y') = a© by 72 (b) = {y € [Y]* | aly) © b(y) 2 6}

For a non-expansive function f : MY — M? and § € M, define f;";: P(Y]*) —
P([2)/ @) as f;é"s = ~f(0):0 5 f 6020 The function f;;’é is antitone in the parameter § and
we define the a-approzimation of f as

rs=Ur
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For finite sets Y and Z there exists a suitable value L‘} 70, such that all functions f;’é
for0C 6 C L‘} are equal. Here, the a-approximation is given by fj; = fié for § = L‘}.

Let §, = min{a(y) | y € [Y]*} be the least non-zero value assumed by a function a.
When 6 C 4,, the pair (a®®,7*°) is a (contra-variant) Galois connection, a notion at the
heart of abstract interpretation [15, 16], and fj;"s = Af(0):0 5 f o a9 is the best correct
approximation of f.

Intuitively, given some Y’, the set f%i(Y’ ) contains the points where a decrease of the
values of a on the points in Y’/ “propagates” through the function f. The greatest fixpoint
of f;;E gives us the subset of Y where such a decrease is propagated in a cycle (a so-called
“vicious cycle”). Whenever v f;ﬁ is non-empty, one can argue that a cannot be the least
fixpoint of f since we can decrease the value in all elements of v f;;, obtaining a smaller pre-
fixpoint. Interestingly, for non-expansive functions, also the converse holds, i.e., emptiness
of the greatest fixpoint of f;@ implies that a is the least fixpoint.

Theorem 3.3 (soundness and completeness for fixpoints). Let M be a complete MV-chain,
Y a finite set and f : MY — MY be a non-expansive function. Let a € MY be a fixpoint of
f. Then vfg = () if and only if a = pf.

If a is not the least fixpoint and thus vfj # () then there is 0 C 6 € M such that
ao 5,4; is a pre-fixpoint of f.

Using the above theorem we can check whether some fixpoint a of f is the least fixpoint.
Whenever « is a fixpoint, but not yet the least fixpoint of f, it can be decreased by a fixed
value in M (see [6, Proposition 4.5] for the details) on the points in v f§ to obtain a smaller
pre-fixpoint. In this way we obtain a’ C a such that f(a’) C d'.

This results in the following complete proof rule, where “complete” means that it can
be used in both directions.

a=fla) vfL=0
a=pf
Whenever a € MY is not a fixpoint, but a post-fixpoint of f (i.e., a = f(a)), one can
still consider a restriction of the a-approximation of f and obtain a sound, but not complete
rule.

Lemma 3.4 (soundness for post-fixpoints). Let M be a complete MV-chain, Y a finite
set and f : MY — MY a non-expansive function, @ € MY such that a C f(a). Define
[Y]e=l@ = {y € [Y]* | a(y) = f(a)(y)} and restrict the abstraction f% : P([Y]") —
P([Y]/@) to an endo-function f¢ : [Y]*=/(@) — [Y]o=/(@) by letting f&(Y') = f4(Y') N
[V]2=/(@) If yf¢ = @ then a C puf.

Written more compactly, we obtain the following (incomplete) proof rule:

aC fla) vfi=0
aCuf
The above theory can be easily be dualised to checking greatest fixpoints.
Some basic functions which can be used as basic building blocks for constructing non-
expansive functions have already been given in Table 1. In Table 2 these basic non-expansive
functions are listed together with their approximations. Note that for min and max we
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slightly generalize and allow relations instead of functions as parameters. Note, in particular,
that the approximation of reindexing is given by the inverse image, a fact that will be often
used in the paper.

’ function f ‘ definition of f ‘ fa ‘
Ck fla) =k 0
(k € M?%)
u* fla)=aou u= 1Y)
(u: Z—-Y)
ming f(a)(z) = mina(y) {ze[2)/| arg min a(y)NY' # 0}
(RCY x Z)
— f@@) —maxaly) | (2 20| arg_max_aly) CV')
(RCY x Z)
D (M=10,1], | fla)p) = > p(v) -aly) | {p € DV | supp(p) €Y'}
Z=DCD(Y)) ’

TABLE 2. Basic functions f: MY — M# (constant, reindexing, minimum,
maximum, average) and the corresponding approximations [ P(Y]*) —
P(2)/).

Notation: R™1(z) = {y € Y | yRz}; supp(p) = {y € Y | p(y) > 0} for
p € D(Y); arg minycy a(y), resp. arg max,cy” a(y) are the sets of elements

where aly+ reaches the minimum, resp. the maximum, for Y C Y and a €
MY.

In Section 2 we already gave a motivating example for fixpoint checks. Here we consider
another example instantiating the framework.

Example 3.5. We consider (unlabelled) Markov chains given by (S, T,n), where S is a set
of states, T' C S is a set of terminal states and n: S\T — D(S) assigns to each non-terminal
state a probability distribution over its successors. We are interested in the termination
probability of a given state of the Markov chain, which can be computed by taking the least
fixpoint of a function 7: [0,1]% — [0,1]°:

T:00,1]° = [0,1)°
1 ifseT
T(t)(s) = { > n(s)(s) - t(s) otherwise
s'eS
As an example we consider the Markov chain in Figure 3 with state set S = {z,y,u, z},
where u is the only terminal state. Let ps = n(s) be the probability distribution associated
with state s. The least fixpoint u7 of T is given in Figure 3 in green (left) and the greatest
fixpoint v7T in red (right). These are two of infinitely many fixpoints of 7. The cycle on
the left (including y, z) can be seen as some kind of vicious cycle, where y, z convince each
other that they terminate with a probability that might be too high.
Now let a = vT be the greatest fixpoint of T, i.e., the function S — [0, 1] that maps
every state to 1. All states still have “wiggle room” and can be decreased, hence [S]* = S.
8
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FIGURE 3. A Markov chain with two fixpoints of 7 (right)

Given S’ C S, the approximation T# is as follows:
TH(S") ={s € [S]" | 5 & T A supp(n(s)) C 5'}.

where supp(p) denoted the support of a probability distribution p: S — [0, 1], i.e., the set
of states v for which p(v) > 0.

Intuitively, if we decide to decrease the a-values of all states in S’ by some fixed amount
d, the states in T#(S’ ) will also decrease their a-values by §. This is true for all states that
are not terminal and whose successors are all included in S.

In the example T#({y, z}) = {y, z} and {y, z} is indeed the greatest fixpoint of the
approximation. Since it is non-empty, we can deduce that a is not the least fixpoint.
Furthermore we could now subtract a small value (for details on how to obtain this value
see [6, Proposition 4.5]) from a(y), a(z) to obtain a smaller pre-fixpoint, from where one
can continue to iterate to the least fixpoint (see also [7]).

4. A CATEGORICAL VIEW OF THE APPROXIMATION FRAMEWORK

The framework from [6], summarized in the previous section, is not based on category
theory, but — as we shall see — it can be naturally reformulated in a categorical setting. In
particular, casting the compositionality results into a monoidal structure (see Section 7)
is a valuable basis for our tool. The starting point for this section is the observation that
the operation of mapping a function f to its approximation fj (given a fixpoint a of f)
is compositional: it respects (under some constraints) function composition and disjoint
union, making it a monoidal functor.

We however have to take care to choose adequate categories and fix an appropriate
setting, to obtain the desired results. First, we will show how the operation # of taking the
a-approximation of a function can be seen as a union of lax functors between two categories:
a concrete category C whose arrows are the non-expansive functions for which we seek the
least (or greatest) fixpoint and an abstract category A whose arrows are the corresponding
approximations.

More precisely, recall that, as discussed in the previous section, given a non-expansive
function f : MY — MZ#, the approximation of f is relative to a fixed map a € MY. Hence
we let objects in C be elements a € MY and an arrow from a € MY to b € M? is a non-
expansive function f : MY — MZ required to map a into b. The approximations instead live
in a different category A. Recall that the approximation fj is of type P([Y]?) — P([2]°).
Since the domain and codomain are again dependent on maps a and b, we still employ
elements of MY as objects, but arrows are functions between powersets.

Definition 4.1 (concrete and abstract categories). We define two categories, the concrete
category C and the abstract category A and a functor #: C — A. The concrete category C
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has as objects maps a € MY where Y is a (possibly infinite) set. Given a € MY, b e M#
an arrow f :a --» b is a non-expansive function f: MY — MZ such that f(a) = b.

The abstract category A has again maps a € MY as objects. Given a € MY, b € M?
an arrow f : a --» b is a monotone (wrt. inclusion) function f: P([Y]?) — P([Z]®). Arrow
composition and identities are the obvious ones.

The approximation maps #: C — A and #°: C — A (for § 3 0) are defined as follows:
for an object a € MY, we let #(a) = #°(a) = a and, given an arrow f : a --» b, we let

#(f) = 5 and #(f) = Uso #°(f) = fi

Note that formal arrows are dashed (--+), while the underlying functions are repre-
sented by standard arrows (—).

Lemma 4.2 (well-definedness). The categories C and A are well-defined and the #° are
lax functors, i.e., identities are preserved and #°(f) o #°(g) C #°(f o g) for composable
arrows f, g in C.

Proof.

(1) C is a well-defined category: Given arrows f: a --» band g: b --» ¢ then go f is non-
expansive (since non-expansiveness is preserved by composition) and (g o f)(a) =
g(b) = ¢, thus go f: a --» ¢. Associativity holds and the identities are the units of
composition as for standard function composition.

(2) A is a well-defined category: Given arrows f: a --» b and g: b --» ¢ then go f is
monotone (since monotonicity is preserved by composition) and hence go f: a --» ¢.

Again associativity and the fact that the identities are units is immediate.
(3) #°: C — A is a lax functor: we first check that identities are preserved. Let
U C [Y]?, then
#°(ida) (U) = (ida)y (U)
= {y € [Y]"") | idy(a)(y) © ida(a© du)(y) I 5}
={yelY]"laly) & (aedv)(y) 2 6}
=U =1do(U) = idys o) (U).
where in the second last line we use the fact that U C [Y]%.
Let a e MY, b e M?, c e MV, f:a --» b, g: b --» ¢ be arrows in C and
Y' C [Y]*. Then
) ) N bd/ ead iyt
(#°(9) 0o #°(SNYT) = g (f" (V7))
— (1" 0goa oqb¥ o foa)(Y)
C (@00 go foa™)(Y)
= (g0 NG (V)
=#(g0 /)Y
The inequality holds since for ¢ € M?:
O‘bﬁ(’yb’(s(c)) = abﬁ({y ey ‘ b(y) S C<y) J 5}) =b0 5{y€Y|b(y)@c(y)25} Jdec
Then the inequality follows from the antitonicity of 4. (Remember that we are
working with a contra-variant Galois connection.)

U
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Note that while # clearly also preserves identities, the question whether it is a lax
functor (or even a proper functor) is currently open. It is however the union of lax functors.

Hence in the following it will be convenient to restrict to the subcategory of C where
arrows are reindexings and to subcategories of C, A with maps on finite sets.

Definition 4.3 (reindexing subcategory). We denote by C* the lluf! sub-category of C
where arrows are reindexing, i.e., given objects a € MY, b € M? we consider only arrows
f :a--»bsuch that f = g* for some g: Z — Y (hence, in particular, b = g*(a) = a o g).

We prove the following auxiliary lemma that basically shows that reindexings are pre-
served by «,y:
Lemma 4.4. Given a € MY, g: Z — Y and 0 C § € M, then we have

(1) aaog,& ngl — g* o aa,é

(2) ,Yaog,zS o g* — gfl o ,.Ya,ﬁ
This implies that for two C-arrows f: a --+ b, h: b --» ¢, it holds that #(hof) = #(h)o#(f)

whenever f or h is a reindexing, i.e., is contained in C*. Hence #: C* — A is a functor.
Proof.

(1) Let Y/ C [Y]® Then
7@ (Y") =g (a6 dy) = (a0 dy)og=aogSdyog
=a0gO 81 yn =™ (g7 (V)
where we use that (6y o g)(z) = § if g(z) € Y, equivalent to z € g~ *(Y”’), and 0
otherwise. Hence dy’ o g = d,-1(y).
(2) Let b € MY with a © 6 C b C a. Then
7900 g"(b) = {z € Z | alg(2)) ©b(g(2)) 26} = {z € Z | g(2) € v*°(b)}
=97 (b))
It is left to show that #(ho f) = #(h) o #(f) whenever f or h is a reindexing. Recall that
on reindexings it holds that #(g*) = g~ *.

Let a € MY, b € M?, ¢ € MW and assume first that f is a reindexing, i.e., f = g* for
some g: Z =Y. Let Y/ C [Y]%, then

#(h o f) = (ho f)i,é = U(/yh(f(a)),é oho f o aa,é)(yl)
6270
= U (fyh(f(a))zé o h o g* 1o aa,§)<Y/)
630

= JGM D0 hoatsd) (g7 (V) ()
6210

= J@M 0 hoal ) (g7 (V)
6210

= (#(h) o #(/))(Y)

1A lluf sub-category is a sub-category that contains all objects.

11



Now we assume that h is a reindexing, i.e., h = ¢g* for some g: W — Z. Let again Y’ C [Y]?,

then:
#(ho f)=(ho g ={JO"V D oho foa®)(Y)

= Jo’ (“)"9’;209* o foa™)(Y)

= (SCJ()QI((W“)"S o foa™)(Y") (2)

— égjol(U (/@96 f o a®)(Y")) [preimage preserves union
= #(g*é)j(OU (/00 foa®)(Y"))

= (#(h) jj#i(f))(Y’)

U

Definition 4.5 (finite subcategories). We denote by C, Ay the full sub-categories of C, A
where objects are of the kind a € MY for a finite set Y.

Lemma 4.6. The approximation map #: C — A restricts to #: Cy — A, which is a
(proper) functor.

Proof. Clearly the restriction to categories based on finite sets is well-defined.
We show that # is a (proper) functor. Let a € MY, b € M?, c € MY, f:a --» b,
g:b--»>cand Y’ C [Y]® Then

#(go f) =90 )% = g4 o f§ = gy o f§ = #(g) o #(f),
The second inequality above is a consequence of the compositionality result in [6, Proposi-
tion D.3]. This requires finiteness of the sets Y, Z, V.
The rest follows from Lemma 4.2.

U

We will later show in Theorem 7.4 that # also respects the monoidal operation ®
(disjoint union of functions). Using this knowledge, we can now apply the framework to an
example.

Example 4.7. We revisit Example 3.5 and observe that the function 7, whose least fixpoint
is termination probability, can be be decomposed as follows:

T=@" oD)@c
For the Markov chain in Figure 3 these parameters instantiate as follows (cf. Table 1):

o cp: [0,1]" = 0,17, k: T — [0,1] with k(u) =1

e D: [0,1]° — [0,1]P, where D is a suitable finite subset of D(S) (to ensure compo-
sitionality).

e n*:[0,1]P = [0,1]5\T where n: S\ T — D with n(s) = ps, where p,(y) = pz(u) =
1/2, py(2) = p-(y) = 1 and all other values are 0. The set D has to contain at least
Pz Dy, Pz-

12



Now given the greatest fixpoint a = T, we can compute T# compositionally. We instantiate
the results of this section and consider 7 : a --+ a as an arrow living in Cy. The subfunctions
of T given above can also be considered as arrows in C; for appropriate domains and
codomains, which we refrain from spelling out explicitly.

Now:

2 =#T = #((n" o D) @ c1) = #(n") o #(D) @ #(c)

This knowledge enables us to obtain an approximation 7’# compositionally out of the
approximations of the subfunctions.

5. PREDICATE LIFTINGS

In this section we discuss how predicate liftings [26, 29] can be integrated into our
theory. In this context the idea is to view a map in MY as a predicate over Y with values in
M (e.g., if M = {0, 1} we obtain Boolean predicates). Then, given a functor F, a predicate
lifting transforms a predicate over Y (a map in MY), to a predicate over FY (a map in
MFY). Predicate liftings have been studied for arbitrary quantales, for instance, in [10]
and one can show that every complete MV-algebra is a quantale with respect to @ and the
inverse of the natural order. The result can be easily derived from [18]. Below we provide
an explicit proof.

5.1. Quantales. Recall that a quantale is a complete lattice with an associative operator
that distributes over arbitrary joins. It is called unital if its associative operator has a
neutral element (unit).

Lemma 5.1 (complete MV-algebras are quantales). Let M be a complete MV-algebra.
Then (M, @, D) is a unital commutative quantale.

Proof. We know M is a complete lattice. Binary meets are given by
xNy=x@YyP7Y. (5.1)
Moreover @ is associative and commutative, with 0 as neutral element.

It remains to show that @ distributes with respect to M (note that M is the join for the
reverse order), i.e., that for all X C M and a € M, it holds

a@ﬂle—l{a@x\xEX}

Clearly, since [ | X < x for all x € X and @ is monotone, we have a ® [ | X C [[{a @ = |
x € X}. In order to show that a &[] X is the greatest lower bound, let z be another lower
bound for {a®z |z € X}, ie., 2Ca®uz for all x € X. Then observe that for z € X, using
(5.1), we get

xQ:cﬂ&:M@agz@a:z@a
Therefore [ | X J 2z © a and thus
a®[1X Jad(26a)J 2
as desired. ]
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5.2. Predicate Liftings and their Properties. We now define predicate liftings and
then first characterise which predicate liftings are non-expansive and second, derive their
approximations. We will address both these issues in this section and then use predicate
liftings to define behavioural metrics in Section 6.

The fact that there are some functors F', for which F'Y is infinite, even if Y is finite,
is the reason why the categories C and A also include infinite sets. However note that
the resulting fixpoint function will be always defined for finite sets, although intermediate
functions might not conform to this.

Definition 5.2 (predicate lifting). Given a functor F': Set — Set, a predicate lifting is
a family of functions Fy: MY — MFY (where Y is a set), such that for all g: Z — Y,
a:Y — M it holds that (Fg)*(Fy(a)) = Fz(g9*(a)).

That is, predicate liftings must commute with reindexings. The index Y will be omitted
if clear from the context. Such predicate liftings are in one-to-one correspondence to so called
evaluation maps ev: FM — M. (This follows from the Yoneda lemma, see e.g. [24].) Given
ev, we define the corresponding lifting to be F(a) = evo Fa: FY — M, where a: Y — M.

In the sequel we will only consider well-behaved liftings [4, 10], i.e., we require that (i) F
is monotone; (i) F'(0y) = Opy where 0 is the constant O-function; (iii) F(a®b) T F(a)®E(b)
for a,b: Y — M; (iv) F preserves weak pullbacks.

We aim to have not only monotone, but non-expansive liftings.

Lemma 5.3 (non-expansive predicate lifting). Let ev: FM — M be an evaluation map
and assume that its corresponding lifting F': MY — MFY is well-behaved. Then F' is
non-expansive iff for all § € M it holds that F'dy C dpy.

Proof. The proof is inspired by [33, Lemma 3.9] and uses the fact that a monotone function
f: MY — M? is non-expansive iff f(a @ &) C f(a) @ for all a, 6.
(=) Fix a set Y and assume that F: MY — M¥Y is non-expansive. Then
F()=FO0@8)CFO)®IC0p5=46
(<) Now assume that F(§) C §. Then, using the lemma referenced above,
Fla®d) T F(a)® F(6)C Fla)®6
Above we write ¢ for both dy, dpy and both deductions rely on the fact that F is
well-behaved. 0]

Example 5.4 (Finitely supported distributions). We consider the (finitely supported) dis-
tribution functor D that maps a set X to all maps p: X — [0, 1] that have finite support and
satisfy > .y p(z) = 1. (Here M = [0,1].) A possible evaluation map is ev: D[0, 1] — [0, 1]
defined by ev(p) = >_, 017 - p(r), where p is a distribution on [0,1] (expectation). It is
easy to see that D is well-behaved and non-expansive. The latter follows from 75((5;/) = épy.
Example 5.5 (Finite powerset). Another example is given by the finite powerset functor
Ps. We are given the evaluation map ev: PyM — M, defined for finite S C M as ev(S) =
max S, where max() = 0. The lifting P is well-behaved (see [4]) and non-expansive. To
show the latter, observe that Pr(dy) = dp,(v)\ (0} E 6p;(v)-
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Non-expansive predicate liftings can be seen as functors F:C* — C*. To be more
precise, F' maps an object a € MY to F(a) € MY and an arrow ¢g* : a --» a o g, , where
g: Z =Y to (Fg)*: Fa--+ F(aog).

5.3. Approximations of Predicate Liftings. We now study approximations of predicate
liftings, where we first investigate an auxiliary natural transformation. It involves the
approximation functor #: C* — A (restricted to C*) and the predicate lifting F:C*—>C*
introduced before.

Proposition 5.6. Let F be a (non-expansive) predicate lifting. There is a natural trans-
formation 3: # = #F between functors #, #F: C* — A, whose components, for a € MY,
are f3,: a -—» F(a) in A, defined by 3,(U) = F4(U) for U C [Y]*.

That is, the following diagrams commute for every g: Z — Y (the diagram on the left
indicates the formal arrows, while the one on the right reports the underlying functions).

* —1
4@ 79 oy P(v]e) —2 P([2]%9)
B i Busy Fy | o
¢~ F * ~ v ~ F —1 _
sFa) T, 4paag) prviey T ppgpee)

Proof. We first define a natural transformation 7: Idc~ = F (between the identity functor
and F) with components 7, : a --» F(a) (for a € M) by defining 1,(b) = F(b) for b € MY .
The 7, are non-expansive by assumption. In addition, 7 is natural due to the definition of
a predicate lifting, i.e., (Fg)*o F = Fog*forg: Z =Y.

Now we apply # and use the fact that # is functorial, even for the full category C,
whenever one of the two arrows to which # is applied is a reindexing (see Lemma 4.4).
Furthermore we observe that 5 = #(n). This immediately gives commutativity of the
diagram on the left. (The diagram on the right just displays the underlying functions.) []

For using the above result we next characterize ng (Y"). We rely on the fact that d

can be decomposed into d = 7 o d, where the projection 7 is independent of d and d is
dependent on Y’, and exploit the natural transformation in Proposition 5.6.

Proposition 5.7. We fix Y/ CY = X x X and d: Y — M. Let 7r1: M x {0,1} — M be the
projection to the first component and d: Y — M x {0, 1} with d(y) = (d(y), xy(y)) where
Xy’ : Y — {0,1} is the characteristic function of Y’. Then F#,flé Y = (FCZ)_I(F;; ((M\{0}) x
{1})-

Proof. Let d € MY and Y’ C [Y]?. Note that d—*((M\{0}) x {1}) = Y and d = 7 o d,
thus by Proposition 5.6:

Fy(Y'") = F*d(d " (M\{0}) x {1}))
= (Fd)~' (F' (M\{0}) x {1}))

15



Here F;l ((M\{0}) x{1}) € F(M x{0,1}) is independent of d and has to be determined

only once for every predicate lifting F. We will show how this set looks like for our example
functors. We first consider the distribution functor.

Lemma 5.8. Consider the lifting of the distribution functor presented in Example 5.4 and
let Z =10,1] x {0,1}. Then we have

DR ((0,1) x {1}) = {p € DZ | supp(p) € (0,1] x {1}}.
Proof. Let 6 > 0. We define
7} = a™0((0,1] x {1})

where 79(z,0) = x, 7} (z,1) = xS for z € [0, 1]. Note that [DZ]237r1 ={pe DZ|3(x,b) €
supp(p) with = > 0}. Now

D°((0,1) x {1}) = {p € [DZ]P™ | Drmi(p) © D(7])(p) > 0}
={pe@ZP" | (Y p0)e Y x-p(x,1))

z€0,1] z€[0,1]
(Y z-p@0)@ Y (@ed) p1)) =6}
z€[0,1] z€(0,1]
:{pG[DZ]ﬁm\ Z:vpxl Zép:rl >0}
z€[0,6) z€[0,1]

={p € [DZ]"™ | supp(p) € [6,1] x {1}}.
Where the second last equality uses the fact that x © (x © ) =0 if > § and z otherwise.
Now, we obtain

DR ((0,1] x {1}) = [J DZ((0,1] x {1}) = {p € DZ | supp(p) € (0,1] x {1}}.

630
]

This means intuitively that a decrease or “slack” can exactly be propagated for elements
whose probabilities are strictly larger than 0.
We now turn to the powerset functor.

Lemma 5.9. Consider the lifting of the finite powerset functor from Example 5.5 and let
Z =M x{0,1}. Then we have

(Py)5 (M\{0}) x {1}) = {S € [Py2Z)Pr™ | 3(s,1) € S ¥(s',0) € S : s T/}
Proof. Let 6 70 and define 7% as in the proof of Lemma 5.8. Then
(Pr)3 " (M\{0}) x {1}) = {5 € [Py2]7r™ | Pymi(S) © Py(R})(5) 2 0}

—{S € [P,7Z|Prm b-6)36
={S € [P;Z] \rgggsse(én?xse ) 24}

= {Se[PzP™ | 3(s,1) € SV(s,0) € S: s©5T s}
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For the last step we note that this condition ensures that the second maximum equates to
max(,p)es $ © 0 which is required for the inequality to hold. Now, we obtain

(Pp)E (M\{0}) x {1}) = [J FZ-*(M\{0}) x {1})

670
={Se[P;Z)P™ |3(s,1) € SV(s,0) € S: s},
O

The idea is that the maximum of a set S decreases if we decrease at least one its values
and all values which are not decreased are strictly smaller.

Remark 5.10. Note that # is a functor on the subcategory Cy (see Lemma 4.6), while
some liftings (e.g., the one for the distribution functor) involve infinite sets, for which
we would lose compositionality. In this case, given a finite set Y, we will actually focus
on a finite subset D C FY. (This is possible since we consider coalgebras with finite
state space and impose some extra conditions, the details are given below.) Then we
consider Fy: MY — MFY and e: D — FY (the embedding of D into FY). We set
f=e"oFy: M — MP. Given a: Y — M, we view f as an arrow a --» Fy(a) o e in
C. The approximation adapts to the “reduced” lifting, which can be seen as follows (cf.
Lemma 4.4, which shows that # preserves composition if one of the arrows is a reindexing):

fh=#(f) = #(e" o Fy) = #(e") o #(Fy) = e~ o #(Fy) = #(Fy) N D.

6. WASSERSTEIN LIFTING AND BEHAVIOURAL METRICS

In this section we show how the framework for fixpoint checking described before can
be used to deal with coalgebraic behavioural metrics.

We build on [4], where an approach is proposed for canonically defining a behavioural
pseudo-metric for coalgebras of a functor F': Set — Set, that is, for functions of the form
£: X — FX where X is a set. Intuitively £ specifies a transition system whose branching
type is given by F. Given such a coalgebra &, the idea is to endow X with a pseudo-metric
d¢: X x X — M defined as the least fixpoint of the map d d o (€ x €) where I lifts a
metric d: X x X — M to a metric df': FX x FX — M. Here we focus on the so-called
Wasserstein lifting and show how approximations of the functions involved in the definition
of the pseudo-metric can be determined.

6.1. Wasserstein Lifting. Hereafter, F' denotes a fixed endo-functor on Set and £: X —
FX is a coalgebra over a finite set X. We also fix a well-behaved non-expansive predicate
lifting F.

In order to define a Wasserstein lifting, a first ingredient is that of a coupling. Given
ti,ta € FX a coupling of t; and ty is an element ¢ € F(X x X), such that Fm;(t) = t; for
i =1,2, where 7;: X x X — X are the projections. We write I'(1,t2) for the set of all such
couplings.

Definition 6.1 (Wasserstein lifting). The Wasserstein lifting _*': MX*X — MFXXFX g
defined for d: X x X — M and t1,t2 € FX as

d¥ (ty, tg) = - Fi&fm Fd(t)
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For more intuition on the Wasserstein lifting see the motivations in Section 2. Note
that a coupling correspond to a transport plan. It can be shown that for well-behaved F,
the lifting preserves pseudo-metrics (see [4, 10]).

In order to make the theory for fixpoint checks effective we will need to restrict to a
subclass of liftings.

Definition 6.2 (finitely coupled lifting). We call a lifting F finitely coupled if for all X and
t1,ts € FX there exists a finite TV(¢1,t2) c ['(t1,t2), which can be computed given ¢, ta,
such that infyerq, 4,) Fd(t) = mingepr(q, 1,y Fd(t) for all d.

The lifting in Example 5.5 (for the finite powerset functor) is obviously finitely coupled.
For the lifting D from Example 5.4 we note that the set of couplings ¢ € ['(t1,t2) forms a
polytope with a finite number of vertices, which can be effectively computed and TV (¢1, t2)
consists of these vertices. The infimum (minimum) is obtained at one of these vertices [1,
Remark 4.5].

6.2. Decomposing the Behavioural Metrics Function. As mentioned above, for a

coalgebra £: X — FX the behavioural pseudo-metric d : X x X — M is the least fixpoint

of the behavioural metrics function W = (_f') o (¢ x €) where (') is the Wasserstein lifting.
The Wasserstein lifting can be decomposed as _f = min, oF where F' : MX*X —

MF(X*X) is the predicate lifting — which we require to be non-expansive (cf. Lemma 5.3)

— and min,, is the minimum over the coupling function u: F(X x X) - FX x FX defined

as u(t) = (F'my(t), Fro(t)), which means that min,, : MF&*X)  MFXXFX (see Table 1).
Therefore the behavioural metrics function can be expressed as

W = (€ x £)* o min, oF
Explicitly, for d € [0,1]X*X and =,y € X,

W(A)(2,) = ming oF (A)(E(@). 6() = min — F(d)(t) =

_ . ~ _F
= rer @y T = 4 €@, LW)

Note that the fixpoint equation for behavioural metrics is sometimes equipped with a
discount factor that reduces the effect of deviations in the (far) future and ensures that the
fixpoint is unique by contractivity of the function. Here we focus on the undiscounted case
where the fixpoint equation may have several solutions.

Example 6.3. Note that we can recover the motivating example from Section 2 by setting
M = [0,1] and using the functor FX = A x D(X), where A is a fixed set of labels. We
observe that couplings of (a1, p1), (a2, p2) € FX only exist if a; = a2 and — if they do
not exist — the Wasserstein distance is the infimum of an empty set, hence 1. If a; = ao,
couplings correspond to the usual Wasserstein couplings of p1,p2 and the least fixpoint of
W equals the behavioural metrics, as explained in Section 2.
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6.3. Approximation of the Behavioural Metrics Function. The decomposition of the
behavioural metrics function W above, can be used to derive its d-approximation.

Proposition 6.4. Assume that F is non-expansive and finitely coupled and fix a coalgebra
£: X - FX. Let Y = X x X, where X is finite. For d € MY and Y’ C [Y]¢ we have

Wi (Y") = {(z,y) € [Y]?| 3t € FLY") u(t) = (£(2),&(y), Fd(t) = W(d)(z,y)}-

Proof. We first remark that since X is finite and F is finitely coupled it is sufficient to
restrict to finite subsets of FI(X x X) and FX x FX (cf. Remark 5.10). In other words W
can be obtained as composition of functions living in Cy, hence # is a proper functor and
approximations can obtained compositionally. We exploit this fact in the following.

More concretely, we restrict u to u: V-— W, where V C F(X x X), W C FX x FX.
We require that W contains all pairs (§(z),{(y)) for z,y € X and V = U, 4,yew I (81, t2).
Hence both V, W are finite.

The function F is restricted accordingly to a map MY — M" as explained in Re-
mark 5.10.

For d € MY and Y’ C [Y]? we have, using the fact that W = (£ x £)* o min, oF,
compositionality and the approximations listed in Table 2

WL(Y') = {(2,9) € [V | (), £()) € (min) 5P (FLY") N V)

= 41 ar i 2
={(z,y) € [Y] |agtEu_lr(Ig(gyg(y))F(d)()OF#( )NV 0}

= {(z,y) € [Y]?| 3t € F(Y") NV, u(t) = (£(x), &(y)),
Fd(t) = mingcy Fd(t')
= {(z,y) € Y]] 3t € FE(Y") NV, u(t) = (£(x), &(y)),

—

Fd(t) = MiNy e (¢(2) £ (y)) F d(t')}
={(z,y) € ]| 3t € FLY"),u(t) = (£(2),£(y)), Fd(t) = minger (¢(a) ¢(y)) F(t)}
= {(z,y) € Y] | 3t € FLY'),u(t) = (£(2),£(y)), Fd(t) = W(d)(x,y)}

The first equality is based on Remark 5.10 and uses the fact that the approximation for the
restricted F' maps Y’ to F LY )nv.

The second-last mequahty also needs explanation, in particular, we have to show that
the set on the second-last line is included in the one on the previous line, although we
omitted the intersection with V.

Hence let (z,y) € [Y]¢ such that there exists s € Fi(Y’), u(s) = (&(x),&(y)) and

Fd(s) = MiNyerv(¢(2),¢(y)) Fd(t"). We have to show that there exists a ¢ with the same

properties that is also included in V. 3 R
The fact that s € Fi(Y’) implies that F'(d)(s) © F(d© dy+)(s) J 6 for small enough 4,

using the fact that Fi = ~F(d).0 Foaqdd (for an appropriate value §).

Since the minimum of the Wasserstein lifting is always reached in I"(£(x),&(y)), inde-
pendently of the argument, there exists ¢t € IV(&(x),&(y)) C V (hence u(t) = (£(x),&(y))),
such that 3

F(d © 8yr)(t) = mingere) ) F(dO dy)(t).
This implies that F(d S dy+)(t) C F(d©dy+)(s) (since s € ['(&(z),£(y))). From the assump-
tion Fd(s) = Miny e (¢ (2), 6 (y F d(t') we obtain F'd(s) T Fd(t). Hence, using the fact that
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© is monotone in the first and antitone in the second argument, we have:
5 C F(d)(s) © F(d S dy:)(s) C F(d)(t) © F(d© dy)(t) C .
The last inequality follows from non-expansiveness. Hence
F(d)(s) © F(d© dyr)(s) = F(d)(t) © F(d © dy:)(t) = 4,
which in particular implies that t € Fi(Y’ ).
In order to conclude we have to show that F'd(t) = mingcp(e(a) ¢y Fd(t'). We first
observe that in an MV-chain M, whenever x C y (for x,y € M) we can infer that (y ©

z) @z =y (this follows for instance from Lemma 2.4(6) in [6] and duality). The inequality
F(d© dy’) C F(d) holds by monotonicity and we can conclude that

Fd(t) = (F(d)(t) © F(d© y')(t)) @ F(d© dy:) (1))
= (F(d)(s) © F(d & byr)(s)) @ F(d & dy)(1))
C (F(d)(s) © F(d© dyr)(5)) ® F(d© byr)(s)) = F(d)(s).

The other inequality Fd(s) T Fd(t) holds anyway and hence Fd(t) = Fd(s). This finally
implies, as desired, that
Fd(t) = Z*:'d(s) = mintlep/(g(x)yg(y)) Fd(t/)
[
Intuitively the statement of Proposition 6.4 means that the optimal coupling which
reaches the minimum in the Wasserstein lifting must be contained in Fg(Y’ ). Note that

13'; has already been characterized earlier in Section 5.3.

6.4. Examples on Behavioural Metrics. We now consider two examples involving coal-
gebras over the distribution and powerset functor.

Example 6.5. We start with an example involving probabilistic transition systems. Let
X ={xz,y,2z}. We define a coalgebra £: X — A x DX via {(z)(z) =1, {(y)(y) = &(y)(2) =
1/2 and &(z)(z) = 1. All other distances are 0. Assume that all states have the same label

(not indicated).
()
@ 1/2 @ 1/2 @

1 1

Since all states have the same label, they are in fact probabilistically bisimilar and
hence have behavioural distance 0, given by the least fixpoint of W. Now consider the
pseudo-metric d: X x X — [0, 1] with d(z,y) = d(x, z) = d(y,z) = 1 and 0 for the reflexive
pairs. This is a also a fixpoint of W (d = W(d)), but it clearly over-estimates the true
behavioural metric.

We can detect this by computing the greatest fixpoint of Wg&, which is

V' = {(mvy)7 (y,x), ((IJ, Z), (Z, .Z'), (yv Z)? (Zv y)} a Q)a
containing the pairs that still have slack in d and whose distances can be reduced. We explain
why Y/ = Wi (Y') by focussing on the example pair (z,y) and check that (x,y) € Wi (Y").
For this we use the definition of Wi given in Proposition 6.4.
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A valid coupling t € D(X x X) of £(x),&(y) is given by t(x,y) = t(z, z) = 1/2. It satisfies
u(t) = (£(x),&(y)) and is optimal since it is the only one. We obtain the Wasserstein lifting
W(d)(z,y) =dP(&(x),E(y)) = min Dd(t') =Dd(t) =1/2-14+12-1=1.

t'Er(E(x).&(y))
It is left to show that t € 15;2& (Y"), for which we use the characterization in Proposition 5.7.
We have d(z,y) = d(x, z) = (1,1) where
Dd(t) = p € DZ with p(1,1) = /2 +1/2 = 1.
From Lemma 5.8 we obtain p € 75;1((0, 1] x {1}) and by definition ¢ € (Dd)~*(p), i.e.
te ﬁi(Y’). So we can conclude that (z,y) € Wgé(Y’).

Example 6.6. We now consider an example in the non-deterministic setting. Let X =
{z,y} and a coalgebra £: X — PX be given by &(z) = {x,y}, £(y) = {z}.

OSSO

Since all states have successors, they are in fact bisimilar and hence have behavioural
distance 0, given by the least fixpoint of WW. Now consider the pseudo-metric d: X x X —
[0,1] with d(z,y) = d(y,x) = 1/2 and 0 for the reflexive pairs. This is a also a fixpoint of
W (d =W(d)), but it clearly over-estimates the true behavioural metric.

We can detect this by computing the greatest fixpoint of Wg&, which is

Y = {(2,y), (y,2)} # 0,

containing the pairs that still have slack in d and whose distances can be reduced. We explain
why Y/ = W;; (Y”) by focussing on the example pair (z,y) and check that (z,y) € Wj; (Y.
For this we use the definition of Wi given in Proposition 6.4.

A valid (and optimal) coupling t € P(X x X) of £(x),{(y) is given by t = {(x, ), (y,x)}.
It satisfies u(t) = (£(z),&(y)). We obtain the Wasserstein lifting

W(d)(z,y) = d”(&(2),€(y)) = min_ Pd(t) = Pd(t) = max{0, 2} = 1/2.
tel((z),£(y))
It is left to show that ¢t € ﬁi(Y/ ), for which we use the characterization in Proposition 5.7.
We have d(z,z) = d(y,y) = (0,0), d(z,y) = d(y,z) = (}/2,1) and
Pd(t) = S = {(0,0), (1/2,1)}

From Lemma 5.9 we obtain S € 75;?((1\41\{0}) x {1}) and t € (Pd)~1(S), ie. t € ﬁi(Y’).
So we can conclude that (z,y) € Wi(Y’).

7. GS-MONOIDALITY

We will now show that the categories C; and Ay can be turned into gs-monoidal cat-
egories, making # a gs-monoidal functor. This will give us a way to assemble functions
and their approximations compositionally and this will form the basis for the tool. We first
define gs-monoidal categories in detail (cf. [22, Definition 7] and [20]).
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Definition 7.1 (gs-monoidal categories). A strict gs-monoidal category is a strict symmet-
ric monoidal category, where ® denotes the tensor and e its unit and symmetries are given
by pap: a®b— b&a. For every object a there exist morphisms V4: a — a x a (duplicator)
and !,: a — e (discharger) satisfying the axioms given below. (See also their visualizations
as string diagrams in Figure 4.)

(1) functoriality of tensor:
e (gog)o(fef)=(gof)@(dof)
o idugp = idg ® idy
(2) monoidality:
s (fegoh=fe(geh)
hd f®7;de:f:ide®f
(3) naturality:
d (f/®f)opa,a’ = Pbb’ o(f®f/)
(4) symmetry:
® Pee = ide
® Dba O Pab = ida@b
® PDa®b,c = (pa,c & idb) o (ida ® pb,c)
(5) gs-monoidality:
o !, =V.=1ide
e coherence axioms:
— (1dqg®V4) oV, =(Vy®id,) oV,
— idg = (id®!y) 0 Vg,
— Pa,a © Vi=V,
e monoidality axioms:
— lagp =1a®
— (idq ® pap ® idp) © (Vo ® Vi) = Vags
(or, equivalently, V, ® V, = (idy ® pp,q ® idp) 0 Vagp)
A functor F': C — D is gs-monoidal if the following holds:
(1) C and D are gs-monoidal categories
(2) monoidality:
o Fle)=¢
e Fla®b) = F(a) ® F(b)
(3) symmetry:
o F(pap) = P;r(a)f(b)
(4) gs-monoidality:
o F(ly) :!/F(a)
e F(V,) = V};(a)
where the primed operators are from category D, the others from C.

In fact, in order to obtain strict gs-monoidal categories with disjoint union, we will work
with the skeleton categories where every finite set Y is represented by an isomorphic copy
{1,...,|Y|}. This enables us to make disjoint union strict, i.e., associativity holds on the
nose and not just up to isomorphism. In particular for finite sets Y, Z, we define disjoint
unionas Y +Z = {1,...,|Y[,|Y|+1,...,[Y|+ |Z]}.
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FIGURE 4. String diagrams for the axioms of gs-monoidal categories.

Theorem 7.2 (Cy is gs-monoidal). The category C¢ with the following operators is gs-
monoidal:

(1) The tensor ® on objects a € MY and b € MZ is defined as
a®b=a+be M2
where for k € Y + Z we have (a+0b)(k) = a(k) if £ < |Y| and (a+b)(k) = b(k—1|Y])
if Y| <k<|Y|+1|Z|.
On arrows f: a --» b and g: @/ --» b (with o/ € MY, ¥ € M?') tensor is given
by
f@g: MU = MPHE - (f @ g)(u) = f(iiy) + g(iiy)
for u € MY+Y" where 1y € MY and @y € MY, defined as iy (k) = u(k) (1 < k <
Y1) and @y (k) = (Y] + k) (1< k < [Y7]).
(2) The symmetry p,p: a®b--»>b®a for a € MY, b € MZ is defined for v € MY *Z as
pa,b(u) = Uy + Uy.
(3) The unit e is the unique mapping e: () — M.
(4) The duplicator V,: a --+ a ® a for a € MY is defined for u € MY as

Vo(u) =u+u.
(5) The discharger !4: a --+ e for a € MY is defined for v € MY as !4(u) = e.

Proof. In the following let a € MY, o/ € MY, b € MZ, b/ e MZ', c e MW, ¢ € MV’ be
objects in Cy.
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We know that C; is a well-defined category from Lemma 4.2. We also note that
disjoint unions of non-expansive functions are non-expansive. Moreover, given f: a --+ b
and g: a’ --» b/, that

(f®g)a®d)=(f®g)la+d)

/ / !/
= f(la+a)y)+g((a+a)y) = f(a) +g(a’)
=b+b =bxV.

Thus f ® g is a well-defined arrow a ® a’ --» b® b'.

We next verify all the axioms of gs-monoidal categories given in Definition 7.1. In

general the calculations are straightforward, but they are provided here for completeness.

In the sequel we will often use the fact that @ty + @y = u whenever Y is a subset of the
domain of u.

(1) functoriality of tensor:
° ida®b = id, ® idyp
Let u € MY 2. Then
(idg ® idp)(u) = idy(ly) + idp(tdy) = Gy + Uy = u = idgep(u)
e (gog)o(faf)=(gofl@(dg o f)
This is required to hold when both sides are defined. Hence let f: a --+ b,
g:ib-=sc, flid -V, ¢V --» ¢ and u e MY Y. We obtain:

(g@g)o(f@f)(u)=(9@g)(f(ay)+ f(dy))
= g(f(ay)) +¢'(f'(i@y)) = ((go f) @ (¢" o ') (Tty + iy)
=((gof)®(g' o f))(u)
(2) monoidality:
o fRide=f=1ide® f
Let f: a --» b and u € MY. It holds that:
(f®@ide)(u) = (f @ide)(u+e) = f(u) + ide(e)
= fu)+e=f(u) =e+ f(u)
= ido(e) + F(u) = (ide ® f)(e + u) = (ide ® f)(u)
e (feg)@h=fx(g®h)
Let fra--»d/, g:b--»b and h: ¢ --» ¢ and u € MY +4+tW  then
(f®g)@h)(u) = (f @ g)(ty+z) + h(iy+z)

= (f(zﬁwrz)y) + g((ity+2)y)) + hlidy12)

fv) + (o((v)2) + (@5 2))
flity) + (g ® h)(idy) = (f ® (g © h))(u)

where we use the fact that (EY+Z5Y = zﬁy)z.

y) +
y) +

(3) naturality:
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o (f'®f)opaa =poyo(f&f)
Let f:a--»band f': @ --» . Then for u € MY +Y’
(po o (f @ [)(u) = pop (f(iy) + f'(dy))
= f(ty) + flay) = (f' ® f)(dy +@y) = ((f' ® f) © paa)(u)
(4) symmetry:
® pee = ide

We note that e is the unique function from () to M and furthermore e ® e =
e+ e=e. Then

Pec(€) = pecle +e) =e+e=e=1idc(e)

® Vba © Pab = ida@b
Let u € MY 2, then:

(Pb,a © Pap)(u) = pyo(ly + y) = Gy + Uy = u = idggp(u)

® Pab,c = (,Oa,c ® idb) o (ida ® pb,c)
Let u € MY+4+W  then:

((pa,c @ idp) o (ida @ pp.c))(u)

= (pa,c @ 1dp) (ido(Ty) + pp.e(ty))

= (pa,c ® idp) (4y + (17—ng + (Uy)z)

= pa,c(lty +Uy4z) + idb(%z) =Uyyz + Uy + MY

= ly4z + Uy 12 = Pagb,c()

where we use the fact that (udy ;Z = dyyz and zﬁy)z = (ay+zjy.
(5) gs-monoidality:
o . =V,.=1id,
Since e is the unique function of type ) — M and e + e = e, we obtain:
le(e) =e=ide(e) =e=e+e=V,(e)

e coherence axioms:

For u € MY, we note that (u+u)y = (u+ u)y = u.
— (ida ®Va) 0V = (Vo ®idg) 0 Vg
Let u € MY, then:
((1da @ Va) 0 Vo) (u) = (ida @ Vo) (u + u)
=idg(u) + Ve(u) =u+u+u= Vg(u) + ids(u)
= (Va ®ida)(u+u) = (Va ®ida)(Va(u))
— idg = (id®!a) 0 Vg
Let uw € MY, then:
((1da®la) 0 Vo) (u) = (1da@la)(u + u)
= idg(u)+!a(u) = idy(u) + e = idy(u)
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— Pa,a © va = Va
Let u € MY, then:
(Paa© Va)(u) = paalu+u) =u+u=Vg(u)
e monoidality axioms:
— lagp =la®
Let u € MY 2, then:

lagp(u) = e = e+ e =l (ty)+p(dy) = (1.®)(u)

— V@ Vy = (idq ® ppa @ idp) © Vage

Let u € MY 4 then:

(idq @ ppa @ idp) (Vagp(w)) = (idq @ ppq @ idp)(u + u)

= (idg ® pp,q ® idp)(Uy + Uy + Gy + Uy)

= Uy + Uy + dy +tdy = Vq(ly) + Vy(iy)

= (Vo ® Vp)(tty + dy) = (Vo @ Vi) (u)

]

We now turn to the abstract category Ay. Note that here functions have as parameters

sets of the form U C [Y]* C Y. Hence, (the cardinality of) Y cannot be determined directly
from U and we need extra care with the tensor.

Theorem 7.3 (A; is gs-monoidal). The category Ay with the following operators is gs-
monoidal:

(1) The tensor ® on objects a € MY and b € MZ is again defined as a ® b = a + b.

On arrows f: a --» band g: @’ --» b/ (where a’ € MY, ¥ € M? and f: P([Y]*) —
P([2]Y), g: P([Y']*) = P([Z']") are the underlying functions), the tensor is given
by
fog: PY +Y ™) 5 P2+ 21, (fo9)U) = f(Uy)Uzg(Uy)
where Uy = UN{1,...,|Y|} and Uy = {k | [Y| + k € U}. Furthermore:

UUy V=UU{Y|+k|keV} (whereU CY)
(2) The symmetry pgp: a®b --+ b®a for a € MY | b € MZ is defined for U C [V + Z]¢*?
as
pap(U) = Uy Uz Uy C [Z + YT
(3) The unit e is again the unique mapping e: () — M.
(4) The duplicator V,: a -+ a ® a for a € MY is defined for U C [Y]? as
Vo(U)=UUy U C[Y +Y]*"

(5) The discharger !,: a —-+ e for a € MY is defined for U C [Y]* as !,(U) = 0.
Proof. Let a € MY, a’ e MY, b e MZ, 1/ e M?', c € MY, ¢ € MY be objects in Ay.

We know that Ay is a well-defined category from Lemma 4.2. We note that, disjoint
unions of monotone functions are monotone, making the tensor well-defined.

We now verify the axioms of gs-monoidal categories (see Definition 7.1). The calcula-
tions are mostly straightforward.
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In the following we will often use the fact that Uy Uy Uy = U whenever U € P([Z]?)
and Y C Z.

(1) functoriality of tensor:
o ida@b = ida ® Zdb
Let U C [Y + Z]**?] then:
(Zd & Zdb)( ) (id (= idb)((jy Uy ﬁy)
( )Uy ’ldb(Uy) ij Uy ﬁy =U= ida®b(U)
* (g®yg)o (f®f) =(gof)® (g of)
Let fra --»b, g:b-->c¢, flra —=»V, gV - ¢ and u € MY, We
obtain:
(g@g) o (fe NU)=(g2d)(fUy)Uz f'(Uy))
= g(f(Uy) Uw ¢ (f'(Uy)) = ((go f) @ (¢ o f)(Ty Uy Uy)
=((gofl® (g o fNU
(2) monoidality:
g f®7;de:f:ide®f
Let f: a--»band U C [Y]% It holds that:
(f @ ide) (U) = f(ﬁy) Uz ide(Uy) = f(U) Uz ide(0) = f(U) Uz 0
= f(U) = BUy f(U) = ide(0) Uy f(U) = ide(TUp) Uy f (T)
= (id. ® f)(U)
where we use Uy = U and Uy = 0), since U C Y, as well as Uy = ) and Uy = U.
e (fR®g®h=Ff@(g®h)
Let fra-—a,g€:b-—bandh:c--»c and U C [Y + Z+W]*T+¢, Then:

(f®g)@h)(U) = (f ®9)Uy+z)Uyrsz h(Uyiz)
PR

—

. )
= (f((UY—i-Z)Y)UY/ (Uy+2)y)) Uyriz WUy 2)
= (f(Oy) Ly g((U >z>) Uy b 7Ty 2)

= f(Uy) Uy (g (( y)z) Uz h(( v)z))

= f(Uy)Uy(g @ h)(Uy) = (f ® (9@ h))(U)
— _ —

—

where we use (ﬁY+Z)Y = Uy, Uysz)y = (ﬁy)z and (7Y+Z = (Uy)z.
(3) naturality:
g (f/®f)opa,a’ = Pbb’ o(f®f/)
Let f:a--»band f': a’ --» . Then for U C [V + Y']**% it holds that:
(oo o (f @ f))(U)

= oo (F(Uy) Uz f'(Uy))
= (f(Uy) Uz f'(Uy)zUz (f(Uy) Uz f/(Uy))z
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= f'(Uy) Uz f(Uy)

ﬁ ﬁ
= f'((Uy Uy Uy)y) Uz f((Uy Uy Uy)y")
= (f'® ) Uy Uy Uy) = (f @ f)(paw(U))

where we use iUUy V)y =U and (U Uy V;y =V.

(4) symmetry:
® Pee = ide
Note that the only possibly argument is () and hence:

pe,e(w) = ﬁ@ Ug 6(2) = @U@ D=0= Zde(@)
® Dba© Pab = Z‘da®b
Let U C [Y + Z]**?, then:

(pb,a © Pa,b)(U) = pb,a([jy Uz ﬁy)

= (Uy Uz Uy)zUy (Uy Uz Uy)z = Uy Uy Uy =U
= idaep(U)
® Paspe = (Pac® idy) o (idg @ pyc)
Let U C [Y + Z + W]etb+¢ | then:
((Pa,c ® ids) © (ida ® pp.c))(U)
= (pa,e @ idy) (ido(Uy ) Uy pye(Oy))

id
Uy Uy (Uy)z Uw (Uy)2))
-

(
Pa,c @ idy (
(Uy Uy (Oy+z Uw (Uy)z))
(

e__

)
= ( )
= (pa,c ® idy)
= (pac ® idy)(Uy Uy Uy 4 2) Uyow (Uy)2))

—

= pa,c(ﬁY Uy UY+Z) Uw+y idb((ﬁy)z)
5 - SS—
= (Uy+zUw Uy)Uwy (Uy)z

. - S
= Uy zUw(Uy Uy (Uy)z)

= Uy+zUw((Uy42)y Uy Uy+z)y)

=Uy1zUw Uy1z = pagb,e(U)
-y . . D =y p
where we use (Uy)Z = Uy+Z, Uy = (Uy+Z)y and (Uy)Z = (Uy+Z)Y.
(5) gs-monoidality:
o !, =V.,=1id,
In this case ) is the only possible argument and we have:

!

e coherence axioms:
For U C [Y]%, we note that EU Uy U)y = (U Uy ij =U.
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— (1dq®V4)oVy=(V,®id,) oV,
Let U C [Y]?, then:
((ida @ Va) 0 Vo)(U) = (ida ® Va)(U Uy U)
=1do(U)Uy Vo(U) =U Uy (UUy U)
= (UUy U)Uy4y U = V,(U) Uy 4y id,(U)
= (Va®ida)(UUy U) = (Vo ® ida)(Va(U))
—idy = (id®y) 0 Vg
Let U C [Y]?, then:
((idy®!4) 0 Vo) (U) = (id,®!,)(U Uy U)
= ido(U) Uyla(U) = ido(U) Uy 0
= idq(U)
— Pa,a©Va=Vq
Let U C [Y]?, then:
(Paa © Va)(U) = paa(UUy U) =UUy U = V,4(U)
e monoidality axioms:

— lagh =1a®
Let U C [Y + Z]**?, then:

laas(U) = 0 = 0 Up 0 =o(Ty) Uply(Ty)
= (1@%)(Uy Uy Uy) = (1a®!) (V)

= Va® V= (idg ® ppq @ idy) © Vagp
Let U C [Y + Z]**?, then:

(ida b2y Pb,a b2 idb)(va@)b(U))
= (ida ® (pb,a X idb))(UuerZ U)

= ida({U Uy +2 U)y) Uy (pha ® ids) (U Uy 12 Uy )
= ida(Uy) Uy (ppa ® idb)(mﬁ

= Uy Uy (pra ® idb)(my)

= Uy Uy (pha ® idy) (Uy Uz Uy) Uz4y Uy)

= Uy Uy ((Uy Uy Uy) Uy+z Uy)

= (Uy Uy Uy) Uy 4y (Uy Uz Uy)

= Vo(Uy) Uy+y Vi (Ty)

= (Vo ® Vi) (Uy Uy Uy) = (Vo @ Vi) (U)

where we use the fact that iUUerZ Uy = Uy and (UUerZU;y =

(Uy Uz Uy ) Ugzyy Uy
L]
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Finally, the approximation # is indeed gs-monoidal, i.e., it preserves all the additional
structure (tensor, symmetry, unit, duplicator and discharger).

Theorem 7.4 (# is gs-monoidal). #: Cy — Ay is a gs-monoidal functor.

Proof. We write e/, ®", ", V', o/ for the corresponding operators in category Ay. Note that
by definition e = ¢/ and ®, ®’ agree on objects.

First, categories Cy and Ay are gs-monoidal by Theorem 7.2 and 7.3.
Furthermore we verify that:

(1) monoidality:
* 7(e) =
We have #(e) = e = ¢
o #(a®b) =#(a) @ #(b)
We have:

#(a®b) = a®b=#(a) & #(b)
(2) symmetry:

° #(Pa,b) = P;&(a),#(b)

Let U C [V 4 Z]**?, then for sufficiently small § 7 0 (note that such § exists
due to finiteness):

#(pap)(U)

= (pap)y " (U)

={w e [Z+Y]" | pap(a+b)(w) © pap((a+b)Sdy)(w) 36}
={we[Z+Y]"" | (b+a)(w) & ((b+a) 8y w)(w) 38}

= Pap(U) = Ply(a) 1) (U)

since p,p distributes over componentwise subtraction and p,,(dv) = 6, ,(U)-

The second-last equality holds since for all w in the set we have (b+ a)(w()lyil 0.
(3) gs-monoidality:

o #(la) =)
Let U C [Y]?, then for some ¢:
#(1)(U) = (!a);& (U) =0 =L,(U) =y, (U)

since the codomain of (!a);ﬁ"s(U ) is P(0) and hence the only possible value for

(1) 3 (U) is 0.
4 #( ): \ #(a)
Let U C [Y]?, then for sufficiently small 6 7 0:
#(Va)(U
= (Va)y'(U)
={w e [Y +Y]"™ | Va(a)(w) & Va(a© dy)(w) 3 3}
={we [Y ]‘”“ | (a+a)(w) © ((a +a) S b)) (w) 2 5}
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Basic Function c u* ming / max add,, suby,
k R R

Req. Parameter keM? |u:Z—>Y]| RCYXZ |weM’ |weMY

TABLE 3. Additional parameters for the basic functions from Table 2.

since V, distributes over componentwise subtraction and V,(6y) = ov: (U)-
The second-last equality holds since for all w in the set we have (a4 a)(w) 3 0.

0
[]
8. UDEFIx: A TooL FOR FixrPOINTS CHECKS

8.1. Overview. We present a tool, called UDEfix, which exploits gs-monoidality as discussed
before and allows the user to construct functions f: MY — MY as a sort of circuit. As basic
components, UDEfix can handle all functions presented in Section 4 (Table 2) and addition
and subtraction by a fixed constant w (add,, sub,, both are non-expansive functions).
Since the approximation functor # is gs-monoidal, this circuit can be then transformed
automatically, in a compositional way, into the corresponding abstraction fg&, for some

given a € MY . By computing the greatest fixpoint of f;k and checking for emptiness, UDEfix
can check whether a = pf. In addition, it is possible to check whether a given post-fixpoint
a is below the least fixpoint pf (recall that in this case the check is sound but not complete).
The dual checks (for greatest fixpoint and pre-fixpoints) are implemented as well.

The tool is shipped with pre-defined functions implementing examples concerning case
studies on termination probability, bisimilarity, simple stochastic games, energy games,
behavioural metrics and Rabin automata.

UDEfix is a Windows-Tool created in Python, which can be obtained from https://
github.com/TimoMatt/UDEfix.

Building the desired function f: MY — MY requires three steps:

e Choosing the MV-algebra M of interest.
e Creating the required basic functions by specifying their parameters.
e Assembling f from these basic functions.

8.2. Tool Areas. Concretely, the GUI of UDEfix is separated into three areas: the Content
area, Building area and Basic-Functions area. Under File-Settings the user can set the MV-
algebra. Currently the MV-chains [0, k] (algebra 1) and {0, ..., k} (algebra 2) for arbitrary k
are supported (see Example 3.2)

Basic-Functions Area: The Basic-Functions area (see Figure 5) contains the basic functions,
encompassing those listed in Table 2 in Section 2 as well as addition and subtraction by a
constant w. Via drag-and-drop (or right-click) these basic functions can be added to the
Building area to create a Function box. Each such box requires three (in the case of D two)
Contents: The Input set, the Output set and an additional required parameter (see Table 3).
These Contents can be created in the Content area.

Additionally the Basic-Functions area offers functionalities for composing functions via
disjoint union (more concretely, this is handled by the the auxiliary Higher-Order Function)
and the Testing functionality for fixpoint checks which we will discuss in the next paragraph.
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FIGURE 5. List of basic functions
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FIGURE 6. Assembling the function W from Section 2.
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Building Area: The user can connect the created Function boxes to construct the function f of
interest. Composing functions is as simple as connecting two Function boxes in the correct
order by mouse-click. Disjoint union is achieved by connecting two boxes to the same box.
Note that Input and Output sets of connected Function boxes need to match. As an example, in
Figure 6 we show how the function W, discussed in Section 2, for computing the behavioural
distance of a labeled Markov chain can be assembled. The construction exactly follows the
structure of the diagram in Figure 2. Here, the parameters are instantiated for the labeled
Markov chain displayed in Figure 1 (left-hand side).

The special box Testing is always required to appear at the end. Here, the user can
enter some mapping a: Y — M test if a is a fixpoint of the function f of interest and then
verify if a = uf. As explained before, this is realised by computing the greatest fixpoint of
the approximation v f;k . In case this is not empty and thus a # uf, the tool can produce a
suitable value which can be used for decreasing a, needed for iterating to the least fixpoint
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from above (respectively increasing a for iterating to the greatest fixpoint from below).
There is also support for comparison with pre- and post-fixpoints.

Example 8.1. As an example, consider the left-hand system in Figure 1 and consider the
function W from Section 2 whose least fixpoint corresponds to the behavioural distance for
a labeled Markov chain.

We now define a fixpoint of W, which is not the least, namely d: Y — [0, 1] with
d(3,3) =0, d(1,1) = 1/2, d(1,2) = d(2,1) = d(2,2) = 2/3 and 1 for all other pairs. Note
that d is not a pseudo-metric, but is a fixpoint of WW. We give a hint why d is a fixpoint,
by exemplarily considering the pair (1,2). Due to the labels, an optimal coupling for the
successors of 1,2 assigns (3,3) — 1/3, (4,4) — 1/2, (3,4) — 1/6. Hence, by the fixpoint
equation, we have

d(1,2) =1/3-d(3,3) + 1/2-d(4,4) + /6 -d(3,4) =1/3-0+1/2- 14+ 1/6-1 =1/2+ 1/6 = 2/3.

A similar argument can be made for the remaining pairs.

By clicking Compute in the Testing-box, UDEfix displays that d is a fixpoint and tells us
that d is in fact not the least and not the greatest fixpoint. It also computes the greatest
fixpoints of the approximations step by step (via Kleene iteration) and displays the results
to the user. In this case vfy = {(4,4)}, indicating that the distance d(4,4) = 1 over-
estimates the true value and can be decreased. The fact that also other pairs over-estimate
their value (but to a lesser degree), will be detected in later steps in the iteration to the
least fixpoint from above.

Content Area: Here the user can create sets, mappings and relations which are used to
specify the basic functions. The user can create a variety of different types of sets, such as
X =1{1,2,3,4}, which is a basic set of numbers, and the set D = {p1, p2, p3, p4} which is a
set of mappings representing probability distributions. These objects are called Content.

Once Input and Output sets are created we can specify the required parameters (cf.
Table 3) for a function. Here, the created sets can be chosen as domain and co-domain.
Relations can be handled in a similar fashion: Given the two sets one wants to relate,
creating a relation can be easily achieved by checking some boxes. Some useful in-built
relations like “is-element-of” -relation and projections to the i-th component are pre-defined.

By clicking on the icon “+” in a Function box, a new function with the chosen Input and
Output sets is created. The additional parameters (cf. Table 3) have domains and co-domains
which need to be created by the user or are provided by the chosen MV-algebra.

The Testing function a (i.e., the candidate (pre/post-)fixpoint) is a mapping as well and
can be created as all other functions.

In Figure 7 we give examples of how contents can be created: we show the creation of
aset (Y = X x X), a distance function (d) and a relation (p).

8.3. Tutorial. We now provide a small tutorial intended to clarify the use of the tool.
It deals with a simple example: a function whose least fixpoint provides the termination
probability of a Markov chain.
We continue Examples 3.5 and 4.7 and consider the Markov chain (S, T, 7n) in Figure 3.
Remember that the function 7, whose least fixpoint is the termination probability, can
be decomposed as follows:

T=0"0oD)®cy
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Edit content x Edit mapping

F1cURrRE 7. Contents: Set Y, Mapping d, Relation p.

Edit content

il

F1GURE 8. Creation of set S and probability distribution p, for the example.

In order to start, one first chooses the correct MV-algebra under Settings and creates
the sets S, 7,5 \ T (Input and Output sets). The creation of set S is exemplified in Figure 8
(left-hand side). The tool supports several types of sets and operators on sets (such as
complement, which makes it easy to create S\T. Next, we create the set D of probability
distributions, consisting of the mappings p.,py,p.. In Figure 8 (right-hand side) we show
the creation of p,.
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FIGURE 9. Assembling the function 7.

Edit mapping
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FIGURE 10. Creation of the parameters k and n* and the greatest fix-
point a1 = uT.

Now we create the basic function boxes and connect them in the correct way (see
Figure 9). The additional parameters according to Table 3 — in this case the map ¢ and
the reindexing n* based on the successor map — can be created by clicking the icon “+” in
the corresponding box (see Figure 10) (left-hand side for k£ and middle for 7).

We can also assemble several test functions (e.g., possible candidate fixpoints), among
them the greatest fixpoint a; = T (see Figure 10, right-hand side).
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FicUrE 11. Checking the candidate fixpoint a;.

When testing a1 we obtain the results depicted in Figure 11. In fact vT" = {y, 2z} # 0,
which tells us that a1 is not the least fixpoint.

Similarly, one can test as = 7, the least fixpoint, obtaining 1/7'#2 = (). This allows
the user to deduce that as is indeed the least fixpoint. As mentioned before, one can also
test whether a pre-fixpoint is below the greatest fixpoint or a post-fixpoint above the least
fixpoint, although such tests are sound but not complete.

9. CONCLUSION, RELATED AND FUTURE WORK

We have shown that a framework originally introduced in [8, 6] for analysing fixpoint of
non-expansive functions over MV-algebras can be naturally cast into a gs-monoidal setting.
The non-expansive functions of interest live in a so-called concrete gs-monoidal category,
their approximations in a gs-monoidal abstract category and they are related by a gs-
monoidal functor #. We also developed a general theory for constructing approximations
of predicate liftings, which find natural application in the definition of behavioural metrics
over coalgebras.

The compositionality properties arising from the gs-monoidal view of the theory are
at the basis of the development of a prototype tool UDEfix. The tool allows one to build
the concrete function of interest out of some basic components. Then the approximation of
the function can be obtained compositionally from the approximations of the components
and one can check whether some fixpoint is the least or greatest fixpoint of the function of
interest. Additionally, one use the tool to show that some pre-fixpoint is above the greatest
fixpoint or some post-fixpoint is below the least fixpoint.
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Related work: This paper is based on fixpoint theory, coalgebras, as well as on the theory of
monoidal categories. Monoidal categories [24] are categories equipped with a tensor. It has
long been realized that monoidal categories can have additional structure such as braiding
or symmetries. Here we base our work on so called gs-monoidal categories [14, 22], called
s-monoidal in [21]. These are symmetric monoidal categories, equipped with a discharger
and a duplicator. Note that “gs” originally stood for “graph substitution” as such categories
were first used for modelling term graph rewriting.

We view gs-monoidal categories as a means to compositionally build monotone non-
expansive functions on complete lattices, for which we are interested in the (least or great-
est) fixpoint. Such fixpoints are ubiquitous in computer science, here we are in particular
interested in applications in concurrency theory and games, such as bisimilarity [28], be-
havioural metrics [17, 31, 12, 4] and simple stochastic games [13]. In recent work we have
considered strategy iteration procedures inspired by games for solving fixpoint equations [7].

Fixpoint equations also arise in the context of coalgebra [27], a general framework for
investigating behavioural equivalences for systems that are parameterized — via a functor —
over their branching type (labelled, non-deterministic, probabilistic, etc.). Here in particular
we are concerned with coalgebraic behavioural metrics [4], based on a generalization of the
Wasserstein or Kantorovich lifting [32]. Such liftings require the notion of predicate liftings,
well-known in coalgebraic modal logics [29], lifted to a quantitative setting [10].

Future work: One important question is still open: we defined an approximation #, relating
the concrete category C of functions of type MY — M?Z — where Y, Z might be infinite - to
their approximations, living in A. It is unclear whether # is a lax or even proper functor,
i.e., whether it (laxly) preserves composition. For finite sets functoriality derives from a
non-trivial result in [6] and it is unclear whether it can be extended to the infinite case. If
S0, this would be a valuable step to extend the theory to infinite sets.

In this paper we illustrated the approximation for predicate liftings via the powerset
and the distribution functor. It would be interesting to study more functors and hence
broaden the applicability to other types of transition systems.

Concerning UDEfix, we plan to extend the tool to compute fixpoints, either via Kleene
iteration or strategy iteration (strategy iteration from above and below), as detailed in [7].
Furthermore for convenience it would be useful to have support for generating fixpoint
functions directly from a given coalgebra respectively transition system.

Acknowledgements: We want to thank Ciro Russo who helped us with a question on the
connection of MV-algebras and quantales.
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