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Abstract. In the context of reducing carbon emissions in the automo-
tive supply chain, collaboration between vehicle manufacturers and re-
tailers has proven to be an effective measure for enhancing carbon emis-
sion reduction within the enterprise. This study aims to evaluate the
effectiveness of such collaboration by constructing a differential game
model that incorporates carbon trading and consumer preferences for
low-carbon products. The model examines the decision-making process
of an automotive supply chain comprising a vehicle manufacturer and
multiple retailers. By utilizing the Hamilton-Jacobi-Bellman equation,
we analyze the equilibrium strategies of the participants under both a
decentralized model and a Stackelberg leader-follower game model. In the
decentralized model, the vehicle manufacturer optimizes its carbon emis-
sion reduction efforts, while each retailer independently determines its
low-carbon promotion efforts and vehicle retail price. In the Stackelberg
leader-follower game model, the vehicle manufacturer cooperates with
the retailers by offering them a subsidy. Consequently, the manufacturer
plays as the leader, making decisions on carbon emission reduction efforts
and the subsidy rate, while the retailers, as followers, compute their pro-
motion efforts and retail prices accordingly. Through theoretical analysis
and numerical experiments considering the manufacturer’s and retailers’
efforts, the low-carbon reputation of vehicles, and the overall system prof-
its under both models, we conclude that compared to the decentralized
model, where each party pursues individual profits, the collaboration in
the Stackelberg game yields greater benefits for both parties. Further-
more, this collaborative approach promotes the long-term development
of the automotive supply chain.

Keywords: Differential game · Carbon trading · Automotive · Supply
chain · Carbon emission reduction efforts.
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1 Introduction

The automotive industry, in particular, has been identified as one of the major
contributor to global carbon emissions, and as a result, has been the focus of
regulatory and societal pressures to reduce its carbon emissions. In response to
these pressures, many manufactures have set ambitious goals to reduce their
carbon emissions, including improving energy efficiency and adopting electric
vehicles [1]. However, achieving these goals is not always straightforward, as
manufacturers operate in a complex ecosystem that includes not only themselves
but also retailers, consumers, and other participants.

One important part in this ecosystem is the interaction between the manu-
facturers and their retailers. The manufacturer is responsible for carbon emission
reduction efforts by conducting research and development of low-carbon tech-
nologies and producing low-carbon vehicles. Retailers play a critical role in the
distribution of vehicles, using low-carbon promotions to attract consumers to
purchase low-carbon products. Besides, the manufacturer and retailers may also
cooperate in their emission reduction activities. However, retailers and manu-
facturer are primarily driven by their own interests to maximize profits, which
may lead to suboptimal resource allocation and market efficiency. Therefore,
designing appropriate cooperation models between manufacturers and retailers
is crucial. Generally, decentralized decision-making and the Stackelberg leader-
follower game model are widely adopted [2,3,4]. In decentralized decision-making,
manufacturers and retailers can make independent decisions based on their own
information and considerations. This decision design encourages them to make
optimal decisions based on their own interests. At the same time, decentralized
decision-making can reduce the costs of information exchange and coordination.
Through the Stackelberg leader-follower decision-making, manufacturer can first
formulate the carbon emission reduction effort and subsidy rate, while retailers
react based on the manufacturer’s decisions. This arrangement of decision se-
quences can fully leverage the manufacturer’s advantage and achieve market
efficiency to some extent.

When it comes to government efforts to reduce carbon emissions, various ad-
ministrative measures are implemented, including carbon taxes, building carbon
trading markets, increasing green investments, and more. Among these measures,
carbon trading is the most widely used, which has been implemented in many
countries, including China and the European Union [5]. Under a carbon trading
system, the government initially allocates a certain amount of carbon quotas to
each enterprise based on specific allocation rules. If an enterprise’s actual carbon
emissions are lower than the initial quota, they can sell the excess quotas in the
carbon trading market to generate profit. On the other hand, enterprises that
exceed their carbon quotas need to buy additional quotas to comply with gov-
ernment regulations [6]. It is evident that the carbon trading policy influences
the production and operation decisions of enterprises [7]. Taking the impact of
carbon trading into consideration, Yang et al. [8] designed pricing and emis-
sion reduction models for two competitive supply chains under a carbon trading
scheme. Sun et al. [3] studied multi-period continuous production subject to
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dynamically changing characteristic conditions within the framework of carbon
trading, and proposed different differential game models to explore cooperation
models between the government and enterprises. Unlike existing works that typ-
ically involve two participants, such as one manufacturer and one supplier or one
manufacturer and one retailer, this paper focuses on studying the interactions
among one manufacturer and multiple retailers.

Many studies have investigated the influence of consumers’ low-carbon pref-
erences on the supply chain. Xia et al. [5] incorporated reciprocal preferences
and consumers’ low-carbon awareness into a supply chain model consisting of
a single manufacturer and a single retailer, and examined how these prefer-
ences affect the decisions, performance, and efficiency of the supply chain mem-
bers. Wang et al. [2] studied the carbon reduction decisions of automotive sup-
ply chain members under total control and transaction rules using differential
game theory, where consumers’ low-carbon preferences were also a significant
factor affecting companies’ emission reduction decisions. Chen et al. [9] devel-
oped a closed-loop supply chain model for recycling and remanufacturing based
on Stackelberg leader-follower game theory, considering consumers’ low-carbon
preferences and government subsidies, and established profit models for each
stakeholder under centralized and decentralized decision-making models. They
also examined the impact of consumers’ low-carbon preferences on the profits
and decisions of supply chain members. Xu et al. [4] developed a cost-sharing
model for the automotive supply chain, considering the dynamic changes in con-
sumers’ low-carbon preferences. They argued that consumer demand would be
affected by the low-carbon reputation of products, which in turn would impact
product sales. Similar insights can also be found in the studies of [3,10,11], which
suggest that market demand depends on a company’s green reputation and the
level of environmental friendliness of its products, and that the formation of
a green reputation requires coordination among supply chain members. These
studies highlight that consumers’ low-carbon preferences have become an es-
sential factor in supply chain decision-making. Additionally, we noted that [2,4]
considered dynamic consumer low-carbon preferences in their research. Dynamic
preferences are more reflective of their impact on the supply chain compared to
static preferences. Therefore, drawing inspiration from [3,4], our paper aims to
introduce dynamic consumer low-carbon preferences based on green low-carbon
reputation.

In reality, the process of reducing carbon emissions within the supply chain is
a dynamic and long-term endeavor. Throughout this process, the level of emis-
sion reduction and the green low-carbon reputation of vehicles, as well as con-
sumers’ low-carbon preferences, are continuously changing. This prompts us to
adopt a dynamic perspective to study the interaction between the manufacturer
and n retailers. Differential game theory, as an important dynamic game model,
can provide solutions for dynamic equilibrium outcomes in continuous time [12].
By utilizing the Hamilton-Jacobi-Bellman equation, we analyze the equilibrium
strategies of participants in two distinct models: a decentralized model and a
Stackelberg leader-follower game model. In the decentralized model, each par-
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ticipant makes individual decisions, whereas in the Stackelberg game model,
the manufacturer engages in collaboration with the retailers by offering a sub-
sidy. Unlike previous studies that mainly focus on the manufacturer’s strategy of
carbon emission reduction efforts and the retailers’ strategies for low-carbon pro-
motion, our study goes further by incorporating the retailers’ decision-making
process regarding retail pricing. Furthermore, to enhance the realism of our
model, we introduce carbon trading as an additional element.

The remaining parts of this article are organized as follows. Section 2 pro-
vides the introduction of the problem and the necessary assumptions. In Section
3, two differential cooperation models are established and the corresponding
equilibrium solutions are analyzed. Section 4 conducts the experiments and the
numerical analysis to verify our theoretical results. Finally, Section 5 presents
the conclusion and discussion on further directions. The detailed proofs of the
main results are placed in the full version.

2 Problem assumptions and notations

This paper focuses on a two-tier automotive supply chain consisting of a man-
ufacturer and n retailers. The manufacturer is responsible for carbon emission
reduction efforts to develop low-carbon technology and producing vehicles under
a brand, and its investment in low-carbon technology can enhance the low-carbon
reputation of its products and the emissions reduction level. The retailers strive
to improve the low-carbon reputation of the brand of vehicles through carbon
promotion efforts, such as publicity, subsidies, and other efforts to attract more
consumers. Both the manufacturer and the retailers’ efforts can improve the
low-carbon reputation of this brand of vehicle. In addition, due to the existence
of cap-and-trade regulation, the manufacturer needs to consider the impact of
carbon trading when making decisions.

Considering the interaction between the manufacturer and the retailers, we
propose two cooperation models: the decentralized model and the Stackelberg
leader-follower game model, to explore the strategy selection and interaction
among the participants, respectively. Each model accounts for the interdepen-
dence between the manufacturer and the retailers, as well as the impact of carbon
trading and consumer green preferences on their decision-making process.

Tabel 2 provides the notations used in this paper.

2.1 Model Assumptions

Assumption 1. Both the carbon emission reduction effort Em of the manufac-
turer and the low-carbon promotion effort Eri of retailer i affect the low-carbon
reputation G of the brand of vehicles. Similar to [4], this dynamic process of
G(t) is described by the following differential equation:

Ġ(t) = µmEm(t) +

n∑
i=1

µriEri(t)− δG(t),
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Table 1. Notations and description.

Notation Descriptions

t Time period
G(t), G(0) Low carbon reputation of the vehicle at time t, and initial value of the

low carbon reputation, G(0) ≥ 0.
Em, Eri Manufacturer’s carbon emission reduction effort, retailer i’s low-carbon

promotion effort.
λm, λri Manufacturer’s cost coefficient related to carbon emission reduction, re-

tailer cost coefficient related to the promotion of low-carbon vehicle,
λm, λri > 0.

µm, µri Influence coefficient of manufacturer emission reduction efforts on the
reputation, influence coefficient of retailer’s low-carbon promotion efforts
on reputation, µm, µri > 0.

ω Influence coefficient of manufacturer emission reduction efforts on the
emission reduction level, ω > 0.

p, pi, pc Manufacturer’s wholesale price, retail price, price per unit of carbon emis-
sion credit, p, pi, pc > 0.

Qi(t) Demand function for retailer i at time t and the total demand is Q(t) =∑n
i=1 Qi(t).

θ Low-carbon preference of consumers, θ > 0.
ai retailer i’s potential sales, ai > 0.
bi, c Influence coefficient of price on sales, influence coefficient of other retail-

ers’ prices on sales, bi > 0, 0 ≤ c ≤ 1.
F0 Carbon emission quota.
F (t) Total quantity of carbon quota trading at time t.
δ Decay coefficient of low-carbon reputation, δ > 0.
ρ Discount rate of profit, ρ > 0 .

where µm and µri , i = 1, · · · , n, are the influence coefficients of manufacturer’s
and retailers’ efforts on the reputation, δ > 0 is the decay coefficient of low-
carbon reputation.

Assumption 2. By assumptions for demand in [13], the demand Qi of the
vehicles sold by retailer i is decreasing with the retail price pi and increasing
with the price pj , j ̸= i set by others. In addition, the higher lower-carbon
reputation G(t) can positively influence demand Qi(t). Thus

Qi(t) = (ai − bipi + c

n∑
k=1,k ̸=i

bkpk
n− 1

)θG(t),

where bi > 0 is the coefficient of the effect from the retail price pi on demand
Qi. Since the effect from other retail price pk ̸= pi on Qi is no more than the
effect from pi, we let the coefficient 0 ≤ c ≤ 1.

Assumption 3. The carbon emissions level of the vehicle is determined by the
manufacturer’s efforts in emission reduction (through low-carbon technology in-
vestment and development), with the emission reduction level being proportional
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to the manufacturer’s efforts, denoted by a coefficient ω. Thus, the vehicle’s emis-
sion reduction level is equal to ω · Em(t). Similar to the assumption in [5,2], we
assume that the initial carbon emissions per unit product is 1, indicating the
emission reduction per unit product is 1 · ω · Em(t), the per unit product car-
bon emission is 1 − ω · Em(t), and the total emission of the manufacturer is
(1 − ωEm(t))

∑n
i=1 Qi(t). Let us denote the carbon quota of the manufacturer

at time t as F (t), with F0 being the initial carbon quota. Therefore, the carbon
quota of the manufacturer is expressed as:

F (t) = F0 − (1− ωEm(t))

n∑
i=1

Qi(t).

It is worth to note that when F (t) > 0, the manufacturer possesses excess carbon
quotas that can be traded for financial gain in the carbon market. Conversely,
if F (t) < 0, the manufacturer is obligated to procure carbon quotas from the
market to comply with the government’s regulations.

Assumption 4. The costs of emission reduction efforts paid by the manufac-
turer and retailer are quadratic functions of Em(t) and Eri(t), respectively, which
are popular and have been adopted by a lot of literatures [2,3,5]. Therefore, the
costs of efforts respectively paid by the manufacture and retailer i are

Cm(t) =
1

2
λmE2

m(t), Cri(t) =
1

2
λriE

2
ri(t).

Assumption 5. Due to the fact that the n retailers are the retailers of the
same brand of automobile vehicles, which are provided by the manufacturer,
their business scale, target customers, and sales models are all similar. Therefore,
we suppose these n retailers to be homogeneous, and thus the cost coefficients,
the impact coefficients of effort levels on reputation, and the price sensitivity
coefficient are all set to be the same, that is, λr = λr1 = λr2 = . . . = λri ,
µr = µr1 = µr2 = . . . = µri , b = b1 = b2 = . . . = bi.

3 Model formulation

Based on the assumptions in Section 2, this section establishes two differential
game models to analyze the equilibrium strategies of the manufacture and the
retailers, by considering the long-term impact of carbon trading and low-carbon
reputation of vehicles. For the sake of convenience, we omit t in the following.

3.1 Decentralized model

Before establishing the decentralized model, it is necessary for us to clarify that
the objectives of the manufacture and the retailers are all to maximize their own
profits individually over an infinite time, and the discount rate is denoted by
ρ > 0. Therefore, their objective functions are formulated as follows.

max JD
m =

∫ ∞

0

e−ρt

[
p

n∑
i=1

Qi + pc (F0 − (1− ωEm)

n∑
i=1

Qi)−
1

2
λmE2

m

]
dt, (1)

max JD
ri =

∫ ∞

0

e−ρt

[
piQi −

1

2
λrE

2
ri

]
dt, (2)
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where p is the wholesale price, pc is the price of per carbon credit, which
are given in advance; and pi is the retail price set by retailer i. Let V D

m , V D
ri

denote the profit function of manufacture and retailer i, respectively. Thus, the
corresponding Hamiltonian-Jacobi- Bellman (HJB) equations are formulated as:

ρV D
m = max

[
p

n∑
i=1

Qi + pc(F0 − (1− ωEm)

n∑
i=1

Qi)−
1

2
λmE2

m + V D′
m (µmEm

+

n∑
i=1

µrEri − δG)

]
, (3)

ρV D
ri = max

[
piQi −

1

2
λrE

2
ri + V D′

ri (µmEm +

n∑
i=1

µrEri − δG)

]
. (4)

Let us denote qi = ai− bpi+ c
∑n

k=1,k ̸=i
bpk

n−1 , meaning that Qi(t) = θG(t)qi. So

n∑
i=1

qi =

n∑
i=1

(ai − bpi + c

n∑
k=1,k ̸=i

bpk
n− 1

) =

n∑
i=1

ai − (1− c)b

n∑
i=1

pi. (5)

Proposition 1 Under the decentralized model, the optimal carbon emission re-
duction effort of the manufacturer and the optimal low-carbon promotion efforts
of retailers are

ED
m

∗
=

pcθωG
∑n

i=1 qi + (2ADG+BD)µm

λm
, ED

ri

∗
=

µrD
D
i

λr
, (6)

the optimal retailer price set by retailer i is

pDi
∗
=

(n− 1)(2− c)ai + c
∑n

k=1 ak

b(2− c)(2n− 2 + c)
, (7)

the optimal trajectory of low carbon reputation is:

GD∗ =
4BDλrµ

2
m + 4λmµ2

r

∑n
i=1 D

D
i

λr

√
△D − λmλrρ

, (8)

and the optimal profits of manufacture and retailer i are:

V D
m = A(GD∗)2 +BGD∗ + CD, V D

ri = DD
i GD∗ +HD

i , (9)

where AD, BD, CD and DD
i are the coefficients in the value functions V D

m (G) =
ADG2 +BDG+ CD and V D

ri = DD
i G+HD

i ,

AD =
4λmδ + 2λmρ− 4pcθωµm

∑n
i=1 qi −

√
△D

8µ2
m

, (10)

BD =
4λmλrθ(p− pc)

∑n
i=1 qi + 8Aλmµ2

r

∑n
i=1 Di

2λmλrρ+
√

△D
, (11)

CD =
pcF0

ρ
+

BD2
µ2
m

2λmρ
+

BD∑n
i=1 µrEri

ρ
, (12)

DD
i =

λmpiqiθ

λm(ρ+ δ)− pcθωµm

∑n
i=1 qi − 2Aµ2

m

, (13)

where △D = (4pcθωµm

∑n
i=1 qi − 4λmδ − 2λmρ)2 − 16(µmpcθω

∑n
i=1 qi)

2 > 0.

The proof of Proposition 1 is provided in the Appendix A.
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3.2 Stackelberg leader-follower game model

In the Stackelberg leader-follower game model, the manufacturer supports the
retailers by offering a subsidy. In this model, the manufacturer plays as a leader
to disclose its carbon emission reduction effort Em and subsidy rate xi to retailer
i in the first stage, and its objective function is

max JS
m =

∫ ∞

0

e−ρt

[
p

n∑
i=1

Qi + pc(F0 − (1− ωEm)

n∑
i=1

Qi)−
1

2
λmE2

m

− 1

2

n∑
i=1

λrxiE
2
ri

]
dt. (14)

Then, in the second stage retailer i determines its low-carbon promotion ef-
fort Eri after observing the manufacturer actions as a follower. Therefore, the
objective functions of retailer i is given by:

max JS
ri =

∫ ∞

0

e−ρt

[
piQi −

1− xi

2
λrE

2
ri

]
dt. (15)

Let V S
m , V S

ri denote the value functions of manufacture and retailer i, respec-
tively. We have the Hamiltonian-Jacobi- Bellman (HJB) equations as

ρV S
m = max

[
p

n∑
i=1

Qi + pc(F0 − (1− ωEm)

n∑
i=1

Qi)−
1

2
λmE2

m − 1

2

n∑
i=1

λrxiE
2
ri

+ V S′
m (µmEm +

n∑
i=1

µrEri − δG)

]
, (16)

ρV S
ri = max

[
piQi −

1− xi

2
λrE

2
ri + V S′

ri (µmEm +

n∑
i=1

µrEri − δG)

]
. (17)

Proposition 2 Under the Stackelberg leader-follower game model, the equilib-
rium carbon emission reduction effort of the manufacturer and the low-carbon
promotion effort of retailer i are presented as follows:

ES
m

∗
=

pcθωG
∑n

i=1 qi + (2ASG+BS)µm

λm
, ES

ri

∗
=

µrD
S
i

λr(1−xi)
, (18)

the equilibrium retailer price pS∗
i is

pSi
∗
=

(n− 1)(2− c)ai + c
∑n

k=1 ak

b(2− c)(2n− 2 + c)
, (19)

the equilibrium subsidy rate x∗
i is

x∗
i =

2(ASGS
s +BS)−DS

i

2(ASGS
s +BS) +DS

i

, (20)

the equilibrium trajectory of low carbon reputation is:

GS∗ =
4BSλrµ

2
m + 4nBSλmµ2

r + 2λmµ2
r

∑n
i=1 D

S
i√

△S − λmλrρ
. (21)
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and the equilibrium profits of manufacture and retailer i under the Stackelberg
leader-follower game are

V S
m = ASGD

s

2
+BSGS

s + CS , V S
ri = DS

i G
S
s +HS

i , (22)

whereh AS , BS , CS and DS
i are the coefficients of the value functions V S

m =
ASG2 +BSG+ CS and V S

ri = DS
i G+HS

i , with the formulations as:

AS =
(4δλmλr + 2λmλrρ− 4λrµmpcωθ

∑n
i=1 qi)−

√
△S

8(λrµ2
m + nλmµ2

r)
, (23)

BS =
4λmλrθ(p− pc)

∑n
i=1 qi + 4Aλmµ2

r

∑n
i=1 Di

2λmλrρ+
√

△S
, (24)

CS =
pcF0

ρ
+

BS2
µ2
m

2λmρ
+

4nB2µ2
r − 4BSµ2

r

∑n
i=1 D

S
i
2
+ µ2

r

∑n
i=1 D

S
i

8λrρ
, (25)

DS
i =

4λmλrθpiqi

2λmλrρ+ASλmµ2
r +

√
△S

, (26)

where

△S = (4λmλrδ + 2λmλrρ− 4λrµmpcωθ

n∑
i=1

qi)
2 − 16λr(λrµ

2
m + nλmµ2

r)(pcθω

n∑
i=1

qi)
2.

The proof of Proposition 2 is provided in Appendix B.

4 Numerical analysis

This section performs numerical experiments to assess the models’ validity, con-
duct the sensitivity analysis of key parameters, and provide managerial insights.
Moreover, we simulate the impact of changes in low-carbon reputation and sup-
ply chain members’ profits under the scenario without carbon trading, aiming
to examine the decision-makings under various policy conditions.

Drawing upon the works of Wang et al. [2] and Xu et al. [4], we set the
relevant parameters for our numerical experiments as: G(0) = 0, λm = 500, λr =
100, µm = 2, µr = 0.5, ω = 0.4, p = 15, θ = 0.6, b = 0.9, c = 0.8, F0 = 500, δ =
0.8, ρ = 0.6, n = 6.

We distinguish the existence of carbon trading policy by setting pc = 1 > 0
and the scenario without carbon trading by setting pc = 0.

The results of the identical decision-making model are depicted using the
same color scheme. Specifically, the decentralized model is represented by the
color cyan, while the Stackelberg game model is represented by the color blue.
Furthermore, solid and dashed lines are employed to differentiate between cases
with and without carbon trading, respectively. Finally,, we use the superscript
′N ′ to denote the scenario where the carbon trading policy is not implemented.
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4.1 Changes in manufacturer’s and retailer’s profits over time

This section discusses the variation of profits for the manufacturer and the re-
tailer over time for the decentralized model and the Stackelberg game model
respectively in Fig. 1-(a) and Fig. 1-(b).

From the figures, we can observe that conditional cooperation leads to im-
proved profits for both manufacturers and retailers. This is achieved through
manufacturers providing subsidies to retailers to incentivize the adoption of more
low-carbon promotional measures. Additionally, in the absence of carbon trad-
ing, both decision-making models result in lower profitability compared to the
scenarios with carbon trading. This indicates that manufacturers derive benefits
from engaging in carbon trading.

It is worth noting that in the decentralized model with carbon trading, retail-
ers experience higher profitability than in scenarios without carbon trading. This
suggests that retailers benefit from the enhanced reputation resulting from man-
ufacturers’ carbon emission reduction efforts. Overall, if the vehicles produced
by the manufacturer are environmentally friendly, they can generate more profits
from the carbon trading market and allocate subsidies to support retailers’ pro-
motion efforts. By channeling a portion of the carbon trading revenue into the
supply chain, both the manufacturer and retailers are incentivized to actively
participate in low-carbon management, ultimately leading to the decarboniza-
tion of the entire supply chain.

(a) Manufacturer’s profits. (b) Retailers’ profits.

Fig. 1. Manufacturer’s and retailers’ profits under different models.
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4.2 Changes of low-carbon reputations and supply chain profits
over time

(a) Low-carbon reputation under different
models.

(b) Total profits of supply chain under dif-
ferent models.

Fig. 2. Low-carbon reputations and total profits of supply chain under different models.

Fig. 2 illustrates the trajectories of low-carbon reputation under three scenarios,
which increase with the increase of time t and stabilize as t approaches infinity. In
Fig. 2-(a), we can observe that the low-carbon reputation under the Stackelberg
game model is higher than that under the decentralized model, which indicat-
ing that cooperation can enhance low-carbon reputation even if it is one-way.
Furthermore, reputations were improved across all models where carbon trading
was implemented. Therefore, supply chains should collaborate rather than act
independently in the search for low-carbon solutions and the government should
consider carbon trading as an alternative policy after subsidy cancellation.

From the Fig. 2-(b), it can be seen that the profit of supply chain in the
Stackelberg game model is higher than that in the decentralized model, which
demonstrates a similar trend as the low-carbon reputation shown in Fig. 2-
(a). These findings highlight the importance of prioritizing cooperation among
supply chain members in the long run, as it can yield better profit performance
and cost reduction. Moreover, the implementation of carbon trading enhances
supply chain profits. Therefore, it is imperative for supply chain members to
remain vigilant and adapt to policy changes accordingly.

5 Conclusion

This study employs a differential game framework to examine the dynamic
decision-making process related to low-carbon strategies within the automotive
supply chain. Departing from previous assumptions of fixed marginal profit, this
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study places emphasis on the joint decision-making regarding pricing and low-
carbon operations. By considering the influence of carbon trading policies and
the reputation of low-carbon vehicles, two interaction models between the man-
ufacturer and n retailers are discussed: the decentralized model and the Stack-
elberg game model. For each model, the equilibrium decisions of all participants
and the trajectory of low-carbon reputation are analyzed. The key conclusions
derived from this study are as follows:

– In the Stackelberg game model, where the manufacturer plays as the leader,
providing subsidies to retailers to incentivize their low-carbon promotion
efforts, several positive outcomes are observed. Compared to decentralized
decision-making, the Stackelberg game model leads to improvements in sup-
ply chain profit, effort levels, and low-carbon reputation. This demonstrates
that conditional cooperation through the Stackelberg model can effectively
motivate supply chain members to actively engage in emission reduction
activities.

– The low-carbon reputation of vehicles has a significant impact on market de-
mand. Both retailers and manufacturers can increase their respective efforts
to enhance the reputation of their vehicles, expand market share, and boost
revenue.

– The implementation of carbon trading policies contributes to carbon emis-
sion reduction within the automotive supply chain and enhances the indus-
try’s low-carbon reputation to a certain extent. However, it is important to
note that the initial adoption of carbon trading may impose challenges on
the supply chain. Therefore, it is crucial for the government to dynamically
adjust relevant policies to ensure a smooth transition towards a low-carbon
supply chain.

However, this study does have some limitations that should be acknowledged.
Firstly, the model settings do not incorporate the participation of retailers in
carbon trading, which could be a valuable aspect to explore in future research.
Secondly, the decision-making process within the automotive supply chain can
be influenced by various other government policies, such as subsidies and carbon
taxes, which were not extensively considered in this study. Finally, the research
primarily focuses on manufacturers’ direct retail channels and does not delve
into the analysis of dual-channel sales, which could provide additional insights
and avenues for further investigation.
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Appendix A Proof for the decentralized model

From the second derivative, we know that the right hand side of Eqs. (3) is a con-
cave function about Em. Let the first derivative equal to zero, the manufacture’s
response function can be obtained as:

ED
m =

pcωθG
∑n

i=1 qi + V D′
m µm

λm
. (27)

Then, we know that the right hand side of Eqs. (4) is a concave function
about Em, pi, respectively. Let the first derivative equal to zero, the retailer’s
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response function can be obtained as:

ED
ri =

µrV
D′
ri

λr
, (28)

pDi =
ai + c

∑n
i=1,i ̸=n

bpk
n−1

2b
. (29)

From Eqs. (29) and 0 < c < 1, n ≥ 1 we can deduce that:

2b

n∑
i=1

pD
∗

i =

n∑
i=1

ai + cb

n∑
k=1

pD
∗

k ⇒
n∑

i=1

pD
∗

i =

∑n
i=1 ai

b(2− c)
⇒

n∑
k=1,k ̸=i

pD
∗

k =

∑n
i=1 ai

b(2− c)
− pD

∗
i .

(30)
Substituting Eqs. (30) into Eqs. (29), we can get:

pDi =
(n− 1)(2− c)ai + c

∑n
k=1 ak

b(2− c)(2n− 2 + c)
. (31)

Substituting Eqs. (27) and (28) into Eqs. (3) and (4), we can obtain:

ρV D
m = pθG

n∑
i=1

qi + pc

(
F0 − (1− ωEm)

n∑
i=1

qiθG

)
− 1

2
λm

(
pcωθG

∑n
i=1 qi + V D′

m µm

λm

)2

+ V D′
m

(
µm

pcωθG
∑n

i=1 qi + V D′
m µm

λm
+

n∑
i=1

µ2
rV

D′
ri

λr
− δG

)
,

(32)

ρV D
ri = piqiθG−

µ2
rV

D′
ri

2λr

2

+ V D′
ri

(
pcµmωθG

∑n
i=1 qi + V D′

m µm

λm
+

n∑
i=1

µ2
rV

D′
ri

λr
− δG

)
.

(33)
According to Eqs. (32) and (33), we further infer that the solution of the manufac-

turer’s HJB equation is quadratic about G and the solution of the retailer’s HJB equa-
tion is linear about G. Therefore, we set V D

m = ADG2+BDG+CD, V D
ri = DD

i G+HD
i ,

and V D′
m = 2ADG + BD, V D′

ri = DD
i and substitute them into Eqs. (32) and (33).

Subsequently, we obtain:

ρ(ADG2 +BDG+ CD) =

[((
pcθw

∑n
i=1 qi + 2Aµm

)2
2λm

− 2Aδ

)
G2

+

(
(p− pc) θ

n∑
i=1

qi +
Bpcθwµm

∑n
i=1 qi + 2ABµ2

m

λm
+ 2A

n∑
i=1

µrEri −Bδ

)
G

+ pcF0 +
B2µ2

m

2λm
+B

n∑
i=1

µrEri

]
,

(34)

ρ(DD
i G+HD

i ) = (pqiθ +DD
i (

pcωθGµm

∑n
i=1 qi + 2ADGµ2

m

λm
− δ))G− µ2

rD
D
i

2

2λr

+
BDDD

i µm

λm
+

n∑
i=1

µ2
rD

2
i

λr
.

(35)
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Comparing the quadratic coefficient of G in Eqs. (34), we obtain a quadratic equa-
tion with respect to AD. Solving this equation yields the value of AD as shown in Eqs.

(36). Noted that when AD =
2λmδ+λmp−4pcθωµm

∑n
i=1 qi+

√
△D

8µ2
m

, both parties’ efforts are

less than zero. However, in reality, the effort level cannot be negative. Therefore, AD

equals to
2λmδ+λmp−4pcθωµm

∑n
i=1 qi−

√
△D

8µ2
m

. Furthermore, by comparing the coefficients

of other terms, we obtained the values of BD, CD, DD
i and HD

i . are determined by
the following equation:

AD =
4λmδ + 2λmρ− 4pcθωµm

∑n
i=1 qi −

√
△D

8µ2
m

, (36)

BD =
4λmλrθ(p− pc)

∑n
i=1 qi + 8Aλmµ2

r

∑n
i=1 Di

2λmλrρ+
√

△D
, (37)

CD =
pcF0

ρ
+

BD2
µ2
m

2λmρ
+

BD∑n
i=1 µrEri

ρ
, (38)

DD
i =

λmpiqiθ

λm(ρ+ δ)− pcθωµm

∑n
i=1 qi − 2Aµ2

m

, (39)

HD
i = −µ2

rD
D
i

2

2λrρ
+

BDDD
i µ2

m

λmρ
+

µ2
rDi

∑n
i=1 Di

2λrρ
. (40)

where △D = (4pcθωµm

∑n
i=1 qi − 4λmδ − 2λmρ)2 − 16(µmpcθω

∑n
i=1 qi)

2 > 0.

Substituting the optimal efforts of manufacture and retailer above into the dynamic
function Ġ(t) = µmEm+

∑n
i=1 µrEri−δG(t), we can obtain the steady-state low carbon

reputation and the trajectory of low carbon reputation over time as follows:

GD
s =

µmED
m +

∑n
i=1 µrE

D
ri

δ
=

4BDλrµ
2
m + 4λmµ2

r

∑n
i=1 D

D
i

λr

√
△D − λmλrρ

, (41)

G(t)D = GD
s + (G(0)−GD

s )e−δt. (42)

Besides, based on the study of [2], the following conditions need to be satisfied in
order to ensure V D

m (G) = AG2 + BG + C and V D
ri = DiG

D
s + Hi equal to the value

function:

lim
t→∞

V D
m (G)e−δt = 0. (43)

Finally, by substituting GD
s into V D

m (G), we obtain the net profit of manufacture
and retailer:

V D
m = AGD

s

2
+BGD

s + C, (44)

V D
ri = DiG

D
s +Hi. (45)

This completes the proof. ■
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Appendix B Proof of Stackelberg Game Model

According to the backwards induction method, we first take the derivative of Eqs. (17)
with respect of Eri and pi. Let the first derivative equal to zero, the response function
can be obtained as:

ES
ri =

µrV
S′
ri

λr(1− xi)
, (46)

pSi =
ai + c

∑n
i=1,i ̸=n

bpk
n−1

2b
. (47)

From Eqs. (47) and 0 < c < 1, n ≥ 1 we can deduce that:

2b
n∑

i=1

pS
∗

i =
n∑

i=1

ai + cb

n∑
k=1

pS
∗

k ⇒
n∑

i=1

pS
∗

i =

∑n
i=1 ai

b(2− c)
⇒

n∑
k=1,k ̸=i

pS
∗

k =

∑n
i=1 ai

b(2− c)
− pS

∗
i .

(48)
Substituting Eqs. (48) into Eqs. (47), we can derive the following equation:

pSi =
(n− 1)(2− c)ai + c

∑n
k=1 ak

b(2− c)(2n− 2 + c)
. (49)

Then, we substitute Eqs. (46) and Eqs. (47) into Eqs. (16) and take the derivative of
Em and xi equal to zero.

ES
m =

pcωθG
∑n

i=1 qi + V S′
m µm

λm
, (50)

xi =
2V S′

m − V S′
ri

2V S′
m + V S′

ri

. (51)

Substituting Eqs. (46) , (50) and (51) into Eqs. (16) and (17), we can obtain:

ρV S
m =pθG

n∑
i=1

qi + pc(F0 − (1− ωEm)

n∑
i=1

Qi)− (
(pcωθG

∑n
i=1 qi + V S′

m µm)2

2λm
)−

µ2
r

∑n
i=1(4V

S′
m

2
− V S′

ri

2
)

8λr

+ V S′
m (

pcµmωθG
∑n

i=1 qi + V S′
m µ2

m

λm
+

µ2
r

∑n
i=1(2V

S′
m − V S′

ri )

2λr
− δG),

(52)

ρV S
ri =pi

n∑
i=1

Qi −
µ2
rV

S′
ri (2V S′

m − V S′
ri )

4λr

+ V S′
ri

(
pcµmωθG

∑n
i=1 qi + V S′

m µm

λm
+

µ2
rV

S′
ri

∑n
i=1(2V

S′
m − V S′

ri )

2λr
− δG

)
.

(53)
According to Eqs. (52) and (53), we further infer that the solution of the manufacturer’s
HJB equation is quadratic about G and the solution of the retailer’s HJB equation is
linear about G. Hence, we set V S

m = ASG2 + BSG + CS , V S
ri = DS

i G + HS
i , and

V S′
m = 2ASG + BS , V S′

ri = DS
i , by comparing the coefficients on both sides of the
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equation, we get the following values:

AS =
(4δλmλr + 2λmλrρ− 4λrµmpcωθ

∑n
i=1 qi)−

√
△S

8(λrµ2
m + nλmµ2

r)
, (54)

BS =
4λmλrθ(p− pc)

∑n
i=1 qi + 4Aλmµ2

r

∑n
i=1 Di

2λmλrρ+
√

△S
, (55)

CS =
pcF0

ρ
+

BS2
µ2
m

2λmρ
+

4nB2µ2
r − 4BSµ2

r

∑n
i=1 D

S
i
2
+ µ2

r

∑n
i=1 D

S
i

8λrρ
, (56)

DS
i =

4λmλrθpiqi

2λmλrρ+ASλmµ2
r +

√
△S

, (57)

HS
i =

DS
i µ

2
r(4nB + 2

∑n
i=1 D

S
i − 2B −DS

i )

4ρλr
+

BSDS
i µ

2
m

ρλm
. (58)

where△S = (4δλmλr+2λmλrρ−4λrµmpcωθ
∑n

i=1 qi)
2−16λr(λrµ

2
m+nλmµ2

r)(pcθω
∑n

i=1 qi)
2.

Substituting the optimal efforts above into the dynamic function, we can obtain the
trajectory of low carbon reputation and the steady-state low carbon reputation over
time as follows:

G(t)S = GS
s + (G(0)−GS

s )e
−δt, (59)

GS
s =

µmES
m +

∑n
i=1 µrE

S
ri

δ
=

4BSλrµ
2
m + 4nBSλmµ2

r + 2λmµ2
r

∑n
i=1 D

S
i√

△S − λmλrρ
. (60)

Finally, by substituting GS
s into V S

m(G), we obtain the net profit of manufacture and
retailer:

V S
m = ASGD

s

2
+BSGS

s + CS , (61)

V S
ri = DS

i G
S
s +HS

i . (62)

This completes the proof. ■
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