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—— Abstract

A recently introduced restricted variant of the multidimensional stable roommate problem is the

roommate diversity problem[l]: each agent belongs to one of two types (e.g., red and blue), and
the agents’ preferences over the coalitions solely depend on the fraction of agents of their own
type among their roommates. A roommate diversity game is represented by the quadruple G =
(R, B, s, (Za)acruB), where R and B represent the red and blue agents respectively, s € N* denotes
the room size, and preference relation . for a € RU B is a weak order over {|j € [0, s]}.

There are various notions of stability that defines an optimal partitioning of agents. The notion
of popularity has received a lot of attention recently. A partitioning of agents is popular if there
does not exist another partitioning in which more agents are better off than worse off. Computing
a popular partition in a stable roommate game can be done in polynomial time[5]. When we allow
ties the stable roommate problem becomes NP-complete[7]. Determining the existence of a popular
solution in the multidimensional stable roommate problem is also NP-hard[6].

We show that in the roommate diversity problem with s = 2 fixed, the problem becomes
tractable. Particularly, a popular partitioning of agents is guaranteed to exist and can be computed
in polynomial time. Additionally a mixed popular partitioning of agents is always guaranteed to
exist in any roommate diversity game. By contrast, when there are no restrictions on the coalition
size of a roommate diversity game, a popular partitioning may fail to exist and the problem becomes
intractable. Our intractability results are summarized as follows:

Determining the existence of a popular partitioning is co-NP-hard, even if the agents’ preferences

are trichotomous.

Determining the existence of a strictly popular partitioning is co-NP-hard, even if the agents’

preferences are dichotomous.

Computing a mixed popular partitioning of agents in polynomial time is impossible unless

P=NP, even if the agents’ preferences are dichotomous.
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1 Introduction

The formation of stable coalitions in multi-agents systems is a computational problem that
has several variations with different conditions on the coalition size. A recently introduced
restricted variant of the multidimensional stable roommate problem is the roommate di-
versity problem[1]: each agents belongs to one of two types (e.g., red and blue), and the
agents’ preferences over the coalitions solely depend on the fraction of agents of their own
type among their roommates. This model captures important aspects of several real-world
coalition formation scenarios, such as flat-sharing, seating arrangements at events, and split-
ting students into teams for group projects. In the latter scenario, as local student may
have difficulty communicating with international students and vice versa, the preference of
a student may solely rely on the fraction of international group members.

There are various notions of stability that defines an optimal partitioning of agents. The
notion of popularity has received a lot of attention recently. A partitioning of agents is
popular if there does not exist another partitioning in which more agents are better off
than worse off. Computing a popular partition in a stable roommate game can be done
in polynomial time[5]. When we allow ties the stable roommate problem becomes NP-
complete[7]. Determining the existence of a popular solution in the multidimensional stable
roommate problem is also NP-hard[6].

The roommate diversity problem has been studied with the stability notions envy-freeness,
Pareto optimality, exchange stability, and core stability. For the majority of these stability
notions computing a stable partitioning of a roommate diversity game is NP-hard. On the
other hand the problem is FPT when using the room size as parameter|[1].

1.1 Our results

We show that in the roommate diversity problem with the room size fixed to 2, the problem
becomes tractable. Particularly, a popular partitioning of agents is guaranteed to exist and
can be computed in polynomial time. Additionally a mixed popular partitioning of agents is
always guaranteed to exist in any roommate diversity game. By contrast, when there are no
restrictions on the coalition size of a roommate diversity game, a popular partitioning may
fail to exist and the problem becomes intractable. Our intractability results are summarized
as follows:

Determining the existence of a popular partitioning is co-NP-hard, even if the agents’

preferences are trichotomous.

Determining the existence of a strictly popular partitioning is co-NP-hard, even if the

agents’ preferences are dichotomous.

Computing a mixed popular partitioning of agents in polynomial time is impossible unless

P=NP, even if the agents’ preferences are dichotomous.

2 Preliminaries

In this work, we slightly extend the notation and definitions related to the roommate di-
versity problem used in the work of Boehmer and Elkind[1]. Additionally, we also use the
notation and definitions related to popularity used in the work of Brandt and Bullinger[2].
In order to ensure that this paper is self-contained, we shall include the existing definitions
in this section. For our hardness results, we construct reductions from the Exact Cover
by 3-Sets problem. We abbreviate Exact Cover by 3-Sets with X3C. These reductions can
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be performed in polynomial time and the size of the resulting roommate diversity game is
polynomial in the size of the X3C instance.

2.1 Roommate Diversity Problem
For s € N,t € NT let us define the integer set [t] = {1,...,¢} and [s,t] = {s,...,t}.

» Definition 1. A roommate diversity game is a quadruple G = (R, B, s, (Za)acruB) With
room size s and agent set N = RU B where |N| = k - s for some k € N. The preference
relation =, of each agent a € N is a complete and transitive weak order over the set D =

~a

{L]5 € [0, s]}.

We call the agents in R red agents and the agents in B blue agents. A s-sized subset of
N is called a coalition or room and the number of rooms is k = @ For an agent a € N let
N, ={S C N||S| = s,a € S} denote every possible room that contains a.

An outcome 7 of G is a partition of the agents N into k rooms of size s, i.e., T =

k
{C1,...,Cy} such that |C;| = s for each ¢ € [k], |J C; = N, and for 1 < i < j < k we have
i=1

C;NCj = 0. Let m(a) denote the room in 7 that contains agent a € N, i.e., for a € N, we
have 7(a) = C; where i € [k] such that a € C;. For a room C' C N, let §(C) denote the
fraction of red agents in C, i.e., 0(C) = %. We say that C has/is of fraction 6(C') or the

fraction of C is 6(C).

For an agent a € N, the preference relation =, are the preferences of a over the fraction
of red agents in its room. For example, % T % means that agent a likes being in a room with
2 red agents at least as much as being in a room with 3 red agents. Note that a red agent
cannot be in a room with fraction % and a blue agent cannot be in a room with fraction
2. Thus discarding these ‘impossible’ fractions in their preference relation does not impact
our results. Given two rooms S,T € N,, we overload the notation by writing S >, T, and
say that agent a strictly prefers S over T if 6(S) =, 6(T) and 0(T) %, 6(S). Additionally,
we write S 77, T and say that agent a weakly prefers S over T if 6(S) o 0(T). If agent
a weakly prefers S over T and T over S, we write S ~, T and say that a is indifferent
between S and T. We similarly overload the notation for outcomes m, 7’ by writing 7= =, 7’
iff w(a) =4 7'(a), m Zo 7 iff w(a) Za 7' (a), and 7 ~, 7 iff w(a) ~, 7’ (a).

The preference relation of agent a is said to be dichotomous if there exists a partition of
D into two sets D} and D, such that for all d* € D}, d= € D, it holds that d* >, d~,
for all df,dj € D} it holds that df ~, dj, and for all d ,d, € D; it holds that dj ~, ds .
We say that agent a approves of the fractions in D and disapproves of the fractions in D, .

The preference relation of agent a is said to be trichotomous if there exists a partition
of D into three sets D}, D”, and D, such that for all d* € D}, d" € D, and d~ € D
it holds that d* =, d* and d® =, d~. Additionally, for all dT,d; € D7} it holds that
di ~, dj, for all df,dy € D! it holds that d} ~, d¥, and for all d] ,d;, € D it holds
that di ~, d; . We say that agent a approves of the fractions in D}, is neutral about the
fraction in D7, and disapproves of the fractions in D, .

For an outcome 7 let D denote the agents that approve of the room it is assigned in 7,
i.e., D} ={a € RUB|0(n(a)) € D} }. We define D and D, analogously.

2.2 Popularity

For outcomes m, 7" let N(m,7') be the set of agents who prefer = over 7/, i.e., N(m, ')
{a € N|r =, 7'}. For any room S C N, where |S| = s, and outcomes 7,7’ let ¢g(m, ') =
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IN(m, )N S| — |N(x',7) N S|. We call ¢pg(m, ') the popularity margin on S with respect
to m and 7’. We define the popularity margin of 7 and ' as ¢(w, ') = ¢ (m, 7).

An outcome 7 is more popular than outcome 7’ if ¢(7,7’) > 0. An outcome 7 is popular
if for any outcome ' we have ¢(w,7’) > 0, i.e., no outcome is more popular than 7. An
outcome 7 is called strongly popular if for any other outcome n’ # 7 we have ¢(m, ") > 0,
i.e., m is more popular than any other outcome. Note that there can be at most one strongly
popular outcome.

We define a mixed outcome p = {(m1,p1),..., (7, p+)} to be a set of pairs, where for
each i € [t], m; is an outcome of a roommate diversity game and (p1,...,p:) is a probability
distribution. For mixed outcome p = {(m1,p1),-.., (7, p¢)} and ¢ = {(o1,q1),- -, (Cus Gu) }s
we define the popularity margin of p and ¢ to be their expected popularity margin, i.e.,

t u

¢(p7 Q) = Z ZPin(b(Wiaaj)'

i=1 j=1

A mixed outcome p is popular if for any mixed outcome g we have ¢(p, q) > 0.

2.3 Exact Cover by 3-Sets Problem

For our reductions, we use the exact cover by 3-set problem, which is known to be NP-
complete[4]. Let X = {1,...,m} = [m], where m € N*, and let C = {Ay,...,A,} be a
collection of 3-element subsets of X, i.e., for each i € [¢] we have A; C X and |4;] =3. An
instance of the X3C problem is a tuple (X, C) and asks: does there exist a subset C' C C
such that every element of X occurs in exactly one member of C’? We call such a C’ a
solution of (X, C).

We require the following definition for our reduction. For i € X, let J* = {ji,...,ji }
be the set of indices of the sets in C that contain i, i.e. j € J' <= i € A; (or equivalently

Jt={jeldli € A;}).

3 Room Size Two

For a roommate diversity game G = (R, B,2,(Za)acrup) With room size 2, a room S C

R U B, can have exactly 3 possible fraction, i.e., (S) € {%, %,%
fraction % or % a pure blue or pure red room respectively. A room with fraction % we call a

mixed room.

As mentioned in Section 2, we can discard the ‘impossible’ fractions from the preference
relation of the agents. Thus the only relevant fractions for a red agent are % and % and the
only relevant fractions for a blue agent are % and % Let us call an agent that is in a room
with one of their most preferred fraction happy. Otherwise we call the agent sad. That is,
an agent @ € RU B is happy in outcome 7 if for each f € {3, 3,2} we have 0(r(a)) Za f-
An agent @ € RU B is sad in outcome  if there exists f € {3, 3, 2} such that 9(71r(a)) —;a f

A red agent r can only have one of 3 possible preference relation % —r %, 5 <r 5, OT

% ~yp % We call a red agent r with preference relation % —r %, % = %, or % ~p %
mixed, pure, or indifferent red agent respectively. We define mixed, pure, and indifferent
blue agents using fraction % and % analogously.

Let us define the set of pure red agents R? = {r € R|2 -, 1}, the set of mixed red
agents R™ = {r € R|2 <, 1}, and the set of indifferent red agents R' = {r € R|% ~, 2}.
We define the set of pure blue agents BP, the set of mixed blue agents B™, and the set of
indifferent blue agents B analogously. Note that R = RPUR™UR’ and B = B> UB™ U B".

}. Let us call a room with

a
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We show that a popular outcome is guaranteed to exist in roommate diversity game G
and can be computed in polynomial time by reducing G to the maximum weight perfect
matching problem.

Let us define an undirected weighted clique graph G,, = (RU B, E) where for each pair
of distinct agents a,b € RU B, we use w(a,b) to denote the weight of an edge (a,b) € E,
where

2 (a,b) is a pair with 2 happy agents;
w(a,b) =<1 (a,b) is a pair with exacly 1 happy agent;
0 (a,b) is a pair with exacly 0 happy agents.

Since the room size is 2, we have that |RU B| is even. For the weighted graph G,,, let w(M)
be the weight of a perfect matching M C E. Given a perfect matching M of G,,, we define
a point pys(a) of an agent a € RU B as follows: For each (a,b) € M,
1. if w(a,b) =2, then pps(a) = pp(b) = 1;
2. a. if w(a,b) = 1 where a is happy and b is sad, then pys(a) = 1 and pps(b) = 0;

b. if w(a,b) =1 where a is sad and b is happy, then pys(a) = 0 and ppr(b) = 1;
3. if w(a,b) =0, then pps(a) = prp(b) = 0.
We have that for any perfect matching M of G,,,

w(M) = Z w(a,b) = Z pu(a). (1)

(a,b)eM a€RUB

» Lemma 2. For the weighted graph G,,, = (RUB, E) as defined above, the mazimum weight
perfect matching M, of G is popular.

Proof. Fix an arbitrary perfect matching M of G,,. It is immediate that w(M,) > w(M).
For the maximum weight perfect matching M, of G,,, we define Hy;, and Sy, as

Hy, ={a € RUB|pum.(a) =1} Su. ={a € RUBJpy. (a) =0},
and for the perfect matching M of G,,, we also define Hy; and Sy; by
Hy ={a€ RUB|ppm(a) =1}; Sy ={a € RU Blpy(a) = 0}.
From Equation (1) and the fact that w(M,) > w(M), it follows that
[Hr | = w(M.) = w(M) = [Hl- (2)

We have that (]5(M*7M> = |HM* — ‘HM* ﬂH]\/[| and ¢(M, M*) = |H]y[| — |H]\/[* ﬂHM| Thus
from Equation (2), we have that ¢(M., M) — ¢(M, M,) = |Hp, | — |Hu| > 0. <

» Theorem 3. Let G = (R, B,2,(Za)acruB) be a roommate diversity game with room size
2. We can find a popular outcome 7 in polynomial time.

Proof. We already know that for any (integer) weighted G,,, a maximum weight perfect
matching can be found in polynomial time[3]. Thus, using the existing polynomial time al-
gorithm and Lemma 2, for roommate diversity problem with room size 2, a popular outcome
always exists and it can be computed in polynomial time. |

4  Strict Popularity

In this section we show that determining the existence of a strictly popular outcome in a
roommate diversity game is co-NP-hard. We construct a roommate diversity game G =
(R, B, s, (*a)acrup) with dichotomous preferences from an X3C instance (X,C) in such
that there exists a solution C’ C C that partitions X if and only if there exist no popular
outcome for G.
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4.1 Roommate Diversity Game

We set the room size s = 5(¢+ 1) + 1 +m = 5¢ + 6 + m. Note that w = 1. The
agents and their preference profile is defined as follows.

Set Agents R*' ={rjli€ X} ={r1,...,7m}

re 55—2 .
Redundant Agents R d = {7"31‘7 cee rj] } for j € [q]
Rred — R'i'ed U---u RZEd
Monolith Agents R™°" = {r,lmm, e r%gzl)+1}

Table 1 Set of red agents R = R*¢* U R™°" U R"*4.

Filling Agents B/ = {b},... 657 ®7727%) for j € [q]
pritt _ B{ill U---uU B,{i”
Additional Agents B{* = {5}, E?, l;;’} for j € [q]

Bedd = pyddy ...y patd
Monolith Agents B™" = {bl ..., ..., b;;(f(‘Hl)Jrl)}
Evening Agents B®**™ = {bl,cn, ..., bigfﬁ”“}
Table 2 Set of blue agents B = B*’*™ U B™°" U B*¥ y Bfill,

Acent Preference Profile

en

8 D D,

a—r € R {5ji+1 o 5j1n1+1} U {5(q+1)+1+7n} D\ D+

a=rj € R {24, 2223 D\D{ | j€ld
a=r1b,, € R™" {5(‘”1);1“”, 5(q+51)+1} D\ Df

a="b; e B" {25, 22 D\D{ | j€lq
a =10 e B {320} D\Df | je]q]
a= b8, € Bmon | {2atltl gy D\ Df
a="ble, € B | {0} D\ D}

Table 3 Preference profile (==q)s € RU B.

4.2 Predefined Qutcomes

We define the monolithic outcome 7,0, and for a solution ¢’ C C' for (X, C) the reduced
outcome 7er. In these outcomes every agent is in a room with a fraction that it approves
of. Observe that an outcome 7 in which every agent is in a room with a fraction that it
approves of is popular, i.e., for any agent a € RU B, if 6(w(a)) € DI, then 7 is popular.

4.2.1 Monolithic Outcome
First we define the rooms that contain red agents. Let
P; = B¢ U R U BI™ for j € [q); P,y 1 = R*tU R™",
Let mr = {P;|j € [¢+1]}. Additionally, let us define the set B, of remaining blue agents as
the blue agents that are not contained in any room P;. That is,

gq+1
B, = B\ U Pj — B™on | Beven.

j=1
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Note that [B™"| 4+ |B®*"| = s — (5(¢+ 1)+ 1) + (5(¢ + 1) + 1) = s. We define 7p to be
the partition that only contains the room B,.. Finally, we define the monolithic outcome to
be Tmon = mr Ump. Note that every agent is assigned a room by m,,,, With a fraction that
it approves of, i.e., for every agent a € RU B we have 0(m,0n(a)) € DF. Additionally, a
monolithic outcome always exists.

4.2.2 Reduced Outcome

Let the solution C” C C partition X. For every 3-element subset A; € C, we define the
rooms that contain red agents.

P =

J

set| red fill i
{{Tz‘GR i€ A} URFTU BT if Ay € O for j € [g;

dd d fall ;
B;.I UR;Te UBjZ ,1fAj¢C’
[;Jrl — Rmon U Bmon.

Let mr = {Pj|j € [¢+1]}. Additionally, let us define the set B, of remaining blue agents as
the blue agents that are not contained in any PJf . That is,

q+1
B, =B\ |J P =B""u (] By™
Jj=1 Aj;eC
Since | |J B%|=2-.3=mand|B®"| = 5(q+1)+1, we have | B,| = 5(¢+1)+1+m = s.
A EC
We define 75 to be the partition only containing the coalition B,..

Finally, we define the reduced outcome to be m¢r = wg U mg. Note that every agent is
assigned a room by wes with a fraction that it approves of, i.e., for every agent « € RU B
we have 0(rcr(a)) € DF. Additionally, a reduced outcome exists if and only if (X, C) has a
solution.

4.3 Hardness

We demonstrate co-NP-hardness by showing that the monolithic outcome 7,,,, is the only
popular outcome and therefore strictly popular, if (X, C) has no solution. Otherwise we
have multiple popular outcomes, which are exactly the monolithic outcome m,,,, and all the
reduced outcomes m¢r, where subset C' C C'is a solution of (X, C').

» Lemma 4. Let G be a roommate diversity game constructed as in Section 4.1 and 7 be
an outcome of G such that every agent is in a room with a fraction that it approves of. We
have that 7 is either the monolithic outcome Tmon or a Teduced outcome wor, where C' C C
partitions X .

Proof. Let r; € R*¢* be an arbitrary set agent. As r; must be assigned a room in 7 with
a fraction that it approves of, we have that 8(w(r;)) = 1 or §(x(r;)) = 5jT+1, where j € J.
Let us consider the following cases.
1. O(n(ry)) = 1.
Since there are exactly s red agents that approve of fraction 1, namely the agents in
Rs¢t U R™°" | these agents must be contained in the same room, i.e.,

Rset U Rmon c .

A redundant agent 7"5’/ € R cannot be in a room with fraction % as there are only

s — 3 remaining agents that approve of that fraction. Thus any redundant agent rf, must
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be in a room with fraction 5j,8_2. The rooms must be R;?d U B]f,i” U B;-l/dd for j' € [q] as

55 =2
S

these are exactly the agents that approve of fraction , 1.e. for j' € [q] we have

Rty ij,i” UBM € .

We have s remaining blue agents, namely B¢¢"™ U B™°" that must belong to the same
room , i.e.,
Be’uen U BmOTL e T

Thus m must be m,,,, in this case.
2. O(m(r;)) = 2L,

S
There are exactly s red agents, including r;, that approve of fraction 1. Since §(n(r;)) # 1

and 7 is an outcome such that every agent is in a room with a fraction that it approves

of, the outcome m cannot contain a room with only red agents. Thus every set agent
ry € R®' must be in a room with fraction LSH such that i’ € Aj;. There are exactly
3 set agents that approve of 5;”%1 for each j” € [¢]. Thus for some solution C' C C
of (X, (), every set agent must be in a room with the shape {r;|i € 4;} U R;ed U ij“l
where A; € (', i.e., for each A; € C' we have

{rili€ A;}URAUBI™ €.

. . . . . -///72
The remaining redundant agents Té’,,, € R™? must be in a room with fraction WT as

- . i’ i1l
only s —3 remaining agents approve of fraction 5757“ The rooms must be R;F?ii U ij/l/,
B;-lf,l,d for Ajm ¢ C, ie., for each Aj ¢ C' we have

ill
RiPU B OB € m.

Since there is no room with only red agents, the red monolith agents must be in a room
with the blue monolith agents, i.e.,

R'HLOTL U BTYLOTL c .

We have s remaining blue agents, namely B*** U |J B{%, that must belong to the
AjecC’
same room, i.e.,
even add
B U U B} e m.
Aj ec’

Thus 7 must be 7 in this case. <

» Theorem 5. Determining whether a strict popular outcome exists in a roommate diversity
game is co-NP-hard, even if the preferences are dichotomous.

Proof. Let us define the family of solution sets € = {C’ C C|C" is a solution of (X,C)}. By
Lemma 4 and the observation in Section 4.2, we have that P = {n¢/|C’ € C} U {mmon} is
the collection of all popular outcomes.

From Lemma 4 we have that if (X, C) has no solution, then |P| = 1 and therefore we have
a strictly popular outcome, namely 7,,0,. Otherwise we have that |P| > 1 and therefore no
outcome is strictly popular.

Thus we have a reduction from any X3C instance (X, C) to a roommate diversity game
G with dichotomous preferences such that (X,C) has a solution if and only if G has no
strictly popular outcome. Since the X3C problem is NP-complete, determining whether
a strict popular outcome exists in a roommate diversity game is co-NP-hard, even if the
preferences are dichotomous. |
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5 Mixed Popularity

In this section we show that a mixed popular outcome is guaranteed to exist in a roommate
diversity game. However, computing a mixed popular outcome in polynomial time is not
possible unless P=NP. To show the guaranteed existence, we use the minimax theorem[8].
To show hardness, we construct a reduction from the X3C problem to the roommate diversity
problem. The reduction is similar to the reduction in Section 4.

» Theorem 6. Any roommate diversity game is guaranteed to have a mized popular outcome.

Proof. Every roommate diversity game can be viewed as a finite two-player symmetric zero-
sum game where the rows and columns of the game matrix are indexed by all possible
outcomes 71, ..., and the entry at (¢,7) of the game matrix has value ¢(m;, 7;). By the
minimax theorem[8], we have that the value of this game is 0. Therefore any maximin
strategy is popular. |

We change the reduction in Section 4 by doubling the agents, changing the room size
and preference profile accordingly, and adding new agents. These additions ensure that the
monolithic outcome is strictly popular if (X, C) has no solution and that the monolithic
outcome is not popular if (X, C) has a solution.

5.1 Roommate Diversity Game

We set the room size to s = 2(5(¢ +2) + 1+ m) + 6 = 10g + 28 + 2m. Note that
2(5(¢g+2)+14+m)+6

. = 1. The agents and their preference profile is defined as follows.

Set Agents R*' = {ri|i € X} ={ri,...,"m}
Copy Set Agents R = {7]i € X} = {F1,...,Fm}
Auxiliary Set Agents R*¢* = {f1, fa, 3, Fa, s, Fe }

Redundant Agents R;* = {r],..., 7.]2_(51'72) for j € [q+ 1]
R =Ri*'U---URY
Monolith Agents ~ R™™ = {rk. ., ... r23lat2+iy

Table 4 Set of red agents R = R*** U R*®* U R**t U R™°" U R™*.

Filling Agents B/ = {b1,..., 6572/ 797%) for j € [q + 1]
Blitt — gl ..y quﬂi
Additional Agents B{* = {Z;Jl, E?, l;?, l;?, l;?, Bg’} for j € [¢+ 1]

Badd — Biuid U---U B;i(%
Monolith Agents  B™°" = {bhon,- - -5 bfr;fn(5(q+2)+1)}
Evening Agents  B®*“™ = {bl,cn, ..., biq(,i(;”m“)}
Table 5 Set of blue agents B = BV U B™°" U padd |y gfill,
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Preference Profile

Agent —

D} D;
a=r; € R {Q(SJEH)»'“ 2(54m, +1)} U{1} | D\ D}
a=7 e Rt 2(5]1+1) . 2(51m +1) } U1} | D\ D
a€{f,... 5} {M 1} D\ D
a = fG {2(5(‘I+1)+1)} D \ Dj
a= ,,.;7 c R;‘ed {2(5]+1) 2(5] 2)} D\Dj ] c [q+ 1}
a= Tg’l,on e Rmon {1 2(5(q+2)+1)} D \ Dj
a = bp c szll {2(5]-‘—1) 2(5] 2)} D\D:_ ] c [q+ 1}
a—bf’ B {2522 o} D\D | jelg+1]
0= B € BTon | {2olrERED 0 D\ D}
a = bgven 6 Beqjen {O} D \ DL;/‘_

Table 6 Preference profile (zq)s € RU B.

5.2 Predefined Outcomes

We define the monolithic outcome ., and for a solution C' C C for (X, C) the reduced
outcome 7w in a similar manner as in Section 4.2. In outcome m,,,, exactly 1 agent is in a
room that it disapproves of. In outcome ¢ all agents are in a room that it approves of.

5.2.1 Monolithic Outcome

First we define the rooms that contain red agents.

Py =B U R UBI™ for j € [q+1]; P,io = R*'U R** U R*°t U R™".

Let g and 7p be defined in a similar manner as in Section 4.2.1,i.e., 7g = |J {P;} and
j€la+2]

, where j € [q +2]. We
define the monolithic outcome to be m,,,, = Tr U mg. Note that agent 7' is the only agent

mp contains 1 room with the blue agents not contained in any P,

that is assigned a room by 7,0, With a fraction that it does not approves of. A monolithic
outcome always exists.

5.2.2 Reduced Outcome

Let C" C C be a solution of (X, C), i.e., C’ partitions X. For every 3-element subset 4; € C,
we define the rooms that contain red agents.

oS R B e
B3 U R U B! Jif A ¢ C
7= R U RS U B
e = R U BT,
Let mg and 7p be defined in a similar manner as in Section 4.2.2, i.e., 7 = (J {P]} and
j€la+2]

, where j € [q +2]. We
define the reduced outcome to be 7o = mr Ump. Note that every agent is assigned a room
by mer with a fraction that it approves of. A reduced outcome exists if and only if (X, C)
has a solution.

mp contains 1 room with the blue agents not contained in any P
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5.3 Hardness

We demonstrate that it is hard to compute a mixed popular solution by showing that m,,0n
is strictly popular, if (X,C) has no solution. Otherwise 0, is not popular. If 7, is
strictly popular, then the only mixed popular outcome is p = {(Tmon, 1)} If Tmon is not
popular, then p = {(7mon, 1)} cannot be a mixed popular outcome.

» Observation 7. If outcome m has a room that consists of only red agents and assigns
exactly 1 agent to a room that it disapproves of, then m must be the monolithic outcome.
That is, for any 7, if |D;| = 1 and there exists a room S € w such that 0(S) = 1, then

T = Tmon-

Proof. Let 7 be an arbitrary outcome that contains a room that consists of only red agents
and assigns exactly 1 agent to a room with a fraction that it disapproves of, i.e., for outcome
7 we have |D | = 1 and there exists a room S € 7 such that 6(S) = 1.

Let S € 7 be the room that only consists of red agents. We have exactly s — 1 red agents,
namely R*¢t U Rt U R™o" U {#1,...,P5}, that approve of fraction 1. Thus the room S must
contain R%¢t U R¢t U R™o™ {P1,...,75}, otherwise there are at least 2 red agents in S that
do not approve of fraction 1. Let r denote the red agent in S that disapproves of fraction 1.
We can write

R U R UR™™ U {#y,... 75} U{r} €.

Since |D;| =1, r € D, and r € S, any agent in a room in 7 \ {S} must approve of the

fraction of its assigned room. Note that r € {7} U R™? as these are the red agents that
disapprove of fraction 1. Consider the following cases regarding agent 7.

1. r € Rred,
Then we have that 7 ¢ S and 7 € Df. Let S’ € 7 denote the room that contains
76. Thus we have that 0(S’) = w. We have exactly 2(5(q + 1) + 1) red agents
that approve of fraction w, namely Rt U R4 . However 5 agents from Reet
are contained in S, thus S’ must contain at least 5 agents that disapprove of fraction

w. This contradicts | D | = 1, therefore this case cannot occur.

2. r= TA‘6.
Then for a redundant red agent ) € R™? we have that 1§ € D} Let S’ € 7 denote the
room that contains r%. We have that either 6(S’) = 2(5;79“) or (S") = 2(517;2)

There are exactly 2(5j + 1) red agents, namely R7°¢ U {r;,7|i € A;} or R74U R, that

approve of fraction M of which 6 are contained in room S. Thus if 6(5") = @

2(55+1)
s

)

then S’ must contain 6 red agents that disapprove of fraction . This contradicts

|D; | = 1, therefore 6(S") = 25=2),

There are exactly 2(5j — 2) red agents that approve of fraction M, namely R;ed.
Additionally, there are exactly s —2(55 — 2) blue agents that approve of fraction @,
namely B;?dd U Bf ' Thus S’ must contain exactly R;ed U B;-’dd U B]f i as otherwise S’

2(5j—2)

must contain an agent that disapprove of fraction . Thus for any j € [¢+ 1], we

have that
ed dd fitl
R;-e U B}l U Bj em.

Since r = 7, we also have that

Rset U Rset U R™om Rset e

11



12

Popularity on the Roommate Diversity Problem

There are exactly s remaining blue agents, namely B™°™ U B®¥*". Thus these remaining
blue agents must belong to the same room, i.e.,

Bmon U Beven c .

Thus 7 must be m,,05,- |

» Lemma 8. If (X,C) has no solution, then for any outcome 7 such that ™ # Tmon has at
least 2 agents assigned to a room with a fraction that it does not approve of. That is, for
any m such that ™ # Tmon, we have | D | > 2.

Proof. To derive a contradiction, assume that there exists an outcome 7 such that ™ # m,0n
that assigns fewer than 2 agents to a room with a fraction that it disapproves of, i.e., assume
that there exists an outcome T # Tp,on such that D | < 2. We have the following cases.
1. |D;|=0.
As we have exactly s — 1 red agents that approve of fraction 1, the outcome 7 cannot
have a room that only consists of red agents. Thus a set agent r; € R*¢* must be in a

w, where j € J%. Let S denote the room that contains r;.

There are exactly 2(55 + 1) red agents that approve of fraction w, namely R;?e‘l U

{ri,7ili € A;}. Additionally, there are exactly s —2(5j + 1) blue agents that approve of
fraction @, namely ijl”. Thus S must contain the agents {r;, 7|i € A;} U R;* U

iji” where A; € C, ie.,

room with fraction

{ri,7ili € A;}URF U B/ e m.
Let 8 denote the set of rooms in 7 that contain set agents, i.e.,
§=1{9" € xS’ NR* £}
Let C' be the family of set agent index sets of the rooms in 8, i.e.,
C' = {{ilr; € S'}|S" € 8}.

Since for every set agent ry € R*¢*, the room in 7 that contains r; must be of form
{rir, Fuli’ € Aj} URGFIU ij,m, we have that C’ must be a solution for (X,C). This
contradicts (X, C) not having a solution.
2. |D;|=1.
AS T # Tunon, by Observation 7 we have that m does not contain a room with only red
agents. Let us denote the agent in D by a. We have the following 2 cases regarding a.
2.1. a ¢ R*'U R,
Let S € 7w denote the room that contains a. Let us consider the following cases
regarding S.
2.1.1. SN (R%'U Rt U R*°!) # 0.
Then we have that 6(S) = M, where j € [¢ + 1].
Consider the following cases regarding a.
21.1.1. a € R.
There are exactly 2(5541) red agents that approve of fraction Z(%H),
namely {r;,7|i € A;} U Rj or Rset U Ri4. Let us denote the set
of red agents that approve of fraction @ by S”,ie. ST ={r €
R|*H € Dy,
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2.1.1.2.

Room S must contain exactly 2(55+1)—1 agents from S”. Let r € S”
be the agent not contained in S and let S’ € 7 denote the room that
contains 7. We have that r € D}, thus either §(S’) = M or

H(S/) _ 2(5]:;2) )

If 6(5") = @, then S’ must contain 2(5j5 + 1) — 1 red agents
that disapprove of fraction @ There are a total of 2(55 4 1) red
agents that approve of fraction M and 2(55 + 1) — 1 of which
must be contained in S. This would contradict |D; | = 1.

If 0(5") = @, then S’ must contain 2(5j — 2) — 1 red agents

that disapprove of fraction @ There are a total of 2(5j5 — 2) red

agents that approve of fraction @, namely R;e‘i, and 2(55—2)—1
of which must be contained in S. This would contradict |D, | = 1.
Thus this case cannot occur.

a € B.

Let us denote the set of blue agents that approve of fraction @

by S, ie. S* = {b e B|?®ZD ¢ D}y = B/ We have that
1B/ =5 —2(5j —2) — 6.

Room S must contain exactly s — 2(55 — 2) — 7 agents from Bjﬁ”.

Let b € Bjﬁ” be the agent not contained in S and let S’ € 7 denote
the room that contains b. We have that b € D}, thus either §(S’) =
2(5j+1) or 9(5’) _ 2(51'—2).

If 6(9") = 265+ then S’ must contain 2(55 + 1) red agents that

disapprove of fraction w There are a total of 2(55 + 1) red

agents that approve of fraction @ and all 2(55 + 1) of them
must be contained in S. This would contradict |[D| = 1.
If 6(9") = M, then S” must contain 2(5j — 2) red agents that

. . 2(5j—2)
disapprove of fraction ==—

—=. There are a total of 2(5j—2) red agents
that approve of fraction 2(%_2), namely R;ed, and all 2(55 — 2) of
them must be contained in S. This would contradict |D; | = 1.

Thus this case cannot occur.

2.1.2. SO (R*t U R U R = 0.
Then every agent in a room that contains a set agent must approve of the
fraction of their room, i.e., for any ' € R U B, if n(a’) N R% # (0, then
a € DF. We have a similar situation as in Case 1.

Every set agent r; € R must be in a room with fraction

j e Ju

S’ must approve of fraction

2054+D - where
S 3
Let S’ € 7 denote the room that contains r;. Since every agent in

2(5j+1 / . o
%, room S’ must contain exactly {r;,7;|i €

A} U R;ed U ijm where A; € C, i.e.,

{ri, 7t € A;} U R;.‘ed U ijm cr

Let 8§ denote the set of rooms in 7 that contain set agents, i.e.,

8 — {S// c 7T|SN ﬂRset # @}

Let C’ be the family of set agent index sets of the rooms in 8, i.e.,

C" = {{i|r; € S'}|5" € 8}.

13
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Since for every set agent ry € R*°*, the room in 7 that contains r;; must be
of shape {ry,7y|i' € Aj} U R;?d U ij,i”, we have that C’ must be a solution
for (X, C). This contradicts (X, C) not having a solution.
2.2. a € R*' U R,
W.lo.g. assume that a € R*®*. As a is a set agent, we can write a = ;. Since

—| = 1, we have that 7; must be in a room at it approves of, i.e., 7; € .
D 1 have that 7 t be i S that it f, ie., 7; € DI
Let us write 6(S) = @, where j € J*. There are exactly s agents that approve
of fraction @, namely {r;, 7y |i’ € A;} UR;Ed which includes r;. Since r; € D,

we have that r; cannot be in S. Thus S must contain an red agent r, where r # r;,
that disapproves of the fraction of fraction M
agents in D, i.e., r;,7 € D . This contradicts |[Dr~| = 1. <

. Therefore we have at least 2

» Lemma 9. If (X,C) has no solution, then Tyon s strictly popular.

Proof. Let m be an arbitrary outcome such that m # 7,0,. By Lemma 8 we have that

|D, | > 2. Consider the following 2 cases.

1. 76 € D
Then we have N (7, Tmon) = 0. Since |D; | > 2, there exists an agent a € D, such that
a # 7¢. We have that a € D | thus [N(Tpmon,7)| > 1. Therefore ¢(mmon, ™) > 1, ie.,
Tmon 18 more popular than .
Then we have N(7, Tmon) = {fs}. Since |D,| > 2, there exist agents a1,a2 € D
such that 76 # a1 and 76 # ap. We have that a1,a2 € D} | thus [N (mpen, 7)| > 2.
Therefore ¢(mmon,m) > 1, i.e., Tmon is more popular than . <

» Observation 10. If (X, C) has some solution C' C C, then mpmon is not popular. This is
due to reduced outcome mwer being more popular than Tp,on .

Proof. The reduced outcome 7¢r is more popular than 7,,,,. All the agents are assigned
a room with a fraction that it approves of by m¢r, i.e., for any a € RU B, §(m¢/(a)) € D
Thus we have that N(70n,Tc’) = 0 as no agent can be improved. However, agent g is
better of in 7cr, ie., 76 € D~ and 7 € D;FC,. Therefore N(mer, Tmon) = {fs} which

means that wo/ is more popular than m,,0,. Thus 7., is not popular. <

» Theorem 11. A mized popular outcome for a roommate diversity game cannot computed
in polynomial time even if the preferences are dichotomous, unless P=NP.

Proof. From Lemma 9 we have that m., is strictly popular, if (X,C) has no solution.
From Observation 10 we have that 7., is not popular, if (X, C) has a solution. Thus if
we were able to compute a mixed popular outcome in polynomial time, then we would be
able to verify whether (X, C) has a solution in polynomial time by checking whether the
computation yields mixed outcome {(mmon, 1)} If {(mon, 1)} is the mixed popular outcome,
then (X, C) has no solution. Otherwise (X, C) has a solution. As the X3C problem is NP-
complete, this would imply that P=NP. >

6 Popularity

In this section we show that a popular outcome is not guaranteed to exist in a roommate
diversity game. We provide a roommate diversity game in which no popular outcome exist.
To show that determining the existence of a popular outcome is co-NP-Hard, we present a
reduction from the X3C problem. The reduction is similar to those in the previous sections.
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Let R = {ry,ro,73} and B = {by,ba, b3, bs,b5,bs}. Consider the roommate diversity

game G = (R, B, 3,(7Z4)acrup) With the following trichotomous preference profiles.

Preference Profile
Agent —
DF Dy D,
a=m {3} 2,3
a € {rz,rs} {3} {33}
a€{bi,b,bs,ba} | {3} | {3} | {3
a € {b5vb6} {g} {%7%}
Table 7 Preference profile (7Zq)acrUB-
Let us define the rooms
Py = {r1,b1,bo}; Py = {ra,r3,b3}; Py = {bs, b, bs},

where 131, 132, 133, by € {b1,b2,b3,bs}. An outcome 7, is called a top-type outcome if we can
write myop = {P1, P2, Ps}.

» Lemma 12. For any outcome @ of G, we have that there are at least 2 agents in a room
with a fraction that it does not approve of. That is, for any outcome 7 of G,

D" UDZ| > 2.

Proof. To derive a contradiction, assume that there exists an outcome 7w of G such that
|DZ U D | < 2. Consider the following cases.

1.

|D?UD;|=0.

Then by, by, b3, by € DI, therefore each of by, b, b3, by must be in a room with fraction
%. We require at least 2 rooms Sy, 5o with fraction % so that each of by, bo, b3, by is
contained in a room with fraction % There is exactly 1 red agent that approves of
fraction %, namely ;. Thus S7 or Ss must contain a red agent r that does not approve

of fraction . Thus [DFUD;| > 1 in this case as 7 € D, . This contradicts [DIUD | = 0.

. |[DruD;|=1.

Let us write D U D = {a}. Consider the following cases regarding a.

2.1. a= r1.
Then we have that by, b, b3, by € D, therefore each of by, b, b3, by must be in a
room with fraction % We require at least 2 rooms S7,S; with fraction % so that
each of by, bo, b3, by is contained in a room with fraction % There is exactly 1 red
agent that approves of fraction %, namely 1. Thus S; and S3 both must contain a
red agent r,7’ € R that do not approve of fraction §. Thus |[DZ U D;| > 2 in this
case as 7,17/ € D . This contradicts |[D? U D | = 1.

2.2, a €{ry,r3}.
W.l.o.g. assume that a = ry. We have that 73 € D, thus the room S that contains
r3 must be of fraction % There are exactly 2 agents that approve of fraction %,
namely ro and r3. Since ro ¢ S, as ro € D, the room S must contain a red agent
r # ro such that r € D . Thus |D? U D | > 2 in this case as rq,7 € D, . This
contradicts |[D? U D | = 1.

23. a € {bl, ba, b3, b4}
Then we have for each agent b € {b1,b2,b3,bs} \ {a}, we must have that b € D},

15
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therefore 6(m(b)) = 3. We require at least 2 rooms Sy, Sy with fraction % so that

each agent in {b1,bo,b3,bs} \ {a} is contained in a room with fraction %. There is

exactly 1 red agent that approves of fraction %, namely ;. Thus S; or Sy must

contain a red agent r that does not approve of fraction % Note that a # r as a

must be a blue agent. Thus [D?UD_ | > 2 in this case asr € D and a € DX UD_ .
This contradicts D2 U D | = 1.
2.4. a € {b57b6}.

Then by, by, b3, by € D, therefore each of by,bs,b3, by must be in a room with

fraction % We require at least 2 rooms Si,Ss with fraction % so that each of
by, ba, b3, by is contained in a room with fraction % There is exactly 1 red agent

%, namely r1. Thus S; or Sy must contain a red agent r
that does not approve of fraction % Note that r # a as a must be a blue agent.

Thus |DZ U D | > 2 in this case as r € D, and a € D? U D_. This contradicts
|DrUD;|=1. <

that approves of fraction

» Lemma 13. For any outcome m of G, if |D*| = 1 and |D;| = 1, then 7 is a top-type
outcome.

Proof. Let m be an outcome such that |D?| = 1 and |D, | = 1. Let us write DI = {a"}
and |D; | = {a"}. Since the agents in {b1, b, bs, by} are the only agents with a non-empty
corresponding D7, we have that a™ € {b1, ba, b3, by }.
To derive a contradiction, assume that a= ¢ {b1,b2,b3,bs}. Then we have that a= €
{r1,7r2,73,b5,b6}. Let us consider the following cases.
1. a =1r1.
Then we have that each agent b € {b1, b, b3, b4} \{a"} must be in a room that it approves
of, i.e., b € DF. We require at least 2 rooms S, S with fraction % so that each agent in

{b1,b2,b3,b4} \ {a™} is contained in a room with fraction 1. There is exactly 1 red agent

that approves of fraction %7 namely r1. Thus S; and Sy both must contain a red agent
1

r,7" € R that do not approve of fraction 5. Thus |D;| > 2 in this case as r,7" € D .
This contradicts |D, | = 1.
2. a” € {ry,r3}.
W.lo.g. assume that a = ro. We have that r3 € D}, thus the room S that contains r3
must be of fraction % There are exactly 2 agents that approve of fraction §7 namely 79
and r3. Since ro ¢ S, as ro € D, the room S must contain a red agent r # 7 such that
r € D . Thus |D;| > 2 in this case as ro,r € D, . This contradicts |D;| = 1.
3.a” € {b5,b6}.
Then by, by, b3, by € D, therefore each of by, bg, bs, by must be in a room with fraction
%. We require at least 2 rooms 57,55 with fraction % so that each of by, bs, b3, by is
contained in a room with fraction % There is exactly 1 red agent that approves of
fraction %, namely ;. Thus S7 or Sy must contain a red agent r that does not approve
of fraction %. Note that r # a~ as a~ must be a blue agent. Thus |[D| > 2 in this case

as r,a” € D . This contradicts |D, | = 1. <
» Observation 14. For any outcome 7 of G, we have that |D;| > 1.

Proof. Assume that |D, | = 0, then we have that bs,bs € D;. Therefore there must exist

a room S with fraction %. There are exactly 2 blue agents that approve of fraction %, the

remaining blue agents disapprove of fraction %. Thus S must contain a blue agent that
disapproves of the fraction of its assigned room. Therefore |D_ | = 0 cannot hold. |

» Observation 15. For any outcome 7 of G, if [DPUD | = 2, then D"UD; C {b1,ba, b3, bs}.
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Proof. Let m be an outcome of G such that |[D? U D | = 2 and let us write D? U D, =
{a1,as}. To derive a contradiction, assume that D? U D € {by,bs,b3,bs}. Consider the
following cases.
1. |(D;r1 @] D;) n {bl,bg, b3, b4}| =1.

W.lo.g. assume that by € D U D, . We have that by, by, b3 € DI, therefore each of

by, by, by must be in a room with fraction 1. We require at least 2 rooms Si,Ss with

fraction % so that each of by, by, b3 is contai;ed in a room with fraction %
One of S; or Sy must contain the red agent r € {rq,r3}. Additionally one of Sy or Ss
must contain the blue agent b € {bs,bs}. Neither agent r nor agent b approves of fraction
%, thus we have that by, 7,b € D U D_. This contradicts D2 U D | = 2. Therefore this
case cannot occur.
2. |(D;l @] D;) N {bl,bg,b3,b4}| = 0.
Then by, by, b3, by € D, therefore each of by, b, b, by must be in a room with fraction %
We require at least 2 rooms S7, S5 with fraction % so that each of by, b, b3, by is contained
in a room with fraction %
Assume that neither S; nor Sy contain 1. We have that D U D, = {ra,r3}, thus r; €
D . The room S;3 that contains 71 must contain 2 blue agents bs, b which disapprove of
fraction . We would have that D?UD; = {rs,r3,bs, bs}, which contradicts [D?UD, | =
2. Thus one of S; or S must contain 7.
W.lo.g. assume that ry is also contained in S; or S;. We have 3 remaining agents,
namely 73, b5, bg, thus they must belong in the same room. All 3 agents disapprove of
fraction %, thus we have that [D? U D| > 3. This contradicts |[D? U D | = 2, thus this

case cannot occur. <

» Lemma 16. Let m be an outcome that is not a top-type outcome. There exist a top-type
outcome w' that is more popular than .

Proof. By Lemma 12 we have that |D? U D, | > 2. By Lemma 13 we have that |D?| # 1
or |D | # 1. Let us consider the following cases.
1. |D|# 1.
By Observation 14 and case assumption we have that |D_ | > 2. Consider the following
cases.
1.1. |D | =2.
Consider the following cases.
1.1.1. |DZ| =0.
By Observation 15 we have that D C {b1,ba,bs,bs}. Let us write D =
{aj,as}. Since aj,as € {b1,bo, b3, by}, there exists a top-type outcome 7’
such that D_, = {a1} and D}, = {as}. Thus we have that ¢(7’,7) = 1.
1.1.2. |D?| > 1.
Let us write D, = {a1,a2} and a3 € D?. We have that a3 € {b1, b2, b3, b4},
since the agents in {by, ba, b3, by} are the only agents with a corresponding
non-empty D7.
Let 7" be a top-type outcome such that {as} = D}, and {a~} = D_,. Note
that N(m,7") C {a~}. Consider the following cases.
1.1.2.1. N(m, =) = 0.
Then we have that a™ € D_. W.l.o.g. assume that a; = a~. We have
that ax € DY, thus az € N(7/,m). Thus we have that ¢(n’,7) > 0,
i.e., ' is more popular than .
1.1.2.2. N(m,7") = {a"}.
Then we have that a= € D? U D} and ai,as € DJ,. Thus ai,as €

17
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N(n', 7). Therefore we have that ¢(n’,7) > 0, i.e., 7’ is more popular
than .
1.2. D] >2.
Let us write a1,as,a3 € D . Let 7’ be an arbitrary top-type outcome with {a™} =
D?, and {a~} = D_,. Note that N(m,7') C {a",a”}. Consider the following cases.
1.2.1. a= € D;.
W.lo.g. assume that a; = a~. In this case, we have that N(m,7") C {a"}.
We have that as, a3 € N(7’, 7). Thus ¢(r’,7) > 0.
1.2.2. a= ¢ D>
In this case, we have that N(m,7') C {a~,a"}. We have that aj,as,a3 €
N(n',m). Thus ¢(r',7) > 0.

2. |D2| # 1.
Consider the following cases.
2.1. |DZ| =0.

By Lemma 12, we have that |D_| > 2. This case is proven similarly to case 1.1.1.
as we have the exact same case assumption, i.e., |DZ?| =0 and |D_| > 2.
2.2. |DZ| > 2.
Let us write ay,as € D?. We have that {a1,a2} C {b1,bo,bs,bs}, since the agents
in {b1,bs,bs,bs} are the only agents with a corresponding non-empty D?. By Ob-
servation 14, we have that |D_| > 1. Let us write az3 € D, . Let us consider the
following cases regarding as.
2.2.1. as € {bl, bz7 b37 b4}
By the definition of top-type outcome, we can construct a top-type outcome
7’ such that D, = {az}, D", = {a2}, and a; € D},.
We have that N(m,7’) =0 and [N (7', 7)| > 1. Therefore ¢(n’,7) > 0.
2.2.2. as ¢ {bl, bg, b3, b4}
By the definition of top-type outcome, we can construct a top-type outcome
7' such that D_, = {a~}, D, = {a1}, and az,a3 € D,.
We have that N(m,7') C {a~}. Additionally we have that as,as € N(7',7),
therefore ¢(n’, ) > 0. <

» Lemma 17. A top-type outcome 7 is not popular.

Proof. Let 7 be a top-type outcome. We can write 7 = { Py, Po, Ps} = {{r1, by, 132}, {ra,rs, 133},
{bs5, b6, b4}}, where by, by, bs, by € {b1,ba,b3,bs}. Let us construct outcome 7’ as follows:

= {Pi\ {bs} U {bs}, Py \ {bs} U {ba}, P\ {ba} U {b2}}
We have that N(m,7') = {by} and N(m,n') = {bs,bs}. Thus 7’ is more popular than . <

» Theorem 18. A popular outcome is not guaranteed to exist in a roommate diversity game

G.

Proof. From Lemma 16 and 17 we have that no popular outcome exists in G. Thus not
every roommate diversity game permits a popular outcome. <

The idea of the co-NP-hardness reduction is to combine the reduction of Section 5 with
the proof of a popular outcome not being guaranteed to exist. In this reduction, we have
that a popular outcome exists if and only if (X, C) has no solution.
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6.1 Roommate Diversity Game

We set the room size to s = 2(5(¢ +4) + 1) + 2m + 3 = 10g + 45 + 2m. Note that

2(5(q+4)+1)+2m+3
s

Circular Set Agents
Circular Redundant Agents
Set Agents

Copy Set Agents
Redundant Agents

Monolith Agents

R;ed ={r},... 77“]5.j72}

Rset = {Tlv 7T7n}

R = {f1,...,Fm}

Ryt = {r;,...,r2<5f 2}
Rred R?{ed uU- Rg_e‘.({;
Rmon - {T”rlnonv L] 77‘m031m 3}

= 1. The agents and their preference profile is defined as follows.

for j € [3]

for j € [4,q + 3]

Table 8 Set of red agents R = R*** U R*** U R*“* U R™°™ U R™*%.

Circular Filling Agents B;i” = {13]1, ce b‘;_(Sj_Q)_l} for j € [3]
Circular Additional Agents B;-“‘ld ={b;} v for j € [3]
Filling Agents BfZ” ={bj,... ,b‘;_2(5]_2)_6} for j € [4,q+ 3]
szu Bl UB({j_lé
Additional Agents By = {b},b?, b3 b4, b3, 05} for j € [4,q+ 3]
Badd Badd uU- Bgi(‘ji
Monolith Agents B™°" = {bmon7 N S
Evening Agents  B®™ = {blyen,..., 053
Table 9 Set of blue agents B = B°ve™ U B™°" U Bdd y Bfill,
Agent Preference Profile
en
§ D7 Dy D

a € {172} {*2=} {¥8=} [ D\ (DF U D)
a € {(=2=1) {2} | D\(DFu D)
a=re Ry {2t 5i=2) D\ Dy j€2]
a=rle R'red {5'(33,)__17 5-(3)—2)} {5~(28)—1} D\ (DFUD)
a=ri e R* (263HD 2y gy D\ D} Gi=ji+3

_ =4 2(5 1 .
=€ R (2640 Jml* yu {1y D\ Df Gi=ji+3
a=r?e R} {2e4D) 72@ 23y D\ D j€M,q+3]
a:TfnoneRmon {1’5 2m— 5} D\Di
a="b e B" UL R D\ Df il
a=b; € B {22 0} D\ Df j €3]
- Zzg c ijill 2(5g+1) 2(53 24 D\ D} JjE€4,q+3]
a="b" e By {2652 ) ,0} D\ Dg j €4 q+3]
a:bfnoneBman {9 2:1 370} D\Di
a="bl., € B | {0} D\ Df

Table 10 Preference profile (7Z4)a € RU B.
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6.2 Predefined OQutcomes
6.2.1 Monolithic Outcome

First we define the rooms that contain contain red agents. Let

Py =By U R U BI™ for j € [q+3); Pyya = R*' U R*' U R*“" U R™".
Let 7 and 7p be defined in a similar manner as in Section 4.2.1, i.e., 1p = |J {P;}
J€lg+4]

and 7p contains 1 room with the blue agents not contained in any P;, where j € [¢+4]. We
define the monolithic outcome to be m,0n = mr U mp. Only agents 71, 7o disapprove of the
fraction of its assigned room. The others approve of the fraction of their assigned room. A
monolithic outcome always exists.

6.2.2 Reduced-type Outcome

Let the solution C’ C C partition X and consider an arbitrary subset {ai,...,a5} C Rset U
REe?. We define the rooms that contain red agents.

P; = {a;} UR;* U B/™ for j € [2];

Ps = {a3,a4,a5} U (R5*\ {a1,...,as}) U B,
{ri € R*"i € A;}U{Fi € R**'lie A;JURSGUBLY, if AjeC’

= . for j € [q];
143\ Bt U Ry U B tag o e
P¢;+4 — Rmon U Bmon'
Let 7 and 7p be defined in a similar manner as in Section 4.2.2, i.e., 1r = | {Pj}
J€lg+4]

and wp contains 1 room with the blue agents not contained in any PJf , where j € [¢ + 4].
We define the reduced-type outcome to be 7 = mp Ump. We have that D | = {az} and
D7, ={ai}. A reduced-type outcome exists if and only if (X, C) has a solution.

us

6.3 Hardness

We demonstrate co-NP-hardness of determining the existence of a popular outcome in a
roommate diversity game by applying similar proof strategies as in our previous proofs. In
our reduction, the roommate diversity game has a popular outcome if and only if (X, C) has
no solution.

6.3.1 (X,C) has NO solution

» Lemma 19. Let 7 be an outcome of the roommate diversity game G such that it contains
a room with only red agents. If |D; | =2 and |D?| =0, then ™ = Tmon. That is,

Vo (3ser 1 0(S)=1)A|D|=2A|D} =0 = 7= Tmon-

Proof. Let 7 be an outcome of the roommate diversity game G such that it contains a room
S™ with only red agents and |D_ | = 2 and |D?| = 0. Since there are exactly s —2 red agents
that approve of fraction 1, S” must contain 73, R**, R*¢*, R™°" and 2 other red agents
that disapprove of fraction 1. Thus we have that |S™ N D | = 2, i.e., all the agents that
disapprove of the fraction of their room are contained in S”.

Since all the blue agents must be in a room in which every agent approves of the fraction
of their assigned room, i.e. Viep : Vocrp) : 0(m(a)) € DT, for j € [3,q + 3] we must have

B;ldd U R;’ed U ijill e,
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as b’j’ € ij " cannot be in a room with fraction W, since there are strictly less than s

remaining agents that approve of fraction w

Note that S™ cannot contain redundant agents from R;ed, where j € [2], as otherwise a
redundant agent 7"5-’ not in S, i.e. r? € R;ed \ S”, cannot be in a room that only contains
agents that approve of the fraction of their assigned room. This would mean that we have
|D; | > 2. The only other remaining red agents are 1 and 79, thus they must be contained
in S”. Therefore

ST — Rset U Rset U Rset U R™o" ¢ .

Since all the remaining agents must be in a room with a fraction that they approve of,
for j € [2] we must have
B;_J,dd U R;ed U B]lel e,

and
Beven U Bmon .

Thus we have that m = T,0n. <

» Lemma 20. If (X,C) has no solution, then for any outcome w of G has at least 2 agents
in a room that it disapproves of. That is, for any 7, |D;| > 2.

Proof. To derive a contradiction, assume that there exists an outcome 7 that assigns fewer
than 2 agents to a room that it disapproves of, i.e., assume that there exists an outcome 7
such that |D_ | < 2. Thus we have the following 2 cases.
1. |D;|=0.
As we have exactly s — 2 red agents that approve of fraction 1, the outcome 7 cannot
have a room that only consists of red agents. Thus every set agent r; € R*¢* must be in
2(%4'1), where j —3 € J'. However, this means that we can extract
a solution C” for (X, C) from 7. This contradicts (X, C) not having a solution.
2. |D;|=1.
As we have exactly s — 2 red agents that approve of fraction 1 we have that m does not

a room with fraction

contain a room with only red agents. Let us denote the agent in D by a. We have the
following 2 cases regarding a.
2.1. a ¢ R*' U R*.
Then we have a similar situation as in Case 1. Every set agent r; € R*' must be
@, where j — 3 € J*. This means that we can extract
a solution C” for (X,C) from 7. Thus this case contradicts (X, C) not having a
solution.
2.2. a € R** U Rt
W.lo.g. assume that a € R*®*. As a is a set agent, we can write a = r;. Since there

in a room with fraction

is exactly 1 agent in a room with a fraction that it disapproves of, 7; must be in

2(55+1)
S

a room S with a fraction that it approves of. Let us write 6(S) = , Where

j — 3 € J'. There are exactly s agents that approve of fraction m, including

S
r;. Since r; € D

—, we have that r; cannot be in S. Thus S must contain a red

agent other than r; that disapproves of the fraction of its room. Therefore we have
at least 2 agents in D . This contradicts |[Dn~| = 1. <

» Lemma 21. If (X,C) has no solution, then the monolithic outcome Tmon s popular in
the roommate diversity game G, i.e., for any outcome ™ we have that

|N(7Tmon; 77)‘ > |N(7T7 7Tmon)|~

21
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Proof. Since D = {f1,72} and D} = (), for any outcome 7 # 7,0, We have that

N (7, Tmon) € {#1,72}. Let us consider the following cases regarding N (m, Tmon)-

1. N(m, Tmon) = 0.
Then |N(Tmon, )| > |N(7, Tmon)| trivially holds as [N (7, Tpmon)| = 0.

2. N(m, Tmon) = {1}
Then we have that 71 € D} U D? and 73 € D, . By Lemma 20, we have that |D, | > 2.
Therefore there exists a € D such that a # 73. Since a € D, we also have a # 7.
Thus e € Df ~~as D} ={and D; = {f,7}. Sincea € D} —andae D, we
have a € N(Tmon, ™). Therefore |N(Tmon, )| > 1 = |N(T, Tmon)|-

3. N(m, Tmon) = {f2}.
Analogous to case 2. We have that #2 € D} UD? and #; € D, . By Lemma 20, we have
that |D, | > 2. Therefore there exists a € D such that a # #;. Since a € D, we also
have a # 7. Thus a € D} as D}~ =(and D; = {7, 7}. Sincea € Df  and
a € D, we have a € N(Tymon, ). Therefore |N(mpmon, 7)| > 1 = |N(7, Tmon)|-

4. N(?T,ﬂ'mon) = {TA17722}.
Then we have that 71,72 € D} U D?. By Lemma 20, we have that |D, | > 2. Therefore
there exist a1,ap € D such that ay,ag ¢ {71,72}. Thus a1,a2 € D}~ as D
0 and Dy = {f1,72}. Since aj,a2 € D}~ and aj,ay € Dy, we have aj,as €
N (Tmon, ™). Therefore |N(mmon, 7)| > 2 = |N(T, Tmon)|- <

6.3.2 (X,C) has a solution
» Lemma 22. Every outcome m has at least 2 agents not in D7 .

Proof. Let 7 be an arbitrary outcome. If 7 contains a room that consists only of red agents,
then |D, U DI| > 2 trivially holds for 7 as there are exactly s — 2 agents that approve of
fraction 1. Thus for the remainder of the proof, we shall assume that m does not contain a
room that only consists of red agents. That is,

\V/SE‘IT : 9(71-(‘9)) 7é L.

Additionally, if 7 does not contain a room with fraction 5‘(38)71, then the circular set
agents 1, 79,73 must be in DI U D as we assume that 7 has no room consisting of only

red agents and 71, 79, 73 only approve of fraction % Thus 7 must contain a room with
fraction % That is,
5-(3)—-1
Isen : 0(m(8)) = 2L
5.(3)—1

Consider all the agents that approve of fraction

—— That is, let us consider the set

5-(3)—1 . )
{a € RUB|L c D;L‘r} — RsetURgedUB?)flll.
S

. Let us denote this set of
agents by Hy = Reet U Ried U Bg U Note that for each agent @ in H; their corresponding
D\ {1} set is a subset of {5(3%, W} That is,

3)—1 5-(3)—2

Vae s D\ {1} € (10— 2B 20y

There are a total of s + 2 agents that approve of fraction

5-(3)—1

Let us also consider all the agents that approve of fraction 5'(3,)72

the set

. That is, let us consider

5-(3)—2 - :
{a e RUB|% e D} = {bs} U R4 U BI™.
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There are a total of s agents that approve of fraction W Let us denote this set of agents

by Hy = {bs} U R4 U B]™ . Note that Hy N Hy = Ri U BI"" and |Hy N Hy| = s — 1.
Let S € 7 be the room such that 6(7(S)) = % To derive a contradiction, we assume
that |D? U D | < 2. Let us consider the following cases regarding room S.

1. |SNn(DruD;) =1.
Let a € S be such that % ¢ D}, ie.,let a € SN (D2 UD;). Then we have that
S\ {a} C H;. Note that

[Hi\ S| = [Hi| =[S\ {a}| =3

and
|Ho| — [Hi N Ha| =1 < [Ha \ S| <4 = [Ho| =[S\ {a}| + [{f1,72, 73}

Since a € DI U D, for any agent o’ € H; \ S we have that ' € D}. As 7 does not

contain a room that consists of only red agents and @’ € Hy, we have that 6(w(a’)) €
5(3)—1 5:(3)—
(==

72} For an arbitrary agent o’ € Hy \ S, let us consider the following cases.

’ s

1.1. §(n(a’)) = 2E=1

S

We have at least s — |[Hy \ S| = s — 3 > 2 agents in room m(a’) that do not approve

of fraction Z3=1 This is due to the fact that the only remaining agents outside of

S
S that approve of fraction &271, are the agents in Hy \ S. Thus in this case, we

have that |D? U D | > 2.
1.2. O(r(a’)) = 232,

We have at least s — |[Hy \ S| > s —4 > 2 agents in room 7(a’) that do not approve
Lﬁ This is due to the fact that the only remaining agents outside of
5-(3)—2

of fraction

S that approve of fraction , are the agents in Ho \ S. Thus in this case, we

have that |[D? U D_| > 2.

2. |Sn(DrUD;)| =0.
Then we have that S C H;. Note that

|Hy\ S| = |Hi| —|S] =2

and

|Ho| — |Hi N Hy| =1 < [Hy\ S| <3 =|Hza| —|S| + |{f1, P2, 3}
Let us denote Hy \ S = {a1,a2}. Since we assume that |D? U D_| < 2, at least one of ay
and ap must be in D}. That is,

aleD;—\/CLQED:.

Let i € [2] such that a; € D . Then we have that §(r(a;)) € {%, W}, since
a; € Hy and 7 has no room that consists of only red agents. Consider the following
cases.

2.1. O(n(a;)) = 2E=1

S

We have at least s — |H1\ S| = s —2 > 2 agents in room 7(a;) that do not approve

%. This is due to the fact that the only remaining agents outside
5(3)—1

S

of fraction

of S that approve of fraction
have that |D? U D7 | > 2.

are the agents in Hy \ S. Thus in this case, we
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2.2. O(n(a;)) = 2E=2,

We have at least s — |Hz \ S| > s — 3 > 2 agents in room 7(a;) that do not approve
-(3€)72' This is due to the fact that the only remaining agents outside

of S that approve of fraction 5@)=2 ) 2 are the agents in Hy \ S. Thus in this case, we
have that |[D? UD_| > 2. <

of fraction

» Lemma 23. If for an outcome w we have that |D?UDZ | = 2, then D"UD; C R*'UR;.

Proof. Let 7 be an outcome such that |[D? U D | = 2. If 7 contains a room consisting only
of red agents, then by Lemma 19 m = mp,0,. By definition of my,0,, we have D2 U D C
Rsety Ried. Therefore the lemma trivially holds, when 7 contains a room consisting of only
red agents. Thus for the remainder of the proof, we shall consider the case where 7w does
not contain a room that consists of only red agents.

To derive a contradiction, let us assume that D?UD; ¢ R***UR;*®. This means that at
most 1 agent from R*°* U R5*? is contained in DU Dy . Thus we can consider the following
cases.

1. |(D*UD;) N (Rt U Ryed)| = 1.

Let {a} = (D™ UD;) N (R** U R5?). The remaining agents in (R%¢* U R5%) \ {a} must

be contained in Df. Since 7 does not contain a room consisting of only red agents, the

remaining agents in (R%¢* U R4¢?) \ {a} must be in a room with fraction 83-1 op 232

There are 15 agents in (R** U R5*%) \ {a}. The remaining red agents that approve of

fraction 23=1 and/or 2=2 are exactly (B*°* U R5°)\ {a}. Thus the agents (R*' U

R5ed)\ {a} must be contained in at least 2 separate rooms Sy, Sy with fraction 23=1

535—72 The blue agents that approve of fraction % or 5:3=2 3 2 are exactly the agents in

BI™ U {bs} of which there are exactly s — (5- (3) — 2). Thus we have at least s —5-3—1

blue agents in S;U.S; such that they are contained in D~. Therefore this case contradicts

our assumption that |[D? U D_| = 2.

2. (DU D) N (Rt U Ryed)| = 0.

Then all the agents in Reet U Rred must be contained in D;}. Since 7 does not contain

a room consisting of only red agents, the remaining agents of Reet U Rged must be in a

room with fraction % or %

There are 16 remaining agents in Reet U Rmd The remaining red agents that approve

of fraction 23=1 and/or 2=2 are exactly R°*/ U R5°’. Thus the agents R**' U Rj*?

must be contained in at least 2 separate rooms S7, Sy with fraction 2:3=1 3 L or 5'3_2 . The
blue agents that approve of fraction 23=1 or 53=2 are exactly the agentb in Bf U {bs}
of which there are exactly s — (5 - (3) —2). Thus we have at least s — 5 -3 — 1 blue
agents in S7 U Sy such that they are contained in D, . Therefore this case contradicts

our assumption that [D} UD_ | = 2.

Thus our assumption that D? U Dy ¢ R*' U R;*? cannot hold. Therefore D U Dy C
éset U Rged' <

or

» Lemma 24. Every outcome m has at least 1 agents in D

Proof. Let m be an arbitrary outcome. By Lemma 22, we have that there are at least 2
agents in D U D_".

To derive a contradiction assume that there exists an outcome 7 such that D}UD_ = D7.
That is, we assume that D, = (). Note that 7 cannot contain a room that only consists
of red agents as there are exactly s — 2 agents that do not disapprove of fraction 1. By
construction of the roommate diversity game, we have that D? UD; C R*'UR5e?, as these
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5-(2)—1

are the only agents with non-empty Dy sets. The only fraction in the set Dy is —=

Note that 2 < |D2UD;|=|D2 <5-(3)+1=16.
Consider all the agents that do not disapprove of fraction
the set

5'(28)71. That is, let us consider

{a € RUB|——— 5-(2 ) ¢ D7} = Rt U Ry U Ry UB%‘ill.
Let us consider the following cases regarding the cardinality of D} N Rset,

1. |D? N Rset| = 3.
Note that 71,792,735 must be in the same room S. If they are in 2 separate rooms, we
require 2 - (s — (5-2 — 1)) blue agents that do not disapprove of fraction % and we
only have s — (52 — 1) blue agents, namely Bg i Similarly, if they are in 3 separate
rooms, we require 3-(s—(5-2—1)) blue agents that do not disapprove of fraction %
Since D; = () and (7 (S)) = %, all the blue agents in B must be contained in
S.
Since S contains 5- (2) — 1 red agents, 3 of which are 71, 79, 5, there must exist a circular
agent ry € R5°? where 1 < i < 5.2 — 2 such that v} ¢ S. Let S’ denote the room
in 7 that contains r5. Since D = (), we have that i € Df. Thus 6(S') = 2= or
6(S") = 5‘25_2. There are exactly s — (5 -2 — 2) blue agents that do not disapprove of
fraction 22=1 and/or 2=2 namely B{i” U Bgd. Since BQfm C S, there is at least 1 blue
agent in S’ that is contained in D, which contradicts our assumption that D = ().

2. |Dr N RSt = 2.

W.lo.g. let 71,72 € D?, thus #3 € DF. Note that 71,72 must be in the same room S.

If they are in 2 separate rooms, we require 2. (s —(5-2—1)) blue agents that do not
disapprove of fraction > (2) !
Since D; = () and 6(r (S)) = M all the blue agents in B must be contained in
S.
Since S contains 5 - (2) — 1 red agents, 2 of which are 71, 73, there must exist a circular
agent ry € R5°? where 1 < i < 5.2 — 2 such that v} ¢ S. Let S’ denote the room
in 7 that contains r5. Since D; = (), we have that i € Df. Thus 6(S') = 221 or
6(S") = 22=2. There are exactly s — (5 -2 — 2) blue agents that do not disapprove of
22-1 and/or 52=2 namely Bzfm U B$. Since Bgi” C S, there is at least 1
blue agent in S’ that is contained in D, , which contradicts our assumption that D, =0
3. |DP N RS = 1.

fraction

W.lo.g. let #; € D?, thus 72,73 € DF. Note that 73,73 must be in the same room S.

If they are in 2 separate rooms, we require 2 - (s — (5 -3 — 1)) blue agents that do not
disapprove of fraction 5'(38)71

Since D = () and A(x(S)) = & (3) L all the blue agents in Bf must be contained in
S.

Since S contains 5-(3) — 1 red agents, 2 of which are 73, 75 and the remaining 5-(3) —1—2
from R5°, there must exists a circular agent ri € R5°?, where 1 < i < 5.3 — 2 such
that 5 ¢ S. Let S’ denote the room in 7 that contains 7i. Since D = (), we have that
ry € DF U D Thus 6(S') = 231 9(8') = 23=2 or §(5’) = 22=1. The blue agents
that do not disapprove of fraction % and/or # are exactly Bf dhy B“dd of which
all but 1 are contained in S. Thus we have that 6(S’) = 2= otherwise D; cannot be
empty.

Since Dy = 0 and §(x(5")) = 5'(28)71, all the blue agents in B must be contained in
S’

and we only have s — (5-2 — 1) blue agents, namely BfZ”.

and we only have s — (5-3 — 1) blue agents, namely B:{i”,
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Since S’ must contain 5 - (2) — 1 red agents from 7y, R5°? and R5%?, as these are the
only remaining red agents that do not disapprove of fraction M , there must exist an
agent r € {1 }UR5?URLe? such that r ¢ S’. Let S” denote the room in 7 that contains
r. Since Dy = (), we have that r € D U DZ. Thus §(5") = 22=1 §(5”) = 22=2
0(S") = 5‘38_1, or §(8") = # The blue agents that do not dlsapprove of fraction
5:3-1 3 L and/or 222 are exactly in Bg iy B$ of which all but 1 are contained in S. The
blue agents that do not disapprove of fraction % and/or % are exactly Bg i U Bgdd
of which all but 1 are contained in S’. Thus at least 1 blue agent in S” must be contained

in D7, which contradicts our assumption that D7 = 0.

. |Drn Rset| = 0.

Note that #1,7,73 € D} and that 71,7, 73 must be in the same room S. If they are
in 2 separate rooms, we require 2 - (s — (5 -3 — 1)) blue agents that do not disapprove
of fraction (3) L and we only have s — (53 — 1) blue agents, namely B?{i”. Similarly,
if they are in 3 separate rooms, we require 3 - (s — (5 -3 — 1)) blue agents that do not

disapprove of fraction > (3) L

Since D; = () and 6(x (S)) = 5'(35)_1, all the blue agents in Bgi” must be contained in
S.

Since S contains 5-(3)—1 red agents, 3 of which are 71, 5, #3 and the remaining 5-(3)—1-3
from R5°?) there must exist a circular agent ri € R5°Y where 1 < i < 5.3 — 2 such
that r§ ¢ S. Let S’ denote the room in 7 that contains r§. Since D = (), we have that
ry € D UD?. Thus 0(S") = 23=1 §(5") = 23=2 or §(5') = 22=1. The blue agents
that do not disapprove of fractlon 5:3-1 3 L and/or # are exactly B:{ iy B$ of which
all but 1 are contained in S. Thus we have that 6(5’) = 32=1 otherwise D cannot be
empty.

Since D = 0 and 8(w(5")) = %, all the blue agents in Bgm must be contained in
S’

Since S’ must contain 5 - (2) — 1 red agents from R5°? and R5°4, as these are the only
remaining red agents that do not disapprove of fraction %, there must exist an agent
7"}“ € R34 U REe? where 2 < j < 3and 1 < k <55 — 2 such that r;? ¢ S'. Let S”
denote the room in 7 that contains r;-“. Since D; = 0, we have that r}“ e Df uDn.
Thus (S") = 82=1 9(9") = 22=2 9(S") = 5'35_1, or (S") = 23=2. The blue agents

3:3-1 are exactly Bf Ay Bgdd of which
52-1

that do not disapprove of fraction and/or 23
all but 1 are contained in S. The blue agents that do not disapprove of fraction
and/or 22=2 are exactly Bf Iy Bgdd of which all but 1 are contained in $’. Thus at
least 1 blue agent in S” must be contained in D, , which contradicts our assumption
that D = 0. <

» Lemma 25. Let 7 be an outcome of the roommate diversity game and assume that (X, C')
has a solution. If for outcome w it holds that |DZ| = 1 and |D;| = 1, then © must be a
reduced-type outcome.

Proof. Let 7 be an outcome such that |D?| = 1 and |D;| = 1. By Lemma 23, we have
that D? U Dy C R*' U R4, Lemma 23 also implies that B C D;. Let us denote the
agents in DI and D by r™ and r~ respectively. Note that m cannot contain a room that
only consists of red agents, as there are exactly s — 2 red agents that do not disapprove of
fraction 1. Let C’ C C denote some solution of (X, C). We shall show that the following 7
properties hold for 7.

1. R™™ U B™" € 7.

Let S™°" € 7 denote a room that contains some monolith red agent. Since D} U D C
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Reet U R;e?, all the monolith red agents R™°" and monolith blue agents B™°" must
be contained in DJ. Since 7 cannot contain a room consisting of only red agents, any
monolith red agent must be in a room of fraction % The only agents that approve

of fraction %

are exactly the monolith red agents R™°" and monolith blue agents

B™°™ any other agent disapproves of that fraction.

There are exactly s — 2m — 3 monolith red agents. Thus we have that R™°" C S™°™. If

there exists a monolith red agent r?, € R™" such that r?, ¢ S™°" we would require
s=2m=3  This would contradict |D; | = 1 as we would have at

least s —2m — 3 red agents in D .

There are exactly 2m + 3 monolith blue agents. Thus we have that B™°™ C S™°". If

there exists a monolith blue agent bf, =~ € B™°" such that b2, ¢ S™°", there must

s=2m=3 = This would contradict

2 rooms with fraction

be a blue agent b € S™°™" that disapproves of fraction
DruU D5 C R U R5*4, since we would have b € D7 .
Thus the agents in R™°" and B™°" must belong to the same room, i.e.,

S’ITLO”L — Rmon U Bmon e T.

 Ari FiYiea, , URTU B ¢ 1 for each A;_5 € C".
i=3 J J J
Since m does not contain a room that only consists of red agents and D} U D C

2(5-5"+1)
S

Rset URge‘i, any set agents 7 € R** must be in a room with fraction where i’ €

2(5%,“), namely the agents in

Aj/_3. There are exactly s agents that approve of fraction
{ri, fi}ieAj,,g UR;?dUB;f”, any other agent disapproves of that fraction. Since |D_ | =1,
the room 7(ry) must contain at least s — 1 agents from {r;, fi}ieAj_g) u R;Fd U ij,i”.

Let us assume that there exists an agent a € {Ti,fi}ieAj/,B U R;?d U B]f,m such that
a ¢ w(ry). Note that under this assumption, the agent v~ € D must be contained in
room 7(r;). Therefore we have that a € D;. Consider the following cases.

a <€ {'f’i, Fi}iGAj/73 .

W.lo.g. let us write a = r;». Since 7 does not contain a room that only consists of red

agents, we must have 6(w(a)) = 2(5%%1) where i € Aji_3. There are exactly s agents

that approve of fraction 2(5:47+1)
S

, namely the agents in {r;, fi}ieAju_s U R;fid U ij,l;”,

any other agent disapproves of that fraction.

Note that 7, € {Tiji}ieAjn,s and 7;» € w(ry). Since a ¢ w(ry), we have that

7y ¢ m(a). Thus the room 7(a) contains at most s — 1 agents from {r;,7;}ica,,_, U

R;’SdUB ]fﬁ”. Therefore room 7(a) contains at least 1 agent that disapproves of fraction

2(5-5""+1)
s

Since both room 7(r;) and room 7(a) contain an agent that disapproves of the fraction
of its assigned room, we have that |D_| > 2. This contradicts |D_| = 1, thus this
case cannot occur.
d fill
a€ R7"Vae B .
2(5-5'+1 2(5-5'—2
We have that (7 (a)) = 282 op (7 (a)) = 26120

There are exactly s agents that approve of fraction 2(5%/“)

, namely the agents in
{rs, Fz’}ieAj/_g_ U R;?d U ij/”l, any other agent disapproves of that fraction.

There are exactly s agents that approve of fraction 2(5%’72)

, namely the agents in
B;-l,dd U R;Fd U ij,i”, any other agent disapproves of that fraction.

Since R;Fd U ij,“l \ {a} C 7(ry), the room 7(a) must contain at least |R§?d U ij,“l \
{a}| = s =7 > 2 agents that disapprove of the fraction 6(w(a)). This contradicts
|D, | =1, thus this case cannot occur.

27
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Since there does not exist an agent a € {r;, fi}z‘eAj/,g U R;?d U Bf,i” such that a ¢ 7(ry),
we have that
{7“1', 7:1'}1'614]_,_3 U R;Fd U ij,i” ISV

Let A denote the collection of 3-sets A;_3 € C such that {r;,7;}ica,_, UR;ed UB]fz‘lz e,
ie.,
= ill
A={Aj_3€ C|{ri,Titica;,_, U Rged U ijt €}

In a valid outcome m, every set agent is assigned to exactly 1 room. Therefore no two
3-sets in A share an element, i.e., for any A;, A; € A such that ¢ # j, we have that
From the above, we have that A must be a solution of (X, C). Therefore we have some
solution A = C’ C C of (X, C) where for each A;_3 € C’ it holds that

{Ti7 ’Fi}ieA‘j73 U R;ed U ijill €.

. By U Ry U BI™ € 7 for cach A;_3 ¢ C".

Since D U Dy C R*°* U R5*?, any redundant agent € Rif4, where Ay 3 ¢ C', must

3 -/
26+ ) 25'=2)
S S

be in a room with fraction

There are exactly s agents that approve of fraction , namely the agents in

2(5-5'+1)
. S
{74, Fi}ieAj,_g_ U R;?d U B]f,z”7 any other agent disapproves of that fraction.

2(5-5'-2)

There are exactly s agents that approve of fraction .

, namely the agents in Bf*U
R;?d U ij,i”, any other agent disapproves of that fraction.
By property 2, all the set agents 7 € R***, 7, € R*°* must be in the room {rs, fi}z'eAju,SU

RysU B! € m where i’ € Aju_g and Ajn_g € C'. Thus there are exactly 2(5' — 2)
26]7;“) Therefore room 7(r%,) cannot

, as otherwise we would have at least 3 agents in D_-. Therefore
2(5:5'~2)
—.

remaining red agents that approve of fraction

./
have fraction M

P
Since |D;j| =1, the room F(T?,) contains at least s — 1 agents from R;?d U ij,i” U B}‘,dd.
Assume that there exists an agent a € R;?dUBJf,i” UB;‘,dd such that a ¢ W(T?,). Note that
under this assumption, the agent r~ € D~ must be contained in room W(ré.’,). Therefore
we have that a € D}. Additionally, since D U D; C Rset U R;*?, we have that a is

a red agent. Thus we have that a € R;Fd. Since a € R;/ed and a € DI, we have that

0(r(a)) = 2EIH o g(m(a)) = 22222,

room 7(r%,) must be of fraction

There are exactly s agents that approve of fraction , namely the agents in

2(5-5'+1)
. S
{ri,7i}ie Ay_z U R;,ed U ij,’”, any other agent disapproves of that fraction.

2(5-5'—2)
S

There are exactly s agents that approve of fraction , hamely the agents in B;-l,dd U

R;/Ed U ij,i”, any other agent disapproves of that fraction.
Since R;FdUij,i”\{a} C m(rf)), the room 7(a) must contain at least \R;FdUBf,m\{aH =
s—7 > 2 agents that disapprove of the fraction 8(m(a)). This contradicts |D; | = 1, thus
there cannot exist an agent a € R;?d U ij,l” u B;-l,dd such that a ¢ 7(r%,). Therefore we
have that

Rt U B U B € 7.

The above holds for any redundant agent rf € R}'ed where A;_3 ¢ C’. Thus we have
that for each A;_3 ¢ C’
add red fill
Byf*"UR;*UB; " em.
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4. {r"}URy4UBI" e 7.
Let us define the room S™ = m(r"). We have that 6(5™) = 22=1 as it is the only fraction
contained in any D?. Since r~ € Dy and r~ € R*' U R4°?, we have that r— ¢ S™. If
r— € 8™, we would have r— € D?. Thus the remaining agents in S™ must be contained
in DY.
The red agents that approve of fraction 527*1 are exactly the agents in R5°? of which
there are 5 -2 — 2, any other red agent does not approve of that fraction. Thus the red
agents in S™ are exactly ™ and R5¢4.
The blue agents that approve of fraction % are exactly B{ iy B$94 of which there
are s — (5-2 — 2), any other blue agent disapproves of that fraction.
Assume that {by} = B39 C S™. This means that there exists a blue agent b € Bgi”
such that b ¢ S™. Since D U Dy C R** U R5*?, we have that b € DF. Therefore we
have 0(m(b)) = 22=L or O(n (b)) = 22=2.

S

5-2—1
s

There are exactly s — 1 agents that approve of fraction , namely the agents in

REed U Bg i”, any other agent does not approve of that fraction.
5.2—2

—=, namely the agents in Bgd

There are exactly s agents that approve of fraction
Rped U Bg i”, any other agent disapproves of that fraction.

Since Rjed U BS™\ {b} C S, the room 7(b) must contain at least |[R5e U BI™\ {b}]| =
s —2 > 2 agents that do not approve of the fraction 6(w(b)). This contradicts |[D | =1
and |D?| = 1, thus {by} = B4 ¢ §™.

Therefore the blue agents in room S™ must be exactly the agents in Bg I and we have

{a"} URy4 U B e .

5. (Rset U Rped)\ {rm U B e .
Let 7; € Rt where 1 < j < 3 such that #; € Di and let S7 denote the room in 7 that
contains 7;. Since #; € D}, we have that §(57) = 23=1. Note that S7 cannot contain
the agents r"* and r~ as they approve of fraction % Thus every agent in S7 must
approve of fraction %
The red agents that approve of fraction that may be contained in S7 are exactly
(R U R5#4) \ {r",r~}. There are 5 -3 — 1 agents in (R*" U R5*%) \ {r",r~}. Thus the
red agents in 7 must be exactly (R U R5¢%)\ {r",r~}.
The blue agents that approve of fraction 5'3871 are exactly Bg iy Bg44 of which there
are s — (53 —2).
Assume that {b3} = B§%¢ C S7. This means that there exists a blue agent b € B:{ M such
that b ¢ S7. Since D" U D7 C R**' U R}, we have that b € D}. Therefore we have

0(r (b)) = 22=L or O(n(b)) = 23=2,

S

5:-3—1
s

5'35_1, namely the agents in

There are exactly s + 2 agents that approve of fraction

Reet U Ried U BZJ; i”, any other agent disapproves of that fraction.
5.3-2
S

There are exactly s agents that approve of fraction , namely the agents in Bgdd U
Rged U Bg i”, any other agent disapproves of that fraction.

Since (R** U Ryed) \ {r",r=} U BI" \ {b} C 57, the room (b) must have at least
|(Rset U REed) \ {r™, 7=} U B:’;m \ {b}| =2 = s — 5 > 2 agents that disapprove of the
fraction @(m(b)). This contradicts |D; | = 1, thus {b3} = B3 ¢ §J.

Therefore the blue agents in room S™ must be exactly Bg ' and we have

(Rset URged) \ {an’af} U Bgill e
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even add add
6. B ujgg] Bg U Aj,LgJec' B} em.

Since D™ U D; C Rt U R5*?, we have that B¢’" C D;. Thus any evening agent
b € B’ must be in a room of fraction 0.

There are exactly s + 6¢ + 3 agents that approve of fraction 0, namely the agents in
Bever (y Bmon J B4 any other agent disapproves of that fraction. Since s < s +
6g + 3 < 2s, we have at most 1 room with fraction 0. Otherwise we have at least
2s — (s +6q + 3) = 4¢ + 42 + 2m agents in D which would contradict |D, | = 1. Thus
every evening agent must be assigned to the same room, i.e., for any b',b"” € B we
have 7 (b') = w(b”).

By Property 1 the room of evening agent b cannot contain agents from B™°". By

Property 3 the room of evening agent b cannot contain agents from | J B;dd. Since
A, gC

DU Dy C R**' U R4°%, no blue agent may be assigned to a room by 7 with a fraction

that it disapproves of. Therefore we have 7(b) C B¢V U |J B;ddu U B;?dd. Since
JE[3] Aj-zeC”

there are s — 2m — 3 evening agents, 7(b) must contain exactly 2m + 3 agents from
U Byu U B Note that | J Bf%| =3 and | |J By = 2.6 = 2m.
JE(3] Aj_zeC’ J€[3] Ajec

Thus we have that

Bereny | ) By*u ) Bi'enm
j€l3) Aj_seC’

7. {r"}URdy B ¢ .
By Properties 1-6, we have exactly s remaining agents of which their assigned room has
not been specified yet. These agents are {r~} U R} U B{i”, where r~ € R U Ryed.
Thus we have that
{(r"YURPUB{" e

By Properties 1-7, we have that 7 must be a reduced-type outcome. |

» Lemma 26. For any non-reduced-type outcome 7, there exists some reduced-type outcome
7' that is strictly more popular than .

Proof. Let 7 be an arbitrary non-reduced-type outcome. By Lemma 25 we have that | DZ| #
1V |D;| # 1. Consider the following cases.
1. |D;| #1.
By Lemma 24 and case assumption, we have that |D_| > 2. Consider the following
cases.
1.1. |D | =2.
Consider the following cases.
1.1.1. |D?| =0.
By Lemma 23, we have that D7 C R*** U R5*?. Let us write D = {a1,a}.
Since ay,as € Reet U R§6d, there exists a reduced-type outcome 7’ such that
D_, ={a1} and D}, = {az2}. Thus we have that ¢(n’,7) = 1.
1.1.2. |D?| > 1.
Let us write D = {a1,as} and ag € D”. We have that as € R**UR3%?, since
the agents in Reety R5e? are the only agents with a corresponding non-empty
Dr.
Let 7' be a reduced-type outcome such that {a3} = D}, and {a~} = D_,.
Note that N(m,n") C {a~}. Consider the following cases.
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1.1.2.1. N(m,7") = 0.
Then we have that a= € D. W.l.o.g. assume that a; = a~. We have
that ay € DY, thus az € N(7/, 7). Thus we have that ¢(7’,7) > 0,
i.e., ™ is more popular than .

1.1.2.2. N(m,7") = {a"}.
Then we have that a= € D? U D} and ai,as € DJ,. Thus ai,as €
N(n', 7). Therefore we have that ¢(x’, ) > 0, i.e., 7’ is more popular

than .
1.2. |D|>2.
Let us write a1,a2,a3 € D, . Let 7’ be an arbitrary reduced-type outcome with
{a"} = D}, and {a~} = D_,. Note that N(m,n’") C {a",a™}. Consider the following
cases.
1.2.1. a= € D;.
W.lo.g. assume that a; = a~. In this case, we have that N(m,7’) C {a"}.
We have that ag,as € N(7’, 7). Thus ¢(n’,7) > 0.
1.2.2. a= ¢ D_.
In this case, we have that N(m,7') C {a~,a"}. We have that aj,as,a3 €
N(n',m). Thus ¢(x',7) > 0.
2. |D2| # 1.
Consider the following cases.
2.1. |D? =0.
By Lemma 22, we have that |D, | > 2. This case is proven similarly to case 1.1.1.
as we have the exact same case assumption, i.e., |[D?| =0 and |D| > 2.
2.2. |DZ| > 2.

Let us write a1, a2 € DZ?. We have that {a1,a2} C Reet U Rie? since the agents in
Reety R§€d are the only agents with a corresponding non-empty D7. By Lemma 24,
we have that |D | > 1. Let us write ag € D, . Let us consider the following cases
regarding as.
2.2.1. a3 € Rt U R,
By the definition of reduced-type outcome, we can construct a reduced-type
outcome 7’ such that D, = {as3}, D = {az2}, and a; € DJ,.
We have that N(m,7’) = 0 and [N (7', 7)| > 1. Therefore ¢(n’,7) > 0.
2.2.2. a3 ¢ Rt U R4,
By the definition of reduced-type outcome, we can construct a reduced-type
outcome 7' such that D, = {a~}, D" = {a;}, and as,a3 € D,.
We have that N(m,7') C {a~}. Additionally we have that as,a3 € N(x',7),
therefore (7', 7) > 0. <

» Lemma 27. An reduced-type outcome m is not popular.

Proof.

write

and

Let m be some reduced-type outcome. Since 7 is a reduced-type outcome, we can

re ill .
{a;} UR] dUBJfZ e for j € 2],

{as, as, a5} U (R34 {ay,...,a5}) UB" e,

where {ay,...,as5} C R*" U R;®.
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Let us construct an outcome 7’ as follows:

7T/ =7 \ {{al} U R'Il"ed U Blfill}
\ {{aa} U R5 U B
\ {{as,a4,as} U (Rged \ {a1,...,a5}) U B?{ill}

U {{as} U Ry U B{"}
U {{a1} U Ry U BI™}
U {{as, as, a5} U (R {as,...,as}) U B,

That is, we “rotate” the agents a1, as, as in 7 to obtain #’. We have that N (7', 7) = {a1, a2}
and N(m,7’) = {as}. Thus 7’ is more popular than 7. Note that 7’ itself is also an reduced-
type outcome. |

» Theorem 28. Determining whether a popular outcome exists in a roommate diversity
game is co-NP-hard, even if the preferences are trichotomous.

Proof. From Lemma 21, if (X, C) has no solution, then we have a popular outcome, namely
Tmon- From Lemma 26 and 27, if (X, C) has a solution, then we have no popular outcome.
Therefore determining the existence of a popular outcome for a Roommate diversity Game
is co-NP-hard. |

7 Conclusion

We have demonstrated that determining the existence of a (strictly) popular outcome for
a roommate diversity game is co-NP-hard and computing a mixed popular outcome is not
possible in polynomial time, unless P=NP. Even when the preferences are tri- or dichotomous,
the problem remains intractable. As we have only demonstrated hardness, a potential avenue
for future research would be to demonstrate completeness for a certain complexity class. We
conjecture that the problem is IT5-complete.

A popular outcome is guaranteed to exist in a roommate diversity game, when the room
size is fixed to 2. Additionally, it is possible to compute a popular outcome in polynomial
time. As the problem becomes tractable when fixing the room size to 2, it may be possible
to construct a fixed-parameter tractable algorithm with the room size as parameter that
determines the existence of a (strictly) popular outcome in a roommate diversity game.
This is also left for future research.
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