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Abstract
A recently introduced restricted variant of the multidimensional stable roommate problem is the
roommate diversity problem[1]: each agent belongs to one of two types (e.g., red and blue), and
the agents’ preferences over the coalitions solely depend on the fraction of agents of their own
type among their roommates. A roommate diversity game is represented by the quadruple G =
(R, B, s, (%a)a∈R∪B), where R and B represent the red and blue agents respectively, s ∈ N+ denotes
the room size, and preference relation %a for a ∈ R ∪B is a weak order over { j

s
|j ∈ [0, s]}.

There are various notions of stability that defines an optimal partitioning of agents. The notion
of popularity has received a lot of attention recently. A partitioning of agents is popular if there
does not exist another partitioning in which more agents are better off than worse off. Computing
a popular partition in a stable roommate game can be done in polynomial time[5]. When we allow
ties the stable roommate problem becomes NP-complete[7]. Determining the existence of a popular
solution in the multidimensional stable roommate problem is also NP-hard[6].

We show that in the roommate diversity problem with s = 2 fixed, the problem becomes
tractable. Particularly, a popular partitioning of agents is guaranteed to exist and can be computed
in polynomial time. Additionally a mixed popular partitioning of agents is always guaranteed to
exist in any roommate diversity game. By contrast, when there are no restrictions on the coalition
size of a roommate diversity game, a popular partitioning may fail to exist and the problem becomes
intractable. Our intractability results are summarized as follows:

Determining the existence of a popular partitioning is co-NP-hard, even if the agents’ preferences
are trichotomous.
Determining the existence of a strictly popular partitioning is co-NP-hard, even if the agents’
preferences are dichotomous.
Computing a mixed popular partitioning of agents in polynomial time is impossible unless
P=NP, even if the agents’ preferences are dichotomous.

2012 ACM Subject Classification Mathematics of computing → Combinatorial algorithms; Math-
ematics of computing → Combinatoric problems; Theory of computation → Problems, reductions
and completeness; Theory of computation → Proof complexity

Keywords and phrases Stable marriage problem, Stable roommates problem, Stable matching, Pop-
ularity, Dichotomous preferences, Trichotomous preferences, Coalition formation, Algorithms, Co-
NP-hard

ar
X

iv
:2

21
0.

07
91

1v
2 

 [
cs

.G
T

] 
 5

 J
an

 2
02

3
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1 Introduction

The formation of stable coalitions in multi-agents systems is a computational problem that
has several variations with different conditions on the coalition size. A recently introduced
restricted variant of the multidimensional stable roommate problem is the roommate di-
versity problem[1]: each agents belongs to one of two types (e.g., red and blue), and the
agents’ preferences over the coalitions solely depend on the fraction of agents of their own
type among their roommates. This model captures important aspects of several real-world
coalition formation scenarios, such as flat-sharing, seating arrangements at events, and split-
ting students into teams for group projects. In the latter scenario, as local student may
have difficulty communicating with international students and vice versa, the preference of
a student may solely rely on the fraction of international group members.

There are various notions of stability that defines an optimal partitioning of agents. The
notion of popularity has received a lot of attention recently. A partitioning of agents is
popular if there does not exist another partitioning in which more agents are better off
than worse off. Computing a popular partition in a stable roommate game can be done
in polynomial time[5]. When we allow ties the stable roommate problem becomes NP-
complete[7]. Determining the existence of a popular solution in the multidimensional stable
roommate problem is also NP-hard[6].

The roommate diversity problem has been studied with the stability notions envy-freeness,
Pareto optimality, exchange stability, and core stability. For the majority of these stability
notions computing a stable partitioning of a roommate diversity game is NP-hard. On the
other hand the problem is FPT when using the room size as parameter[1].

1.1 Our results
We show that in the roommate diversity problem with the room size fixed to 2, the problem
becomes tractable. Particularly, a popular partitioning of agents is guaranteed to exist and
can be computed in polynomial time. Additionally a mixed popular partitioning of agents is
always guaranteed to exist in any roommate diversity game. By contrast, when there are no
restrictions on the coalition size of a roommate diversity game, a popular partitioning may
fail to exist and the problem becomes intractable. Our intractability results are summarized
as follows:

Determining the existence of a popular partitioning is co-NP-hard, even if the agents’
preferences are trichotomous.
Determining the existence of a strictly popular partitioning is co-NP-hard, even if the
agents’ preferences are dichotomous.
Computing a mixed popular partitioning of agents in polynomial time is impossible unless
P=NP, even if the agents’ preferences are dichotomous.

2 Preliminaries

In this work, we slightly extend the notation and definitions related to the roommate di-
versity problem used in the work of Boehmer and Elkind[1]. Additionally, we also use the
notation and definitions related to popularity used in the work of Brandt and Bullinger[2].
In order to ensure that this paper is self-contained, we shall include the existing definitions
in this section. For our hardness results, we construct reductions from the Exact Cover
by 3-Sets problem. We abbreviate Exact Cover by 3-Sets with X3C. These reductions can
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be performed in polynomial time and the size of the resulting roommate diversity game is
polynomial in the size of the X3C instance.

2.1 Roommate Diversity Problem
For s ∈ N, t ∈ N+ let us define the integer set [t] = {1, . . . , t} and [s, t] = {s, . . . , t}.

I Definition 1. A roommate diversity game is a quadruple G = (R,B, s, (%a)a∈R∪B) with
room size s and agent set N = R ∪ B where |N | = k · s for some k ∈ N. The preference
relation %a of each agent a ∈ N is a complete and transitive weak order over the set D =
{ js |j ∈ [0, s]}.

We call the agents in R red agents and the agents in B blue agents. A s-sized subset of
N is called a coalition or room and the number of rooms is k = |N |

s . For an agent a ∈ N let
Na = {S ⊆ N ||S| = s, a ∈ S} denote every possible room that contains a.

An outcome π of G is a partition of the agents N into k rooms of size s, i.e., π =

{C1, . . . , Ck} such that |Ci| = s for each i ∈ [k],
k⋃
i=1

Ci = N , and for 1 ≤ i < j ≤ k we have

Ci ∩ Cj = ∅. Let π(a) denote the room in π that contains agent a ∈ N , i.e., for a ∈ N , we
have π(a) = Ci where i ∈ [k] such that a ∈ Ci. For a room C ⊆ N , let θ(C) denote the
fraction of red agents in C, i.e., θ(C) = |C∩R|

|C| . We say that C has/is of fraction θ(C) or the
fraction of C is θ(C).

For an agent a ∈ N , the preference relation %a are the preferences of a over the fraction
of red agents in its room. For example, 2

s %a 3
s means that agent a likes being in a room with

2 red agents at least as much as being in a room with 3 red agents. Note that a red agent
cannot be in a room with fraction 0

s and a blue agent cannot be in a room with fraction
s
s . Thus discarding these ‘impossible’ fractions in their preference relation does not impact
our results. Given two rooms S, T ∈ Na, we overload the notation by writing S �a T , and
say that agent a strictly prefers S over T if θ(S) %a θ(T ) and θ(T ) 6%a θ(S). Additionally,
we write S %a T and say that agent a weakly prefers S over T if θ(S) %a θ(T ). If agent
a weakly prefers S over T and T over S, we write S ∼a T and say that a is indifferent
between S and T . We similarly overload the notation for outcomes π, π′ by writing π �a π′
iff π(a) �a π′(a), π %a π′ iff π(a) %a π′(a), and π ∼a π′ iff π(a) ∼a π′(a).

The preference relation of agent a is said to be dichotomous if there exists a partition of
D into two sets D+

a and D−a such that for all d+ ∈ D+
a , d− ∈ D−a it holds that d+ �a d−,

for all d+
1 , d

+
2 ∈ D+

a it holds that d+
1 ∼a d

+
2 , and for all d−1 , d

−
2 ∈ D−a it holds that d−1 ∼a d

−
2 .

We say that agent a approves of the fractions in D+
a and disapproves of the fractions in D−a .

The preference relation of agent a is said to be trichotomous if there exists a partition
of D into three sets D+

a , Dn
a , and D−a such that for all d+ ∈ D+

a , dn ∈ Dn
a , and d− ∈ D−a

it holds that d+ �a dn and dn �a d−. Additionally, for all d+
1 , d

+
2 ∈ D+

a it holds that
d+

1 ∼a d
+
2 , for all dn1 , dn2 ∈ Dn

a it holds that dn1 ∼a dn2 , and for all d−1 , d
−
2 ∈ D−a it holds

that d−1 ∼a d
−
2 . We say that agent a approves of the fractions in D+

a , is neutral about the
fraction in Dn

a , and disapproves of the fractions in D−a .
For an outcome π let D+

π denote the agents that approve of the room it is assigned in π,
i.e., D+

π = {a ∈ R ∪B|θ(π(a)) ∈ D+
a }. We define Dn

π and D−π analogously.

2.2 Popularity
For outcomes π, π′ let N(π, π′) be the set of agents who prefer π over π′, i.e., N(π, π′) =
{a ∈ N |π �a π′}. For any room S ⊆ N , where |S| = s, and outcomes π, π′ let φS(π, π′) =



4 Popularity on the Roommate Diversity Problem

|N(π, π′) ∩ S| − |N(π′, π) ∩ S|. We call φS(π, π′) the popularity margin on S with respect
to π and π′. We define the popularity margin of π and π′ as φ(π, π′) = φN (π, π′).

An outcome π is more popular than outcome π′ if φ(π, π′) > 0. An outcome π is popular
if for any outcome π′ we have φ(π, π′) ≥ 0, i.e., no outcome is more popular than π. An
outcome π is called strongly popular if for any other outcome π′ 6= π we have φ(π, π′) > 0,
i.e., π is more popular than any other outcome. Note that there can be at most one strongly
popular outcome.

We define a mixed outcome p = {(π1, p1), . . . , (πt, pt)} to be a set of pairs, where for
each i ∈ [t], πi is an outcome of a roommate diversity game and (p1, . . . , pt) is a probability
distribution. For mixed outcome p = {(π1, p1), . . . , (πt, pt)} and q = {(σ1, q1), . . . , (σu, qu)},
we define the popularity margin of p and q to be their expected popularity margin, i.e.,

φ(p, q) =
t∑
i=1

u∑
j=1

piqjφ(πi, σj).

A mixed outcome p is popular if for any mixed outcome q we have φ(p, q) ≥ 0.

2.3 Exact Cover by 3-Sets Problem
For our reductions, we use the exact cover by 3-set problem, which is known to be NP-
complete[4]. Let X = {1, . . . ,m} = [m], where m ∈ N+, and let C = {A1, . . . , Aq} be a
collection of 3-element subsets of X, i.e., for each i ∈ [q] we have Ai ⊆ X and |Ai| = 3. An
instance of the X3C problem is a tuple (X,C) and asks: does there exist a subset C ′ ⊆ C

such that every element of X occurs in exactly one member of C ′? We call such a C ′ a
solution of (X,C).

We require the following definition for our reduction. For i ∈ X, let J i = {ji1, . . . , jimi
}

be the set of indices of the sets in C that contain i, i.e. j ∈ J i ⇐⇒ i ∈ Aj (or equivalently
J i = {j ∈ [q]|i ∈ Aj}).

3 Room Size Two

For a roommate diversity game G = (R,B, 2, (%a)a∈R∪B) with room size 2, a room S ⊆
R ∪ B, can have exactly 3 possible fraction, i.e., θ(S) ∈ { 0

2 ,
1
2 ,

2
2}. Let us call a room with

fraction 0
2 or 2

2 a pure blue or pure red room respectively. A room with fraction 1
2 we call a

mixed room.
As mentioned in Section 2, we can discard the ‘impossible’ fractions from the preference

relation of the agents. Thus the only relevant fractions for a red agent are 1
2 and 2

2 and the
only relevant fractions for a blue agent are 0

2 and 1
2 . Let us call an agent that is in a room

with one of their most preferred fraction happy. Otherwise we call the agent sad. That is,
an agent a ∈ R ∪ B is happy in outcome π if for each f ∈ { 0

2 ,
1
2 ,

2
2} we have θ(π(a)) %a f .

An agent a ∈ R∪B is sad in outcome π if there exists f ∈ { 0
2 ,

1
2 ,

2
2} such that θ(π(a)) ≺a f .

A red agent r can only have one of 3 possible preference relation 1
2 �r

2
2 ,

1
2 ≺r

2
2 , or

1
2 ∼r

2
2 . We call a red agent r with preference relation 1

2 �r
2
2 ,

1
2 ≺r

2
2 , or

1
2 ∼r

2
2 a

mixed, pure, or indifferent red agent respectively. We define mixed, pure, and indifferent
blue agents using fraction 0

2 and 1
2 analogously.

Let us define the set of pure red agents Rp = {r ∈ R| 22 �r
1
2}, the set of mixed red

agents Rm = {r ∈ R| 22 ≺r
1
2}, and the set of indifferent red agents Ri = {r ∈ R| 12 ∼r

2
2}.

We define the set of pure blue agents Bp, the set of mixed blue agents Bm, and the set of
indifferent blue agents Bi analogously. Note that R = Rp ∪Rm ∪Ri and B = Bp ∪Bm ∪Bi.
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We show that a popular outcome is guaranteed to exist in roommate diversity game G
and can be computed in polynomial time by reducing G to the maximum weight perfect
matching problem.

Let us define an undirected weighted clique graph Gm = (R ∪B,E) where for each pair
of distinct agents a, b ∈ R ∪ B, we use w(a, b) to denote the weight of an edge (a, b) ∈ E,
where

w(a, b) =


2 (a, b) is a pair with 2 happy agents;
1 (a, b) is a pair with exacly 1 happy agent;
0 (a, b) is a pair with exacly 0 happy agents.

Since the room size is 2, we have that |R∪B| is even. For the weighted graph Gm, let w(M)
be the weight of a perfect matching M ⊆ E. Given a perfect matching M of Gm, we define
a point pM (a) of an agent a ∈ R ∪B as follows: For each (a, b) ∈M ,
1. if w(a, b) = 2, then pM (a) = pM (b) = 1;
2. a. if w(a, b) = 1 where a is happy and b is sad, then pM (a) = 1 and pM (b) = 0;

b. if w(a, b) = 1 where a is sad and b is happy, then pM (a) = 0 and pM (b) = 1;
3. if w(a, b) = 0, then pM (a) = pM (b) = 0.
We have that for any perfect matching M of Gm,

w(M) =
∑

(a,b)∈M

w(a, b) =
∑

a∈R∪B
pM (a). (1)

I Lemma 2. For the weighted graph Gm = (R∪B,E) as defined above, the maximum weight
perfect matching M∗ of G is popular.
Proof. Fix an arbitrary perfect matching M of Gm. It is immediate that w(M∗) ≥ w(M).
For the maximum weight perfect matching M∗ of Gm, we define HM∗ and SM∗ as

HM∗ = {a ∈ R ∪B|pM∗(a) = 1}; SM∗ = {a ∈ R ∪B|pM∗(a) = 0},

and for the perfect matching M of Gm, we also define HM and SM by

HM = {a ∈ R ∪B|pM (a) = 1}; SM = {a ∈ R ∪B|pM (a) = 0}.

From Equation (1) and the fact that w(M∗) ≥ w(M), it follows that

|HM∗ | = w(M∗) ≥ w(M) = |HM |. (2)

We have that φ(M∗,M) = |HM∗ |− |HM∗ ∩HM | and φ(M,M∗) = |HM |− |HM∗ ∩HM |. Thus
from Equation (2), we have that φ(M∗,M)− φ(M,M∗) = |HM∗ | − |HM | ≥ 0. J

I Theorem 3. Let G = (R,B, 2, (%a)a∈R∪B) be a roommate diversity game with room size
2. We can find a popular outcome π in polynomial time.
Proof. We already know that for any (integer) weighted Gm, a maximum weight perfect
matching can be found in polynomial time[3]. Thus, using the existing polynomial time al-
gorithm and Lemma 2, for roommate diversity problem with room size 2, a popular outcome
always exists and it can be computed in polynomial time. J

4 Strict Popularity

In this section we show that determining the existence of a strictly popular outcome in a
roommate diversity game is co-NP-hard. We construct a roommate diversity game G =
(R,B, s, (�a)a∈R∪B) with dichotomous preferences from an X3C instance (X,C) in such
that there exists a solution C ′ ⊆ C that partitions X if and only if there exist no popular
outcome for G.
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4.1 Roommate Diversity Game
We set the room size s = 5(q + 1) + 1 + m = 5q + 6 + m. Note that 5(q+1)+1+m

s = 1. The
agents and their preference profile is defined as follows.

Set Agents Rset = {ri|i ∈ X} = {r1, . . . , rm}
Redundant Agents Rred

j = {r1
j , . . . , r5j−2

j } for j ∈ [q]
Rred = Rred

1 ∪ · · · ∪Rred
q

Monolith Agents Rmon = {r1
mon, . . . , r

5(q+1)+1
mon }

Table 1 Set of red agents R = Rset ∪Rmon ∪Rred.

Filling Agents Bfill
j = {b1

j , . . . , b
s−(5j−2)−3
j } for j ∈ [q]

Bfill = Bfill
1 ∪ · · · ∪Bfill

q

Additional Agents Badd
j = {b̃1

j , b̃2
j , b̃3

j} for j ∈ [q]
Badd = Badd

1 ∪ · · · ∪Badd
q

Monolith Agents Bmon = {b1
mon, . . . , b

s−(5(q+1)+1)
mon }

Evening Agents Beven = {b1
even, . . . , b

5(q+1)+1
even }

Table 2 Set of blue agents B = Beven ∪Bmon ∪Badd ∪Bfill.

Agent Preference Profile
D+

a D−a

a = ri ∈ Rset { 5ji
1+1
s

, . . . ,
5ji

mi
+1

s
} ∪ { 5(q+1)+1+m

s
} D \D+

a

a = rp
j ∈ Rred

j { 5j+1
s

, 5j−2
s
} D \D+

a j ∈ [q]
a = rp

mon ∈ Rmon { 5(q+1)+1+m
s

, 5(q+1)+1
s

} D \D+
a

a = bp
j ∈ Bfill

j { 5j+1
s

, 5j−2
s
} D \D+

a j ∈ [q]
a = b̃p

j ∈ Badd
j { 5j−2

s
, 0} D \D+

a j ∈ [q]
a = bp

mon ∈ Bmon { 5(q+1)+1
s

, 0} D \D+
a

a = bp
even ∈ Beven {0} D \D+

a

Table 3 Preference profile (%a)a ∈ R ∪B.

4.2 Predefined Outcomes
We define the monolithic outcome πmon and for a solution C ′ ⊆ C for (X,C) the reduced
outcome πC′ . In these outcomes every agent is in a room with a fraction that it approves
of. Observe that an outcome π in which every agent is in a room with a fraction that it
approves of is popular, i.e., for any agent a ∈ R ∪B, if θ(π(a)) ∈ D+

a , then π is popular.

4.2.1 Monolithic Outcome
First we define the rooms that contain red agents. Let

Pj = Baddj ∪Rredj ∪Bfillj for j ∈ [q]; Pq+1 = Rset ∪Rmon.

Let πR = {Pj |j ∈ [q+ 1]}. Additionally, let us define the set Br of remaining blue agents as
the blue agents that are not contained in any room Pj . That is,

Br = B \
q+1⋃
j=1

Pj = Bmon ∪Beven.
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Note that |Bmon| + |Beven| = s − (5(q + 1) + 1) + (5(q + 1) + 1) = s. We define πB to be
the partition that only contains the room Br. Finally, we define the monolithic outcome to
be πmon = πR ∪ πB . Note that every agent is assigned a room by πmon with a fraction that
it approves of, i.e., for every agent a ∈ R ∪ B we have θ(πmon(a)) ∈ D+

a . Additionally, a
monolithic outcome always exists.

4.2.2 Reduced Outcome
Let the solution C ′ ⊆ C partition X. For every 3-element subset Aj ∈ C, we define the
rooms that contain red agents.

P ′j =
{
{ri ∈ Rset|i ∈ Aj} ∪Rredj ∪Bfillj , if Aj ∈ C ′

Baddj ∪Rredj ∪Bfillj , if Aj /∈ C ′
for j ∈ [q];

P ′q+1 = Rmon ∪Bmon.

Let πR = {P ′j |j ∈ [q+ 1]}. Additionally, let us define the set Br of remaining blue agents as
the blue agents that are not contained in any P ′j . That is,

Br = B \
q+1⋃
j=1

P ′j = Beven ∪
⋃

Aj∈C′
Baddj .

Since |
⋃

Aj∈C′
Baddj | = m

3 ·3 = m and |Beven| = 5(q+1)+1, we have |Br| = 5(q+1)+1+m = s.

We define πB to be the partition only containing the coalition Br.
Finally, we define the reduced outcome to be πC′ = πR ∪ πB . Note that every agent is

assigned a room by πC′ with a fraction that it approves of, i.e., for every agent a ∈ R ∪ B
we have θ(πC′(a)) ∈ D+

a . Additionally, a reduced outcome exists if and only if (X,C) has a
solution.

4.3 Hardness
We demonstrate co-NP-hardness by showing that the monolithic outcome πmon is the only
popular outcome and therefore strictly popular, if (X,C) has no solution. Otherwise we
have multiple popular outcomes, which are exactly the monolithic outcome πmon and all the
reduced outcomes πC′ , where subset C ′ ⊆ C is a solution of (X,C).

I Lemma 4. Let G be a roommate diversity game constructed as in Section 4.1 and π be
an outcome of G such that every agent is in a room with a fraction that it approves of. We
have that π is either the monolithic outcome πmon or a reduced outcome πC′ , where C ′ ⊆ C
partitions X.

Proof. Let ri ∈ Rset be an arbitrary set agent. As ri must be assigned a room in π with
a fraction that it approves of, we have that θ(π(ri)) = 1 or θ(π(ri)) = 5j+1

s , where j ∈ J i.
Let us consider the following cases.
1. θ(π(ri)) = 1.

Since there are exactly s red agents that approve of fraction 1, namely the agents in
Rset ∪Rmon, these agents must be contained in the same room, i.e.,

Rset ∪Rmon ∈ π.

A redundant agent rpj′ ∈ Rred cannot be in a room with fraction 5j′+1
s as there are only

s−3 remaining agents that approve of that fraction. Thus any redundant agent rpj′ must
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be in a room with fraction 5j′−2
s . The rooms must be Rredj′ ∪B

fill
j′ ∪Baddj′ for j′ ∈ [q] as

these are exactly the agents that approve of fraction 5j′−2
s , i.e. for j′ ∈ [q] we have

Rredj′ ∪B
fill
j′ ∪B

add
j′ ∈ π.

We have s remaining blue agents, namely Beven ∪ Bmon, that must belong to the same
room , i.e.,

Beven ∪Bmon ∈ π.

Thus π must be πmon in this case.
2. θ(π(ri)) = 5j+1

s .
There are exactly s red agents, including ri, that approve of fraction 1. Since θ(π(ri)) 6= 1
and π is an outcome such that every agent is in a room with a fraction that it approves
of, the outcome π cannot contain a room with only red agents. Thus every set agent
ri′ ∈ Rset must be in a room with fraction 5j′+1

s such that i′ ∈ Aj′ . There are exactly
3 set agents that approve of 5j′′+1

s for each j′′ ∈ [q]. Thus for some solution C ′ ⊆ C

of (X,C), every set agent must be in a room with the shape {ri|i ∈ Aj} ∪ Rredj ∪ Bfillj

where Aj ∈ C ′, i.e., for each Aj ∈ C ′ we have

{ri|i ∈ Aj} ∪Rredj ∪Bfillj ∈ π.

The remaining redundant agents rpj′′′ ∈ Rred must be in a room with fraction 5j′′′−2
s as

only s−3 remaining agents approve of fraction 5j′′′+1
s . The rooms must be Rredj′′′ ∪B

fill
j′′′ ∪

Baddj′′′ for Aj′′′ /∈ C ′, i.e., for each Aj′′′ /∈ C ′ we have

Rredj′′′ ∪B
fill
j′′′ ∪B

add
j′′′ ∈ π.

Since there is no room with only red agents, the red monolith agents must be in a room
with the blue monolith agents, i.e.,

Rmon ∪Bmon ∈ π.

We have s remaining blue agents, namely Beven ∪
⋃

Aj∈C′
Baddj , that must belong to the

same room, i.e.,
Beven ∪

⋃
Aj∈C′

Baddj ∈ π.

Thus π must be πC′ in this case. J

I Theorem 5. Determining whether a strict popular outcome exists in a roommate diversity
game is co-NP-hard, even if the preferences are dichotomous.

Proof. Let us define the family of solution sets C = {C ′ ⊆ C|C ′ is a solution of (X,C)}. By
Lemma 4 and the observation in Section 4.2, we have that P = {πC′ |C ′ ∈ C} ∪ {πmon} is
the collection of all popular outcomes.

From Lemma 4 we have that if (X,C) has no solution, then |P| = 1 and therefore we have
a strictly popular outcome, namely πmon. Otherwise we have that |P| > 1 and therefore no
outcome is strictly popular.

Thus we have a reduction from any X3C instance (X,C) to a roommate diversity game
G with dichotomous preferences such that (X,C) has a solution if and only if G has no
strictly popular outcome. Since the X3C problem is NP-complete, determining whether
a strict popular outcome exists in a roommate diversity game is co-NP-hard, even if the
preferences are dichotomous. J
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5 Mixed Popularity

In this section we show that a mixed popular outcome is guaranteed to exist in a roommate
diversity game. However, computing a mixed popular outcome in polynomial time is not
possible unless P=NP. To show the guaranteed existence, we use the minimax theorem[8].
To show hardness, we construct a reduction from the X3C problem to the roommate diversity
problem. The reduction is similar to the reduction in Section 4.

I Theorem 6. Any roommate diversity game is guaranteed to have a mixed popular outcome.

Proof. Every roommate diversity game can be viewed as a finite two-player symmetric zero-
sum game where the rows and columns of the game matrix are indexed by all possible
outcomes π1, . . . , πt and the entry at (i, j) of the game matrix has value φ(πi, πj). By the
minimax theorem[8], we have that the value of this game is 0. Therefore any maximin
strategy is popular. J

We change the reduction in Section 4 by doubling the agents, changing the room size
and preference profile accordingly, and adding new agents. These additions ensure that the
monolithic outcome is strictly popular if (X,C) has no solution and that the monolithic
outcome is not popular if (X,C) has a solution.

5.1 Roommate Diversity Game
We set the room size to s = 2(5(q + 2) + 1 + m) + 6 = 10q + 28 + 2m. Note that
2(5(q+2)+1+m)+6

s = 1. The agents and their preference profile is defined as follows.

Set Agents Rset = {ri|i ∈ X} = {r1, . . . , rm}
Copy Set Agents R̃set = {r̃i|i ∈ X} = {r̃1, . . . , r̃m}

Auxiliary Set Agents R̂set = {r̂1, r̂2, r̂3, r̂4, r̂5, r̂6}
Redundant Agents Rred

j = {r1
j , . . . , r

2(5j−2)
j } for j ∈ [q + 1]

Rred = Rred
1 ∪ · · · ∪Rred

q+1

Monolith Agents Rmon = {r1
mon, . . . , r

2(5(q+2)+1)
mon }

Table 4 Set of red agents R = Rset ∪ R̃set ∪ R̂set ∪Rmon ∪Rred.

Filling Agents Bfill
j = {b1

j , . . . , b
s−2(5j−2)−6
j } for j ∈ [q + 1]

Bfill = Bfill
1 ∪ · · · ∪Bfill

q+1

Additional Agents Badd
j = {b̃1

j , b̃2
j , b̃3

j , b̃4
j , b̃5

j , b̃6
j} for j ∈ [q + 1]

Badd = Badd
1 ∪ · · · ∪Badd

q+1

Monolith Agents Bmon = {b1
mon, . . . , b

s−2(5(q+2)+1)
mon }

Evening Agents Beven = {b1
even, . . . , b

2(5(q+2)+1)
even }

Table 5 Set of blue agents B = Beven ∪Bmon ∪Badd ∪Bfill.
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Agent Preference Profile
D+

a D−a

a = ri ∈ Rset { 2(5ji
1+1)
s

, . . . ,
2(5ji

mi
+1)

s
} ∪ {1} D \D+

a

a = r̃i ∈ R̃set { 2(5ji
1+1)
s

, . . . ,
2(5ji

mi
+1)

s
} ∪ {1} D \D+

a

a ∈ {r̂1, . . . r̂5} { 2(5(q+1)+1)
s

, 1} D \D+
a

a = r̂6 { 2(5(q+1)+1)
s

} D \D+
a

a = rp
j ∈ Rred

j { 2(5j+1)
s

, 2(5j−2)
s
} D \D+

a j ∈ [q + 1]
a = rp

mon ∈ Rmon {1, 2(5(q+2)+1)
s

} D \D+
a

a = bp
j ∈ Bfill

j { 2(5j+1)
s

, 2(5j−2)
s
} D \D+

a j ∈ [q + 1]
a = b̃p

j ∈ Badd
j { 2(5j−2)

s
, 0} D \D+

a j ∈ [q + 1]
a = bp

mon ∈ Bmon { 2(5(q+2)+1)
s

, 0} D \D+
a

a = bp
even ∈ Beven {0} D \D+

a

Table 6 Preference profile (%a)a ∈ R ∪B.

5.2 Predefined Outcomes
We define the monolithic outcome πmon and for a solution C ′ ⊆ C for (X,C) the reduced
outcome πC′ in a similar manner as in Section 4.2. In outcome πmon exactly 1 agent is in a
room that it disapproves of. In outcome πC′ all agents are in a room that it approves of.

5.2.1 Monolithic Outcome
First we define the rooms that contain red agents.

Pj = Baddj ∪Rredj ∪Bfillj for j ∈ [q + 1]; Pq+2 = Rset ∪ R̃set ∪ R̂set ∪Rmon.

Let πR and πB be defined in a similar manner as in Section 4.2.1, i.e., πR =
⋃

j∈[q+2]
{Pj} and

πB contains 1 room with the blue agents not contained in any Pj , where j ∈ [q + 2]. We
define the monolithic outcome to be πmon = πR ∪ πB . Note that agent r̂6 is the only agent
that is assigned a room by πmon with a fraction that it does not approves of. A monolithic
outcome always exists.

5.2.2 Reduced Outcome
Let C ′ ⊆ C be a solution of (X,C), i.e., C ′ partitions X. For every 3-element subset Aj ∈ C,
we define the rooms that contain red agents.

P ′j =

{
{ri ∈ Rset|i ∈ Aj} ∪ {r̃i ∈ R̃set|i ∈ Aj} ∪Rred

j ∪Bfill
j , if Aj ∈ C′

Badd
j ∪Rred

j ∪Bfill
j , if Aj /∈ C′

for j ∈ [q];

P ′q+1 = R̂set ∪Rred
q+1 ∪Bfill

q+1;
P ′q+2 = Rmon ∪Bmon.

Let πR and πB be defined in a similar manner as in Section 4.2.2, i.e., πR =
⋃

j∈[q+2]
{P ′j} and

πB contains 1 room with the blue agents not contained in any P ′j , where j ∈ [q + 2]. We
define the reduced outcome to be πC′ = πR ∪ πB . Note that every agent is assigned a room
by πC′ with a fraction that it approves of. A reduced outcome exists if and only if (X,C)
has a solution.
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5.3 Hardness

We demonstrate that it is hard to compute a mixed popular solution by showing that πmon
is strictly popular, if (X,C) has no solution. Otherwise πmon is not popular. If πmon is
strictly popular, then the only mixed popular outcome is p = {(πmon, 1)}. If πmon is not
popular, then p = {(πmon, 1)} cannot be a mixed popular outcome.

I Observation 7. If outcome π has a room that consists of only red agents and assigns
exactly 1 agent to a room that it disapproves of, then π must be the monolithic outcome.
That is, for any π, if |D−π | = 1 and there exists a room S ∈ π such that θ(S) = 1, then
π = πmon.

Proof. Let π be an arbitrary outcome that contains a room that consists of only red agents
and assigns exactly 1 agent to a room with a fraction that it disapproves of, i.e., for outcome
π we have |D−π | = 1 and there exists a room S ∈ π such that θ(S) = 1.

Let S ∈ π be the room that only consists of red agents. We have exactly s−1 red agents,
namely Rset ∪ R̃set ∪Rmon ∪{r̂1, . . . , r̂5}, that approve of fraction 1. Thus the room S must
contain Rset ∪ R̃set ∪Rmon ∪{r̂1, . . . , r̂5}, otherwise there are at least 2 red agents in S that
do not approve of fraction 1. Let r denote the red agent in S that disapproves of fraction 1.
We can write

Rset ∪ R̃set ∪Rmon ∪ {r̂1, . . . , r̂5} ∪ {r} ∈ π.

Since |D−π | = 1, r ∈ D−π , and r ∈ S, any agent in a room in π \ {S} must approve of the
fraction of its assigned room. Note that r ∈ {r̂6} ∪ Rred as these are the red agents that
disapprove of fraction 1. Consider the following cases regarding agent r.
1. r ∈ Rred.

Then we have that r̂6 /∈ S and r̂6 ∈ D+
π . Let S′ ∈ π denote the room that contains

r̂6. Thus we have that θ(S′) = 2(5(q+1)+1)
s . We have exactly 2(5(q + 1) + 1) red agents

that approve of fraction 2(5(q+1)+1)
s , namely R̂set ∪ Rredq+1. However 5 agents from R̂set

are contained in S, thus S′ must contain at least 5 agents that disapprove of fraction
2(5(q+1)+1)

s . This contradicts |D−π | = 1, therefore this case cannot occur.
2. r = r̂6.

Then for a redundant red agent rpj ∈ Rred we have that rpj ∈ D+
π . Let S′ ∈ π denote the

room that contains rpj . We have that either θ(S′) = 2(5j+1)
s or θ(S′) = 2(5j−2)

s .
There are exactly 2(5j+ 1) red agents, namely Rredj ∪{ri, r̃i|i ∈ Aj} or Rredj ∪ R̂set, that
approve of fraction 2(5j+1)

s of which 6 are contained in room S. Thus if θ(S′) = 2(5j+1)
s ,

then S′ must contain 6 red agents that disapprove of fraction 2(5j+1)
s . This contradicts

|D−π | = 1, therefore θ(S′) = 2(5j−2)
s .

There are exactly 2(5j − 2) red agents that approve of fraction 2(5j−2)
s , namely Rredj .

Additionally, there are exactly s− 2(5j− 2) blue agents that approve of fraction 2(5j−2)
s ,

namely Baddj ∪Bfillj . Thus S′ must contain exactly Rredj ∪Baddj ∪Bfillj , as otherwise S′

must contain an agent that disapprove of fraction 2(5j−2)
s . Thus for any j ∈ [q + 1], we

have that
Rredj ∪Baddj ∪Bfillj ∈ π.

Since r = r̂6, we also have that

Rset ∪ R̃set ∪Rmon ∪ R̂set ∈ π.
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There are exactly s remaining blue agents, namely Bmon ∪Beven. Thus these remaining
blue agents must belong to the same room, i.e.,

Bmon ∪Beven ∈ π.

Thus π must be πmon. J

I Lemma 8. If (X,C) has no solution, then for any outcome π such that π 6= πmon has at
least 2 agents assigned to a room with a fraction that it does not approve of. That is, for
any π such that π 6= πmon, we have |D−π | ≥ 2.

Proof. To derive a contradiction, assume that there exists an outcome π such that π 6= πmon
that assigns fewer than 2 agents to a room with a fraction that it disapproves of, i.e., assume
that there exists an outcome π 6= πmon such that |D−π | < 2. We have the following cases.
1. |D−π | = 0.

As we have exactly s − 1 red agents that approve of fraction 1, the outcome π cannot
have a room that only consists of red agents. Thus a set agent ri ∈ Rset must be in a
room with fraction 2(5j+1)

s , where j ∈ J i. Let S denote the room that contains ri.
There are exactly 2(5j + 1) red agents that approve of fraction 2(5j+1)

s , namely Rredj ∪
{ri, r̃i|i ∈ Aj}. Additionally, there are exactly s− 2(5j + 1) blue agents that approve of
fraction 2(5j+1)

s , namely Bfillj . Thus S must contain the agents {ri, r̃i|i ∈ Aj} ∪ Rredj ∪
Bfillj where Aj ∈ C, i.e.,

{ri, r̃i|i ∈ Aj} ∪Rredj ∪Bfillj ∈ π.

Let S denote the set of rooms in π that contain set agents, i.e.,

S = {S′ ∈ π|S′ ∩Rset 6= ∅}.

Let C ′ be the family of set agent index sets of the rooms in S, i.e.,

C ′ = {{i|ri ∈ S′}|S′ ∈ S}.

Since for every set agent ri′ ∈ Rset, the room in π that contains ri′ must be of form
{ri′ , r̃i′ |i′ ∈ Aj′} ∪ Rredj′ ∪ B

fill
j′ , we have that C ′ must be a solution for (X,C). This

contradicts (X,C) not having a solution.
2. |D−π | = 1.

As π 6= πmon, by Observation 7 we have that π does not contain a room with only red
agents. Let us denote the agent in D−π by a. We have the following 2 cases regarding a.
2.1. a /∈ Rset ∪ R̃set.

Let S ∈ π denote the room that contains a. Let us consider the following cases
regarding S.
2.1.1. S ∩ (Rset ∪ R̃set ∪ R̂set) 6= ∅.

Then we have that θ(S) = 2(5j+1)
s , where j ∈ [q + 1].

Consider the following cases regarding a.
2.1.1.1. a ∈ R.

There are exactly 2(5j+1) red agents that approve of fraction 2(5j+1)
s ,

namely {ri, r̃i|i ∈ Aj} ∪ Rredj or R̂set ∪ Rredj . Let us denote the set
of red agents that approve of fraction 2(5j+1)

s by Sr, i.e. Sr = {r ∈
R| 2(5j+1)

s ∈ D+
a }.
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Room S must contain exactly 2(5j+1)−1 agents from Sr. Let r ∈ Sr
be the agent not contained in S and let S′ ∈ π denote the room that
contains r. We have that r ∈ D+

π , thus either θ(S′) = 2(5j+1)
s or

θ(S′) = 2(5j−2)
s .

If θ(S′) = 2(5j+1)
s , then S′ must contain 2(5j + 1) − 1 red agents

that disapprove of fraction 2(5j+1)
s . There are a total of 2(5j+ 1) red

agents that approve of fraction 2(5j+1)
s and 2(5j + 1) − 1 of which

must be contained in S. This would contradict |D−π | = 1.
If θ(S′) = 2(5j−2)

s , then S′ must contain 2(5j − 2) − 1 red agents
that disapprove of fraction 2(5j−2)

s . There are a total of 2(5j−2) red
agents that approve of fraction 2(5j−2)

s , namely Rredj , and 2(5j−2)−1
of which must be contained in S. This would contradict |D−π | = 1.
Thus this case cannot occur.

2.1.1.2. a ∈ B.
Let us denote the set of blue agents that approve of fraction 2(5j+1)

s

by Sb, i.e. Sb = {b ∈ B| 2(5j+1)
s ∈ D+

a } = Bfillj . We have that
|Bfillj | = s− 2(5j − 2)− 6.
Room S must contain exactly s − 2(5j − 2) − 7 agents from Bfillj .
Let b ∈ Bfillj be the agent not contained in S and let S′ ∈ π denote
the room that contains b. We have that b ∈ D+

π , thus either θ(S′) =
2(5j+1)

s or θ(S′) = 2(5j−2)
s .

If θ(S′) = 2(5j+1)
s , then S′ must contain 2(5j + 1) red agents that

disapprove of fraction 2(5j+1)
s . There are a total of 2(5j + 1) red

agents that approve of fraction 2(5j+1)
s and all 2(5j + 1) of them

must be contained in S. This would contradict |D−π | = 1.
If θ(S′) = 2(5j−2)

s , then S′ must contain 2(5j − 2) red agents that
disapprove of fraction 2(5j−2)

s . There are a total of 2(5j−2) red agents
that approve of fraction 2(5j−2)

s , namely Rredj , and all 2(5j − 2) of
them must be contained in S. This would contradict |D−π | = 1.
Thus this case cannot occur.

2.1.2. S ∩ (Rset ∪ R̃set ∪ R̂set) = ∅.
Then every agent in a room that contains a set agent must approve of the
fraction of their room, i.e., for any a′ ∈ R ∪ B, if π(a′) ∩ Rset 6= ∅, then
a ∈ D+

π . We have a similar situation as in Case 1.
Every set agent ri ∈ Rset must be in a room with fraction 2(5j+1)

s , where
j ∈ J i. Let S′ ∈ π denote the room that contains ri. Since every agent in
S′ must approve of fraction 2(5j+1)

s , room S′ must contain exactly {ri, r̃i|i ∈
Aj} ∪Rredj ∪Bfillj where Aj ∈ C, i.e.,

{ri, r̃i|i ∈ Aj} ∪Rredj ∪Bfillj ∈ π.

Let S denote the set of rooms in π that contain set agents, i.e.,

S = {S′′ ∈ π|S′′ ∩Rset 6= ∅}.

Let C ′ be the family of set agent index sets of the rooms in S, i.e.,

C ′ = {{i|ri ∈ S′}|S′ ∈ S}.
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Since for every set agent ri′ ∈ Rset, the room in π that contains ri′ must be
of shape {ri′ , r̃i′ |i′ ∈ Aj′} ∪Rredj′ ∪B

fill
j′ , we have that C ′ must be a solution

for (X,C). This contradicts (X,C) not having a solution.
2.2. a ∈ Rset ∪ R̃set.

W.l.o.g. assume that a ∈ Rset. As a is a set agent, we can write a = ri. Since
|D−π | = 1, we have that r̃i must be in a room S that it approves of, i.e., r̃i ∈ D+

π .
Let us write θ(S) = 2(5j+1)

s , where j ∈ J i. There are exactly s agents that approve
of fraction 2(5j+1)

s , namely {ri′ , r̃i′ |i′ ∈ Aj}∪Rredj which includes ri. Since ri ∈ D−π ,
we have that ri cannot be in S. Thus S must contain an red agent r, where r 6= ri,
that disapproves of the fraction of fraction 2(5j+1)

s . Therefore we have at least 2
agents in D−π , i.e., ri, r ∈ D−π . This contradicts |Dπ−| = 1. J

I Lemma 9. If (X,C) has no solution, then πmon is strictly popular.

Proof. Let π be an arbitrary outcome such that π 6= πmon. By Lemma 8 we have that
|D−π | ≥ 2. Consider the following 2 cases.
1. r̂6 ∈ D−π .

Then we have N(π, πmon) = ∅. Since |D−π | ≥ 2, there exists an agent a ∈ D−π such that
a 6= r̂6. We have that a ∈ D+

πmon
, thus |N(πmon, π)| ≥ 1. Therefore φ(πmon, π) ≥ 1, i.e.,

πmon is more popular than π.
2. r̂6 /∈ D−π .

Then we have N(π, πmon) = {r̂6}. Since |D−π | ≥ 2, there exist agents a1, a2 ∈ D−π
such that r̂6 6= a1 and r̂6 6= a2. We have that a1, a2 ∈ D+

πmon
, thus |N(πmon, π)| ≥ 2.

Therefore φ(πmon, π) ≥ 1, i.e., πmon is more popular than π. J

I Observation 10. If (X,C) has some solution C ′ ⊆ C, then πmon is not popular. This is
due to reduced outcome πC′ being more popular than πmon.

Proof. The reduced outcome πC′ is more popular than πmon. All the agents are assigned
a room with a fraction that it approves of by πC′ , i.e., for any a ∈ R ∪ B, θ(πC′(a)) ∈ D+

a .
Thus we have that N(πmon, πC′) = ∅ as no agent can be improved. However, agent r̂6 is
better of in πC′ , i.e., r̂6 ∈ D−πmon

and r̂6 ∈ D+
πC′

. Therefore N(πC′ , πmon) = {r̂6} which
means that πC′ is more popular than πmon. Thus πmon is not popular. J

I Theorem 11. A mixed popular outcome for a roommate diversity game cannot computed
in polynomial time even if the preferences are dichotomous, unless P=NP.

Proof. From Lemma 9 we have that πmon is strictly popular, if (X,C) has no solution.
From Observation 10 we have that πmon is not popular, if (X,C) has a solution. Thus if
we were able to compute a mixed popular outcome in polynomial time, then we would be
able to verify whether (X,C) has a solution in polynomial time by checking whether the
computation yields mixed outcome {(πmon, 1)}. If {(πmon, 1)} is the mixed popular outcome,
then (X,C) has no solution. Otherwise (X,C) has a solution. As the X3C problem is NP-
complete, this would imply that P=NP. J

6 Popularity

In this section we show that a popular outcome is not guaranteed to exist in a roommate
diversity game. We provide a roommate diversity game in which no popular outcome exist.
To show that determining the existence of a popular outcome is co-NP-Hard, we present a
reduction from the X3C problem. The reduction is similar to those in the previous sections.
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Let R = {r1, r2, r3} and B = {b1, b2, b3, b4, b5, b6}. Consider the roommate diversity
game G = (R,B, 3, (%a)a∈R∪B) with the following trichotomous preference profiles.

Agent Preference Profile
D+

a Dn
a D−a

a = r1 { 1
3} { 2

3 , 3
3}

a ∈ {r2, r3} { 2
3} { 1

3 , 3
3}

a ∈ {b1, b2, b3, b4} { 1
3} { 2

3} { 0
3}

a ∈ {b5, b6} { 0
3} { 1

3 , 2
3}

Table 7 Preference profile (%a)a∈R∪B .

Let us define the rooms

P1 = {r1, b̂1, b̂2}; P2 = {r2, r3, b̂3}; P3 = {b5, b6, b̂4},

where b̂1, b̂2, b̂3, b̂4 ∈ {b1, b2, b3, b4}. An outcome πtop is called a top-type outcome if we can
write πtop = {P1, P2, P3}.

I Lemma 12. For any outcome π of G, we have that there are at least 2 agents in a room
with a fraction that it does not approve of. That is, for any outcome π of G,

|Dn
π ∪D−π | ≥ 2.

Proof. To derive a contradiction, assume that there exists an outcome π of G such that
|Dn

π ∪D−π | < 2. Consider the following cases.
1. |Dn

π ∪D−π | = 0.
Then b1, b2, b3, b4 ∈ D+

π , therefore each of b1, b2, b3, b4 must be in a room with fraction
1
3 . We require at least 2 rooms S1, S2 with fraction 1

3 so that each of b1, b2, b3, b4 is
contained in a room with fraction 1

3 . There is exactly 1 red agent that approves of
fraction 1

3 , namely r1. Thus S1 or S2 must contain a red agent r that does not approve
of fraction 1

3 . Thus |D
n
π∪D−π | ≥ 1 in this case as r ∈ D−π . This contradicts |Dn

π∪D−π | = 0.
2. |Dn

π ∪D−π | = 1.
Let us write Dn

π ∪D−π = {a}. Consider the following cases regarding a.
2.1. a = r1.

Then we have that b1, b2, b3, b4 ∈ D+
π , therefore each of b1, b2, b3, b4 must be in a

room with fraction 1
3 . We require at least 2 rooms S1, S2 with fraction 1

3 so that
each of b1, b2, b3, b4 is contained in a room with fraction 1

3 . There is exactly 1 red
agent that approves of fraction 1

3 , namely r1. Thus S1 and S2 both must contain a
red agent r, r′ ∈ R that do not approve of fraction 1

3 . Thus |Dn
π ∪D−π | ≥ 2 in this

case as r, r′ ∈ D−π . This contradicts |Dn
π ∪D−π | = 1.

2.2. a ∈ {r2, r3}.
W.l.o.g. assume that a = r2. We have that r3 ∈ D+

π , thus the room S that contains
r3 must be of fraction 2

3 . There are exactly 2 agents that approve of fraction 2
3 ,

namely r2 and r3. Since r2 /∈ S, as r2 ∈ D−π , the room S must contain a red agent
r 6= r2 such that r ∈ D−π . Thus |Dn

π ∪ D−π | ≥ 2 in this case as r2, r ∈ D−π . This
contradicts |Dn

π ∪D−π | = 1.
2.3. a ∈ {b1, b2, b3, b4}.

Then we have for each agent b ∈ {b1, b2, b3, b4} \ {a}, we must have that b ∈ D+
π ,
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therefore θ(π(b)) = 1
3 . We require at least 2 rooms S1, S2 with fraction 1

3 so that
each agent in {b1, b2, b3, b4} \ {a} is contained in a room with fraction 1

3 . There is
exactly 1 red agent that approves of fraction 1

3 , namely r1. Thus S1 or S2 must
contain a red agent r that does not approve of fraction 1

3 . Note that a 6= r as a
must be a blue agent. Thus |Dn

π ∪D−π | ≥ 2 in this case as r ∈ D−π and a ∈ Dn
π ∪D−π .

This contradicts |Dn
π ∪D−π | = 1.

2.4. a ∈ {b5, b6}.
Then b1, b2, b3, b4 ∈ D+

π , therefore each of b1, b2, b3, b4 must be in a room with
fraction 1

3 . We require at least 2 rooms S1, S2 with fraction 1
3 so that each of

b1, b2, b3, b4 is contained in a room with fraction 1
3 . There is exactly 1 red agent

that approves of fraction 1
3 , namely r1. Thus S1 or S2 must contain a red agent r

that does not approve of fraction 1
3 . Note that r 6= a as a must be a blue agent.

Thus |Dn
π ∪ D−π | ≥ 2 in this case as r ∈ D−π and a ∈ Dn

π ∪ D−π . This contradicts
|Dn

π ∪D−π | = 1. J

I Lemma 13. For any outcome π of G, if |Dn
π | = 1 and |D−π | = 1, then π is a top-type

outcome.

Proof. Let π be an outcome such that |Dn
π | = 1 and |D−π | = 1. Let us write Dn

π = {an}
and |D−π | = {a−}. Since the agents in {b1, b2, b3, b4} are the only agents with a non-empty
corresponding Dn

a , we have that an ∈ {b1, b2, b3, b4}.
To derive a contradiction, assume that a− /∈ {b1, b2, b3, b4}. Then we have that a− ∈

{r1, r2, r3, b5, b6}. Let us consider the following cases.
1. a− = r1.

Then we have that each agent b ∈ {b1, b2, b3, b4}\{an} must be in a room that it approves
of, i.e., b ∈ D+

π . We require at least 2 rooms S1, S2 with fraction 1
3 so that each agent in

{b1, b2, b3, b4} \ {an} is contained in a room with fraction 1
3 . There is exactly 1 red agent

that approves of fraction 1
3 , namely r1. Thus S1 and S2 both must contain a red agent

r, r′ ∈ R that do not approve of fraction 1
3 . Thus |D−π | ≥ 2 in this case as r, r′ ∈ D−π .

This contradicts |D−π | = 1.
2. a− ∈ {r2, r3}.

W.l.o.g. assume that a = r2. We have that r3 ∈ D+
π , thus the room S that contains r3

must be of fraction 2
3 . There are exactly 2 agents that approve of fraction 2

3 , namely r2
and r3. Since r2 /∈ S, as r2 ∈ D−π , the room S must contain a red agent r 6= r2 such that
r ∈ D−π . Thus |D−π | ≥ 2 in this case as r2, r ∈ D−π . This contradicts |D−π | = 1.

3. a− ∈ {b5, b6}.
Then b1, b2, b3, b4 ∈ D+

π , therefore each of b1, b2, b3, b4 must be in a room with fraction
1
3 . We require at least 2 rooms S1, S2 with fraction 1

3 so that each of b1, b2, b3, b4 is
contained in a room with fraction 1

3 . There is exactly 1 red agent that approves of
fraction 1

3 , namely r1. Thus S1 or S2 must contain a red agent r that does not approve
of fraction 1

3 . Note that r 6= a− as a− must be a blue agent. Thus |D−π | ≥ 2 in this case
as r, a− ∈ D−π . This contradicts |D−π | = 1. J

I Observation 14. For any outcome π of G, we have that |D−π | ≥ 1.

Proof. Assume that |D−π | = 0, then we have that b5, b6 ∈ D+
π . Therefore there must exist

a room S with fraction 0
3 . There are exactly 2 blue agents that approve of fraction 0

3 , the
remaining blue agents disapprove of fraction 0

3 . Thus S must contain a blue agent that
disapproves of the fraction of its assigned room. Therefore |D−π | = 0 cannot hold. J

IObservation 15. For any outcome π of G, if |Dn
π∪D−π | = 2, then Dn

π∪D−π ⊆ {b1, b2, b3, b4}.
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Proof. Let π be an outcome of G such that |Dn
π ∪ D−π | = 2 and let us write Dn

π ∪ D−π =
{a1, a2}. To derive a contradiction, assume that Dn

π ∪ D−π * {b1, b2, b3, b4}. Consider the
following cases.
1. |(Dn

π ∪D−π ) ∩ {b1, b2, b3, b4}| = 1.
W.l.o.g. assume that b4 ∈ Dn

π ∪ D−π . We have that b1, b2, b3 ∈ D+
π , therefore each of

b1, b2, b3 must be in a room with fraction 1
3 . We require at least 2 rooms S1, S2 with

fraction 1
3 so that each of b1, b2, b3 is contained in a room with fraction 1

3 .
One of S1 or S2 must contain the red agent r ∈ {r2, r3}. Additionally one of S1 or S2
must contain the blue agent b ∈ {b5, b6}. Neither agent r nor agent b approves of fraction
1
3 , thus we have that b4, r, b ∈ Dn

π ∪D−π . This contradicts |Dn
π ∪D−π | = 2. Therefore this

case cannot occur.
2. |(Dn

π ∪D−π ) ∩ {b1, b2, b3, b4}| = 0.
Then b1, b2, b3, b4 ∈ D+

π , therefore each of b1, b2, b3, b4 must be in a room with fraction 1
3 .

We require at least 2 rooms S1, S2 with fraction 1
3 so that each of b1, b2, b3, b4 is contained

in a room with fraction 1
3 .

Assume that neither S1 nor S2 contain r1. We have that Dn
π ∪D−π = {r2, r3}, thus r1 ∈

D+
π . The room S3 that contains r1 must contain 2 blue agents b5, b6 which disapprove of

fraction 1
3 . We would have that Dn

π∪D−π = {r2, r3, b5, b6}, which contradicts |Dn
π∪D−π | =

2. Thus one of S1 or S2 must contain r1.
W.l.o.g. assume that r2 is also contained in S1 or S2. We have 3 remaining agents,
namely r3, b5, b6, thus they must belong in the same room. All 3 agents disapprove of
fraction 1

3 , thus we have that |Dn
π ∪D−π | ≥ 3. This contradicts |Dn

π ∪D−π | = 2, thus this
case cannot occur. J

I Lemma 16. Let π be an outcome that is not a top-type outcome. There exist a top-type
outcome π′ that is more popular than π.

Proof. By Lemma 12 we have that |Dn
π ∪D−π | ≥ 2. By Lemma 13 we have that |Dn

π | 6= 1
or |D−π | 6= 1. Let us consider the following cases.
1. |D−π | 6= 1.

By Observation 14 and case assumption we have that |D−π | ≥ 2. Consider the following
cases.
1.1. |D−π | = 2.

Consider the following cases.
1.1.1. |Dn

π | = 0.
By Observation 15 we have that D−π ⊆ {b1, b2, b3, b4}. Let us write D−π =
{a1, a2}. Since a1, a2 ∈ {b1, b2, b3, b4}, there exists a top-type outcome π′
such that D−π′ = {a1} and Dn

π′ = {a2}. Thus we have that φ(π′, π) = 1.
1.1.2. |Dn

π | ≥ 1.
Let us write D−π = {a1, a2} and a3 ∈ Dn

π . We have that a3 ∈ {b1, b2, b3, b4},
since the agents in {b1, b2, b3, b4} are the only agents with a corresponding
non-empty Dn

a .
Let π′ be a top-type outcome such that {a3} = Dn

π′ and {a−} = D−π′ . Note
that N(π, π′) ⊆ {a−}. Consider the following cases.
1.1.2.1. N(π, π′) = ∅.

Then we have that a− ∈ D−π . W.l.o.g. assume that a1 = a−. We have
that a2 ∈ D+

π′ , thus a2 ∈ N(π′, π). Thus we have that φ(π′, π) > 0,
i.e., π′ is more popular than π.

1.1.2.2. N(π, π′) = {a−}.
Then we have that a− ∈ Dn

π ∪D+
π and a1, a2 ∈ D+

π′ . Thus a1, a2 ∈
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N(π′, π). Therefore we have that φ(π′, π) > 0, i.e., π′ is more popular
than π.

1.2. |D−π | > 2.
Let us write a1, a2, a3 ∈ D−π . Let π′ be an arbitrary top-type outcome with {an} =
Dn
π′ and {a−} = D−π′ . Note that N(π, π′) ⊆ {an, a−}. Consider the following cases.

1.2.1. a− ∈ D−π .
W.l.o.g. assume that a1 = a−. In this case, we have that N(π, π′) ⊆ {an}.
We have that a2, a3 ∈ N(π′, π). Thus φ(π′, π) > 0.

1.2.2. a− /∈ D−π .
In this case, we have that N(π, π′) ⊆ {a−, an}. We have that a1, a2, a3 ∈
N(π′, π). Thus φ(π′, π) > 0.

2. |Dn
π | 6= 1.

Consider the following cases.
2.1. |Dn

π | = 0.
By Lemma 12, we have that |D−π | ≥ 2. This case is proven similarly to case 1.1.1.
as we have the exact same case assumption, i.e., |Dn

π | = 0 and |D−π | ≥ 2.
2.2. |Dn

π | ≥ 2.
Let us write a1, a2 ∈ Dn

π . We have that {a1, a2} ⊆ {b1, b2, b3, b4}, since the agents
in {b1, b2, b3, b4} are the only agents with a corresponding non-empty Dn

a . By Ob-
servation 14, we have that |D−π | ≥ 1. Let us write a3 ∈ D−π . Let us consider the
following cases regarding a3.
2.2.1. a3 ∈ {b1, b2, b3, b4}.

By the definition of top-type outcome, we can construct a top-type outcome
π′ such that D−π′ = {a3}, Dn

π′ = {a2}, and a1 ∈ D+
π′ .

We have that N(π, π′) = ∅ and |N(π′, π)| ≥ 1. Therefore φ(π′, π) > 0.
2.2.2. a3 /∈ {b1, b2, b3, b4}.

By the definition of top-type outcome, we can construct a top-type outcome
π′ such that D−π′ = {a−}, Dn

π′ = {a1}, and a2, a3 ∈ D+
π′ .

We have that N(π, π′) ⊆ {a−}. Additionally we have that a2, a3 ∈ N(π′, π),
therefore φ(π′, π) > 0. J

I Lemma 17. A top-type outcome π is not popular.

Proof. Let π be a top-type outcome. We can write π = {P1, P2, P3} = {{r1, b̂1, b̂2}, {r2, r3, b̂3},
{b5, b6, b̂4}}, where b̂1, b̂2, b̂3, b̂4 ∈ {b1, b2, b3, b4}. Let us construct outcome π′ as follows:

π′ = {P1 \ {b̂2} ∪ {b̂3}, P2 \ {b̂3} ∪ {b̂4}, P3 \ {b̂4} ∪ {b̂2}}

We have that N(π, π′) = {b̂2} and N(π, π′) = {b̂3, b̂4}. Thus π′ is more popular than π. J

I Theorem 18. A popular outcome is not guaranteed to exist in a roommate diversity game
G.

Proof. From Lemma 16 and 17 we have that no popular outcome exists in G. Thus not
every roommate diversity game permits a popular outcome. J

The idea of the co-NP-hardness reduction is to combine the reduction of Section 5 with
the proof of a popular outcome not being guaranteed to exist. In this reduction, we have
that a popular outcome exists if and only if (X,C) has no solution.
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6.1 Roommate Diversity Game

We set the room size to s = 2(5(q + 4) + 1) + 2m + 3 = 10q + 45 + 2m. Note that
2(5(q+4)+1)+2m+3

s = 1. The agents and their preference profile is defined as follows.

Circular Set Agents R̂set = {r̂1, r̂2, r̂3}
Circular Redundant Agents Rred

j = {r1
j , . . . , r5j−2

j } for j ∈ [3]
Set Agents Rset = {r1, . . . , rm}

Copy Set Agents R̃set = {r̃1, . . . , r̃m}
Redundant Agents Rred

j = {r1
j , . . . , r

2(5j−2)
j } for j ∈ [4, q + 3]

Rred = Rred
1 ∪ · · · ∪Rred

q+3

Monolith Agents Rmon = {r1
mon, . . . , rs−2m−3

mon }
Table 8 Set of red agents R = R̂set ∪Rset ∪ R̃set ∪Rmon ∪Rred.

Circular Filling Agents Bfill
j = {b1

j , . . . , b
s−(5j−2)−1
j } for j ∈ [3]

Circular Additional Agents Badd
j = {b̃j} for j ∈ [3]

Filling Agents Bfill
j = {b1

j , . . . , b
s−2(5j−2)−6
j } for j ∈ [4, q + 3]

Bfill = Bfill
1 ∪ · · · ∪Bfill

q+3

Additional Agents Badd
j = {b̃1

j , b̃2
j , b̃3

j , b̃4
j , b̃5

j , b̃6
j} for j ∈ [4, q + 3]

Badd = Badd
1 ∪ · · · ∪Badd

q+3

Monolith Agents Bmon = {b1
mon, . . . , b2m+3

mon }
Evening Agents Beven = {b1

even, . . . , bs−2m−3
even }

Table 9 Set of blue agents B = Beven ∪Bmon ∪Badd ∪Bfill.

Agent Preference Profile
D+

a Dn
a D−a

a ∈ {r̂1, r̂2} { 5·(3)−1
s
} { 5·(2)−1

s
} D \ (D+

a ∪Dn
a )

a ∈ r̂3 { 5·(3)−1
s

, 1} { 5·(2)−1
s
} D \ (D+

a ∪Dn
a )

a = rp
j ∈ Rred

j { 5j−1
s

, 5j−2
s
} D \D+

a j ∈ [2]
a = rp

3 ∈ Rred
3 { 5·(3)−1

s
, 5·(3)−2)

s
} { 5·(2)−1

s
} D \ (D+

a ∪Dn
a )

a = ri ∈ Rset { 2(5j̃i
1+1)
s

, . . . ,
2(5j̃i

mi
+1)

s
} ∪ {1} D \D+

a j̃i
p = ji

p + 3

a = r̃i ∈ R̃set { 2(5j̃i
1+1)
s

, . . . ,
2(5j̃i

mi
+1)

s
} ∪ {1} D \D+

a j̃i
p = ji

p + 3
a = rp

j ∈ Rred
j { 2(5j+1)

s
, 2(5j−2)

s
} D \D+

a j ∈ [4, q + 3]
a = rp

mon ∈ Rmon {1, s−2m−3
s
} D \D+

a

a = bp
j ∈ Bfill

j { 5j−1
s

, 5j−2
s
} D \D+

a j ∈ [3]
a = b̃j ∈ Badd

j { 5j−2
s

, 0} D \D+
a j ∈ [3]

a = bp
j ∈ Bfill

j { 2(5j+1)
s

, 2(5j−2)
s
} D \D+

a j ∈ [4, q + 3]
a = b̃p

j ∈ Badd
j { 2(5j−2)

s
, 0} D \D+

a j ∈ [4, q + 3]
a = bp

mon ∈ Bmon { s−2m−3
s

, 0} D \D+
a

a = bp
even ∈ Beven {0} D \D+

a

Table 10 Preference profile (%a)a ∈ R ∪B.
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6.2 Predefined Outcomes
6.2.1 Monolithic Outcome
First we define the rooms that contain contain red agents. Let

Pj = Baddj ∪Rredj ∪Bfillj for j ∈ [q + 3]; Pq+4 = Rset ∪ R̃set ∪ R̂set ∪Rmon.

Let πR and πB be defined in a similar manner as in Section 4.2.1, i.e., πR =
⋃

j∈[q+4]
{Pj}

and πB contains 1 room with the blue agents not contained in any Pj , where j ∈ [q+ 4]. We
define the monolithic outcome to be πmon = πR ∪ πB . Only agents r̂1, r̂2 disapprove of the
fraction of its assigned room. The others approve of the fraction of their assigned room. A
monolithic outcome always exists.

6.2.2 Reduced-type Outcome
Let the solution C ′ ⊆ C partition X and consider an arbitrary subset {a1, . . . , a5} ⊆ R̂set ∪
Rred3 . We define the rooms that contain red agents.

Pj = {aj} ∪Rred
j ∪Bfill

j for j ∈ [2];
P3 = {a3, a4, a5} ∪ (Rred

3 \ {a1, . . . , a5}) ∪Bfill
3 ;

P ′j+3 =

{
{ri ∈ Rset|i ∈ Aj} ∪ {r̃i ∈ R̃set|i ∈ Aj} ∪Rred

j+3 ∪Bfill
j+3 , if Aj ∈ C′

Badd
j+3 ∪Rred

j+3 ∪Bfill
j+3 , if Aj /∈ C′

for j ∈ [q];

P ′q+4 = Rmon ∪Bmon.

Let πR and πB be defined in a similar manner as in Section 4.2.2, i.e., πR =
⋃

j∈[q+4]
{P ′j}

and πB contains 1 room with the blue agents not contained in any P ′j , where j ∈ [q + 4].
We define the reduced-type outcome to be πC′ = πR ∪ πB . We have that Dn

πC′
= {a2} and

D−πC′
= {a1}. A reduced-type outcome exists if and only if (X,C) has a solution.

6.3 Hardness
We demonstrate co-NP-hardness of determining the existence of a popular outcome in a
roommate diversity game by applying similar proof strategies as in our previous proofs. In
our reduction, the roommate diversity game has a popular outcome if and only if (X,C) has
no solution.

6.3.1 (X, C) has NO solution
I Lemma 19. Let π be an outcome of the roommate diversity game G such that it contains
a room with only red agents. If |D−π | = 2 and |Dn

π | = 0, then π = πmon. That is,

∀π : (∃S∈π : θ(S) = 1) ∧ |D−π | = 2 ∧ |Dn
π | = 0 =⇒ π = πmon.

Proof. Let π be an outcome of the roommate diversity game G such that it contains a room
Sr with only red agents and |D−π | = 2 and |Dn

π | = 0. Since there are exactly s−2 red agents
that approve of fraction 1, Sr must contain r̂3, Rset, R̃set, Rmon, and 2 other red agents
that disapprove of fraction 1. Thus we have that |Sr ∩ D−π | = 2, i.e., all the agents that
disapprove of the fraction of their room are contained in Sr.

Since all the blue agents must be in a room in which every agent approves of the fraction
of their assigned room, i.e. ∀b∈B : ∀a∈π(b) : θ(π(a)) ∈ D+

a , for j ∈ [3, q + 3] we must have

Baddj ∪Rredj ∪Bfillj ∈ π,
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as bpj ∈ B
fill
j cannot be in a room with fraction 2(5j+1)

s , since there are strictly less than s
remaining agents that approve of fraction 2(5j+1)

s .
Note that Sr cannot contain redundant agents from Rredj , where j ∈ [2], as otherwise a

redundant agent rpj not in Sr, i.e. rpj ∈ Rredj \ Sr, cannot be in a room that only contains
agents that approve of the fraction of their assigned room. This would mean that we have
|D−π | > 2. The only other remaining red agents are r̂1 and r̂2, thus they must be contained
in Sr. Therefore

Sr = R̂set ∪Rset ∪ R̃set ∪Rmon ∈ π.

Since all the remaining agents must be in a room with a fraction that they approve of,
for j ∈ [2] we must have

Baddj ∪Rredj ∪Bfillj ∈ π,

and
Beven ∪Bmon.

Thus we have that π = πmon. J

I Lemma 20. If (X,C) has no solution, then for any outcome π of G has at least 2 agents
in a room that it disapproves of. That is, for any π, |D−π | ≥ 2.

Proof. To derive a contradiction, assume that there exists an outcome π that assigns fewer
than 2 agents to a room that it disapproves of, i.e., assume that there exists an outcome π
such that |D−π | < 2. Thus we have the following 2 cases.
1. |D−π | = 0.

As we have exactly s − 2 red agents that approve of fraction 1, the outcome π cannot
have a room that only consists of red agents. Thus every set agent ri ∈ Rset must be in
a room with fraction 2(5j+1)

s , where j−3 ∈ J i. However, this means that we can extract
a solution C ′ for (X,C) from π. This contradicts (X,C) not having a solution.

2. |D−π | = 1.
As we have exactly s− 2 red agents that approve of fraction 1 we have that π does not
contain a room with only red agents. Let us denote the agent in D−π by a. We have the
following 2 cases regarding a.
2.1. a /∈ Rset ∪ R̃set.

Then we have a similar situation as in Case 1. Every set agent ri ∈ Rset must be
in a room with fraction 2(5j+1)

s , where j − 3 ∈ J i. This means that we can extract
a solution C ′ for (X,C) from π. Thus this case contradicts (X,C) not having a
solution.

2.2. a ∈ Rset ∪ R̃set.
W.l.o.g. assume that a ∈ Rset. As a is a set agent, we can write a = ri. Since there
is exactly 1 agent in a room with a fraction that it disapproves of, r̃i must be in
a room S with a fraction that it approves of. Let us write θ(S) = 2(5j+1)

s , where
j − 3 ∈ J i. There are exactly s agents that approve of fraction 2(5j+1)

s , including
ri. Since ri ∈ D−π , we have that ri cannot be in S. Thus S must contain a red
agent other than ri that disapproves of the fraction of its room. Therefore we have
at least 2 agents in D−π . This contradicts |Dπ−| = 1. J

I Lemma 21. If (X,C) has no solution, then the monolithic outcome πmon is popular in
the roommate diversity game G, i.e., for any outcome π we have that

|N(πmon, π)| ≥ |N(π, πmon)|.
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Proof. Since D−πmon
= {r̂1, r̂2} and Dn

πmon
= ∅, for any outcome π 6= πmon we have that

N(π, πmon) ⊆ {r̂1, r̂2}. Let us consider the following cases regarding N(π, πmon).
1. N(π, πmon) = ∅.

Then |N(πmon, π)| ≥ |N(π, πmon)| trivially holds as |N(π, πmon)| = 0.
2. N(π, πmon) = {r̂1}.

Then we have that r̂1 ∈ D+
π ∪Dn

π and r̂2 ∈ D−π . By Lemma 20, we have that |D−π | ≥ 2.
Therefore there exists a ∈ D−π such that a 6= r̂2. Since a ∈ D−π we also have a 6= r̂1.
Thus a ∈ D+

πmon
as Dn

πmon
= ∅ and D−πmon

= {r̂1, r̂2}. Since a ∈ D+
πmon

and a ∈ D−π , we
have a ∈ N(πmon, π). Therefore |N(πmon, π)| ≥ 1 = |N(π, πmon)|.

3. N(π, πmon) = {r̂2}.
Analogous to case 2. We have that r̂2 ∈ D+

π ∪Dn
π and r̂1 ∈ D−π . By Lemma 20, we have

that |D−π | ≥ 2. Therefore there exists a ∈ D−π such that a 6= r̂1. Since a ∈ D−π we also
have a 6= r̂2. Thus a ∈ D+

πmon
as Dn

πmon
= ∅ and D−πmon

= {r̂1, r̂2}. Since a ∈ D+
πmon

and
a ∈ D−π , we have a ∈ N(πmon, π). Therefore |N(πmon, π)| ≥ 1 = |N(π, πmon)|.

4. N(π, πmon) = {r̂1, r̂2}.
Then we have that r̂1, r̂2 ∈ D+

π ∪Dn
π . By Lemma 20, we have that |D−π | ≥ 2. Therefore

there exist a1, a2 ∈ D−π such that a1, a2 /∈ {r̂1, r̂2}. Thus a1, a2 ∈ D+
πmon

as Dn
πmon

=
∅ and D−πmon

= {r̂1, r̂2}. Since a1, a2 ∈ D+
πmon

and a1, a2 ∈ D−π , we have a1, a2 ∈
N(πmon, π). Therefore |N(πmon, π)| ≥ 2 = |N(π, πmon)|. J

6.3.2 (X, C) has a solution
I Lemma 22. Every outcome π has at least 2 agents not in D+

π .

Proof. Let π be an arbitrary outcome. If π contains a room that consists only of red agents,
then |D−π ∪Dn

π | ≥ 2 trivially holds for π as there are exactly s − 2 agents that approve of
fraction 1. Thus for the remainder of the proof, we shall assume that π does not contain a
room that only consists of red agents. That is,

∀S∈π : θ(π(S)) 6= 1.

Additionally, if π does not contain a room with fraction 5·(3)−1
s , then the circular set

agents r̂1, r̂2, r̂3 must be in Dn
π ∪ D−π as we assume that π has no room consisting of only

red agents and r̂1, r̂2, r̂3 only approve of fraction 5·(3)−1
s . Thus π must contain a room with

fraction 5·(3)−1
s . That is,

∃S∈π : θ(π(S)) = 5 · (3)− 1
s

.

Consider all the agents that approve of fraction 5·(3)−1
s . That is, let us consider the set

{a ∈ R ∪B|5 · (3)− 1
s

∈ D+
a } = R̂set ∪Rred3 ∪Bfill3 .

There are a total of s + 2 agents that approve of fraction 5·(3)−1
s . Let us denote this set of

agents by H1 = R̂set ∪ Rred3 ∪ Bfill3 . Note that for each agent a in H1 their corresponding
D+
a \ {1} set is a subset of { 5·(3)−1

s , 5·(3)−2
s }. That is,

∀a∈H1 : D+
a \ {1} ⊆ {

5 · (3)− 1
s

,
5 · (3)− 2

s
}.

Let us also consider all the agents that approve of fraction 5·(3)−2
s . That is, let us consider

the set
{a ∈ R ∪B|5 · (3)− 2

s
∈ D+

a } = {b̃3} ∪Rred3 ∪Bfill3 .
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There are a total of s agents that approve of fraction 5·(3)−2
s . Let us denote this set of agents

by H2 = {b̃3} ∪Rred3 ∪Bfill3 . Note that H1 ∩H2 = Rred3 ∪Bfill3 and |H1 ∩H2| = s− 1.
Let S ∈ π be the room such that θ(π(S)) = 5·(3)−1

s . To derive a contradiction, we assume
that |Dn

π ∪D−π | < 2. Let us consider the following cases regarding room S.

1. |S ∩ (Dn
π ∪D−π )| = 1.

Let a ∈ S be such that 5·(3)−1
s /∈ D+

a , i.e., let a ∈ S ∩ (Dn
π ∪ D−π ). Then we have that

S \ {a} ⊆ H1. Note that

|H1 \ S| = |H1| − |S \ {a}| = 3

and
|H2| − |H1 ∩H2| = 1 ≤ |H2 \ S| ≤ 4 = |H2| − |S \ {a}|+ |{r̂1, r̂2, r̂3}|.

Since a ∈ Dn
π ∪ D−π , for any agent a′ ∈ H1 \ S we have that a′ ∈ D+

π . As π does not
contain a room that consists of only red agents and a′ ∈ H1, we have that θ(π(a′)) ∈
{ 5·(3)−1

s , 5·(3)−2
s }. For an arbitrary agent a′ ∈ H1 \ S, let us consider the following cases.

1.1. θ(π(a′)) = 5·(3)−1
s .

We have at least s− |H1 \ S| = s− 3 ≥ 2 agents in room π(a′) that do not approve
of fraction 5·(3)−1

s . This is due to the fact that the only remaining agents outside of
S that approve of fraction 5·(3)−1

s , are the agents in H1 \ S. Thus in this case, we
have that |Dn

π ∪D−π | ≥ 2.
1.2. θ(π(a′)) = 5·(3)−2

s .
We have at least s− |H2 \ S| ≥ s− 4 > 2 agents in room π(a′) that do not approve
of fraction 5·(3)−2

s . This is due to the fact that the only remaining agents outside of
S that approve of fraction 5·(3)−2

s , are the agents in H2 \ S. Thus in this case, we
have that |Dn

π ∪D−π | ≥ 2.

2. |S ∩ (Dn
π ∪D−π )| = 0.

Then we have that S ⊆ H1. Note that

|H1 \ S| = |H1| − |S| = 2

and
|H2| − |H1 ∩H2| = 1 ≤ |H2 \ S| ≤ 3 = |H2| − |S|+ |{r̂1, r̂2, r̂3}|.

Let us denote H1 \S = {a1, a2}. Since we assume that |Dn
π ∪D−π | < 2, at least one of a1

and a2 must be in D+
π . That is,

a1 ∈ D+
π ∨ a2 ∈ D+

π .

Let i ∈ [2] such that ai ∈ D+
ai
. Then we have that θ(π(ai)) ∈ { 5·(3)−1

s , 5·(3)−2
s }, since

ai ∈ H1 and π has no room that consists of only red agents. Consider the following
cases.

2.1. θ(π(ai)) = 5·(3)−1
s .

We have at least s− |H1 \ S| = s− 2 > 2 agents in room π(ai) that do not approve
of fraction 5·(3)−1

s . This is due to the fact that the only remaining agents outside
of S that approve of fraction 5·(3)−1

s are the agents in H1 \ S. Thus in this case, we
have that |Dn

π ∪D−π | ≥ 2.
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2.2. θ(π(ai)) = 5·(3)−2
s .

We have at least s− |H2 \ S| ≥ s− 3 > 2 agents in room π(ai) that do not approve
of fraction 5·(3)−2

s . This is due to the fact that the only remaining agents outside
of S that approve of fraction 5·(3)−2

s are the agents in H2 \ S. Thus in this case, we
have that |Dn

π ∪D−π | ≥ 2. J

I Lemma 23. If for an outcome π we have that |Dn
π∪D−π | = 2, then Dn

π∪D−π ⊆ R̂set∪Rred3 .

Proof. Let π be an outcome such that |Dn
π ∪D−π | = 2. If π contains a room consisting only

of red agents, then by Lemma 19 π = πmon. By definition of πmon, we have Dn
π ∪ D−π ⊆

R̂set ∪Rred3 . Therefore the lemma trivially holds, when π contains a room consisting of only
red agents. Thus for the remainder of the proof, we shall consider the case where π does
not contain a room that consists of only red agents.

To derive a contradiction, let us assume that Dn
π ∪D−π * R̂set∪Rred3 . This means that at

most 1 agent from R̂set ∪Rred3 is contained in Dn
π ∪D−π . Thus we can consider the following

cases.
1. |(Dn

π ∪D−π ) ∩ (R̂set ∪Rred3 )| = 1.
Let {a} = (Dn

π ∪D−π )∩ (R̂set ∪Rred3 ). The remaining agents in (R̂set ∪Rred3 ) \ {a} must
be contained in D+

π . Since π does not contain a room consisting of only red agents, the
remaining agents in (R̂set ∪Rred3 ) \ {a} must be in a room with fraction 5·3−1

s or 5·3−2
s .

There are 15 agents in (R̂set ∪ Rred3 ) \ {a}. The remaining red agents that approve of
fraction 5·3−1

s and/or 5·3−2
s are exactly (R̂set ∪ Rred3 ) \ {a}. Thus the agents (R̂set ∪

Rred3 ) \ {a} must be contained in at least 2 separate rooms S1, S2 with fraction 5·3−1
s or

5·3−2
s . The blue agents that approve of fraction 5·3−1

s or 5·3−2
s are exactly the agents in

Bfill3 ∪{b̃3} of which there are exactly s− (5 · (3)− 2). Thus we have at least s− 5 · 3− 1
blue agents in S1∪S2 such that they are contained in D−π . Therefore this case contradicts
our assumption that |Dn

π ∪D−π | = 2.
2. |(Dn

π ∪D−π ) ∩ (R̂set ∪Rred3 )| = 0.
Then all the agents in R̂set ∪ Rred3 must be contained in D+

π . Since π does not contain
a room consisting of only red agents, the remaining agents of R̂set ∪ Rred3 must be in a
room with fraction 5·3−1

s or 5·3−2
s .

There are 16 remaining agents in R̂set ∪ Rred3 . The remaining red agents that approve
of fraction 5·3−1

s and/or 5·3−2
s are exactly R̂set ∪ Rred3 . Thus the agents R̂set ∪ Rred3

must be contained in at least 2 separate rooms S1, S2 with fraction 5·3−1
s or 5·3−2

s . The
blue agents that approve of fraction 5·3−1

s or 5·3−2
s are exactly the agents in Bfill3 ∪ {b̃3}

of which there are exactly s − (5 · (3) − 2). Thus we have at least s − 5 · 3 − 1 blue
agents in S1 ∪ S2 such that they are contained in D−π . Therefore this case contradicts
our assumption that |Dn

π ∪D−π | = 2.
Thus our assumption that Dn

π ∪ D−π * R̂set ∪ Rred3 cannot hold. Therefore Dn
π ∪ D−π ⊆

R̂set ∪Rred3 . J

I Lemma 24. Every outcome π has at least 1 agents in D−π .

Proof. Let π be an arbitrary outcome. By Lemma 22, we have that there are at least 2
agents in Dn

π ∪D−π .
To derive a contradiction assume that there exists an outcome π such thatDn

π∪D−π = Dn
π .

That is, we assume that D−π = ∅. Note that π cannot contain a room that only consists
of red agents as there are exactly s − 2 agents that do not disapprove of fraction 1. By
construction of the roommate diversity game, we have that Dn

π ∪D−π ⊆ R̂set∪Rred3 , as these
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are the only agents with non-empty Dn
a sets. The only fraction in the set Dn

a is 5·(2)−1
s .

Note that 2 ≤ |Dn
π ∪D−π | = |Dn

π | ≤ 5 · (3) + 1 = 16.
Consider all the agents that do not disapprove of fraction 5·(2)−1

s . That is, let us consider
the set

{a ∈ R ∪B|5 · (2)− 1
s

/∈ D−a } = R̂set ∪Rred2 ∪Rred3 ∪Bfill2 .

Let us consider the following cases regarding the cardinality of Dn
π ∩ R̂set.

1. |Dn
π ∩ R̂set| = 3.

Note that r̂1, r̂2, r̂3 must be in the same room S. If they are in 2 separate rooms, we
require 2 · (s− (5 · 2− 1)) blue agents that do not disapprove of fraction 5·(2)−1

s and we
only have s − (5 · 2 − 1) blue agents, namely Bfill2 . Similarly, if they are in 3 separate
rooms, we require 3 · (s− (5 ·2−1)) blue agents that do not disapprove of fraction 5·(2)−1

s .
Since D−π = ∅ and θ(π(S)) = 5·(2)−1

s , all the blue agents in Bfill2 must be contained in
S.
Since S contains 5 · (2)−1 red agents, 3 of which are r̂1, r̂2, r̂3, there must exist a circular
agent ri2 ∈ Rred2 , where 1 ≤ i ≤ 5 · 2 − 2 such that ri2 /∈ S. Let S′ denote the room
in π that contains ri2. Since D−π = ∅, we have that ri2 ∈ D+

π . Thus θ(S′) = 5·2−1
s or

θ(S′) = 5·2−2
s . There are exactly s − (5 · 2 − 2) blue agents that do not disapprove of

fraction 5·2−1
s and/or 5·2−2

s , namely Bfill2 ∪Badd2 . Since Bfill2 ⊆ S, there is at least 1 blue
agent in S′ that is contained in D−π , which contradicts our assumption that D−π = ∅.

2. |Dn
π ∩ R̂set| = 2.

W.l.o.g. let r̂1, r̂2 ∈ Dn
π , thus r̂3 ∈ D+

π . Note that r̂1, r̂2 must be in the same room S.
If they are in 2 separate rooms, we require 2 · (s − (5 · 2 − 1)) blue agents that do not
disapprove of fraction 5·(2)−1

s and we only have s− (5 · 2− 1) blue agents, namely Bfill2 .
Since D−π = ∅ and θ(π(S)) = 5·(2)−1

s , all the blue agents in Bfill2 must be contained in
S.
Since S contains 5 · (2)− 1 red agents, 2 of which are r̂1, r̂2, there must exist a circular
agent ri2 ∈ Rred2 , where 1 ≤ i ≤ 5 · 2 − 2 such that ri2 /∈ S. Let S′ denote the room
in π that contains ri2. Since D−π = ∅, we have that ri2 ∈ D+

π . Thus θ(S′) = 5·2−1
s or

θ(S′) = 5·2−2
s . There are exactly s − (5 · 2 − 2) blue agents that do not disapprove of

fraction 5·2−1
s and/or 5·2−2

s , namely Bfill2 ∪ Badd2 . Since Bfill2 ⊆ S, there is at least 1
blue agent in S′ that is contained in D−π , which contradicts our assumption that D−π = ∅

3. |Dn
π ∩ R̂set| = 1.

W.l.o.g. let r̂1 ∈ Dn
π , thus r̂2, r̂3 ∈ D+

π . Note that r̂2, r̂3 must be in the same room S.
If they are in 2 separate rooms, we require 2 · (s − (5 · 3 − 1)) blue agents that do not
disapprove of fraction 5·(3)−1

s and we only have s− (5 · 3− 1) blue agents, namely Bfill3 .
Since D−π = ∅ and θ(π(S)) = 5·(3)−1

s , all the blue agents in Bfill3 must be contained in
S.
Since S contains 5 ·(3)−1 red agents, 2 of which are r̂2, r̂3 and the remaining 5 ·(3)−1−2
from Rred3 , there must exists a circular agent ri3 ∈ Rred3 , where 1 ≤ i ≤ 5 · 3 − 2 such
that ri3 /∈ S. Let S′ denote the room in π that contains ri3. Since D−π = ∅, we have that
ri3 ∈ D+

π ∪ Dn
π . Thus θ(S′) = 5·3−1

s , θ(S′) = 5·3−2
s or θ(S′) = 5·2−1

s . The blue agents
that do not disapprove of fraction 5·3−1

s and/or 5·3−2
s are exactly Bfill3 ∪Badd3 of which

all but 1 are contained in S. Thus we have that θ(S′) = 5·2−1
s , otherwise D−π cannot be

empty.
Since D−π = ∅ and θ(π(S′)) = 5·(2)−1

s , all the blue agents in Bfill2 must be contained in
S′.
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Since S′ must contain 5 · (2) − 1 red agents from r̂1, Rred3 and Rred2 , as these are the
only remaining red agents that do not disapprove of fraction 5·(2)−1

s , there must exist an
agent r ∈ {r̂1}∪Rred3 ∪Rred2 such that r /∈ S′. Let S′′ denote the room in π that contains
r. Since D−π = ∅, we have that r ∈ D+

π ∪ Dn
π . Thus θ(S′′) = 5·2−1

s , θ(S′′) = 5·2−2
s ,

θ(S′′) = 5·3−1
s , or θ(S′′) = 5·3−2

s . The blue agents that do not disapprove of fraction
5·3−1
s and/or 5·3−2

s are exactly in Bfill3 ∪Badd3 of which all but 1 are contained in S. The
blue agents that do not disapprove of fraction 5·2−1

s and/or 5·2−2
s are exactly Bfill2 ∪Badd2

of which all but 1 are contained in S′. Thus at least 1 blue agent in S′′ must be contained
in D−π , which contradicts our assumption that D−π = ∅.

4. |Dn
π ∩ R̂set| = 0.

Note that r̂1, r̂2, r̂3 ∈ D+
π and that r̂1, r̂2, r̂3 must be in the same room S. If they are

in 2 separate rooms, we require 2 · (s − (5 · 3 − 1)) blue agents that do not disapprove
of fraction 5·(3)−1

s and we only have s− (5 · 3− 1) blue agents, namely Bfill3 . Similarly,
if they are in 3 separate rooms, we require 3 · (s − (5 · 3 − 1)) blue agents that do not
disapprove of fraction 5·(3)−1

s .
Since D−π = ∅ and θ(π(S)) = 5·(3)−1

s , all the blue agents in Bfill3 must be contained in
S.
Since S contains 5·(3)−1 red agents, 3 of which are r̂1, r̂2, r̂3 and the remaining 5·(3)−1−3
from Rred3 , there must exist a circular agent ri3 ∈ Rred3 , where 1 ≤ i ≤ 5 · 3 − 2 such
that ri3 /∈ S. Let S′ denote the room in π that contains ri3. Since D−π = ∅, we have that
ri3 ∈ D+

π ∪ Dn
π . Thus θ(S′) = 5·3−1

s , θ(S′) = 5·3−2
s or θ(S′) = 5·2−1

s . The blue agents
that do not disapprove of fraction 5·3−1

s and/or 5·3−2
s are exactly Bfill3 ∪Badd3 of which

all but 1 are contained in S. Thus we have that θ(S′) = 5·2−1
s , otherwise D−π cannot be

empty.
Since D−π = ∅ and θ(π(S′)) = 5·(2)−1

s , all the blue agents in Bfill2 must be contained in
S′.
Since S′ must contain 5 · (2) − 1 red agents from Rred3 and Rred2 , as these are the only
remaining red agents that do not disapprove of fraction 5·(2)−1

s , there must exist an agent
rkj ∈ Rred3 ∪ Rred2 where 2 ≤ j ≤ 3 and 1 ≤ k ≤ 5 · j − 2 such that rkj /∈ S′. Let S′′
denote the room in π that contains rkj . Since D−π = ∅, we have that rkj ∈ D+

π ∪ Dn
π .

Thus θ(S′′) = 5·2−1
s , θ(S′′) = 5·2−2

s , θ(S′′) = 5·3−1
s , or θ(S′′) = 5·3−2

s . The blue agents
that do not disapprove of fraction 5·3−1

s and/or 5·3−2
s are exactly Bfill3 ∪Badd3 of which

all but 1 are contained in S. The blue agents that do not disapprove of fraction 5·2−1
s

and/or 5·2−2
s are exactly Bfill2 ∪ Badd2 of which all but 1 are contained in S′. Thus at

least 1 blue agent in S′′ must be contained in D−π , which contradicts our assumption
that D−π = ∅. J

I Lemma 25. Let π be an outcome of the roommate diversity game and assume that (X,C)
has a solution. If for outcome π it holds that |Dn

π | = 1 and |D−π | = 1, then π must be a
reduced-type outcome.

Proof. Let π be an outcome such that |Dn
π | = 1 and |D−π | = 1. By Lemma 23, we have

that Dn
π ∪ D−π ⊆ R̂set ∪ Rred3 . Lemma 23 also implies that B ⊆ D+

π . Let us denote the
agents in Dn

π and D−π by rn and r− respectively. Note that π cannot contain a room that
only consists of red agents, as there are exactly s − 2 red agents that do not disapprove of
fraction 1. Let C ′ ⊆ C denote some solution of (X,C). We shall show that the following 7
properties hold for π.
1. Rmon ∪Bmon ∈ π.

Let Smon ∈ π denote a room that contains some monolith red agent. Since Dn
π ∪D−π ⊆
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R̂set ∪ Rred3 , all the monolith red agents Rmon and monolith blue agents Bmon must
be contained in D+

π . Since π cannot contain a room consisting of only red agents, any
monolith red agent must be in a room of fraction s−2m−3

s . The only agents that approve
of fraction s−2m−3

s are exactly the monolith red agents Rmon and monolith blue agents
Bmon, any other agent disapproves of that fraction.
There are exactly s− 2m− 3 monolith red agents. Thus we have that Rmon ⊆ Smon. If
there exists a monolith red agent rpmon ∈ Rmon such that rpmon /∈ Smon, we would require
2 rooms with fraction s−2m−3

s . This would contradict |D−π | = 1 as we would have at
least s− 2m− 3 red agents in D−π .
There are exactly 2m + 3 monolith blue agents. Thus we have that Bmon ⊆ Smon. If
there exists a monolith blue agent bpmon ∈ Bmon such that bpmon /∈ Smon, there must
be a blue agent b ∈ Smon that disapproves of fraction s−2m−3

s . This would contradict
Dn
π ∪D−π ⊆ R̂set ∪Rred3 , since we would have b ∈ D−π .

Thus the agents in Rmon and Bmon must belong to the same room, i.e.,

Smon = Rmon ∪Bmon ∈ π.

2. {ri, r̃i}i∈Aj−3 ∪Rredj ∪Bfillj ∈ π for each Aj−3 ∈ C ′.
Since π does not contain a room that only consists of red agents and Dn

π ∪ D−π ⊆
R̂set∪Rred3 , any set agents ri′ ∈ Rset must be in a room with fraction 2(5·j′+1)

s where i′ ∈
Aj′−3. There are exactly s agents that approve of fraction 2(5·j′+1)

s , namely the agents in
{ri, r̃i}i∈Aj′−3∪R

red
j′ ∪B

fill
j′ , any other agent disapproves of that fraction. Since |D−π | = 1,

the room π(ri′) must contain at least s− 1 agents from {ri, r̃i}i∈Aj′−3 ∪R
red
j′ ∪B

fill
j′ .

Let us assume that there exists an agent a ∈ {ri, r̃i}i∈Aj′−3 ∪ R
red
j′ ∪ B

fill
j′ such that

a /∈ π(ri′). Note that under this assumption, the agent r− ∈ D−π must be contained in
room π(ri′). Therefore we have that a ∈ D+

π . Consider the following cases.
a ∈ {ri, r̃i}i∈Aj′−3 .
W.l.o.g. let us write a = ri′′ . Since π does not contain a room that only consists of red
agents, we must have θ(π(a)) = 2(5·j′′+1)

s where i′′ ∈ Aj′′−3. There are exactly s agents
that approve of fraction 2(5·j′′+1)

s , namely the agents in {ri, r̃i}i∈Aj′′−3 ∪R
red
j′′ ∪B

fill
j′′ ,

any other agent disapproves of that fraction.
Note that r̃i′′ ∈ {ri, r̃i}i∈Aj′′−3 and r̃i′′ ∈ π(ri′). Since a /∈ π(ri′), we have that
r̃i′′ /∈ π(a). Thus the room π(a) contains at most s− 1 agents from {ri, r̃i}i∈Aj′′−3 ∪
Rredj′′ ∪B

fill
j′′ . Therefore room π(a) contains at least 1 agent that disapproves of fraction

2(5·j′′+1)
s .

Since both room π(ri′) and room π(a) contain an agent that disapproves of the fraction
of its assigned room, we have that |D−π | ≥ 2. This contradicts |D−π | = 1, thus this
case cannot occur.
a ∈ Rredj′ ∨ a ∈ B

fill
j′ .

We have that θ(π(a)) = 2(5·j′+1)
s or θ(π(a)) = 2(5·j′−2)

s .
There are exactly s agents that approve of fraction 2(5·j′+1)

s , namely the agents in
{ri, r̃i}i∈Aj′−3 ∪R

red
j′ ∪B

fill
j′ , any other agent disapproves of that fraction.

There are exactly s agents that approve of fraction 2(5·j′−2)
s , namely the agents in

Baddj′ ∪Rredj′ ∪B
fill
j′ , any other agent disapproves of that fraction.

Since Rredj′ ∪B
fill
j′ \ {a} ⊆ π(ri′), the room π(a) must contain at least |Rredj′ ∪B

fill
j′ \

{a}| = s − 7 > 2 agents that disapprove of the fraction θ(π(a)). This contradicts
|D−π | = 1, thus this case cannot occur.
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Since there does not exist an agent a ∈ {ri, r̃i}i∈Aj′−3 ∪R
red
j′ ∪B

fill
j′ such that a /∈ π(ri′),

we have that
{ri, r̃i}i∈Aj′−3 ∪R

red
j′ ∪B

fill
j′ ∈ π.

Let A denote the collection of 3-sets Aj−3 ∈ C such that {ri, r̃i}i∈Aj−3 ∪Rredj ∪B
fill
j ∈ π,

i.e.,
A = {Aj−3 ∈ C|{ri, r̃i}i∈Aj−3 ∪Rredj ∪Bfillj ∈ π}.

In a valid outcome π, every set agent is assigned to exactly 1 room. Therefore no two
3-sets in A share an element, i.e., for any Ai, Aj ∈ A such that i 6= j, we have that
Ai ∩Aj = ∅.
From the above, we have that A must be a solution of (X,C). Therefore we have some
solution A = C ′ ⊆ C of (X,C) where for each Aj−3 ∈ C ′ it holds that

{ri, r̃i}i∈Aj−3 ∪Rredj ∪Bfillj ∈ π.

3. Baddj ∪Rredj ∪Bfillj ∈ π for each Aj−3 /∈ C ′.
Since Dn

π ∪D−π ⊆ R̂set ∪Rred3 , any redundant agent rpj′ ∈ Rredj′ , where Aj′−3 /∈ C ′, must
be in a room with fraction 2(5·j′+1)

s or 2(5·j′−2)
s .

There are exactly s agents that approve of fraction 2(5·j′+1)
s , namely the agents in

{ri, r̃i}i∈Aj′−3 ∪R
red
j′ ∪B

fill
j′ , any other agent disapproves of that fraction.

There are exactly s agents that approve of fraction 2(5·j′−2)
s , namely the agents in Baddj′ ∪

Rredj′ ∪B
fill
j′ , any other agent disapproves of that fraction.

By property 2, all the set agents ri′ ∈ Rset, r̃i′ ∈ R̃set must be in the room {ri, r̃i}i∈Aj′′−3∪
Rredj′′ ∪ B

fill
j′′ ∈ π where i′ ∈ Aj′′−3 and Aj′′−3 ∈ C ′. Thus there are exactly 2(5j′ − 2)

remaining red agents that approve of fraction 2(5·j′+1)
s . Therefore room π(rpj′) cannot

have fraction 2(5·j′+1)
s , as otherwise we would have at least 3 agents in D−π . Therefore

room π(rpj′) must be of fraction 2(5·j′−2)
s .

Since |D−π | = 1, the room π(rpj′) contains at least s− 1 agents from Rredj′ ∪B
fill
j′ ∪Baddj′ .

Assume that there exists an agent a ∈ Rredj′ ∪B
fill
j′ ∪Baddj′ such that a /∈ π(rpj′). Note that

under this assumption, the agent r− ∈ D−π must be contained in room π(rpj′). Therefore
we have that a ∈ D+

π . Additionally, since Dn
π ∪ D−π ⊆ R̂set ∪ Rred3 , we have that a is

a red agent. Thus we have that a ∈ Rredj′ . Since a ∈ Rredj′ and a ∈ D+
π , we have that

θ(π(a)) = 2(5·j′+1)
s or θ(π(a)) = 2(5·j′−2)

s .
There are exactly s agents that approve of fraction 2(5·j′+1)

s , namely the agents in
{ri, r̃i}i∈Aj′−3 ∪R

red
j′ ∪B

fill
j′ , any other agent disapproves of that fraction.

There are exactly s agents that approve of fraction 2(5·j′−2)
s , namely the agents in Baddj′ ∪

Rredj′ ∪B
fill
j′ , any other agent disapproves of that fraction.

Since Rredj′ ∪B
fill
j′ \{a} ⊆ π(rpj′), the room π(a) must contain at least |Rredj′ ∪B

fill
j′ \{a}| =

s−7 > 2 agents that disapprove of the fraction θ(π(a)). This contradicts |D−π | = 1, thus
there cannot exist an agent a ∈ Rredj′ ∪ B

fill
j′ ∪ Baddj′ such that a /∈ π(rpj′). Therefore we

have that
Rredj′ ∪B

fill
j′ ∪B

add
j′ ∈ π.

The above holds for any redundant agent rpj ∈ Rredj where Aj−3 /∈ C ′. Thus we have
that for each Aj−3 /∈ C ′

Baddj ∪Rredj ∪Bfillj ∈ π.



S. Ge and T. Itoh 29

4. {rn} ∪Rred2 ∪Bfill2 ∈ π.
Let us define the room Sn = π(rn). We have that θ(Sn) = 5·2−1

s as it is the only fraction
contained in any Dn

a . Since r− ∈ D−π and r− ∈ R̂set ∪ Rred3 , we have that r− /∈ Sn. If
r− ∈ Sn, we would have r− ∈ Dn

π . Thus the remaining agents in Sn must be contained
in D+

π .
The red agents that approve of fraction 5·2−1

s are exactly the agents in Rred2 of which
there are 5 · 2− 2, any other red agent does not approve of that fraction. Thus the red
agents in Sn are exactly rn and Rred2 .
The blue agents that approve of fraction 5·2−1

s are exactly Bfill2 ∪ Badd2 of which there
are s− (5 · 2− 2), any other blue agent disapproves of that fraction.
Assume that {b̃2} = Badd2 ⊆ Sn. This means that there exists a blue agent b ∈ Bfill2
such that b /∈ Sn. Since Dn

π ∪ D−π ⊆ R̂set ∪ Rred3 , we have that b ∈ D+
π . Therefore we

have θ(π(b)) = 5·2−1
s or θ(π(b)) = 5·2−2

s .
There are exactly s − 1 agents that approve of fraction 5·2−1

s , namely the agents in
Rred2 ∪Bfill2 , any other agent does not approve of that fraction.
There are exactly s agents that approve of fraction 5·2−2

s , namely the agents in Badd2 ∪
Rred2 ∪Bfill2 , any other agent disapproves of that fraction.
Since Rred2 ∪Bfill2 \ {b} ⊆ Sn, the room π(b) must contain at least |Rred2 ∪Bfill2 \ {b}| =
s− 2 > 2 agents that do not approve of the fraction θ(π(b)). This contradicts |D−π | = 1
and |Dn

π | = 1, thus {b̃2} = Badda * Sn.
Therefore the blue agents in room Sn must be exactly the agents in Bfill2 and we have

{an} ∪Rred2 ∪Bfill2 ∈ π.

5. (R̂set ∪Rred3 ) \ {rn, r−} ∪Bfill3 ∈ π.
Let r̂j ∈ R̂set where 1 ≤ j ≤ 3 such that r̂j ∈ D+

π and let Sj denote the room in π that
contains r̂j . Since r̂j ∈ D+

π , we have that θ(Sj) = 5·3−1
s . Note that Sj cannot contain

the agents rn and r− as they approve of fraction 5·3−1
s . Thus every agent in Sj must

approve of fraction 5·3−1
s .

The red agents that approve of fraction 5·3−1
s that may be contained in Sj are exactly

(R̂set ∪Rred3 ) \ {rn, r−}. There are 5 · 3− 1 agents in (R̂set ∪Rred3 ) \ {rn, r−}. Thus the
red agents in Sj must be exactly (R̂set ∪Rred3 ) \ {rn, r−}.
The blue agents that approve of fraction 5·3−1

s are exactly Bfill3 ∪ Badd3 of which there
are s− (5 · 3− 2).
Assume that {b̃3} = Badd3 ⊆ Sj . This means that there exists a blue agent b ∈ Bfill3 such
that b /∈ Sj . Since Dn

π ∪ D−π ⊆ R̂set ∪ Rred3 , we have that b ∈ D+
π . Therefore we have

θ(π(b)) = 5·3−1
s or θ(π(b)) = 5·3−2

s .
There are exactly s + 2 agents that approve of fraction 5·3−1

s , namely the agents in
R̂set ∪Rred3 ∪Bfill3 , any other agent disapproves of that fraction.
There are exactly s agents that approve of fraction 5·3−2

s , namely the agents in Badd3 ∪
Rred3 ∪Bfill3 , any other agent disapproves of that fraction.
Since (R̂set ∪ Rred3 ) \ {rn, r−} ∪ Bfill3 \ {b} ⊆ Sj , the room π(b) must have at least
|(R̂set ∪ Rred3 ) \ {rn, r−} ∪ Bfill3 \ {b}| − 2 = s − 5 > 2 agents that disapprove of the
fraction θ(π(b)). This contradicts |D−π | = 1, thus {b̃3} = Badd3 * Sj .
Therefore the blue agents in room Sn must be exactly Bfill3 and we have

(R̂set ∪Rred3 ) \ {an, a−} ∪Bfill3 ∈ π.
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6. Beven ∪
⋃
j∈[3]

Baddj ∪
⋃

Aj−3∈C′
Baddj ∈ π.

Since Dn
π ∪ D−π ⊆ R̂set ∪ Rred3 , we have that Beven ⊆ D+

π . Thus any evening agent
b ∈ Beven must be in a room of fraction 0.
There are exactly s + 6q + 3 agents that approve of fraction 0, namely the agents in
Beven ∪ Bmon ∪ Badd, any other agent disapproves of that fraction. Since s < s +
6q + 3 < 2s, we have at most 1 room with fraction 0. Otherwise we have at least
2s− (s+ 6q + 3) = 4q + 42 + 2m agents in D−π which would contradict |D−π | = 1. Thus
every evening agent must be assigned to the same room, i.e., for any b′, b′′ ∈ Beven we
have π(b′) = π(b′′).
By Property 1 the room of evening agent b cannot contain agents from Bmon. By
Property 3 the room of evening agent b cannot contain agents from

⋃
Aj /∈C′

Baddj . Since

Dn
π ∪D−π ⊆ R̂set ∪ Rred3 , no blue agent may be assigned to a room by π with a fraction

that it disapproves of. Therefore we have π(b) ⊆ Beven∪
⋃
j∈[3]

Baddj ∪
⋃

Aj−3∈C′
Baddj . Since

there are s − 2m − 3 evening agents, π(b) must contain exactly 2m + 3 agents from⋃
j∈[3]

Baddj ∪
⋃

Aj−3∈C′
Baddj . Note that |

⋃
j∈[3]

Baddj | = 3 and |
⋃

Aj∈C′
Baddj | = m

3 · 6 = 2m.

Thus we have that
Beven ∪

⋃
j∈[3]

Baddj ∪
⋃

Aj−3∈C′
Baddj ∈ π.

7. {r−} ∪Rred1 ∪Bfill1 ∈ π.
By Properties 1-6, we have exactly s remaining agents of which their assigned room has
not been specified yet. These agents are {r−} ∪ Rred1 ∪ Bfill1 , where r− ∈ R̂set ∪ Rred3 .
Thus we have that

{r−} ∪Rred1 ∪Bfill1 ∈ π.

By Properties 1-7, we have that π must be a reduced-type outcome. J

I Lemma 26. For any non-reduced-type outcome π, there exists some reduced-type outcome
π′ that is strictly more popular than π.

Proof. Let π be an arbitrary non-reduced-type outcome. By Lemma 25 we have that |Dn
π | 6=

1 ∨ |D−π | 6= 1. Consider the following cases.
1. |D−π | 6= 1.

By Lemma 24 and case assumption, we have that |D−π | ≥ 2. Consider the following
cases.
1.1. |D−π | = 2.

Consider the following cases.
1.1.1. |Dn

π | = 0.
By Lemma 23, we have that D−π ⊆ R̂set ∪ Rred3 . Let us write D−π = {a1, a2}.
Since a1, a2 ∈ R̂set ∪ Rred3 , there exists a reduced-type outcome π′ such that
D−π′ = {a1} and Dn

π′ = {a2}. Thus we have that φ(π′, π) = 1.
1.1.2. |Dn

π | ≥ 1.
Let us writeD−π = {a1, a2} and a3 ∈ Dn

π . We have that a3 ∈ R̂set∪Rred3 , since
the agents in R̂set∪Rred3 are the only agents with a corresponding non-empty
Dn
a .

Let π′ be a reduced-type outcome such that {a3} = Dn
π′ and {a−} = D−π′ .

Note that N(π, π′) ⊆ {a−}. Consider the following cases.
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1.1.2.1. N(π, π′) = ∅.
Then we have that a− ∈ D−π . W.l.o.g. assume that a1 = a−. We have
that a2 ∈ D+

π′ , thus a2 ∈ N(π′, π). Thus we have that φ(π′, π) > 0,
i.e., π′ is more popular than π.

1.1.2.2. N(π, π′) = {a−}.
Then we have that a− ∈ Dn

π ∪D+
π and a1, a2 ∈ D+

π′ . Thus a1, a2 ∈
N(π′, π). Therefore we have that φ(π′, π) > 0, i.e., π′ is more popular
than π.

1.2. |D−π | > 2.
Let us write a1, a2, a3 ∈ D−π . Let π′ be an arbitrary reduced-type outcome with
{an} = Dn

π′ and {a−} = D−π′ . Note thatN(π, π′) ⊆ {an, a−}. Consider the following
cases.
1.2.1. a− ∈ D−π .

W.l.o.g. assume that a1 = a−. In this case, we have that N(π, π′) ⊆ {an}.
We have that a2, a3 ∈ N(π′, π). Thus φ(π′, π) > 0.

1.2.2. a− /∈ D−π .
In this case, we have that N(π, π′) ⊆ {a−, an}. We have that a1, a2, a3 ∈
N(π′, π). Thus φ(π′, π) > 0.

2. |Dn
π | 6= 1.

Consider the following cases.
2.1. |Dn

π | = 0.
By Lemma 22, we have that |D−π | ≥ 2. This case is proven similarly to case 1.1.1.
as we have the exact same case assumption, i.e., |Dn

π | = 0 and |D−π | ≥ 2.
2.2. |Dn

π | ≥ 2.
Let us write a1, a2 ∈ Dn

π . We have that {a1, a2} ⊆ R̂set ∪ Rred3 , since the agents in
R̂set∪Rred3 are the only agents with a corresponding non-empty Dn

a . By Lemma 24,
we have that |D−π | ≥ 1. Let us write a3 ∈ D−π . Let us consider the following cases
regarding a3.
2.2.1. a3 ∈ R̂set ∪Rred3 .

By the definition of reduced-type outcome, we can construct a reduced-type
outcome π′ such that D−π′ = {a3}, Dn

π′ = {a2}, and a1 ∈ D+
π′ .

We have that N(π, π′) = ∅ and |N(π′, π)| ≥ 1. Therefore φ(π′, π) > 0.
2.2.2. a3 /∈ R̂set ∪Rred3 .

By the definition of reduced-type outcome, we can construct a reduced-type
outcome π′ such that D−π′ = {a−}, Dn

π′ = {a1}, and a2, a3 ∈ D+
π′ .

We have that N(π, π′) ⊆ {a−}. Additionally we have that a2, a3 ∈ N(π′, π),
therefore φ(π′, π) > 0. J

I Lemma 27. An reduced-type outcome π is not popular.

Proof. Let π be some reduced-type outcome. Since π is a reduced-type outcome, we can
write

{aj} ∪Rredj ∪Bfillj ∈ π for j ∈ [2],

and
{a3, a4, a5} ∪ (Rred3 \ {a1, . . . , a5}) ∪Bfill3 ∈ π,

where {a1, . . . , a5} ⊆ R̂set ∪Rred3 .
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Let us construct an outcome π′ as follows:

π′ = π \ {{a1} ∪Rred1 ∪Bfill1 }

\ {{a2} ∪Rred2 ∪Bfill2 }

\ {{a3, a4, a5} ∪ (Rred3 \ {a1, . . . , a5}) ∪Bfill3 }

∪ {{a3} ∪Rred1 ∪Bfill1 }

∪ {{a1} ∪Rred2 ∪Bfill2 }

∪ {{a2, a4, a5} ∪ (Rred3 \ {a1, . . . , a5}) ∪Bfill3 }.

That is, we “rotate” the agents a1, a2, a3 in π to obtain π′. We have that N(π′, π) = {a1, a2}
and N(π, π′) = {a3}. Thus π′ is more popular than π. Note that π′ itself is also an reduced-
type outcome. J

I Theorem 28. Determining whether a popular outcome exists in a roommate diversity
game is co-NP-hard, even if the preferences are trichotomous.

Proof. From Lemma 21, if (X,C) has no solution, then we have a popular outcome, namely
πmon. From Lemma 26 and 27, if (X,C) has a solution, then we have no popular outcome.
Therefore determining the existence of a popular outcome for a Roommate diversity Game
is co-NP-hard. J

7 Conclusion

We have demonstrated that determining the existence of a (strictly) popular outcome for
a roommate diversity game is co-NP-hard and computing a mixed popular outcome is not
possible in polynomial time, unless P=NP. Even when the preferences are tri- or dichotomous,
the problem remains intractable. As we have only demonstrated hardness, a potential avenue
for future research would be to demonstrate completeness for a certain complexity class. We
conjecture that the problem is Πp

2-complete.
A popular outcome is guaranteed to exist in a roommate diversity game, when the room

size is fixed to 2. Additionally, it is possible to compute a popular outcome in polynomial
time. As the problem becomes tractable when fixing the room size to 2, it may be possible
to construct a fixed-parameter tractable algorithm with the room size as parameter that
determines the existence of a (strictly) popular outcome in a roommate diversity game.
This is also left for future research.
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