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Abstract. Let n be a positive integer greater than 2. We define the
Proth numerical semigroup, Py(n), generated by {k2"T* 41 | i € N},
where k is an odd positive number and k£ < 2". In this paper, we intro-
duce the Frobenius problem for the Proth numerical semigroup Px(n)
and give formulas for the embedding dimension of Py(n). We solve the
Frobenius problem for Py (n) by giving a closed formula for the Frobenius
number. Moreover, we show that Py (n) has an interesting property such
as being Wilf.
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1 Introduction

The mathematician Ferdinand Frobenius defines the problem that asks to find
the largest integer that is not expressible as a non-negative integer linear com-
bination of elements of L, where L is a set of m coprime positive integers.

The Frobenius problem is defined as follows: Given a set L = {l1,l2, ..., ln}
of coprime positive integers and [; > 2, find the largest natural number that
is not expressible as a non-negative linear combination of ly,ls, ..., L. It is also
known as the money exchange or coin exchange problem in number theory. In
literature, the connection between graph theory, theory of computer science and
Frobenius problem has been developed (see [10,11,15,14]). This is because the
Frobenius problem has attracted mathematicians as well as computer scientists
since the 19-th century (see [3], Chapter 1 in [6], Problem C7 in [9], [28]).

For the special case e.g., m = 2, the explicit formula to find the Frobenius
number is known, it is l1lo — [ — l2 proved in [26]. In addition to that, for the
case m = 3, semi-explicit formula is known to find the Frobenius number [17].
Moreover, Rodseth [24], Selmer [25] and Beyer [4] have developed algorithms
to solve the Frobenius problem in the case m = 3. In 1996, Ramirez-Alfonsin
showed that the Frobenius problem for variable m is NP-hard [16].

The Frobenius problem has been studied for several special cases, e.g., num-
bers in a geometric sequence, arithmetic sequence, Pythagorean triples, three
consecutive squares or cubes [29,30,7,13]. Moreover, the Frobenius problem is


http://arxiv.org/abs/2311.12462v1

2 P. Srivastava and D. Thakkar

defined on some special structure like Numerical semigroup (see the definition
below).

Let N and Z be the set of non-negative integers and set of integers, respec-
tively. A subset S of N containing 0 is a numerical semigroup if S is closed under
addition and has a finite complement in N. If S is a numerical semigroup and
S = (B), then we call B, a system of generators of S. A system of generators B
of S is minimal if no proper subset of B generates S. In [18] Rosales et al. proved
that every numerical semigroup admits a unique minimal system of generators
and such a system is finite. The cardinality of a minimal system of generators of
S is called the embedding dimension of S denoted by e(S).

The Frobenius number of a numerical semigroup S = ({a1,as,...,a,}) (de-

n
noted by F(.9)) is the greatest integer that cannot be expressed as a sum Y ¢;a;,
i=1
where t1,...,t, € N[18,2].

To solve the Frobenius problem for numerical semigroups, several methods
were introduced, e.g., see [5,19,18,20]. In particular, in recent articles, the method
of computing the Apéry set (see Definition 1) and deduce the Frobenius num-
ber using the Apéry set has been presented. In literature, there exists a large
list of publications devoted to solve the Frobenius problem for special classes
of numerical semigroup, including the Frobenius problem for Fibonacci numeri-
cal semigroup [12], Mersenne numerical semigroup [21], Thabit numerical semi-
group [22] and repunit numerical semigroup [23]. We note that the study of the
Frobenius number for the mentioned numerical semigroups has been inspired by
special primes such as Fibonacci, Mersenne, Thabit and repunit primes. In this
paper, we introduce Proth numerical semigroup motivated by the Proth number.
The main aim of this paper is to study the Proth numerical semigroup and its
invariants like embedding dimension, Frobenius number, etc.

In number theory, the Proth number (named in honor of the mathematician
Frangois Proth) is a natural number of the form k2™ 4+ 1, where n and k are
positive numbers and k < 2" is an odd number. We say that a Proth number is
a Proth prime if it is prime.

A numerical semigroup S is the Proth numerical semigroup if n € N such
that S = ({k2"*"+1 | i € N}), where n and k are positive numbers and k < 2"
is an odd number. We denote by Py(n) the numerical semigroup ({k2"+" +1 |
i € N}). It is easy to see that when k = 1 the Proth numerical semigroup is the
Cunningham numerical semigroup [27]. Hence, we can assume that 2" < k <
2"+1 for some 7.

In this paper, we first prove that e(Py(n)) is n +r + 1 where 2" < k < 27+1,
Later, we find the Frobenius number of the Proth numerical semigroup. More
formally, we prove the following theorem.

Theorem 1. Let n > 2 be a positive integer. Then F(Pyry1(n)) = 281 + $p +
Spir — S0, where s; = k2"t 4+ 1 for i € N.

Let S be a numerical semigroup. An integer x is a pseudo-Frobenius number
of Sifx €Z\Sand x+ s € S forall s € S\ {0}. The set of pseudo-Frobenius
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numbers of S is denoted by PF(S), and the cardinality of the set PF(.S) is called
the type of S denoted by t(S) [18,2].

We find the set of pseudo-Frobenius numbers of the Proth numerical semi-
group Pyry1(n) and prove that its type is n +r — 1.

In the context of a numerical semigroup, it is reasonable to study the prob-
lems that connect the Frobenius number and other invariants of a numerical
semigroup. One such problem posed by Wilf (known as Wilf’s conjecture) in [31]
is as follows: Let S be a numerical semigroup and v(S) = [{s € S | s < F(5)}],
is it true that F(S)+1 < e(S)v(S9), where e(S) is the embedding dimension and
F(S) is the Frobenius number of S? Note that the numerical semigroups that
satisfy Wilf’s conjecture are called Wilf.

The conjecture is still open; in spite of it, an affirmative answer has been
given for a few special classes of a numerical semigroup. In this paper, we prove
that the Proth numerical semigroup Por1(n) supports Wilf’s conjecture.

This paper is an attempt to understand the Frobenius problem and Wilf con-
jecture for arbitrary embedding dimension through the Proth numerical semi-
group. Our approach was inspired by the ideas discussed in [21,22]. However, it
is worth noting that our techniques to find the Apéry set of the Proth numerical
semigroups differ from the existing ones [21,22].

The reader not familiarized with the study of numerical semigroup and the
terminologies like embedding dimension, pseudo-Frobenius numbers, type, etc.,
can refer to the literature [18,2].

2 The Embedding Dimension

We begin this section by proving that Pg(n) is a numerical semigroup. Later, we
prove that the embedding dimension of Py (n) is n+7+1. Some of the techniques
used in this section are introduced earlier see, e.g., [21,22,27].

Lemma 1. (Lemma 2.1 in [18]) Let S be a nonempty subset of N. Then (S) is
a numerical semigroup if and only if ged(S) = 1.

Theorem 2. Let n > 2 be an integer, then Py(n) is a numerical semigroup.

Proof. Tt is clear that Py(n) C N is closed under addition and contains zero.
Note that from Lemma 1 it is enough to show that gcd(Px(n)) = 1. Let k2" +1,
k2"t +1 € Pi(n). Then ged(k2" + 1, k2" +1) = ged (k2" + 1, k27T — k2n) =
ged(k2™ + 1, k2™) = 1. Therefore, P;(n) is a numerical semigroup. O

Next we give the minimal system of generators of the Proth numerical semi-
group. To this purpose, we need some preliminary results.

Lemma 2. (Lemma 2.1 in [27]) Let S be a numerical semigroup generated by
a non-empty set M of positive integers. Then the following conditions are equiv-
alent:

(i) 2m —1€ S for allme M;
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(i) 2s —1€ S for all s € S\ {0}.

Theorem 3. Let n > 2 be an integer, then Py(n) = ({k2""+1 | i =0,...,n+

r}).

Proof. Let P = ({k2"*"+1 | i € {0,1,...,n+r}}). It is clear that P C Py(n).
To prove the other direction it is enough to prove that k2"+*+1 € P for alli € N.
Leti € {0,1,...,n+r—1}, then 2(k2" " +1)—1 = k2"**1 41 € P. Fori = n+r,
(k27T 1 1)1 = ((k—27)27 1 +3) (k2" + 1)+ (27 —k)27—2) (k271 41) € P.
From Lemma 2, we get 2s — 1 € P for all s € P\ {0}. By induction, we can
deduce that k2""+1 € P for all i > n+r+ 1 and hence Py(n) = ({k2" 7" +1 |
i=0,....,n+71}). O

Note that, Theorem 3 tells us that {k2"T+1 | i =0,...,n+r} is a system
of generators of Py(n).

Lemma 3. Let n > 2 be an integer, then k2" + 1 ¢ ({k2"T1 4+ 1 | i €
{0,1,....,n+7r—1}}).

Proof. Assume to the contrary that there exists ag, a1, . .., an1r-—1 € N such that
n+r—1
B2V 1= Y ai(k2"T 4 1)
i=0
n+r—1 n+r—1

=0 =0

Hence, E?jor_l a; = 1(mod k2") and we get, Z?jor_l a; = tk2™ + 1 for some

t € N. Observe that ¢t # 0. Thus, Z?:OT_l a; > k2™ +1. Therefore, k27Tt +1 =
n+r—1 )
S ai(k27 1) > (X a) (k20 + 1) > (k27 + 1)2. Since 27 < k we get
i=0

QTN O < DN 4 D = K2 < 2927 4 9kon
= 2rtntn 4 1 < k2227 4 2k 4+ 1
= k2" 1 < (B27 4 1)

Hence, k277" + 1 > (k2" + 1)2 > k2"""*" 4+ 1, which is a contradiction.
Therefore, k2"t + 1 ¢ ({k2"t+1 | i € {0,1,...,n+7r —1}}). 0

Theorem 4. Let n > 2 be an integer and let Py(n) be the Proth numerical
semigroup associated to n, then e(Py(n)) = n + 7+ 1. Moreover, {k2"+" + 1 |
i €{0,1,...,n+r}} is the minimal system of generators of Py(n).

Proof. By Theorem 3, we know that {k2"+i4+1 | i € 0,1,...,n+r} is a system of
generator for Py (n). Suppose that it is not minimal system of generators of Py(n).
Then there exists | € {1,2,...,n+7— 1} such that k2" +1 € (k2"*" +1 | i €
{0,1,...,1—1}). Let T = (k2" ™" +1 | i € {0,1,...,1—1}).Ifi € {0,1,...,1—2},
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then 2(k2" T +1)—1 = k2"+*1 41 € T and 2(k2" -1+ 1) -1 = k2" +1 € T.
From Lemma 2, we have 2¢—1 € T for all ¢ € T'\ {0}. Hence, by induction we can
obtain that k2" "¢ +1 € T for all i > [, which is a contradiction as k2" "7 41 ¢ T
from Lemma 3. Therefore, {k2"** +1 | i € {0,1,...,n+r}} is the minimal
system of generators of Py(n) and e(Py(n)) =n+r + 1. O

3 The Apéry Set

In this section, we study the notion of Apéry set and give the explicit description
of the elements of the Apéry set of the Proth numerical semigroup Pory1(n) for
all » > 1. We denote by s; the element 27+t 1+ 1 for all i € N. Thus, with this
notation, {sg, 81, ..., Sn4r 1 i the minimal system of generators of Py (n).

Definition 1. [1,18] Let S be a numerical semigroup and n € S\ {0}. The
Apéry set of S with respect to n is Ap(S,n) ={s€ S | s—n¢S}.

It is clear from the following lemma that |Ap(S,n)| = n.

Lemma 4. (Lemma 2.4 in [18]) Let S be a numerical semigroup and let n be a
nonzero element of S. Then Ap(S,n) = {w(0),w(1),...,w(n — 1)}, where w(i)
is the least element of S congruent with i modulo n, for all i € {0,...,n — 1}.

Our next goal is to describe the elements of Ap(Px(n), so).
Lemma 5. Let n > 2 be an integer. Then:

(1) if 0<i<j<n+r then s; +2s; = 28;-1 + Sj41;
(2) if0 < i < n+r then s;+2s,1, = 28;_1+aso+3s1, where a = (k—27)2" 143
and = (27T — k)2" — 2.

Proof. (1) If 0 < i < j < n+r then we have
si+2s; =(k2" T 4+ 1) + 2(k2" + 1)
=2(k2" T 1) + (k2" 1) = 2851 + 5541
(2) If 0 < i < n+r then we get

8i + 28n4r =(k2"T + 1) 4+ 2(k2" T 4-1)
:2(k2n+i—1 4 1) + k22n+7‘+1 +1
:281',1 —|— Oé(k2n —|— 1) —|— ﬂ(k}2n+l —|— 1) = 251',1 —|— aso —|— ﬂSl,
where o = (k — 27)2"Tt + 3,8 = (27! — k)2" — 2. 0

Let P(r,n) denotes the set of all n 4+ r-tuple (ay,...,an,) that satisfies the
following conditions:

1. for everyi € {1,...,n+r}, a; € {0,1,2};
2. if a; = 2 for some j =2,...,n+r then a; = 0 for i < j.
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Lemma 6. (Lemma 5.3 in [8]) The cardinality of P(r,n) is equal to 2T+t —1.

Lemma 7. Let n > 2 be an integer and let Pari1(n) be the Proth numerical
semigroup minimally generated by {so,$1,- -, Sn+r}t- If 8 € Ap(Pary1(n), so)
then there exist (a1,...,anqr) € P(r,n) such that s = a181 + - + QntrSntr-

Proof. Let s € Ap(Pyry1(n), sg). We prove the result of lemma using induction
on s. When s = 0 then result follows trivially. Assume that s > 0 and j be
the smallest element from {0,1,...,n + r} such that s —s; € Pory1(n). Since
s € Ap(Pory1(n),s0) we have j # 0 and s — s; € Ap(Par11(n), so). Now from
induction hypothesis there exist (a1,...,an+r) € P(r,n) such that s — s; =
a151 + agsa + - + Ap4rSptr, hence s = ays; + agss +--- + (aj + 1)sj + -+
AntrSntr. Note that, to conclude the proof it suffices to prove that (ai,...,a;+
1,...,a4n4r) € P(r,n).

(1) To prove (a1, as,...,a;+1,...,an+y) € {0,1,2}"F7 it is enough to show
that a; +1 # 3. If a; + 1 = 3 then from Lemma 5,

(i) for j < n+r, we have s; + 2s; = 2s,_1 + sj+1. This implies that,
§—8j—1=a181+ -+ Sj—1+ (CLj+1 + 1)5j+1 + o+ QngrSntr-

(i) for j =mn+r, we have, s; + 2s; = 2s;_1 + aso + $s1. This implies that,
s—sj_1=aso+ (a1 + B)s1 +azs2 + -+ (angr—1 + 1)sppr_1.

In both the cases, we get s — s;_1 € Pari1, which is a contradiction to the
minimality of j. Hence, a; + 1 # 3.

(2) From the minimality of j, we obtain that a; = 0 for all 1 < i < j. Now
assume that there exist [ > j such that a; = 2, then again from Lemma 5, we
have

(i) for I <n+r, we have s; + 2s; = 251 + Si41;
(i) for { =n+r, we have, s; + 2s; = 25,1 + aso + Bs1.

Again by the same argument as in (1), we have s—s;_1 € Pyr 1, which contradict
the minimality of j.
Therefore, (a1,...,a; +1,...,an+r) € P(r,n). |

It follows from Lemma 7 that Ap(Pery1(n),s0) C {a181 + -+ + @nirSnir |
(ala s aan+’l“) € P(Tv TL)}

The next remark tells that the equality in the above expression does not hold
in general.

Remark 1. If possible suppose that, Ap(Par41(n), s0) = {a1s1 4+ -+ @nprSnir |
(a1,...,an4r) € P(r,n)}. Then |Ap(Par41(n), s0)| = [{a1s1 + - + angrSntr |
(a1,...;antr) € P(r,n)}] = antrtt —1 # So.

Thus, it remains to find the elements of the set {a1s1 + -+ + @nirSntr |
(a1,...,an+r) € P(r,n)} which belongs to Ap(Par41(n),so). To do so, we first
define the following sets:

Fy = {a151 + ot Qnpr—1Sngr—1 + Sntr | @ €{0,1,2} for 1 <i<n+4r—
2, anyr—1 € {1,2} and if aj =2 for some j then a; =0 for i < j}; and
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r—2
= ( U EIU{2Sn+T})\{51—|—sn+sn+T, 2814 Sn+ Sntr, Sn+Sntr}, where
=0
E;, = {a151+---+an+15n+l+sn+r | a; €{0,1,2} for 1 <i<n+1-1, an4 €
{1,2} and if a; = 2 then a; = 0 for i < j}. Take F' = F; U F5.

Lemma 8. Under the standing hypothesis and notation, the following equalities
hold.

(@) Spii+ Spar — S0 = ((27F7 — 2y 4 27+l 4 4)5q 4 (27F — 27 — 3)sy, for
1<I<r;

(b) 8i+8n+Snir—50 = ((2"+1)2"+2— (20 —4))sg + (2 —4)s1 for2 <i < n;

(c) s1+ 8i+ Sn + Sntr — S0 = ((27 +1)2" + 2 — (2° — 4))sg + (2! — 3)s1 for
2<i1<n;

Proof. (a) Let 1 <1 < r. Consider

(2nFr —onHl ontl 4 gysg + (27 — 2 — 3)sy
(2nFr —onHl pontl Ly (27 + 1)2" 4+ 1) + (2" —2n — 3)((2" + 1)2"T 4+ 1)
(2" +1)2" (2" —2n 4 2.9 4 4 o(2n T — 2 - 3)) 4 2nFT 2m
(2" 4 1)2m (2" 4 2nFt —2) gontT L on g
(2" 4+ 1)2m(2m T 4 2n 1) 11
=27+ 1)) 14+ (27 + )2 1 - (27 + 1)27 — 1

=Sn+r + Sn+i — So-

(b) Let 2 <4 < n. Consider
(27 4+ 1)2" +2 — (20 — 4))s0 + (20 — 4)s,
=((2"+ 12" +2— (2" —4)((2"+1)2" + 1)+ (2" —4)((2" + 12" + 1)
=(2"+1)2 "((2T+ D27 4+2 -2 444220 —8)+ (27 +1)2" +2
=(2" + 1)2"((2" + 1)2" +2F — 2) + (2" + 1)2" + 2
=(2" +1)2"((2" +1)2" + 2" — 1) + 2
=(27 + )27 1 (2 127 4 14 (27 + )27 41— (27 + 1)2" 4 1)

=Sp4r t+ Sp + S; — So.
(c) Follows from the proof of part (b). O

The following lemmas give the explicit description of the elements in the Apéry
set Ap(Pr41(n), s0)-

Lemma 9. Let n > 2 be an integer. Then F' N Ap(Pary1(n), so) = ¢.

Proof. Let a181 + -+ + @ntr—18ntr—1 + Snt+r € F1. From Lemma 8(a), we have
Sntr—1 + Sntr — S0 € Parg1(n). Since apyr—1 € {1,2}, we have ays; + -+ +

an+r—13n+r—l+5n+7‘_50 =a151+-- '+(an+7‘—1_1)5n+7‘—1+5n+7‘—1+5n+7‘_50 €
P2r+1(n).
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Let a1s1 + 4+ antiSnti + Snyr € Fo for 1 <1 <7 — 2. From Lemma 8(a),
we have s,4; + Spir — S0 € Porg1(n). Similar argument as above implies that
a151 + -+ UniSngi + Sngr — S0 € Parg1(n).

Let a1s1 + -+ 4+ anSn + Snyr € Fo (ie. I = 0). Note that a; # 0 for some i €
{2,...,n—1}. From Lemma 8(b) and (c), we have $;+ S, + Spn+r— S0 € Par41(n)
and 81 + 8; + Sn, + Sptr — S0 € Pary1(n). Since a; # 0 for 2 < i < n —1, we have
a181 + -+ + anSn + Spyr — So € Parg1(n).

Finally, consider 2s,4, € Fy. From Lemma 8(a), we have 2s,1, — so €

P2r+1(n).
Thus, for any element of F say x, we have x — 59 € Pyry1(n) and hence F N
Ap(PQT‘_;,_l(’I’L), SO) = (b O

Lemma 10. Under the standing hypothesis and notation, we have |F| = 2"*" —
2" —2.

Proof. Consider the set L3 = {a151 + o+ Qppr—1Sngr—1 + Snar | a; €
{0,1} for 1 <i<n+r—2and aptr_1 = 1}. Clearly, |L11| = 2"t"~2. Now we
construct a new set Lio as follows: Let a1s1 + -+ apntr—1Sn4r—1 + Sntr € L11.
Take the least index m € {1,2,...,n+r — 1} for which a,, = 1, add an element
bis1 4+ 4+ bpyr—15n4r—1 + Sptr in Lig with by, = 2 and b; = a; for all j # m.
Clearly, |L12| = 2"7"~2. Note that F} is the disjoint union of L1; and L. Hence,
|Fy| = 2ntr=1,

Consider the set Lo = {alsl + o+ any1Sntl + Sntr | a; € {0,1} for 1 <
it <nm+l—-1and a4 = 1}. Clearly, |Loy| = 2"+~!. Now we construct a
new set Lo as follows: Let a1s1 + -+ + anyi1Snti + Sntr € Loi. Take the least
index m for which a,, = 1, add an element bys1 + -+ + bpy1Sn+i + Snir ID
Lo with by, = 2 and b; = a; for all j # m. Clearly, |Las| = 2"T'~1. Note

that Ej is the disjoint union of Lo; and Los. Hence, |E;| = 2"+ Thus we
r—2 r—2

get, |[Fo] = Y |E|+1-3= Y 27t —2 = 2ntr=1 _9n _ 9 Therefore,
1=0 1=0

|F| = |Fy| +|Fy| = 2ntr=1 pontr—1 _gn _ g _gntr _on _ o u

Theorem 5. Let n > 2 be an integer. Then
Ap(Pary1(n),s0) = {a1s1 + -+ antrSntr | (a1,...,an4r) € P(r,n)} \ F.
Proof. Let P'(r,n) = {a1s1 + - + antrSntr | (a1, an4r) € P(r,n)} \ F.

Now from Lemma 7 and Lemma 9, it is clear that Ap(Par41(n), s0) C P’(r,n)).
Note that from Lemma 6 and Lemma 10, we have

[P/(rym)] = 277+ — 1 — (247 — 27— 2) = 54 = [Ap(Pors1(n), s0)]-

Thus, Ap(Par41(n), s0) = {a1s14+ - 4 anirSnir | (@1, anpr) € P(r,n)}\
F. O
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4 The Frobenius Problem

In this section, we give the formula for the Frobenius number of the Proth
numerical semigroup Por11(n) for all » > 1. We recall Lemma 4 from Section 3.
Let us begin with some preliminary lemmas.

Lemma 11. Let s € Paryq(n) such that s # 0(mod sg), then s +1 € Poryy1(n).
Moreover, w(i+1) <w(i)+1 for 1 <i<sg—1.

Proof. Since s € Pary1(n), there exist ag,...,an1, € N such that s = ags, +
<o+ GpyrSpyr. If s £ 0(mod sp) then there exist ¢ € {1,...,n + r} such that
a; #0 and we get, s+1=agso+ -+ (a; — 1)s; + -+ + GnprSntr + 8 + 1.

Now, s; +1 = k2" + 1 +1 = 2k""1 1+ 2 = 25;_;. Hence, s + 1 =
agSe + -+ + (ai_l + 2)Si_1 + (ai - 1)81 + -+ AQngrSngr € P2T+1(7’L).

Moreover, by definition, w(i) Z 0(mod sg) for 1 < i < s9—1. Thus, w(i)+1 €
Pyry1(n). Now, w(i) + 1 = i+ 1(mod sp). As w(i + 1) is the least element of
Py 1(n) which is congruent with ¢+ 1 modulo sg, we get w(i+1) < w(i)+1. O

Lemma 12. Let n > 2 be an integer. Then

1. w(2) = 81+ Sn + Sntrs
2. w(l) =281 + $p + Sptr. Moreover, w(l) — w(2) = 5.

Proof. (1) Consider

$1 4 8p + Sppr —2=(2"+1)2" T 4 1T+ (27 + 1)27T 14 (27 4 1)27 T — 1
=2 (2" +1)2" + (2" + 1)2"(2" + 1) + 1
=(2"+1)-2"+1)* = s5.

Therefore, s1+ sy, + Sp4r = 2(modsp). From Lemma 5 we have, s1+ sy, + Spqr €
Ap(P2T+1(n)a 50)' Thus, U](2) =81+ Sn + Sn+tr-
(2) Note that from (1) we have s1 + 8y, + Spir — 2 = s3. Now

2514 Sn+ Sntr — 1 =81+ 8p + Spyr +2(2"+1)2" +1 -1
:sl+sn+sn+T—2+230:sg+2so.

Therefore, 281+ 85, + Sp4+r = 1(modsg). Again From Lemma 5 we have, 2s1+s,,+
Sntr € Ap(Par41(n), o). Thus, w(1) = 281485+ Sn4r. Clearly, w(1)—w(2) = s1.
O

The next Lemma is due to Selmer [25] gives us the relation among the Frobe-
nius number and Apéry Set.

Lemma 13. (/25], Proposition 5 in [2]) Let S be a numerical semigroup and let
n be a non-zero element of S. Then F(S) = max(Ap(S,n)) — n.

Lemma 14. Under the standing notation, we have

w(1) = max(Ap(Par1(n), so))-
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Proof. From Lemma 11, w(i +1) < w(i) + 1, for 1 < i < s9 — 1. Thus, we get
w(3) <w(2) + 1, wl4) <w(3)+1 < w(2)+2. In general, for 3 < j <sp—1, we
have w(j) < w(2) + (j — 2). Since w(1) — w(2) = s1, we get w(j) < w(1) —s1 +
(G—2)=w(l)=(s1—(—2)) <w(l)as s1—(j—2) > 0. Therefore, w(1) > w(i)
for 0 <i < sp—1and w(l) = max(Ap(Pyry1(n), s0)). O

Thus, from Lemma 13 and 14 we obtain the following formula for the Frobe-
nius number of Pariq(n).

Theorem 6. Let n > 2 be a positive integer. Then F(Pyry1(n)) = 281 + sp, +
Sn+r — S0-

Next we define the genus of a numerical semigroup.

Definition 2. Let S be a numerical semigroup then the set N\ S is called set
of gaps of S and its cardinality is said to be genus of S denoted by g(.5).

Remark 2. It is well known that (see Lemma 3 in [2]), g(5) > B+

2
Corollary 1. Let n > 2 be a positive integer. Then, g(Pary1(n)) > k(27T +
227171 + 22n+r71 _ 2n71) + 2

5 Pseudo-Frobenius Numbers and Type

Our purpose in this section is to give the pseudo-Frobenius set and the formula
for the type of the Proth numerical semigroup Pyry1(n) for all » > 1. Let us
recall the definition of pseudo-Frobenius numbers.

Let S be a numerical semigroup. An integer x is a pseudo-Frobenius number
of SifxeZ\ Sandz+se Sforall seS\{0}.

Consider the following relation on the set of integers Z: a <g bif b —a € S.
Note that this relation is an order relation i.e., it is reflexive, transitive and anti-
symmetric (see [18]). The next lemma characterizes pseudo-Frobenius numbers
in terms of the Apéry set using the relation defined above.

Lemma 15. (Proposition 2.20 in [18]) Let S be a numerical semigroup and let
n be a nonzero element of S. Then

PF(S) = {w—n | w € mazimals<s(Ap(S,n)}.

Remark 3. [22] If w,w’ € Ap(S,z), then w' —w € S if and only if v’ —w €
Ap(S, z). Hence mazimal<,(Ap(S,z)) = {w € Ap(S,z) | w' —w ¢ Ap(S,z) \
{0} for all w’ € Ap(S, )}

Let n > 2 be an integer. We define the set X as follows: X = {(a1,...,an+r) |
a151+ -+ AnirSntr € F}. Let us consider M (n) = P(r,n)\ X. It is clear that
maximal elements in M (n) (with respect to the product order) are

1
«2,1,...,1,1,0),...,(0,...,0,2,1,...,1,0),...,(0,...,0,2,0);
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(2,1,..., 1,0,...,0,1),...,(0,...,0,2,
1 i

e(0,...,0, 2,0,...,0,1),(2,0,...,0,1,0,...,0,1).

As a consequence of Theorem 5, we get the following lemma.

Lemma 16. Under the standing notation, we have

mazimal<p,, | () (Ap(P2r11(n), s0)) = mazimal<p,, | {{2si+sis1+ -+
Snpr—1 | 1 <i<n4+r—13U{2s8; + 841+ + Sn1 +Sngr | 1 <<
n—2}U{28,-1+ Spntr, 281 + Sn + sn+T}}.

We are now already to give the main result of this section.

Theorem 7. Let n > 2 be an integer and let Pari1(n) be the Proth numerical
semigroup associated to n. Then maximal<p,, ,,n)(Ap(Par11(n),s0)) = {25; +
Sip1+ o F Spgpro1 | 1< < U255+ 5014+ +spo1+spgr | 1 <5<
n—2YU{2s1 + sn + Spir}-

Proof. Let i € {r+1,....,n+r — 1}, then

2Si + Si4+1 +---+ Sn—1 + Sn4r — (257‘+i + Sr+4i+1 + -+ Sn + Sn-i—r—l)
= k2" B2 TH2T — 1) 4+ K22 2 — (R22M(27 — 1) 4+ k27T 1)
= (k22" +1) = s,,.

Also, 281 + Sy + Spar — (280-1 + Spar) = 281 + k2" + 1 —2(k2" 71+ 1) = s5.

Hence, we get 25,45+ Sppit1+ -+ Sn+ Sntr—1 §P2T+1(") 28; + Si41+ -+
Sn—1+ Spyr forie{r+1,..,n+r—1} and 2s,_1 + Sp4r <Pyrii(n) 281+ Sn +
Sptr- From Lemma 16 we obtain that maximal<p,, , (n)(Ap(P2r41(n),s0)) =
maximalgpzwl(n){{%i +siv1+ St | 1<i<riU{2s;+sj:1+ -+
Sn—1+ Sntr | 1<j<n—2}U{281+ s, + sn+T}}.

Consider a set Ly = {p;i = 2s; + Sit1+ -+ Spyr—1 | 1 < i < r} and
Loy = {C]j = 28j+8j+1+"'+8n_1+8n+,~ | 1<5< 7’L—2}. Take L = L1 ULy U
{281 + sp + sny1}. We show that L = maximal<p,, ., (n)(Ap(FP2ry1(n), s0))-

Thus, to conclude the proof, it is enough to show that, for any z,y € L,
€z $P2r+1(n) Y.

Let p;, pi+1 € L1, then

Piy1 —Di = 28541 + Sig2 + -+ Snar—1 — (28i + Sip1 + o+ Spyro1)
= —28;+ 8i41 = —1.

Thus, the difference between any two element of L, is smaller than r < sg.
Which implies that p; £p,,,(n) pj for any 1 <4,j <r and i # j.

Similarly, one can check that for ¢;, ¢i+1 € L2, ¢iy1—q = —1l and ¢; £p,, ., (n)
gj forany 1 <i,5 <n—2andi#j.

Let p; € L1 and g; € La. Note that, g1 — p1 = Sptr — (Sn + - + Spgr—1) =
k22 1. Now consider ¢;—p; = g1~ (j—1)— (p1—(i—1)) = 1 —p1 — (j—i) =
k22" 41 —r —j 4.
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Suppose that k22" +1—r—j+i € Pyry1(n), then there exists Ao, A1, ..., Apyr €
N such that

k22" 41 —r —j 414 = XoSo + Mis1 4+ -+ MrSngr
=N+ Anr) FE2M Ao + 201 + -+ 2N ).

We get, (Ao + -+ Apyr) =1 —7r—j+i <0 which is a contradiction as \; € N.
Thus, ¢; — p; ¢ Pary1(n) and hence p; EPpria(n) ¢ for 1 <i <, 1<j<n—2.
Now consider,

251 4 Sp + Spgr — Di = 251 + Sp + Spgr — (p1 — (1 — 1))

_82_"'_Sn—1_8n+1_"'_Sn+r—1+8n+r+i_1
= (k2" —(n =3)) + k2" —r 4+ 14+ (i—1)
=k2"4+2")—n—r—+3+i.

If possible suppose that k22" + k2"t2 —n —r + 3 + i € Pyry1(n), then there
exists Ag, A1, ..., Antr € N such that

E2"(4+2")—n—r+3+i=MXsSo+ A181+ "+ MtrSntr
=04+ Agr) FE27(2%0 - F 27T N,

We get, (Ao + -+ + Anir) = —(n+7 —3 — 1) < 0, which is a contradiction as
Ai € N. Therefore, p; £p,. ., (n) 251 + Sn + Sp4r for 1 <i <.

Similarly, it is clear that 251 + 8, + Sptr —qj = k2772 +(j—n+2) & Pory1(n).
Therefore, q; £p,,, ,(n) 251 + 8n + Sp4r for 1 < j <n —2.

Hence, difference between any two elements of L do not belongs to Par41(n).
Thus, from Remark 3, we have L = mazimal<p,, ., (n)(AP(P2r41(n), 50))- O

By applying Lemma 15 and Theorem 7 we obtained the following theorem.

Theorem 8. Let n > 2 be an integer and let Pari1(n) be the Proth numerical
semigroup. Then

PF(PQT.H(TL)) = {281 +Siy1+ -+ Sngr—1— So | 1< < 'f‘} U {2Sj + 5541+
ot Sp—1+ Spgr — 0 | 1 <j <n—2} U{2s1 + 8n + Sptr — S0}
and t(P2r+1 (TL)) = |PF(P27'+1(7’L)| =r+n-—1.

6 Wilf’s Conjecture

In this section, we prove that the Proth numerical semigroup Par41(n) supports
Wilf’s conjecture. Let us begin with the statement of Wilf’s conjecture.

Conjecture 1. [31] Let S be a numerical semigroup, and v(S) = [{s € S | s <
F(S)}|, then
F(S) +1 <e(S)v(9),

where e(S) is the embedding dimension of S and F(S) is the Frobenius number
of S.
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Lemma 17. (Corollary 5 in [2]) Let S be a numerical semigroup. We have
F(S)+ 1< (8(8) + 1)u(S).

From the previous lemma we obtain the following theorem.

Theorem 9. The Proth numerical semigroup Pori1(n) satisfies Wilf’s conjec-
ture.

Proof. Recall that e(Pyr41(n)) =n+ 7+ 1 and from Lemma 17

F(Pyria(n)) +1 < (4(Per41(n)) + 1) v(Par41(n))
=(n+r)v(Pyri1(n))
<(n+r+1)v(Parsi1(n))
=e(Pyri1(n)) v(Pory1(n).

7 Conclusion

In this work, we obtained the formula for the embedding dimension of the Proth
numerical semigroup Py (n). As a main result, we solved the Frobenius problem
for Par41(n). Moreover, we also attained the pseudo-Frobenius set and the type
of Pyr1(n). We concluded the paper by examining that Psr1(n) supports Wilf’s
conjecture. The following is an immediate open question to investigate: Is there a
formula to find the Frobenius number and other invariants of the Proth numerical
semigroup Py (n) for arbitrary k7
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