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Abstract. In the abstract Tile Assembly Model (aTAM), the phenomenon
of cooperation occurs when the attachment of a new tile to a growing as-
sembly requires it to bind to more than one tile already in the assembly.
Often referred to as “temperature-2” systems, those which employ co-
operation are known to be quite powerful (i.e. they are computationally
universal and can build an enormous variety of shapes and structures).
Conversely, aTAM systems which do not enforce cooperative behavior,
a.k.a. “temperature-1” systems, are conjectured to be relatively very
weak, likely to be unable to perform complex computations or algo-
rithmically direct the process of self-assembly. Nonetheless, a variety of
models based on slight modifications to the aTAM have been developed
in which temperature-1 systems are in fact capable of Turing univer-
sal computation through a restricted notion of cooperation. Despite that
power, though, several of those models have previously been proven to be
unable to perform or simulate the stronger form of cooperation exhibited
by temperature-2 aTAM systems.
In this paper, we first prove that another model in which temperature-1
systems are computationally universal, namely the restricted glue TAM
(rgTAM) in which tiles are allowed to have edges which exhibit repulsive
forces, is also unable to simulate the strongly cooperative behavior of the
temperature-2 aTAM. We then show that by combining the properties
of two such models, the Dupled Tile Assembly Model (DTAM) and the
rgTAM into the DrgTAM, we derive a model which is actually more
powerful at temperature-1 than the aTAM at temperature-2. Specifically,
the DrgTAM, at temperature-1, can simulate any aTAM system of any
temperature, and it also contains systems which cannot be simulated by
any system in the aTAM.

1 Introduction
Composed of large collections of relatively simple components which autonomously
combine to form predetermined structures, self-assembling systems provide a
framework in which structures can grow from the bottom up, with precise place-
ment of individual molecules. Natural self-assembling systems, the results of
which include structures ranging from crystalline snowflakes to cellular mem-
branes and viruses, have inspired a large body of research focused on both
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studying their properties and creating artificial self-assembling systems to mimic
them. As experimental and theoretical research into self-assembly has increased
in sophistication, particular attention has been focused upon the domain of
algorithmic self-assembly, which is self-assembly intrinsically directed by algo-
rithms, or step-by-step procedures used to perform computations. An example
of a model supporting algorithmic self-assembly is the abstract Tile Assembly
Model (aTAM) [17], which has spawned much research investigating its powers
and limitations, and even more fundamentally those of algorithmic self-assembly
in general.

In the aTAM, the fundamental components are square tiles which have sticky
glues on the edges which allow them to bind with other tiles along edges sharing
matching glues. Self-assembly begins from special seed assemblies, and progresses
as tiles attach one at a time to the growing assembly. As simple as the aTAM
sounds, when initially introducing it in 1998 [17], Winfree showed it be to capable
of Turing universal computation, i.e. it can perform any computation possible by
any computer. It was soon also shown that the algorithmic nature of the aTAM
can be harnessed to build squares [15] and general shapes [16] with (information
theoretically) optimal efficiency in terms of the number of unique kinds of tiles
used in the assemblies. The rich set of results displaying the power of the aTAM
(e.g. [4, 8, 13] to name just a few), however, have appeared to be contingent
upon a minimal value of 2 for a system parameter known as the temperature.
The temperature of an aTAM system is the threshold which, informally stated,
determines how many glues a tile must bind to a growing assembly with in order
to remain attached. Temperature-2 systems have the property that they can en-
force cooperation in which the attachment of a tile requires it to correctly bind
to at least two tiles already in the assembly (thus, those two tiles cooperate to
allow the new tile to attach). This cooperation allows for each tile to effectively
perform a primitive logical operation (e.g. and, or, xor, etc.) on the “input”
values supplied by the tiles they bind to, and careful combination of these oper-
ations, just as with the gates in a modern electronic processor, allow for complex
computations to occur. In contrast, the requirement for cooperation cannot be
enforced in temperature-1 systems which only require one binding side, and it
has thus been conjectured that temperature-1 aTAM systems are “weak” in the
sense that they cannot perform universal computation or be guided algorithmi-
cally [5]. While this long-standing conjecture remains unproven in the general
case of the aTAM, a growing body of work has focused on attempts to circum-
vent the limitations of temperature-1 self-assembly by making small variations
to the aTAM. For instance, it has been shown that the following models are
computationally universal at temperature-1: the 3-D aTAM [1], aTAM systems
which compute probabilistically [1], the restricted glues TAM (rgTAM) which
allow glues with repulsive (rather than just attractive) forces [12], the Dupled
aTAM which allows tiles shaped like 2× 1 rectangles [7], and the Signal-passing
Tile Assembly Model [11] which contains dynamically reconfigurable tiles.

While such results may seem to indicate that those computationally universal
models are as powerful as the temperature-2 aTAM, in [10] it was shown that



3-D temperature-1 aTAM systems cannot possibly simulate very basic “glue
cooperation” exhibited in the temperature-2 aTAM where a new tile actually
binds to two already placed tiles. Essentially, the weaker form of cooperation
exploited by the 3-D temperature-1 aTAM to perform computation does allow
for the restriction of tile placements based on the prior placement of two other
tiles, but that form of cooperation seems to be fundamentally restrictive and
“non-additive”, meaning that the previously placed tiles can only prevent certain
future tile bindings, but not cooperate to support new binding possibilities.
In fact, that lesser form of cooperation now appears to be the limit for those
temperature-1 models which can compute (with perhaps the exception of the
active signal-passing tiles), as it was shown in [7] that the DaTAM also cannot
simulate glue cooperation. It appears that the landscape modeling the relative
powers of models across various parameters is more subtle and complicated than
originally recognized, with the original notion of cooperative behavior being more
refined.

The contributions of this paper are threefold. First, we show that the rgTAM
is also not capable of simulating glue cooperation. Second, we introduce the Du-
pled restricted glue TAM (DrgTAM) which allows for both square tiles and
“duple” tiles, which are simply pre-formed pairs of 2 tiles joined along one edge
before assembly begins, and it allows for glues with negative strength (i.e. those
which exert repulsive force). However, it is restricted similar to the rgTAM in
that the magnitude of glue strengths cannot exceed 1 (i.e. only strengths 1 and
−1 are allowed). Third, we show that by creating the DrgTAM by combining two
models (the rgTAM and the Dupled aTAM) which are computationally universal
at temperature 1 but which cannot independently simulate glue cooperation, the
result is a model which in some measures is greater than the sum of its parts.
That is, the resulting DrgTAM is capable of both universal computation and the
simulation of glue cooperation. This is the first such result for passive (i.e. non-
active) tile assembly systems. In fact, we show the stronger result that there is
a single tile set in the DrgTAM which can be configured to, in a temperature-1
system, simulate any arbitrary aTAM system, making it intrinsically univer-
sal for the aTAM. Coupled with the result in [7] which proves that there are
temperature-1 systems in the DTAM, which are thus also in the DrgTAM, that
cannot be simulated by the aTAM at temperature-2, this actually implies that
the DrgTAM is more powerful than the temperature-2 aTAM.

The paper is organized as follows. In Section 2 we give high-level sketches of
the definitions of the models and of the concepts of simulation used throughout
the paper. In Section 3 we prove that rgTAM systems cannot simulate the glue
cooperation of temperature-2 aTAM systems, and in Section 4 we present the
proof that the DrgTAM can simulate the temperature-2 aTAM and in fact con-
tains a tile set which is intrinsically universal for it. Due to space constraints,
the formal definitions as well as all proofs can be found in the Appendix.

2 Preliminaries
Throughout this paper, we use three tile assembly models: 1. the aTAM, 2. the
restricted glue TAM (rgTAM), and 3. the dupled rgTAM (DrgTAM). We now
informally describe these models. For formal definitions see Section A.1.



Informal description of the abstract Tile Assembly Model A tile type
is a unit square with four sides, each consisting of a glue label, often represented
as a finite string, and a nonnegative integer strength. A glue g that appears on
multiple tiles (or sides) always has the same strength sg. There are a finite set
T of tile types, but an infinite number of copies of each tile type, with each copy
being referred to as a tile. An assembly is a positioning of tiles on the integer
lattice Z2, described formally as a partial function α : Z2 99K T . Let AT denote
the set of all assemblies of tiles from T , and let AT<∞ denote the set of finite
assemblies of tiles from T . We write α v β to denote that α is a subassembly of
β, which means that dom α ⊆ dom β and α(p) = β(p) for all points p ∈ dom α.
Two adjacent tiles in an assembly interact, or are attached, if the glue labels on
their abutting sides are equal and have positive strength. Each assembly induces
a binding graph, a grid graph whose vertices are tiles, with an edge between two
tiles if they interact. The assembly is τ -stable if every cut of its binding graph
has strength at least τ , where the strength of a cut is the sum of all of the
individual glue strengths in the cut. When τ is clear from context, we simply
say that a τ -stable assembly is stable.

A tile assembly system (TAS) is a triple T = (T, σ, τ), where T is a finite
set of tile types, σ : Z2 99K T is a finite, τ -stable seed assembly, and τ is the
temperature. An assembly α is producible if either α = σ or if β is a producible
assembly and α can be obtained from β by the stable binding of a single tile. In
this case we write β →T1 α (to mean α is producible from β by the attachment
of one tile), and we write β →T α if β →T ∗1 α (to mean α is producible from β
by the attachment of zero or more tiles). When T is clear from context, we may
write →1 and → instead. We let A[T ] denote the set of producible assemblies
of T . An assembly is terminal if no tile can be τ -stably attached to it. We
let A�[T ] ⊆ A[T ] denote the set of producible, terminal assemblies of T . A
TAS T is directed if |A�[T ]| = 1. Hence, although a directed system may be
nondeterministic in terms of the order of tile placements, it is deterministic in
the sense that exactly one terminal assembly is producible (this is analogous to
the notion of confluence in rewriting systems).

Since the behavior of a TAS T = (T, σ, τ) is unchanged if every glue with
strength greater than τ is changed to have strength exactly τ , we assume that
all glue strengths are in the set {0, 1, . . . , τ}.

Informal description of the restricted glue Tile Assembly Model The
rgTAM was introduced in [12] where it was shown that the rgTAM is computa-
tionally universal even in the case where only a single glue has strength −1. The
definition used in [12] and the definition given here are similar to the irreversible
negative glue tile assembly model given in [3].

The restricted glue Tile Assembly Model (rgTAM) can be thought of as the
aTAM where the temperature is restricted to 1 and glues may have strengths
−1, 0, or 1. A system in the rgTAM is an ordered pair (T, σ) where T is the
tile set, and σ is a stable seed assembly. We call an rgTAM system an rgTAS.
Producible assemblies in an rgTAS can be defined recursively as follows. Let
T = (T, σ) be an rgTAS. Then, an assembly α is producible in T if 1. α = σ, 2.



α is the result of a stable attachment of a single tile to a producible assembly,
or 3. α is one side of a cut of strength ≤ 0 of a producible assembly.

In [3], Doty et al. give a list of the choices that can be made when defining
a model with negative glues. These choices are (1) seeded/unseeded, (2) single-
tile addition/two-handed assembly, (3) irreversible/reversible, (4) detachment
precedes attachment/detachment and attachment in arbitrary order, (5) finite
tile counts/infinite tile counts, and (6) tagged result/tagged junk. Here we have
chosen the rgTAM to be a seeded, single-tile addition, irreversible model that
uses infinite tiles. We also assume that attachment and detachment in the model
occur in arbitrary order, however the results presented here also hold in the case
where detachment precedes attachment. Finally, the definition of simulation (see
Section 2.1) implicitly enforces a notion of tagged result and tagged junk. In
particular, if detachment occurs in a simulating system, of the two resulting
assemblies one contains the seed and represents some assembly in the simulated
system, while the other resulting assembly must map to the empty tile.

Informal description of the Dupled restricted glue Tile Assembly Model
The DrgTAM is an extension of the rgTAM which allows for systems with square
tiles as well as rectangular tiles. The rectangular tiles are 2×1 or 1×2 rectangles
which can logically be thought of as two square tiles which begin pre-attached to
each other along an edge, hence the name duples. A DrgTAM system (DrgTAS)
is an ordered 4-tuple (T, S,D, σ) where, as in a TAS, T is a tile set and σ is a
seed assembly. S is the set of singleton (i.e. square) tiles which are available for
assembly, and D is the set of duple tiles. The tile types making up S and D all
belong to T , with those in D each being a combination of two tile types from T .

It should be noted that the glue binding two tiles that form a duple must
have strength 1, and the glues exposed by a duple may have strength −1, 0, or
1. Also notice that for an assembly α in a DrgTAS, a cut of strength ≤ 0 may
separate two nodes of the grid graph that correspond to two tiles of a duple.
Then, the two producible assemblies on each side of this cut each contain one
tile from the duple.

2.1 Informal Definitions of Simulation

In this section, we present a high-level sketch of what we mean when saying
that one system simulates another. Please see Section B for complete, technical
definitions, which are based on those of [10].

For one system S to simulate another system T , we allow S to use square
(or rectangular when simulating duples) blocks of tiles called macrotiles to rep-
resent the simulated tiles from T . The simulator must provide a scaling factor c
which specifies how large each macrotile is, and it must provide a representation
function, which is a function mapping each macrotile assembled in S to a tile in
T . Since a macrotile may have to grow to some critical size (e.g. when gathering
information from adjacent macrotiles about the simulated glues adjacent to its
location) before being able to compute its identity (i.e. which tile from T it rep-
resents), it’s possible for non-empty macrotile locations in S to map to empty
locations in T , and we call such growth fuzz. We follow the standard simula-



tion definitions (see [2,4,6, 10]), and restrict fuzz to being laterally or vertically
adjacent to macrotile positions in S which map to non-empty tiles in T .

Given the notion of block representations, we say that S simulates T if and
only if (1) for every producible assembly in T , there is an equivalent producible
assembly in S when the representation function is applied, and vice versa (thus
we say the systems have equivalent productions), and (2) for every assembly
sequence in T , the exactly equivalent assembly sequence can be followed in S
(modulo the application of the representation function), and vice versa (thus
we say the systems have equivalent dynamics). Thus, equivalent production and
equivalent dynamics yield a valid simulation.

We say that a tile set U is intrinsically universal for a class C of tile assembly
systems if, for every system T ∈ C a system UT can be created for which: 1. U is
the tile set, 2. there is some initial seed assembly consisting of tiles in U which is
constructed to encode information about the system T being simulated, 3. there
exists a representation function R which maps macrotiles in the simulator UT
to tiles in the simulated system, and 4. under R, UT has equivalent productions
and equivalent dynamics to T . Essentially, there is one tile set which can be
used to simulate any system in the class, using only custom configured input
seed assemblies. For formal definitions of intrinsic universality in tile assembly,
see [4, 6, 10].

3 A temperature-2 aTAM system that cannot be
simulated by any rgTAS

In this section we show that there exists a temperature-2 aTAM system that
cannot be simulated by any rgTAM system. Here we give an overview of the
TAS, T , that we show cannot be simulated by any rgTAS, and an overview of
the proof. For details of the proof, see Section C in the Appendix.

Theorem 1. There exists a temperature-2 aTAM system T = (T, σ, 2) such that
T cannot be simulated by any rgTAS.

Let T = (T, σ, 2) denote the system with T and σ given in Figure 1. The glues
in the various tiles are all unique with the exception of the common east-west
glue type used within each arm to induce non-deterministic and independent
arm lengths. Glues are shown in part (b) of Figure 1. Note that cooperative
binding happens at most once during growth, when attaching the keystone tile
to two arms of identical length. All other binding events are noncooperative and
all glues are strength 2 except for g11, g14 which are strength 1.

The TAS T was used in [10] to show that there is a temperature-2 aTAM
system that cannot be simulated by a temperature-1 aTAM system. To prove
that there is no rgTAS that simulates T , we use a similar proof to the proof for
aTAM systems, however, we must take special care to show that allowing for
a single negative glue does not give enough strength to the model to allow for
simulation of cooperative glue binding.

The proof is by contradiction. Suppose that S = (S, σS) is an rgTAS that
simulates T . We call an assembly sequence α = (α0, α1, . . . ) in an rgTAS de-
tachment free if for all i ≥ 0, αi+1 is obtained from αi by the stable attachment
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Fig. 1: (Figure taken from [10]) (a) An overview of the tile assembly system T =
(T, σ, 2). T runs at temperature 2 and its tile set T consists of 18 tiles. (b) The glues
used in the tileset T . Glues g11 and g14 are strength 1, all other glues are strength 2.
Thus the keystone tile binds with two “cooperative” strength 1 glues. Growth begins
from the pink seed tile σ: the top and bottom arms are one tile wide and grow to
arbitrary, nondeterministically chosen, lengths. Two blue figures grow as shown. (c) If
the fingers happen to meet then the keystone, flagpole and flag tiles are placed, (d) if
the fingers do not meet then growth terminates at the finger “tips”.

of a single tile. The following lemma gives sufficient conditions for the existence
of a detachment free assembly sequence.

Lemma 1. Let S = (S, σS) be an rgTAS and let α ∈ A[S] be a finite stable
assembly. Furthermore, let β be a stable subassembly of α. Then there exists a
detachment free assembly sequence α = (α1, α2, . . . , αn) such that α1 = β, and
αn = α.

A corollary of this lemma is that if an rgTAS gives a valid simulation of T ,
it can do so using detachment free assembly sequences. Using detachment free
assembly sequences, it is possible to use a technique for “splicing” subassemblies
of producible assemblies of S. This technique uses a lemma referred to as the
“window movie lemma”. For aTAM systems, this lemma is shown in [10] (Lemma
3.1). We give a version of the window movie lemma that holds for detachment
free assembly sequences. See Section C for the formal definitions of windows and
window movies, and for a formal statement of the window movie lemma that we
use. Figure 2 gives a depiction of this splicing technique. Here we use this lemma
for detachment free assembly in the rgTAM. Then, using this splicing technique,
we show that if S can simulate T , it can also produce assemblies that violate
the definition of simulation. In other words, we arrive at our contradiction and
conclude that there is no rgTAS that can simulate T .

4 Simulation of the aTAM with the DrgTAM
In this section, given an aTAM system T = (T, σ, 2), we describe how to simulate
T with a DrgTAS at temperature 1 with O(1) scale factor and tile complexity
O(|T |). It will then follow from [4] that there exists a tile set in the DrgTAM at
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Fig. 2: An example assembly formed by S simulating T – (a) and (b), and the resulting
producible assembly (c) constructed via a “splicing” technique that uses the window
movie lemma. The assembly in (c) shows that S is incapable of valid simulation of T .

τ = 1 which is intrinsically universal for the aTAM at any temperature, i.e. it
can be used to simulate any aTAM system of any temperature.

Theorem 2. For every aTAM system T = (T, σ, 2), there exists a DrgTAS
D = (TD, S,D, σ

′, 1) such that D simulates T with O(1) scale factor and |S ∪
D| = O(|T |).

We now provide a high-level overview of the construction. For the remainder of
this section, T = (T, σ, 2) will denote an arbitrary TAS being simulated, D =
(TD, S,D, σ

′, 1) the simulating DrgTAS, and R the representation function which
maps blocks of tiles in D to tiles in T . The system T is simulated by a DrgTAS
through the use of macrotiles which consist of the components shown in Figure 3.
Note that macrotiles are not necessarily composed of all of the components shown
in Figure 3, but will consist of at least one of the subassemblies labeled probe.
Informally, the subassemblies labeled probe, which we will now refer to as probes,
“simulate” the glues of the tiles in T . If a probe is simulating a glue which is
of strength 2, then it does not require the assistance of any other probes in
order to complete the macrotile containing it. On the other hand, if the glue
which the probe is simulating is of strength 1, then the probe cannot assemble
a new macrotile until another probe arrives which simulates a glue with which
the other glue can cooperate and place a new tile in T . Before probes can begin
the growth of a new macrotile, they must claim (i.e. place a tile in) one of the
points of competition (shown as red in Figure 3) depending on the configuration
of the macrotile. Once a special tile is placed in one of the points of competition,
the representation function R maps the macrotile to the corresponding tile in T ,
and the growth of the macrotile can begin.

We use the following conventions for our figures. All duples are shown in
darker colors (even after they are broken apart) and singletons are shown in
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Fig. 3: Macrotile probes, points of cooperation, and points of competition

lighter colors. Negative glues are represented by red squares protruding from
tiles, and positive glues are represented by all other colored squares protruding
from tiles. We represent glue mismatches (a glue mismatch occurs when two
different glues are adjacent or a glue is adjacent to a tile side that does not
have a glue) by showing the mismatching glues receded into the tiles from which
they would normally protrude. A red box enclosing a subassembly indicates that
subassembly has total binding strength 0.

(a) (b) (c) (d) (e)

Fig. 4: An assembly sequence of an adjacent cooperator gadget.

The cooperator gadget is the underlying mechanism that allows for the
DrgTAM to simulate the cooperative placement of a tile in a τ ≥ 2 TAS. We
consider two cases of cooperative tile placement: 1) the tiles that cooperatively
contribute to the placement of a tile have adjacent corners (e.g. one is north
of the location to be cooperatively tiled while the other is to the east or west),
and 2) the tiles that cooperatively contribute to the placement of a tile are
non-adjacent, that is there is a tile wide gap between the two tiles. We create
a cooperator gadget for each of these two cases. Not surprisingly, we call the
cooperator gadget that mimics the former case the adjacent cooperator gadget
and the cooperator gadget that mimics the latter case the gap cooperator gadget.
Each of these two gadgets is asymmetric in nature and consists of two parts: 1)
a finger and 2) a resistor. The function of the resistor is to cause a duple that is
attached to the finger gadget to break apart and expose the internal glue of the
duple which can then be used for binding of another tile.



An adjacent cooperator gadget is shown in Figure 4. Part (a) of this figure
depicts the finger part of the gadget, and the subassembly labeled (b) is the
resistor. Note that the only tiles which have the ability to bind to the exposed
glues are duples with a negative glue that is aligned with the negative glue
that is adjacent to the exposed glues. This means that neither subassembly can
grow any further until its counterpart arrives. In Figure 4 parts (c) - (e) we
see the assembly sequence showing the interaction between the two parts of the
cooperator gadget. In this particular assembly sequence we have assumed that
the resistor piece of the gadget has arrived first. In part (c), we see the arrival of
a tile (presumably from a probe) which allows for the duple that is a part of the
finger gadget to bind with total strength 1. The 0 strength cut that is induced
by this binding event is shown by the red box in part (d) of the figure. Since
the tile encapsulated in the red box is bound with total strength 0, it eventually
detaches which leads us to part (e) of the figure. Notice that the dissociation
event has caused a new glue to be exposed. This glue now allows for the binding
of a duple as shown in part (e) of Figure 4.

(a) (b) (c) (d) (e)

Fig. 5: An assembly sequence of a gap cooperator gadget.

Figure 5 shows a gap cooperator gadget which is a simple extension of the
adjacent cooperator gadget. This extension of the adjacent cooperator gadget
allows for a crosser gadget (described below) to grow a path of tiles in between
the two parts of the gadget. This gadget allows a new glue to be exposed upon
the arrival of a negative glue (Figure 5 part (c)) which causes half of the duple to
detach (shown in part (d) of the figure). This allows a duple to attach as shown
in Figure 5(e) which depends on both of the glues exposed by the two parts of
the gadget. Notice that the binding of this tile cannot occur unless both parts
of the gadget are present.

The previous gadgets showed that in order for two probes to cooperate, they
must be connected by a path of tiles. In order for other probes to cross in between
these connected probes we utilize what we call a “crosser gadget”. The assembly
sequence for a crosser is shown in Figure 6. Growth of the gadget begins with the
placement of a singleton which is prevented from growing further. This singleton
exposes glues which allow for duples to bind (Figure 6(b) and (c)) that cause
the path of tiles blocking the singleton’s growth to detach (Figure 6(d)). Note
that the attachment of these duples cannot occur before the singleton arrives
since they would only have total binding strength zero.



Section D offers a more in-depth description of the gadgets described above.
We can now use these gadgets to give a more complete description of the

probes which are shown in Figure 3. All of the numbered regions represent
gadgets. Gadgets labeled 1-3 in the figure represent gap cooperator gadgets
which allow for cooperation between the probes to which they are attached.
The gadgets labeled 5-9 denote adjacent cooperator gadgets which allow for the
potential of cooperation between the probes to which they are attached. Finally,
the gadgets labeled 10 and 11 are cooperator gadgets which allow for Probe W
to trigger the growth of the second arms of Probe N and Probe S. See Section E
for more details about the structure of probes and their accompanying gadgets.

(a) (b) (c) (d)

Fig. 6: An assembly sequence of a crosser gadget.

The output of the representation function for a particular macrotile depends
on the three regions labeled 1-3 in Figure 3. If a special tile is placed in region
1, then the macrotile region is mapped to the tile in T that corresponds to the
special tile regardless of the tiles in the other regions. Similarly, region 3 takes
precedence over region 2. Finally, if a special tile has not been placed in either
region 1 or 3, then the output of the representation function depends on the tile
placed in region 2. For a more detailed explanation of the representation function
and regions 1-3 see Section F. For a case analysis of how our construction handles
all possible binding scenarios, see Section G.

The seed of our simulator is formed from a set of tiles in S∪D which have been
hardcoded. Section H gives a more detailed explanation about the construction
of the seed in the simulator.

Corollary 1. There exists a DrgTAM tile set U which, at temperature-1, is
intrinsically universal for the aTAM. Furthermore, the sets of singletons and
duples, S and D, created from U are constant across all simulations.

As mentioned above this result follows from [4]. See Section J for more details.
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A Formal descriptions of the Tile Assembly Models

We now give the formal definitions of the tile assembly models.

A.1 Formal description of the abstract Tile Assembly Model

In this section we provide a set of definitions and conventions that are used
throughout this paper.

We work in the 2-dimensional discrete space Z2. Define the set U2 = {(0, 1),
(1, 0), (0,−1), (−1, 0)} to be the set of all unit vectors in Z2. We also sometimes
refer to these vectors by their cardinal directions N , E, S, W , respectively. All
graphs in this paper are undirected. A grid graph is a graph G = (V,E) in which
V ⊆ Z2 and every edge {a, b} ∈ E has the property that a− b ∈ U2.

Intuitively, a tile type t is a unit square that can be translated, but not
rotated, having a well-defined “side u” for each u ∈ U2. Each side u of t has a
“glue” with “label” labelt(u)–a string over some fixed alphabet–and “strength”
strt(u)–a nonnegative integer–specified by its type t. Two tiles t and t′ that are
placed at the points a and a+u respectively, bind with strength strt (u) if and
only if (labelt (u) , strt (u)) = (labelt′ (−u) , strt′ (−u)).

In the subsequent definitions, given two partial functions f, g, we write f(x) =
g(x) if f and g are both defined and equal on x, or if f and g are both undefined
on x.

Fix a finite set T of tile types. A T -assembly, sometimes denoted simply as
an assembly when T is clear from the context, is a partial function α : Z2 99K T
defined on at least one input, with points x ∈ Z2 at which α(x) is undefined
interpreted to be empty space, so that dom α is the set of points with tiles.

We write |α| to denote |dom α|, and we say α is finite if |α| is finite. For
assemblies α and α′, we say that α is a subassembly of α′, and write α v α′, if
dom α ⊆ dom α′ and α(x) = α′(x) for all x ∈ dom α.

We now give a brief formal definition of the aTAM. See [9,14,15,17] for other
developments of the model. Our notation is that of [9], which also contains a
more complete definition.

Given a set T of tile types, an assembly is a partial function α : Z2 99K T . An
assembly is τ -stable if it cannot be broken up into smaller assemblies without
breaking bonds of total strength at least τ , for some τ ∈ N.

Self-assembly begins with a seed assembly σ and proceeds asynchronously and
nondeterministically, with tiles adsorbing one at a time to the existing assembly
in any manner that preserves τ -stability at all times. A tile assembly system
(TAS) is an ordered triple T = (T, σ, τ), where T is a finite set of tile types, σ
is a seed assembly with finite domain, and τ ∈ N. A generalized tile assembly
system (GTAS) is defined similarly, but without the finiteness requirements. We
write A[T ] for the set of all assemblies that can arise (in finitely many steps or in
the limit) from T . An assembly α ∈ A[T ] is terminal, and we write α ∈ A�[T ],
if no tile can be τ -stably added to it. It is clear that A�[T ] ⊆ A[T ].

An assembly sequence in a TAS T is a (finite or infinite) sequence α =
(α0, α1, . . .) of assemblies in which each αi+1 is obtained from αi by the addition



of a single tile. The result res(α) of such an assembly sequence is its unique
limiting assembly. (This is the last assembly in the sequence if the sequence is
finite.) The set A[T ] is partially ordered by the relation −→ defined by

α −→ α′ iff there is an assembly sequence α = (α0, α1, . . .)

such that α0 = α and α′ = res(α).

If α = (α0, α1, . . .) is an assembly sequence in T and m ∈ Z2, then the α-
index of m is iα(m) =min{i ∈ N|m ∈ dom αi}. That is, the α-index of m
is the time at which any tile is first placed at location m by α. For each lo-
cation m ∈

⋃
0≤i≤l dom αi, define the set of its input sides INα(m) = {u ∈

U2|strαiα (m)(u) > 0}.
We say that T is directed (a.k.a. deterministic, confluent, produces a unique

assembly) if the relation −→ is directed, i.e., if for all α, α′ ∈ A[T ], there exists
α′′ ∈ A[T ] such that α −→ α′′ and α′ −→ α′′. It is easy to show that T is
directed if and only if there is a unique terminal assembly α ∈ A[T ] such that
σ −→ α.

A set X ⊆ Z2 weakly self-assembles if there exists a TAS T = (T, σ, τ) and a
set B ⊆ T such that α−1(B) = X holds for every terminal assembly α ∈ A�[T ].
Essentially, weak self-assembly can be thought of as the creation (or “painting”)
of a pattern of tiles from B (usually taken to be a unique “color”) on a possibly
larger “canvas” of un-colored tiles.

A set X strictly self-assembles if there is a TAS T for which every assembly
α ∈ A�[T ] satisfies dom α = X. Essentially, strict self-assembly means that
tiles are only placed in positions defined by the shape. Note that if X strictly
self-assembles, then X weakly self-assembles. (Let all tiles be in B.)

A.2 Formal description of the restricted glue Tile Assembly Model

In this section we formally define the restricted glue Tile Assembly Model (rgTAM).
Since the rgTAM is based on the aTAM, most of the formal definition of Sec-
tion A.1 apply here. The rgTAM can be thought of as the aTAM where every
system (rgTAS) in the rgTAM has the properties that τ = 1 and glues may have
strengths −1, 0, or 1. A system in the rgTAM is defined as an ordered pair (T, σ)
where T is a set of tile types, and σ is a stable seed assembly.

An assembly sequence in an rgTAS T is a (finite or infinite) sequence α =
(α0, α1, . . .) of assemblies in which each αi+1 is obtained from αi in one of two
ways. First, αi+1 can obtained from αi by the addition of a single tile such
that the sum of the strengths of bound glues of this single tile in αi+1 is ≥ 1.
Second, αi+1 can obtained from αi if αi+1 lies on one side of a cut of αi such
that the strength of this cut is ≤ 0. Unlike an assembly sequence in the aTAM,
assembly sequences in the rgTAM may not have a unique limiting assembly, and
therefore, may not have a result. However, given an assembly α in an rgTAS,
and an assembly sequence α if the limit of α is α, then we say that the result
(denoted res(α)) of α is α. The notations used in Section A.1 apply to the



rgTAM. In addition to these notations, we distinguish between tile attachment
and assemblies produced by a cut of strength ≤ 0 as follows.

α→+ α′ iff α′ is obtained from α by a single stable tile addition

α→− (α′1, α
′
2) iff α′1 and α′2 lie on each side of a cut of α such that the

strength of this cut is ≤ 0

A.3 Formal description of the Dupled restricted glues Tile
Assembly Model

This section gives a formal definition of the Dupled restricted glues Tile Assembly
Model (DrgTAM). First, we define the dupled aTAM (DaTAM), which is a mild
extension of Winfree’s abstract tile assembly model [17]. Then, as in A.2, we
define the DrgTAM by restricting temperature to 1 and glues strengths to −1,
0, or 1.

Given V ⊆ Z2, the full grid graph of V is the undirected graph Gf
V = (V,E),

and for all x,y ∈ V , {x,y} ∈ E ⇐⇒ ‖x− y‖ = 1; i.e., if and only if x and y
are adjacent on the 2-dimensional integer Cartesian space. Fix an alphabet Σ.
Σ∗ is the set of finite strings over Σ. Let Z, Z+, and N denote the set of integers,
positive integers, and nonnegative integers, respectively.

A square tile type is a tuple t ∈ (Σ∗ × N)4; i.e. a unit square, with four
sides, listed in some standardized order, and each side having a glue g ∈ Σ∗×N
consisting of a finite string label and nonnegative integer strength. Let T ⊆
(Σ∗ × N)4 be a set of tile types. We define a set of singleton types to be
any subset S ⊆ T . Let t = ((gN , sN ), (gS , sS), (gE , sE), (gW , sW )) ∈ T , d ∈
{N,S,E,W} = D, and write Glued(t) = gd and Strengthd(t) = sd. A duple
type is defined as an element of the set {(x, y, d) | x, y ∈ T, d ∈ D, Glued(x) =
Glue−d(y), and Strengthd(x) = Strength−d(y) ≥ τ}.

A configuration is a (possibly empty) arrangement of tiles on the integer lat-
tice Z2, i.e., a partial function α : Z2 99K T . Two adjacent tiles in a configuration
interact, or are attached, if the glues on their abutting sides are equal (in both
label and strength) and have positive strength. Each configuration α induces a
binding graph Gb

α, a grid graph whose vertices are positions occupied by tiles,
according to α, with an edge between two vertices if the tiles at those vertices
interact. An assembly is a connected, non-empty configuration, i.e., a partial
function α : Z2 99K T such that Gf

dom α is connected and dom α 6= ∅. The
shape Sα ⊆ Zd of α is dom α. Let α be an assembly and B ⊆ Z2. α restricted
to B, written as α � B, is the unique assembly satisfying (α � B) v α, and
dom (α � B) = B

Given τ ∈ Z+, α is τ -stable if every cut of Gb
α has weight at least τ , where the

weight of an edge is the strength of the glue it represents. When τ is clear from
context, we say α is stable. Given two assemblies α, β, we say α is a subassembly
of β, and we write α v β, if Sα ⊆ Sβ and, for all points p ∈ Sα, α(p) = β(p).
Let AT denote the set of all assemblies of tiles from T , and let AT<∞ denote the
set of finite assemblies of tiles from T .



A dupled tile assembly system (DTAS) is a tuple T = (T, S,D, σ, τ), where
T is a finite tile set, S ⊆ T is a finite set of singleton types, D is a finite set of
duple tile types, σ : Z2 99K T is the finite, τ -stable, seed assembly, and τ ∈ Z+

is the temperature.
Given two τ -stable assemblies α, β, we write α→T1 β if α v β, 0 < |Sβ\Sα| ≤

2. In this case we say α T -produces β in one step. The T -frontier of α is the set
∂T α =

⋃
α→T

1 β
Sβ \ Sα, the set of empty locations at which a tile could stably

attach to α.
A sequence of k ∈ Z+ ∪ {∞} assemblies α0, α1, . . . over AT is a T -assembly

sequence if, for all 1 ≤ i < k, αi−1 →T1 αi. The result of an assembly sequence
is the unique limiting assembly (for a finite sequence, this is the final assembly
in the sequence). If α = (α0, α1, . . .) is an assembly sequence in T and m ∈ Z2,
then the α-index of m is iα(m) =min{i ∈ N|m ∈ dom αi}. That is, the α-index
of m is the time at which any tile is first placed at location m by α. For each
location m ∈

⋃
0≤i≤l dom αi, define the set of its input sides INα(m) = {u ∈

U2|strαiα (m)(u) > 0}.
We write α →T β, and we say α T -produces β (in 0 or more steps) if there

is a T -assembly sequence α0, α1, . . . of length k such that (1) α = α0, (2) Sβ =⋃
0≤i<k Sαi , and (3) for all 0 ≤ i < k, αi v β. If k is finite then it is routine to

verify that β = αk−1.
We say α is T -producible if σ →T α, and we write A[T ] to denote the

set of T -producible assemblies. An assembly α is T -terminal if α is τ -stable and
∂T α = ∅. We write A�[T ] ⊆ A[T ] to denote the set of T -producible, T -terminal
assemblies. If |A�[T ]| = 1 then T is said to be directed.

We say that a DTAS T strictly (a.k.a. uniquely) self-assembles a shape X ⊆
Z2 if, for all α ∈ A�[T ], Sα = X; i.e., if every terminal assembly produced by
T places tiles on – and only on – points in the set X.

Now, the DrgTAM is defined a in Section A.2 and a DrgTAS is defined to
be a system in the DrgTAM. Note that the glue binding two tiles that form a
duple must have strength 1, and the glues exposed by a duple may have strength
−1, 0, or 1. Also notice that for an assembly α in a DrgTAS, a cut of strength
≤ 0 may separate two nodes of the grid graph that correspond to two tiles of a
duple. Then, the two producible assemblies on each side of this cut each contain
one tile from the duple.

B Formal Definitions of Simulation

In this section we formally define what it means for an rgTAS to simulate a TAS
and a what it means for a DrgTAS to simuate a TAS.

From this point on, let T be a tile set, and let m ∈ Z+. An m-block supertile or
macrotile over T is a partial function α : Z2

m 99K T , where Zm = {0, 1, . . . ,m−1}.
Let BTm be the set of all m-block supertiles over T . The m-block with no domain
is said to be empty. For a general assembly α : Z2 99K T and (x0, x1) ∈ Zd, define
αmx0,x1

to be them-block supertile defined by αmx0,x1
(i0, i1) = α(mx0+i0,mx1+i1)

for 0 ≤ i0, i1 < m.



For some tile set S, a partial function R : BSm 99K T is said to be a valid
m-block supertile representation from S to T if for any α, β ∈ BSm such that
α v β and α ∈ dom R, then R(α) = R(β).

For a given valid m-block supertile representation function R from tile set S
to tile set T , define the assembly representation function1 R∗ : AS → AT such
that R∗(α′) = α if and only if α(x0, x1) = R

(
α′mx0,x1

)
for all (x0, x1) ∈ Z2. For

an assembly α′ ∈ AS such that R(α′) = α, α′ is said to map cleanly to α ∈ AT
under R∗ if for all non empty blocks α′mx0,x1

, (x0, x1) + (u0, u1) ∈ dom α for
some u0, u1 ∈ U2 such that u20 + u21 ≤ 1, or if α′ has at most one non-empty
m-block αm0,0. In other words, α′ may have tiles on supertile blocks representing
empty space in α, but only if that position is adjacent to a tile in α. We call
such growth “around the edges” of α′ fuzz and thus restrict it to be adjacent to
only valid supertiles, but not diagonally adjacent (i.e. we do not permit diagonal
fuzz ).

B.1 rgTAS simulation of a TAS

To state our main results, we must formally define what it means for an rgTAS
to “simulate” a TAS. Our definitions are similar to the definitions of simulation
of a TAS by a TAS given in [10].

In the following definitions, let T = (T, σT , τT ) be a TAS, let S = (S, σS , τS)
be a TAS, and let R be an m-block representation function R : BSm → T .

Definition 1. We say that S and T have equivalent productions (under R),
and we write S ⇔ T if the following conditions hold:

1. {R∗(α′)|α′ ∈ A[S]} = A[T ].
2. For all α′ ∈ A[S], α′ maps cleanly to R∗(α′).

Definition 2. We say that T follows S (under R), and we write T aR S if
(1) α′ →S+ β′, for some α′, β′ ∈ A[S], implies that R∗(α′) →T R∗(β′), and (2)
α′ →S− (β′1, β

′
2) for some α′, β′1, β

′
2 ∈ A[S], implies that either of the following

holds.

(a) σS ⊆ β′1 and R∗(α′) = R∗(β′1), and there is some γ ∈ BSm such that β′2 ⊆ γ
and γ 6∈ dom R, and moreover, if β′2 →S β′′2 for some β′′2 ∈ A[S], then there
is some γ′ ∈ BSm such that β′′2 ⊆ γ′ and γ′ 6∈ dom R.

(b) σS ⊆ β′2 and R∗(α′) = R∗(β′2), and there is some γ ∈ BSm such that β′1 ⊆ γ
and γ 6∈ dom R, and moreover, if β′1 →S β′′1 for some β′′1 ∈ A[S], then there
is some γ′ ∈ BSm such that β′′1 ⊆ γ′ and γ′ 6∈ dom R.

Condition (2) in the definition above says that when a cut is made to an
assembly α′ ∈ A[S] that represents α ∈ A[T ], the two assemblies that are
produced are such that one of the assemblies, β′1 say, still represents α and is

1 Note that R∗ is a total function since every assembly of S represents some assembly
of T ; the functions R and α are partial to allow undefined points to represent empty
space.



identifiable by the fact that it contains the seed σS , while the other assembly,
β′2, represents the empty tile. In addition, the result of any assembly sequence
starting from β′2 must also represent the empty tile. Informally, “junk” that falls
off of an assembly during simulation must represent the empty tile and cannot
grow into anything other than an assembly that represents the empty tile.

Definition 3. We say that S models T (under R), and we write S |=R T , if
for every α ∈ A[T ], there exists Π ⊂ A[S] where R∗(α′) = α for all α′ ∈ Π,
such that, for every β ∈ A[T ] where α →T β, (1) for every α′ ∈ Π there exists
β′ ∈ A[S] where R∗(β′) = β and α′ →S β′, and (2) for every α′′ ∈ A[S] where
α′′ →S β′, β′ ∈ A[S], R∗(α′′) = α, and R∗(β′) = β, there exists α′ ∈ Π such
that α′ →S α′′.

The previous definition essentially specifies that every time S simulates an
assembly α ∈ A[T ], there must be at least one valid growth path in S for each of
the possible next steps that T could make from α which results in an assembly
in S that maps to that next step.

Definition 4. We say that S simulates T (under R) if S ⇔R T (equivalent
productions), T aR S and S |=R T (equivalent dynamics).

B.2 Dupled rgTAS simulation of a TAS

Here we formally define what it means for a DrgTAS to “simulate” a TAS. The
definition of a DrgTAS lends itself to a simulation definition statement that is
equivalent to the definition of simulation for a TAS simulating another TAS.
Therefore, our definitions come from [10].

Now let T = (T, σT , τT ) be a TAS, let U = (U, S,D, σU ) be a DrgTAS, and
let R be an m-block representation function R : BUm → T . Then we may define
equivalent production, follows, and models for U and T (under R) exactly as
defined in Section B.1 and therefore define simulation as follows.

Definition 5. We say that U simulates T (under R) if U ⇔R T (equivalent
productions), T aR U and U |=R T (equivalent dynamics).

C Proof of Theorem 1

Before we prove Theorem 1 we will give necessary conditions for any rgTAS
system that can simulate T . Let S = (S, σS) denote any rgTAS that simulates
T . We call an assembly sequence α = (α0, α1, . . . ) in an rgTAS detachment free
if for all i ≥ 0, αi+1 is obtained from αi by the stable attachment of a single tile.
The following lemma gives sufficient conditions for the existence of a detachment
free assembly sequence.

Lemma 2. Let S = (S, σS) be an rgTAS and let α ∈ A[S] be a finite stable
assembly. Furthermore, let β be a stable subassembly of α. Then there exists a
detachment free assembly sequence α = (α1, α2, . . . , αn) such that α1 = β, and
αn = α.



Proof. Let W be the set of of subassemblies of α such that η ∈W if and only if
there exists an assembly sequence consisting of stable assemblies starting from
β with result η that is detachment free. Note that since α is finite, W is finite.
Therefore, we can let γ denote a subassembly of W such that for any η in W ,
|dom γ| ≥ |dom η|. In other words, γ is such that no other subassembly in W
has more tiles than γ. We will show that γ = α.

For the sake of contradiction, assume that γ 6= α. Then there is some tile of α
that is not in γ. Consider the binding graph of α with nodes corresponding to tiles
of γ removed, and call the resulting graph G. Notice that a connected component
(possibly with edges corresponding to the negative glue) of G corresponds to a
subassembly of tiles, x say, in α such that no tile of x is in γ. Now, since α is
stable, the cut c of the binding graph of α that separates x from α must have
strength greater than 0. Since x is taken to be a connected component of G, all of
the edges defining the cut c correspond to exposed glues of γ. Since the strength
of these edges sum to a positive strength, at least one tile of x can stably bind
to γ resulting in γ′ because at least on position must receive positive strength
across the cut. Note that γ′ is in W since it is obtained from γ by a single tile
addition. Finally, the fact that |dom γ′| = |dom γ| + 1 > |dom γ|, contradicts
our choice of γ.

The following lemma states that if an rgTAS gives a valid simulation of T ,
it can do so using detachment free assembly sequences.

Corollary 2. Let S = (S, σS) be an rgTAS that simulates T under R, and let
α be in A[T ]. Then there exists a stable assembly α′′ ∈ A[S] and a detachment
free assembly sequence α starting from σS with result α′′ such that α′′ represents
α under R.

Proof. Let α′ be in A[S] such that α′ represents α under R. We obtain α′′

from α′ by allowing detachment to occur for each cut of α′ with strength < 1.
In particular, there exists an assembly sequence αd = (α1, α2, . . . , αn) where
α1 = α′, αn = α′′, and αi+1 is obtained from αi by the detachment along a
strength < 1 cut. The existence of αd follows from the fact that as detachment
occurs in αi along a cut c, one side of the cut must be an assembly that maps to
α under R (by the definition of simulation in Section B). We take this assembly
to be αi+1. Therefore, we have a stable assembly α′′ that represents α under R.
Finally, since the seed σS is a stable subassembly of α′′, by Lemma 2 there exists
a detachment free assembly sequence α with result α′′.

To show that T cannot be simulated by an rgTAS, we will use the window
movie lemma. This lemma was introduced in [10] (Lemma 3.1) and was used to
show that there does not exist a temperature 1 aTAM system that can simulated
T . We will start by stating the definitions of a window and window movie.

Definition 6. A window w is a set of edges forming a cut-set in the infinite
grid graph.



Often a window is depicted as paths (possibly closed) in the 2D plane. See
Figure 8 for an example. Given a window and an assembly sequence, one can
observe the order and sequence that tiles attach across the window. This gives
rise to the following definition.

Definition 7. Given an assembly sequence α and a window w, the associated
window movie is the maximal sequence Mα,w = (v0, g0), (v1, g1), (v2, g2), . . . of
pairs of grid graph vertices vi and glues gi, given by the order of the appearance
of the glues along window w in the assembly sequence α. Furthermore, if k glues
appear along w at the same instant (this happens upon placement of a tile which
has multiple sides touching w) then these k glues appear contiguously and are
listed in lexicographical order of the unit vectors describing their orientation in
Mα,w.

Now we can state the window movie lemma for detachment free assembly
sequences.

Lemma 3 (Window movie lemma). Let α = (αi | 0 ≤ i < l) and β = (βi |
0 ≤ i < m), with l,m ∈ Z+ ∪ {∞}, be detachment free assembly sequences in
T with results α and β, respectively. Let w be a window that partitions α into
two configurations αL and αR, and w′ = w + c be a translation of w that par-
titions β into two configurations βL and βR. Furthermore, define Mα,w, Mβ,w′

to be the respective window movies for α, w and β, w′, and define αL, βL to be
the subconfigurations of α and β containing the seed tiles of α and β, respec-
tively. Then if Mα,w = Mβ,w′ , it is the case that the following two assemblies
are also producible: (1) the assembly αLβ

′
R = αL ∪ β′R and (2) the assembly

β′LαR = β′L ∪ αR, where β′L = βL − c and β′R = βR − c.

Under the assumption that the assembly sequences in Lemma 3 are detach-
ment free, Lemma 3 follows directly from the proof of the window movie lemma
for aTAM systems (Lemma 3.1 in [10]). We can also define a restricted form
of a window movie. For windows w and w′, and assembly sequences α and β,
Lemma 3 holds even if the window movies Mα,w and Mα,w′ match on specific
submovies (subsequences of the movies Mα,w and Mα,w′). We specify a partic-
ular submovie as follows.

Consider the window movie Mα,w. Location-glue pairs are added to a window
movie by observing tile placements given by α. Suppose that step i of α is the
placement of a tile t that adds a location-glue pair (l, g) to the window movie.
We call this tile placement non-window crossing if the tile can stably bind even
in the absence of any positive glue along the window w. We also define a window
crossing submovie to be the subsequence of a window movie, M , that consists
of all of the steps of M except for the steps corresponding to the addition of
a non-window crossing tile. We denote the window crossing submovie of M by
W(M). Note that every window movie has a unique window crossing submovie.
Then, Corollary 3 says that in certain cases, Lemma 3 holds even if two window
movies only match on their window crossing submovies.

Corollary 3. Suppose that the following two conditions hold.



(1) For all (l, g) in Mα,w such that (l, g) corresponds to the placement of a tile
t with north glue g, if there exists a tile t′ in β at location l′ = l + c+ (0, 1)
such that the south glue g′ of t and g are the negative glue, then there exists
a tile in α at location l+(0, 1) with south glue g. We also include the similar
conditions for (l, g) in Mα,w where g is a south, east, or west glue.

(2) For all (l′, g′) in Mβ,w′ such that (l′, g′) corresponds to the placement of a tile
t′ with north glue g′, if there exists a tile t in α at location l = l′ − c+ (0, 1)
such that the south glue g of t and g′ are the negative glue, then there exists
a tile in β at location l+(0, 1) with south glue g′. We also include the similar
conditions for (l′, g′) in Mβ,w′ where ′g is a south, east, or west glue.

Then, the statement of Lemma 3 holds if the window movies Mα,w and Mβ,w′

are replaced by their window crossing submovies W (Mα,w) and W (Mβ,w′).
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g4 g4 g4
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g8 g8 g8 g8 g8
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g15 g16

(b)(a)

top arm

bottom arm

seed

keystone

flagpole

flag

top finger

bottom finger

(c) (d)

Fig. 7: (Figure taken from [10]) (a) An overview of the tile assembly system T =
(T, σ, 2). T runs at temperature 2 and its tile set T consists of 18 tiles. (b) The glues
used in the tileset T . Glues g11 and g14 are strength 1, all other glues are strength 2.
Thus the keystone tile binds with two “cooperative” strength 1 glues. Growth begins
from the pink seed tile σ: the top and bottom arms are one tile wide and grow to
arbitrary, nondeterministically chosen, lengths. Two blue figures grow as shown. (c) If
the fingers happen to meet then the keystone, flagpole and flag tiles are placed, (d) if
the fingers do not meet then growth terminates at the finger “tips”.

Condition (1) in Corollary 3 is saying that when we attempt to assemble
αLβ

′
R, we can rest assured that there are no negative glue interactions across

the window w between negative glues exposed by tiles of β′R and negative glues



exposed by αL that are not present in the assembly α. This implies that using
the assembly sequence α to attach tiles from αL, and the assembly sequence β
to attach tiles from β′R, αLβ

′
R can be assembled since there are no negative glue

interactions in αLβ
′
R that are not present in α or β. Similarly, Condition (2) says

the same for the assembly of β′LαR.

(a) (b)

(c)

/

(d)

/

Fig. 8: An example of an assembly formed by S simulating T and the identical window
crossing submovies w and w′ – (a) and (b), and the resulting producible assembly
constructed via Corollary 3 (c). (d) shows the windows w and w′ (which are equivalent
up to shifting). The portions of these windows that are determined by cmin are labeled.

With Corollary 2 and Corollary 3, we are now ready to prove Theorem 1. For
the sake of contradiction, suppose that S = (S, σS) is an rgTAS that simulates
T , the finger and flagpole system, T with representation function R : AS → AT
and scale factor m ∈ N.

Now let αd in A�[T ] be the assembly where the top and bottom arms are d
tiles long. By Corollary 2, we can find a detachment free assembly sequence α′d in
S such that the stable result α′d represents αd. Now let c be a set of edges in the
binding graph G of α′d such that c is a cut-set of the subgraph of G corresponding
to the subassembly, η, of tiles contained in the keystone macrotile, the flagpole
macrotile, the flag macrotile, and the macrotiles immediately surrounding these
macrotiles in α′d. Then let C be the set of all such cuts c. Since |C| <∞, we can
find a cut cmin such that for any cut c in C, the strength of cmin is less than or
equal to the strength of c. In other words, cmin is a cut with minimal strength.

For the proof here, we must be more selective about our choice of assembly
sequence α′d resulting in α′d. In this proof, we will use the window movie lemma



for detachment free assembly sequences (Lemma 3). For some d to be chosen
later, the windows, w and w′, that we will use for Lemma 3 will be windows
that cut an arm of α′d vertically. Note that we can also ensure that other than
the edges corresponding to bonds between tiles of belonging to macrotiles of an
arm, the only edges in w or w′ are exactly the edges of cmin. Moreover, without
loss of generality, suppose that a tile in the flagpole region stably binds below
the cut cmin. We will choose the windows w and w′ to cut the bottom arm of
α′d. See Figure 8 for an example of such windows.

Claim. α′d can be chosen so that every location-glue pair of Mα′
d,w

or Mα′
d,w

′

whose glues lie on cmin corresponds to a tile placement that is non-window
crossing.

For the moment, suppose that the claim holds and α′d is chosen as such.
Then, let g be the number of glues of tiles in S. We will show that S is capable
of producing an assembly sequence that yields an invalid production for simula-
tion. For any d ∈ N, it must be the case that S can simulate the production of
the assembly αd in A�[T ] where the top and bottom arms of αd are d tiles long.
Note that for every d, αd is of the form depicted (c) of Figure 7. Figure 8 shows
our choice of windows w and w′ that cut an arm of some α′d vertically. By the
claim, we can assume that every location-glue pair of Mα′

d,w
and Mα′

d,w
′ corre-

sponds to non-window crossing tile additions forming η. Therefore, the window
crossing submovies W(Mα′

d,w
) and W(Mα′

d,w
′) only contain location-glue pairs

corresponding to the bindings of tiles belonging to the bottom arm of α′d (i.e.
location-glue pairs along the vertical portion of the windows).

Then, since m (macrotile size) and g (the number of glues of tile types in
S) are fixed constants, for d sufficiently large, there exists two such window
movies w and w′ such that w′ is a horizontal translation w and the window
crossing submovies, W(Mα′

d,w
) and W(Mα′

d,w
′) match. The top assemblies in

Figure 8 give an example of two equivalent window movies. Notice that we can
also choose w and w′ so that the distance between them is at least 3m. Then,
w (respectively w′) divides α′d into configurations αL and αR (respectively βL
and βR). By Corollary 3, αLβ

′
R (depicted in Figure 8(c)) is a valid assembly

in S. Notice that αLβ
′
R is stable and contains a tile in the flagpole macrotile

region. This region lies outside of any permissible fuzz region. (See Section B for
the definition of fuzz.) Therefore, the existence of the valid producible assembly
αLβ

′
R shows that S is not a valid simulation.

To finish the proof, we now prove the claim.
Proof of the claim. Here we show that α′d as defined above can be chosen so
that each glue lying on cmin corresponds to a tile placement that is non-window
crossing. The proof of this claim is similar to the proof of Lemma 2.

First, let W be the set of of subassemblies of α′d such that η ∈ W if and
only if there exists an assembly sequence consisting of stable assemblies starting
from σS with result η that is detachment free and every location-glue pair of
Mα′

d,w
(The proof is similar for Mα′

d,w
′ .) Note that since α′d is finite, W is finite.

Therefore, we can let γ denote a subassembly of W such that for any η in W ,



|dom γ| ≥ |dom η|. In other words, γ is such that no other subassembly in W
has more tiles than γ. We will show that γ = α′d.

For the sake of contradiction, assume that γ 6= α′d. Then there is some tile of
α′d that is not in γ. Consider the binding graph of α′d with nodes corresponding
to tiles of γ removed, and call the resulting graph G. Notice that a connected
component (possibly with edges corresponding to the negative glue) of G cor-
responds to a configuration of tiles, x say, in α′d such that no tile of x is in γ.
Now, since α′d is stable, the cut c of the binding graph of α′d that separates x
from α′d must have strength greater than 0. Since x is taken to be a connected
component of G, all of the edges defining the cut c correspond to exposed glues
of γ. Since the strength of these edges sum to a positive strength, either (1) at
least one tile of x can stably bind to γ resulting in γ′ in W , or (2) no tile can
stably bind to γ without the added strength of binding to a glue corresponding
to an edge of cmin.

...
...

...
...

Fig. 9: A schematic picture of “rewiring” the cut cmin of η. On the right we see the cut
c as well as cmin. cmin is a cut of strength 0, and the only positive strength glue on the
cut c is labeled g in the figure. On the right, we see (c \ cmin) ∪ (cmin \ c). Notice that
this new cut has strength less than the strength of cmin.

In Case (1), note that |dom γ′| = |dom γ| + 1 > |dom γ|. This contradicts
our choice of γ. In Case (2), it must be the case that the cut c and the cut cmin

share some edges with positive strength. This is because the reason we cannot
place a tile using a positive strength glue on c is that this glue is also in cmin,
and we are not allowing tile attachment of window crossing tiles across cmin

in the assembly of γ. Then, notice that the sum of the strengths of the edges
belonging to c \ cmin must sum to zero or less. Otherwise a tile could be added
along this cut, which would once again contradict our choice of γ. Then, note
that the edges in (c \ cmin)∪ (cmin \ c) form a cut of the subassembly η (defined



above the statement of the claim) with strength strictly less than the strength of
cmin. Intuitively, (c \ cmin)∪ (cmin \ c) is a cut that is formed by “rewiring” cmin

using c \ cmin, and since the strength of c \ cmin is less than 1, and the strength
of c ∩ cmin is greater than 0, this rewiring results in cut with less strength than
cmin. See Figure 9 for a schematic picture of this rewiring. This contradicts our
choice of cmin. Hence, in either Case (1) or (2), we arrive at a contradiction.
Therefore, γ = α′d. This proves the claim.

D Gadgets: Cooperators and Crossers

We now introduce two gadgets which give the probes mentioned above the re-
quired functionality needed to imitate cooperatively placing a tile. Furthermore,
these gadgets will allow us to modularize the construction in the proceeding sec-
tions. The first gadget that we introduce is called the cooperator gadget. As its
name suggests, its purpose is to mimic the cooperation found in τ = 2 TASs. The
second gadget we describe, which we call the crosser gadget, allows for probes
to cross in between each other. For example, a crosser gadget enables the east
and west probes to grow through the north and the south probes.

A key observation to make during the description of these gadgets is that
these gadgets are designed such that all tiles that detach from the assembly
are singletons that are originally part of a duple unless otherwise specified. We
construct the duples such that this glue is unique, and consequently nothing
can bind to the portion of the duple that fell off of the assembly except its
counterpart which is attached to the assembly. Indeed, observe that any duple
presents at most one negative glue. This implies that the same half is always the
one which detaches, and consequently there are not any tiles which may bind to
it. This means that all of the tiles that detach from the assembly are inert (i.e.
unable to bind to any tile in solution). If tiles that fell off the assembly were
not inert, then it could be possible to grow assemblies which would invalidate
the simulation (since the definition of simulation requires that so-called junk
assemblies must never grow into assemblies which map to something other than
the empty tile under R). Thus, it is necessary that we be careful about what we
allow to detach from the assembly.

Throughout this section, we use the following conventions for our figures.
All duples are shown in darker colors (even after they are broken apart) and
singletons are shown in lighter colors. Negative glues are represented by red
squares protruding from tiles, and positive glues are represented by all other
colored squares protruding from tiles. We represent glue mismatches (a glue
mismatch occurs when two different glues are adjacent or a glue is adjacent to
a tile side that does not have a glue) by showing the mismatching glues receded
into the tiles from which they would normally protrude.

D.1 Cooperators

The cooperator gadget is the underlying mechanism that allows for the DrgTAM
to simulate the cooperative placement of a tile in a τ ≥ 2 TAS. As in the aTAM



at τ = 2, cooperator gadgets allow the attachment of tiles in one subassembly
to trigger growth in another subassembly. We consider two cases of cooperative
tile placement: 1) the tiles that cooperatively contribute to the placement of a
tile have adjacent corners (e.g. one is north of the location to be cooperatively
tiled while the other is to the east or west), and 2) the tiles that cooperatively
contribute to the placement of a tile are non-adjacent, that is there is a tile wide
gap between the two tiles. We create a cooperator gadget for each of these two
cases. Not surprisingly, we call the cooperator gadget that mimics the former
case the adjacent cooperator gadget and the cooperator gadget that mimics the
latter case the gap cooperator gadget. Each of these two gadgets are asymmetric
in nature and consist of two parts: 1) a finger and 2) a resistor. The function
of the resistor is to cause a duple that is attached to the finger gadget to break
apart and expose the internal glue of the duple which can then be used for
binding of another tile.

An adjacent cooperator gadget is shown in Figure 10. Part (a) of this figure
depicts the finger part of the gadget, and the subassembly labeled (b) is the
resistor. Note that the only tiles which have the ability to bind to the exposed
glues are duples with a negative glue that is aligned with the negative glue
that is adjacent to the exposed glues. This means that neither subassembly can
grow any further until its counterpart arrives. In Figure 10 parts (c) - (e) we
see the assembly sequence showing the interaction between the two parts of the
cooperator gadget. In this particular assembly sequence we have assumed that
the resistor piece of the gadget has arrived first. In part (c), we see the arrival of
a tile (presumably from a probe) which allows for the duple that is a part of the
finger gadget to bind with total strength 1. The 0 strength cut that is induced
by this binding event is shown by the red box in part (d) of the figure. Since
the tile encapsulated in the red box is bound with total strength 0, it eventually
detaches which leads us to part (e) of the figure. Notice that the dissociation
event has caused a new glue to be exposed. This glue now allows for the binding
of a duple as shown in part (e) of Figure 10.

(a) (b) (c) (d) (e)

Fig. 10: An assembly sequence of an adjacent cooperator gadget.

We now present an example which demonstrates an adjacent cooperator gad-
get. Suppose that T contains the subassembly shown in Figure 11 (a), and the
only tiles which may bind to the west glue of tile A are shown in part (b) of the
figure. Observe that since we are in a system of temperature 2, only tile C may



bind to this subassembly. Tile D cannot bind because its binding strength to
this subassembly is 1. Part (c) of Figure 11 shows the subassembly after tile C
binds which is the only binding event that can occur at that location. Figure 12
shows the assembly sequence of the adjacent cooperator gadget which simulates
the binding event that occurs in Figure 11. Note that the parts of the coopera-
tor gadget lie in the macrotile region that eventually contains a macrotile which
maps to tile C under the representation function. Part (a) of this figure shows
the two tiles which allow for the growth of a macrotile to begin which maps to
either tile C or D in T . Parts (b) and (c) show the assembly sequence which leads
us to the subassembly shown in part (d). The subassembly in part (d) makes it
such that the tile which is placed where the arrows are pointing must have both
glues match the two glues exposed by the gadget. This ensures simulation of the
binding of the tile labeled C.

A
B

C D A
BC

(a) (b) (c)
Fig. 11: An example subassembly sequence in T .

C D

(a) (b) (c) (d)

Fig. 12: Using an adjacent cooperator gadget to mimic the cooperative tile placement
shown in Figure 11.

Figure 13 shows the finger part of the gap cooperator in part (a) and the
resistor portion in part (b). Notice that the end of the finger gap cooperator
gadget has the same structure as the finger portion of the adjacent cooperator,
and the two resistor parts of the gadgets are equivalent as well. The only differ-
ence between the two gadgets is that the finger gap cooperator gadget consists
of an extra three tiles which precede the duple exposed to the resistor part of
the gadget. In the next section, we will see that these extra tiles are necessary
in order for the crosser gadget to be implemented. Parts (c)-(e) of Figure 13,
show the assembly assembly sequence of a gap cooperator when its two pieces
interact.



(a) (b) (c) (d) (e)

Fig. 13: An assembly sequence of a gap cooperator gadget.

D.2 Crossers

As we saw in the previous section, the only ways for probes to mimic cooperation
requires them to be connected by a tile wide path. In order for other probes
to cross in between these connected probes we utilize what we call a crosser
gadget. The assembly sequence for a crosser is shown in Figure 14. Growth of
the gadget begins in part (a) of the figure which shows a singleton arriving at a
gap cooperator which is described above. Upon the arrival of this singleton, two
duples may be placed with total binding strength one as shown in part (b). Note
that the attachment of these duples cannot occur before the singleton arrives
since they would only have total binding strength zero. The attachment of these
two duples induces a strength zero cut which contains the subassembly inside of
the red box shown in part (c) of Figure 14. Since this cut of the binding graph
has total strength zero, the subassembly inside of the red box will eventually
detach which leads to the assembly shown in part (d) of the figure. Now, it is
possible for the single tile wide path to continue its growth to the other side of
the probes.

Unlike the other gadget we explored, this gadget allows for subassemblies
which consist of more than just one half of a duple to detach from an assembly.
Figure 15 shows all of the subassemblies which can detach due to the crosser
gadget. Notice that the “junk” in part (a) of this figure is inert since the two
exposed glues are unique internal duple glues. This is the only thing that can
detach in the situation that we explored above where the finger gap cooperator
gadget is bound to the resistor gadget which total strength 1. But, it could be
the case that the finger gadget is in the process of growing or that the probe to
which the resistor gadget is attached never arrives. This situation gives rise to
the junk shown in parts (b)-(e). Observe that the “junk” in parts (b)-(d) can
only grow into (e) which is also inert. Thus, anything that that the crosser gadget
causes to detach is inert. Note that (b) and (c) do not grow into (a) since the
bottom tile of the subassembly in (a) is half of a duple which was broken apart
by the crosser gadget. This duple half cannot attach to any assembly without
its counterpart, thus only a full duple can attach to the subassemblies (b) and
(c) which causes them to grow into (e).



(a) (b) (c) (d)

Fig. 14: An assembly sequence of a crosser gadget.

(a) (b) (c) (d) (e)

Fig. 15: The subassemblies that can detach due to the crosser gadget.

D.3 Interfacing Gadgets

Now, with these gadgets in our toolbox, we can discuss how they will be utilized
in our construction. First, notice that we can orient these gadgets however we see
fit by rotating or flipping the tiles from which they are assembled. In addition, for
our construction we will not use the gap cooperator gadget which we described
above, but rather the extension of it shown in Figure 16(a). This is necessary
since, as we will see, we need paths of tiles to cross through the gap cooperators
from either direction. Consequently, we must add another set of three tiles which
will allow for crossers coming from either direction to cross through the gadget.
Part (b) of this figure shows a cooperatively placed tile growing a crosser gadget
in order to begin growing its probes. Observe that whenever this occurs, a probe
trying to grow southward will be prevented from growing due to the path of tiles
which were laid down by the cooperatively placed tile. But, this is not an issue
since at this point the tile in T which the macrotile simulates has already been
decided. Thus, there is no need for any other probes in the macrotile region to
grow or cooperate with each other.

E Probe Configurations

Probes can take on multiple configurations depending on the strength of the glue
they are simulating and the probes already in the macrotile region when they
arrive. All probes consist of a single-tile wide path of tiles to which the gadgets
describe above are attached. There are two types of fundamentally different



(a)

(b)
Fig. 16: The extension of the gap cooperator which our construction will use.

probes: probes that grow from the north and south of the macrotile and probes
that grow from the east and west of the macrotile. As shown in Figure 17,
probes that grow from the east and west are single arm probes while probes
that grow from the north and south potentially require two arms. Figure 17
also shows all of the probes along with their corresponding gadgets which are
marked as colored number regions. Gadgets labeled 1-3 in the figure represent
gap cooperator gadgets which allow for cooperation between the probes to which
they are attached. The gadgets labeled 5-9 denote adjacent cooperator gadgets
which allow for the potential of cooperation between the probes to which they are
attached. Finally, the gadgets labeled 10 and 11 are cooperator gadgets which
allow for Probe W to trigger the growth of the second arms of Probe N and
Probe S.

F Points of Competition and the Representation
Function

Before probes can place tiles which begin the growth of a particular macrotile,
the probes must grow paths which claim a point of competition. Once a point
of competition is claimed by a special tile, the representation function can then
map the macrotile to a tile in T .

Figure 17 gives a schematic picture of the paths that probes take as they
assemble as well as the location of the points of cooperation and points of com-
petition. To simulate growth of τ = 2 aTAM systems, we must handle two cases:
(1) a tile binds via a strength-2 glue, (2) a tile binds via the cooperation of two
strength-1 glues.

When simulating case (1), as a macrotile assembles, a probe representing a
strength-2 glue claims a point of competition (labeled 2 in Figure 17) by placing a
special tile in a designated location before any other probe can place a tile at the
same location. Once this special tile is placed, subassemblies form by single tile
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Fig. 17: A schematic picture of the probes, points of cooperation, and points of com-
petition of a macrotile.

additions starting from a glue exposed by the special tile. These subassemblies
output glues on the relevant sides of the macrotile. We call such subassemblies
glue outputting subassemblies. A glue outputting subassembly may attempt to
present glues on a side of the macrotile where a probe has started to assemble.
In this case the glue outputting subassembly simply crashes into the (possible
partially formed) probe. In Figure 17, none of the glue outputting subassemblies
are shown, only the various probes are shown. See Section G for detailed analysis
of each case of simulating strength-2 binding.

More interesting cases arise when simulating case (2). We will give a high-
level description of each case of cooperation here. See Section G for complete
details. First, each probe uses unique glues to assemble for each glue in T . Denote
the glue that Probe D represents by gD, where D is one of N , S, E, or W . We
will see that special duples attached to probes can be placed to win points of
competition (specially designated tile locations of a macrotile). In winning these
locations, these duples determine which tile is being simulated.

To simulate the cooperation of glues gN and gS , Probe N and Probe S can
win the point of cooperation at the region with label 1 in Figure 17. If these
two probes indeed cooperate, then appropriate glue outputting subassemblies
form. Notice that Probe W may occupy tile locations in region 1 before Probe
N and Probe S have a chance to cooperate. So that this does not prevent the
simulation of cooperation of glues gN and gS , when Probe W crosses region 1
(using a crossing gadget), it uses adjacent cooperator gadgets to allow secondary
probes to form from Probe N and Probe S. Note that these particular adjacent
gadgets which trigger the growth of the second arm of the probe are generic.
That is, all west probes, regardless of which glue they are simulating, present
the same cooperator gadgets to trigger the growth of the second arm of the south
and north probes. These secondary probes can then cooperate at region 3. If they
do, a glue outputting subassembly forms to present glues on the east side of the
macrotile. Thinking of regions 1 and 3 as points of competition, when Probe
N and Probe S win a special tile location in either region, the representation



function maps the macrotile to a tile type in T based on the special tile placed
in either region 1 or 3.

Similarly, to simulate cooperation of glues gE and gW , Probe E and Probe
W can cooperate at the region labeled 2 in Figure 17. At this point, glue out-
putting subassemblies attempt to present glues to the north and south sides of
the macrotile.

Simulation of cooperation of glues gW and gS is equivalent up to reflection to
simulation of cooperation of glues gW and gN . We will describe the cooperation
of Probe W and Probe S. For Probe W and Probe S to cooperate, Probe W must
first cross region 1 and trigger the growth of secondary probes for Probe S. Using
one of these secondary probes, Probe W and Probe S may cooperate at region
7. Once cooperation has occurred in this region, a path of tiles assembles toward
region 2. If this path of tiles places a tile in a specially designated tile location
(a point of competition) of region 2, appropriate glue outputting subassemblies
may form.

Finally, simulation of cooperation of glues gE and gS is equivalent up to
reflection of simulation of cooperation of glues gE and gN . Therefore, we only
describe cooperation of Probe E and Probe S. Probe E and Probe S may coop-
erate at region 5 or region 9. If cooperation occurs at region 5, a path of tiles
binds one tile at a time until the point of competition in region 2 is won, at
which point, appropriate glue outputting subassemblies may form. Notice that
Probe W may have triggered the growth of secondary probes from Probe S. If
this is the case, these secondary probes may prevent the formation of the path of
tiles that would otherwise be able to claim the point of competition in region 2.
For this reason, Probe S and Probe E may also cooperate in region 9, at which
point a path of tiles forms, claims a point of competition in region 2, and glue
outputting subassemblies form.

G Case Analysis of Tile Placements in T

We now look at how our simulator is able to simulate every possible way a tile
could attach in T . In order to accomplish this, we need to only look at 18 infor-
mative cases. The other cases will follow from the symmetry of our construction.
When tiles bind in T , they may do so by either attaching with a strength-2 glue
or they may do so by the cooperation of two strength-1 glues. When simulating
T , macrotiles that form must take into account the fact that some input glues
are not used due to either mismatching or overbinding (i.e. binding with strength
greater than τ). Such input glues are called non-contributing input supersides.
These are input supersides that are not used to simulate tile binding. Mismatch-
ing supersides are one such example. We will describe how tile binding in T is
simulated using macrotiles and make special mention to the cases where there
are non-contributing input supersides. Finally, for the remainder of this section,
we denote the glue that Probe D represents by gD, where D is one of N , S, E, or
W , and in the figures for the various cases, we denote the points of competition
and points of cooperation in a region labeled k by POCk, where k ∈ N; whether



or not POCk is a point of competition or a point of cooperation will be clear
from the context.

G.1 One-sided binding

One-sided binding occurs in T when a tile binds using a strength-2 glue. For
example, Figure 18 depicts the attachment of a tile due to the binding of a
strength-2 east glue of the attaching tile.

Fig. 18: Binding via a strength-2 glue with no non-contributing input supersides. The
tile on the left binds to an assembly using a strength-2 east glue.

To simulate this type of binding, when a strength-2 probe grows into an
otherwise empty macrotile region (See Figure 19 for an example of a probe grown
from the east.), it grows a path tiles toward the point of competition labeled 2
in Figure 19. If this probe wins this point of competition it places a tile that
determines which glues to output on the south, west, and north sides of the
macrotile and grows these output glues toward their respective sides. Figure 19
shows this growth.

Probe E2

Fig. 19: Growth of a macrotile that simulates the binding in 18.

For strength-2 glues, there are 3 other cases to consider that are all equivalent
to the case in Figure 19 up to rotation.

One-sided binding with non-contributing input sides

Now we consider cases of one-sided binding with one or two non-contributing
input sides. We consider the three cases of tile binding in T depicted in Figure 20



as the rest of the cases are similar to these cases. In each case of Figure 20, a
strength-2 glue allows for a tile to bind while either a mismatch or overbinding
occurs with the other glues.

(a) (b) (c) (d)

Fig. 20: Binding via a strength-2 glue with non-contributing input supersides.

In the simulation of T , special care must be taken to ensure that the probes
corresponding to glue mismatching or glue overbinding do not interfere with
the growth of a macrotile that is simulating a strength-2 tile attachment. For
example, when simulating the type of tile attachment shown in Figure 20 part
(a), probes enter the macrotile region from the east and west. If the probe from
the south wins the point of competition labeled 2 in Figure 17, then the east
and west probes should not prevent the output of a glue to the north side of the
macrotile.

Probe S

Probe EProbe W 1 2 3

(a)

Probe EProbe W 1 2 3

(b)

Probe EProbe W 1 2 3

(c)

Probe EProbe W 1 2

(d)

Fig. 21: Growth of a macrotile that simulates the binding in 20.

In case (a) of Figure 21, when Probe S wins POC2, a tile is placed that
determines the output glues to be grown to the east, north, and west sides of the
macrotile. Since probes have begun growth from the east and/or west (labeled
Probe E and Probe W), growth of subassemblies that present glues to the east
and west sides of the macrotile will be interrupted by the growth of Probe E and
Probe W. If Probe E and Probe W fully form but do not cooperate they do so
with a gap cooperator gadget; therefore, using a crossing gadget, Probe S can
still cross these probes. A glue outputting subassembly that presents a glue to
the north is allowed to assemble since the assembly sequence of this subassembly
can be hardcoded to avoid Probe E and Probe W subassemblies. Similarly, in
cases (b), (c), and (d) of Figure 21, once the point of competition labeled 2



is won by a strength-2 probe (Probe E in case (b) and Probe W in cases (c)
and (d)), subassemblies form that output glues to the appropriate sides of the
macrotile. Any probes forming from non-contributing input sides prevent the
output of glues on those sides.

G.2 Two-sided binding

Now we consider the cases where a tile of T binds to two tiles via the cooperation
of two strength-1 glues. We will first consider the cases in Figure 22. The four
cases in Figure 22 cover all cooperative binding cases where there is no non-
contributing side that forms. Technically there are two more cases where a north
glue cooperates with a west glue (or east glue) to place a tile; however, these
cases are equivalent to cases (c) and (d) in Figure 22 since in these cases, the
formation of a macrotile that represents a tile in T is symmetric about the
horizontal line through the center of the macrotile.

(a) (b) (c) (d)

Fig. 22: Binding via cooperation of two strength-1 glues.

Figure 23 gives a schematic image for the simulation of the four cases of
Figure 22. In each case, as the macrotile forms, the strategy is essentially the
same. When two probes meet at a point of cooperation, a cooperator gadget is
used to mimic the cooperation that occurs in aTAM systems. There are two
types of cooperator gadgets; Section D gives a detailed description of how each
cooperator gadget works.

Probe N

Probe S

1 Probe W Probe E1 2 3

Probe S

Probe E2 3

5

Probe S

Probe W 1 2
7

(a) (b) (c) (d)

Fig. 23: Growth of a macrotile that simulates the binding in 22.

Case (a): In this case, Probe N and Probe S meet at POC1 in Figure 23(a). A
gap cooperator gadget is used to allow for the placement of a duple if and only



if there exists a tile type in T with north glue gN and south glue gS . There is a
unique duple for each such tile type in T and the binding of one of these duples
allows for the growth of subassemblies that output glues corresponding to the
glues on the east and west of the relative tile type in T .

Case (b): Probe E and Probe W simulate cooperative binding when they meet
at POC2 in Figure 23(b). A gap cooperator gadget is used to allow for the
placement of a duple if and only if there exists a tile type in T with east glue gE
and west glue gW . As in case (a), this duple determines which glue outputting
subassemblies form to present glues on the north and south sides of the macrotile.

Case (c): Probe S and Probe W simulate cooperative binding as follows. First,
Probe W wins POC1. After it wins this point, it grows a subassembly to the
north and south of POC1 and to the east of where Probe S assembles. This
subassembly uses an adjacent cooperator gadget to trigger Probe S to assemble
secondary probes. One of these probes can cooperate with Probe W at POC7.
An adjacent cooperator gadget is used to allow for the placement of a duple if
and only if there exists a tile type in T with west glue gW and south glue gS .
Again, there is a unique duple for each such tile type in T and the binding of
one of these duples allows for the growth of subassemblies that output glues
corresponding to the glues on the east and north of the relative tile type in T . It
is at POC7 that a duple is placed that determines which east and north glues to
present. Once this duple is placed, growth continues toward POC2. Upon win-
ning POC2, glue outputing subassemblies form that present glues on the east
and north sides of the macrotile.

Case (d): Probe E and Probe S simulate cooperative binding when they meet
at POC5 in Figure 23(d). An adjacent cooperator gadget is used to allow for the
placement of a duple if and only if there exists a tile type in T with east glue gE
and south glue gS . This duple determines which glue outputting subassemblies
form to present glues on the north and west sides of the macrotile. Once this
duple is placed tiles attach that race toward POC2. Upon winning this point of
competition, the glue outputting subassemblies form.

Two-sided binding with non-contributing input sides

Here we present eight different cases of two-sided binding with a non-contributing
input side. In these cases, three probes grow within a macrotile, and we must
take special care to ensure that the probes are coordinated enough to allow for
cooperative binding simulation. The eight cases under consideration are given
in Figure 24. In each case we assume that each glue is strength-1 and that two
of these glues permit cooperative binding while the other glue mismatches or
overbinds, whichever the case may be. In general, there are 13 cases of two-sided
binding with a non-contributing input side. Five of the eight cases presented
here – (b), (c), (d), (f), and (g) – are the equivalent up to reflection to the five
cases not presented.



(a) (b) (c) (d)

(e) (f) (g) (h)

Fig. 24: Binding via cooperation of two strength-1 glues with non-contributing input
supersides.

Figure 25 gives a schematic image for the simulation of the seven cases of
Figure 24. In each case, two probes meet at a point of cooperation and one of the
two cooperator gadgets is used to mimic the cooperation that occurs in aTAM
systems. To coordinate these probes, we will also have to use the crosser gadget.
See Section D for a detailed description of how each of these gadgets works.
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Fig. 25: Growth of a macrotile that simulates the binding in 24.

Case (a): Probe N and Probe S meet at POC1 in Figure 23(a). A gap coopera-
tor gadget is used to allow for the placement of a duple if and only if there exists
a tile type in T with north glue gN and south glue gS . There is a unique duple
for each such tile type in T and the binding of one of these duples allows for the
growth of subassemblies that output glues corresponding to the glues on the east



and west of the relative tile type in T . Notice that since Probe E has started to
assemble, the glue outputting subassembly that presents glues on the east side
of the macrotile is halted when this subassembly meets the Probe E subassembly.

Case (b): Probe E and Probe W simulate cooperative binding when they meet
at the POC2 in Figure 23(b). A gap cooperator gadget is used to allow for the
placement of a duple if and only if there exists a tile type in T with east glue gE
and west glue gW . As in case (a), this duple determines which glue outputting
subassemblies form to present glues on the north and south sides of the macrotile.
Notice that Probe E and Probe W occupy POC2 and so have automatically won
the point of competition at POC2. Therefore, even if Probe S can cooperate with
one of the other probes, Probe E and Probe W determine the output glues on
the macrotile. Finally, from POC2, subassemblies form to output appropriate
glues. The subassembly outputting the south glue of the macrotile will crash
into the (at least partially existing) subassembly Probe S.

Case (c): Probe S and Probe W simulate cooperative binding as follows. First,
Probe W wins POC1 in Figure 23(c). After it wins this point, it grows a sub-
assembly to the north and south of POC1 and to the east of where Probe S
assembles. This subassembly uses an adjacent cooperator gadget to allow Probe
S to assemble secondary probes. One of these probes can cooperate with Probe
W at POC7. An adjacent cooperator gadget is used to allow for the placement
of a duple if and only if there exists a tile type in T with west glue gW and
south glue gS . Again, there is a unique duple for each such tile type in T and
the binding of one of these duples allows for the growth of subassemblies that
output glues corresponding to the glues on the east and north of the relative
tile type in T . It is at POC7 that a duple is placed that determines which east
and north glues to present. Once this duple is placed, growth continues toward
POC2. Upon winning POC2, glue outputing subassemblies form that present
glues on the east and north sides of the macrotile, and the subassembly present-
ing the east glue crashes into the subassembly Probe E.

Case (d): In this case two assembly sequences can lead to the simulation of
this binding type. First, Probe E and Probe S can cooperate at POC5 in Fig-
ure 25(d), assemble toward POC2 and win POC2. This case is similar to case
(d) in Figure 23, however, in this case the subassembly presenting glues on the
west side of the macrotile is halted by Probe W and only a glue to the north
side of the macrotile is presented. Note that it could be the case that secondary
probes of Probe S block the assembly that grows from POC5 to POC2. In this
case, Probe E and Probe S should still be able to simulate cooperation. They
achieve this by cooperating at POC9. At this point, once POC2 is won, glue
outputting subassemblies form. This is the case presented in Figure 25(d).

Case (e): In this case, as in case (d), two assembly sequences can lead to the
simulation of this binding type. First, Probe N and Probe S can cooperate at



POC1 in Figure 25(e), race toward POC2 and win POC2. This case is similar
to case (a) in Figure 23, however, in this case the subassembly presenting glues
on the west side of the macrotile is halted by Probe W and only a glue to the
east side of the macrotile is presented. In the case that Probe W wins POC1,
secondary probes forms – one set of secondary probes forms from Probe S and
another from Probe N. In this case, Probe N and Probe S should still be able to
simulate cooperation. They achieve this by cooperating at POC3. At this point,
a glue outputting subassembly forms to present a glue on the east side of the
macrotile, since it is known that all other sides have grown input probes. This
is the case presented in Figure 25(e).

Case (f): In this case, first Probe W wins POC1 by assembling a crosser gadget
to grow between Probe N and Probe S. In the case where Probe N and Probe S
have formed a path of adjacent tiles from the north side of the macrotile to the
south side, the crosser gadget detaches a section of this path so that Probe W
can assemble. Then Probe W triggers the growth of secondary probes on both
Probe N and Probe S. At POC7, an adjacent cooperator gadget assembled from
Probe W and Probe S allows for the placement of a duple that determines which
glues are output to the north and east sides of the macrotile. Assembly proceeds
from POC7 to POC2. Upon winning POC2, an appropriate glue outputting sub-
assembly forms that presents glues to the east side of the macrotile.

Case (g): This case is similar to case (d) in Figure 23 except that the subassem-
bly that presents glues on the north side of the macrotile in case (d) of Figure 23
crashes into the (at least partially) existing subassembly Probe N.

Case (h): Up to this point, for simplicity, we have neglected the special point of
competition which we look at in the case of two non-contributing sides. In this
case, growth of the macrotile will be similar to the case of one non-contributing
side except for the case where gN and gS can cooperatively place a tile but
no other glues can. In this particular case, it could be the case that probes
representing glues gE and gW arrive before either Probe N or Probe S. Notice
that this prevents Probe N and Probe S from cooperatively placing a tile. In
order to handle this peculiar case, we enumerate all of the tiles which gN and
gS can cooperatively place (this is at most |T |) by a function F . In the region
labeled ∗ in Figure 25(h), we always place a tile from E ⊂ S, which consists of
tiles labeled 1 through T , nondeterministically. Let n be the number of tiles gN
and gS can cooperatively place, and suppose r is the value contained in the label
of the tile placed in the ∗ region. The representation function maps the macrotile
to the tile in T given by F (r mod n). Since, in this case, the macrotile being
assembled is surrounded on all four of its sides, there is not a need for any output
subassemblies to be placed. Furthermore, it should be noted that this region is a
“last resort” for the representation function. If there is an appropriate tile placed
at any of the other POC regions, the output of the representation function will
depend on that tile.



Figure 26 shows an assembled macrotile that simulates the binding which
takes place in Figure 24(d) in the manner shown in Figure 25(d). The blue tiles
are part of the subassembly which compose Probe W, the green tiles compose
Probe S, and the pink tiles make up Probe E. All of these probes enter the
macrotile region in the direction and location indicated by the arrows. The yellow
tiles in the figure show tiles that are cooperatively placed by Probe S and Probe
E. Notice that the growth of the yellow tile placed near the bottom of the figure
has been blocked by arm 2 of Probe S, but the second yellow tile in the figure is
placed and able to growth a path to POC2. The dark red tile placed in POC2
starts the growth of an outputting subassembly which grows a new probe into
the region north of the macrotile.

Fig. 26: A detailed macrotile simulating the binding shown in Figure 24.

H Seed Formation

In order to complete our description of the simulation of T , it is necessary to
describe the construction of σ′. For all t ∈ σ, we create special output macrotiles.
An example σ is shown in Figure 27 and the corresponding σ′ is shown in Fig-
ure 28. For these macrotiles, the tile which the representation function depends
upon is in the center of the macrotile. Assembly begins with the macrotiles grow-
ing probes for each exposed glue. If a tile has a side which does not have a glue,



then a probe is not grown on that side. Growth of the assembly then proceeds
as described in Section F.

Fig. 27: An example seed in T .

Fig. 28: The corresponding seed in S for the seed shown in Figure 27. The arrows
indicate in which directions the probes will grow when assembly begins. The black
squares represent macrotile regions.

I Proof of Correctness

Proof. Let T = (T, σ, 2) be an aTAM system and let S = (TS , S,D, σS) be the
DrgTAS system obtained from T by the construction given in Section 4. To show
that S gives a valid simulation of T we will use the representation function R
described in Section F and denote the scale factor of this simulation by m. We
will show the following. 1. Under R, S and T have equivalent production. This
essentially follows from the construction. 2. Under R, S and T have equivalent
dynamics. To show this, we must show that when detachment occurs in S due
to a cut of strength less than 1, the two assemblies produced are of the form
that one of them still maps correctly to a represented assembly in T while the
other produced assembly maps to the empty tile. We must also show that any



assembly sequence starting from the latter assembly yields an assembly that
maps to the empty tile under R.

To show that S and T have equivalent production under R, we will first
show that R∗ maps cleanly. To see this, note that the probes described in the
construction (Section F) can only be grown from adjacent macrotiles on sides
where they placed an outputting subassembly. The probes grown in macrotile
regions are never interpreted under R as a tile in T until a POC region is won
(using cooperation if necessary). It follows from the construction that macrotile
regions which map to the empty tile under R will not grow any outputting
subassemblies which can initiate probes in adjacent macrotile locations until a
POC region is won and the macrotile first maps to a tile in T . Therefore, R∗

maps cleanly.

Now, to see that {R∗(α′)|α′ ∈ A[S]} = A[T ], let α′ be in A[S]. Then by
the construction, any m-block macrotile, B, in α′ maps to the empty tile or to
some tile type in T , and only maps to a tile in T if B is part of the seed of
S, or adjacent m-block macrotiles of B in α′ expose glues that allow for the
growth of B. In the latter case, the construction shows that B can only map
to a tile type whose glues match the glues represented on the sides of adjacent
m-block macrotiles. Since this holds for any m-block macrotile in α′, R∗(α′) is
in A[T ]. This shows that {R∗(α′)|α′ ∈ A[S]} ⊆ A[T ]. Then, for α ∈ A[T ] and
an assembly sequence α resulting in α, the construction also shows that we can
grow m-block macrotiles following the assembly sequence α to obtain an α′ in
A[S] such that R∗(α′) = α. Therefore, we also have {R∗(α′)|α′ ∈ A[S]} ⊇ A[T ].
Thus, {R∗(α′)|α′ ∈ A[S]} = A[T ].

To show that S and T have equivalent dynamics, first note that the con-
struction implies that α′ →S+ β′ if and only if R∗(α′)→ R∗(β′). To see this note
that when a single tile (or duple) is added to α′, if the tile (or duple) does not
win a point of competition, then R∗(α′) = R∗(β′). On the other hand, if the
tile (or duple) does win a point of competition, the macrotile is determined once
and for all. Moreover, an assembly in a macrotile region cannot map to a tile
type t under R unless some adjacent macrotile region (or regions in the case of
simulation of cooperation) maps to a tile type with a glue (or glues) that allows
for the placement of a tile with type t. Therefore, R∗(α′)→ R∗(β′).

What is left to show is that for α′ in A[S] such that R∗(α′) = α, when a
cut with strength less than 1 exists in α′, the two assemblies that on each side
of the cut are such that one of the assemblies, β′1 say, still represents α, while
the other assembly, β′2, represents the empty tile. Moreover, we must show that
the result of any assembly sequence starting from β′2 must also represent the
empty tile. To see this, note that in the only cases where there exists a cut of
strength less than 1 in any of the gadgets given in Section D, the cut separates
the assembly into two configurations where one of the configurations is given as
one of the assemblies in Figure 15. One can check that the configurations given
in Figure 15 quickly become terminal and represent the empty tile. The other
configuration is an assembly that still represents α since there is never a cut of



strength less than 1 separating points of cooperation or points of competition
from an assembly.

To see that the scale factor is O(1), note that the lengths of the paths and
sizes of gadgets which make up macrotiles are all fixed, independent of T . In
order to see that the tile complexity of |S ∪ D| is O(|T |) notice that for each
tile t ∈ T there are a bounded number of ways to bind, which means that the
different types of tiles that simulate the binding of t is bounded. Furthermore,
observe that for each of these potential ways of binding, the number of tiles
required to assemble the macrotile which maps to t under the representation
function, given the constant scale factor of macrotiles, is constant. Consequently,
|S ∪D| = O(|T |).

J Proof of Corollary 1

Proof. To prove Corollary 1, we let T = (T, σ, τ) be an arbitrary TAS in the
aTAM. Let UT = (U, σT , 2) be an aTAM TAS which simulates T using the tile
set U , given in [4], which is intrinsically universal for the aTAM. Now let D =
(TU , S,D, σ

′
T , 1) be a DrgTAS, constructed as given by the proof of Theorem 2,

which simulates UT . We now note that, regardless of T , the same tile set U is
used to simulate it in the aTAM, and that TU , S, and D depend only upon the
tile set being simulated by D (i.e. the only thing that changes in D as T changes
is σT ). Therefore, a single tile set TU suffices to simulate any arbitrary aTAM
TAS, and thus TU is intrinsically universal for the aTAM.
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