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Preface

The issue of blur in images has kept researchers in the area of image processing
busy for over half a century, and the researchers at the Vision and Image Processing
Laboratory, IIT Bombay, were no exceptions. We have been working in this area for
the last two decades. Earlier our efforts were confined to investigating the beneficial
aspects of blur in images wherein we had used defocus blur to estimate depth
in a scene. A monograph entitled Depth from Defocus: A Real Aperture Imaging
Approach, published by the same publisher in 1999, dealt with the problem of
deblurring when there are multiple observations. We derived performance bounds
as a function of relative blurring among multiple observations. Subsequently, in the
monograph entitled, Motion-Free Super-Resolution, again published by Springer in
2005, we demonstrated how the relative blurring among various observations could
be used to super-resolve an image very efficiently.

In this monograph we investigate the deblurring problem for a single observation.
This problem is well known in literature as blind deconvolution, and there has been
a large volume of work by various researchers as regards how one can perform
deconvolution when the blur is not known. So the question does arise what purpose
then does this monograph serve? Is this yet another book on image deblurring?
Publication of this monograph does require a justification. A review of the published
literature on blind deconvolution suggests that these works concentrate mostly on
accuracy and efficiency of various proposed algorithms.

Since blind deconvolution has both the point spread function (PSF) and the image
unknown, both of them are required to be estimated. Very often this requires solving
an alternate minimization problem. However, solving an alternate minimization
problem does not always lead to useful solutions. Sometimes it leads to trivial
solutions. It is no wonder that a method proposed by one group does not work
for another group as it requires several parameters to be tweaked. Hence there
is a genuine need for analyzing convergence properties of alternate minimization
methods. We perform precisely the same in this monograph so that the end user can
pre-judge the applicability of a given blind deconvolution algorithm for a specific
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problem. This also helps in understanding the behavior of an algorithm as iterations
proceed. We hope that the readers will find the analysis useful.

In order to make the monograph useful to the practitioners in the industry, we
also investigate one of the current techniques in detail for blind deconvolution. This
involves usage of sparsity as a constraint as opposed to typical image PSF priors
such as Gibbs distribution. It can be seen that sparsity is, indeed, a good candidate
method for blind deconvolution.

The intended primary audience of this monograph are the graduate students in
mathematics, EE, and CS departments. This should also serve as a good reference
book for researchers in the area of image processing. The practitioners in image
processing area would also find the monograph useful as it will provide them with
a good theoretical insight to the problem. We have tried to make the book self-
contained and hence there is no pre-requisite. However, familiarity with basics of
signal and image processing and linear algebra would be helpful to the readers.

We sincerely hope that the readers will find the monograph useful and we
welcome comments and suggestions from the readers.

Mumbai, India Subhasis Chaudhuri
April 2014 Rajbabu Velmurugan

Renu Rameshan



Acknowledgements

The first author acknowledges the support provided by DST (India) in the form
of a J. C. Bose Fellowship. The second and third authors would like to thank
DST for financial support in the form of an Indo-Swiss collaborative project. The
authors are also thankful to Prof. Sibi Raj B Pillai and Prof. B. Yegnanarayna for
their comments and suggestions. The patience and support of the publisher are also
gratefully acknowledged.

Finally all good things start at the family. Hence the authors are thankful to their
family members for their support and understanding.

Mumbai, India Subhasis Chaudhuri
April 2014 Rajbabu Velmurugan

Renu Rameshan

ix





Contents

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1 Image Degradation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Image Formation Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.3 Blind Deconvolution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.4 Organization of the Book . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2 Mathematical Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.1 Circulant Matrices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.2 Operator Theory. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
2.3 Ill-posed Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.3.1 Blind Deconvolution as an Ill-posed Problem . . . . . . . . . . . . . . . . . 17
2.3.2 Linear Ill-posed Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
2.3.3 Non-linear Ill-posed Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
2.3.4 Bilinear Ill-posed Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

2.4 Estimation of Random Field . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
2.5 Sparsity Inducing Norms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
2.6 Optimization Techniques . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

2.6.1 Alternate Minimization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
2.6.2 Iterative Shrinkage/Thresholding Algorithm . . . . . . . . . . . . . . . . . . 33

3 Blind Deconvolution Methods: A Review . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
3.1 Earlier Approaches . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
3.2 Regularization Based Techniques . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3.2.1 Constrained Least Squares . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
3.2.2 Total Variation as a Regularizer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
3.2.3 Other Regularizers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

3.3 Statistical Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
3.3.1 Maximum Likelihood Restoration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
3.3.2 Maximum A Posteriori Probability Restoration . . . . . . . . . . . . . . . 49

xi



xii Contents

3.3.3 Variational Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
3.3.4 Higher-Order Statistics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

3.4 Motion Deblurring . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
3.5 Other Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
3.6 Discussions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

4 MAP Estimation: When Does It Work? . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
4.1 Reported Failure of Joint MAP . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
4.2 Overcoming the Limitation of Joint MAP Estimation . . . . . . . . . . . . . . . 66
4.3 Choice of Image Priors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

4.3.1 Quadratic Upper Bounded TV . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
4.3.2 Wavelet Prior . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

4.4 Experimental Demonstrations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
4.5 Discussions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

5 Convergence Analysis in Fourier Domain . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
5.1 Deconvolution Framework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78
5.2 Convergence Analysis of AM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

5.2.1 Use of Quadratic Smoothness Regularizer . . . . . . . . . . . . . . . . . . . . 80
5.2.2 Illustration of Point-Wise Convergence. . . . . . . . . . . . . . . . . . . . . . . . 87
5.2.3 Use of T V Regularizer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

5.3 Analysis of Error Due to Approximation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
5.4 Demonstrations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
5.5 Discussions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

6 Spatial Domain Convergence Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101
6.1 Three- and Four-Point Property Based Convergence Analysis . . . . . . . 103

6.1.1 Three- and Four-Point Properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103
6.2 Proof of Three-Point Property for Blind Deconvolution . . . . . . . . . . . . . . 106

6.2.1 Lower Bound for the Smallest Eigenvalue . . . . . . . . . . . . . . . . . . . . 108
6.3 Proof of Four-Point Property for Blind Deconvolution . . . . . . . . . . . . . . . 110
6.4 Discussions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

7 Sparsity-Based Blind Deconvolution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115
7.1 Choice of Regularizer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

7.1.1 `1=`2 Norm and Its Disadvantages. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116
7.1.2 Derivative Domain Regularizer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123
7.1.3 Wavelet Domain Regularizer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

7.2 Deconvolution Framework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128
7.2.1 Cost Function for Derivative Domain Regularizer . . . . . . . . . . . . 128
7.2.2 Cost Function for Wavelet Domain Regularizer . . . . . . . . . . . . . . 129

7.3 Experimentation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130
7.4 Discussions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135



Contents xiii

8 Conclusions and Future Research Directions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137
8.1 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137
8.2 Future Research Directions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149





List of Symbols

k : k2; `2 L2 norm
k : k1; `1 L1 norm
˝ Kronecker product
y; y Observed blurred and noisy image (matrix and vector form,

respectively)
x; x Original sharp image (matrix and vector form, respectively)
k Point spread function
N ; n White Gaussian noise
~ Convolution operation
K Convolution matrix
Rx.:/ Image regularizer
�x Image regularization factor
Rk.:/ PSF regularizer
�k PSF regularization factor
�min Minimum eigenvalue of sum of convolution matrices arising from PSF

and regularizer
�min Minimum eigenvalue of sum of convolution matrices arising from image

and regularizer
d.:; :/ non-negative function used to define three- and four-point properties
gh;i ; gv;i First order horizontal and vertical difference at pixel i

D First order difference matrix
y0 First order difference of y

xv


	Preface
	Acknowledgements
	Contents
	List of Symbols

