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Abstract. A diffusion-MRI processing method is presented for repre-
senting the inherent asymmetry of the underlying intravoxel geometry,
which emerges in regions with bending, crossing, or sprouting fibers. The
orientation distribution functions (ODFs) obtained through conventional
approaches such as q-ball imaging and spherical deconvolution result in
symmetric ODF profiles at each voxel even when the underlying geom-
etry is asymmetric. To extract such inherent asymmetry, an inter-voxel
filtering approach through a cone model is employed. The cone model fa-
cilitates a sharpening of the ODFs in some directions while suppressing
peaks in other directions, thus yielding an asymmetric ODF (AODF)
field. Compared to symmetric ODFs, AODFs reveal more information
regarding the cytoarchitectural organization within the voxel. The level
of asymmetry is quantified via a new scalar index that could complement
standard measures of diffusion anisotropy. Experiments on synthetic ge-
ometries of circular, crossing, and kissing fibers show that the estimated
AODFs successfully recover the asymmetry of the underlying geometry.
The feasibility of the technique is demonstrated on in vivo data obtained
from the Human Connectome Project.
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1 Introduction

Diffusion magnetic resonance imaging (dMRI) provides a powerful means to
characterize tissue anisotropy, enabling the computation of neural connections in
the nervous system. Diffusion tensor imaging (DTI) based findings have demon-
strated the feasibility of such endeavour [1] despite its well-known shortcoming
in regions with heterogeneous fiber orientations. In such environments, the uni-
modal ODF assumed by DTI is incapable of resolving the orientations of distinct
fiber bundles within a voxel.

An important advance is the introduction of high angular resolution diffusion
imaging (HARDI) acquisitions [2]. Several methods, designed for HARDI data,
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have managed to overcome DTI’s limitation by making it possible to estimate
multimodal ODFs.

Although having multimodal distributions is very important for reliably es-
timating connectivity, the HARDI-based ODFs do not accurately reflect the
underlying cellular organization. For example, it has been demonstrated that
when the voxel of interest contains Y-shaped crossings [3], or curving fibers
[4], the distribution of displacements for water molecules is asymmetric. Due to
the Fourier transform relationship between the displacement distribution and
the signal, the signal for such regions is predicted to be complex-valued. Con-
sequently, some techniques [3,5,6] have been formulated with the capability of
handling complex-valued data to yield asymmetric profiles.

From a practical point-of-view however, obtaining accurate phase information
in diffusion-weighted acquisitions is a formidable task particularly in in vivo ac-
quisitions. Most important obstacle is the patient motion, which substantially
distorts the phase of the signal [7]. Additionally, imperfections in the acquisition
(e.g., imperfect B0 shift compensation), flow, and susceptibility variations within
the tissue could all influence the detected signal phase substantially. Thus, at-
tributing the observed phase shifts to diffusion alone would be very problematic.
Therefore, current dMRI processing pipelines assume magnitude-valued data.
When magnitude-valued data are used, the regions containing Y-shaped cross-
ings or bending fibers might lead to unimodal or star-shaped ODFs.

Several works have been published with varying levels of relevance to our
study. In Ref. [8] the authors suggested an ODF field estimation scheme by
considering inter-voxel information, which requires a relatively large number of
diffusion directions. The high order tensor method and the associated tensor
voting scheme introduced in Ref. [9] was shown to provide even-order tensor
fields that facilitate fiber reconstruction at crossings, and odd-order fields that
differentiate crossings from junctions. In Ref. [10], tracts with high curvature,
crossing, branching, bottlenecks and sprouting have been discussed within the
context of partial volume averaging of fiber directions and a regularisation tech-
nique was introduced. However, there is no mention of AODFs in this work.

Fig. 1. Left: The cone C with a certain height and radius is used in the ODF filtering;
Right: An asymmetric ODF is constructed by rotating the cone model along all sampled
directions on the unit sphere at each voxel point and performing a weighted averaging
using the depicted Gaussian map (shown in hot colours).
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In a recent work [11], a regularisation on the ODF field is carried out using a
cone model somewhat similar to the one we propose in this work. However, the
approach in [11] differs in that ODF regularisation is based on the asymmetric
weights assigned to the utilized pair of antipodally-symmetric cones placed at a
given voxel. Moreover, neither in the results nor in the discussions is an AODF
constructed or depicted.

In this paper, we present a technique for voxel-by-voxel reconstruction of
AODFs. To the best of our knowledge this is the first such study.

2 Method

Relying on well-established HARDI techniques1 that enable estimation of a
multi-directional representation of the local fiber orientations, we present a
method that exploits voxel-based ODFs in a conic spatial neighborhood to cap-
ture underlying asymmetry of the ODF. The ODF is defined at each voxel loca-
tion x = (x, y, z) ∈ R

3 by φx(gi) for each sampled direction vector gi ∈ S
2. At

the given voxel x and the given direction gi, a coneC (Figure 1(a)) is constructed
by a certain radius r and height h. Although the directional asymmetry of the
fiber pathway cannot be deduced from the ODF of a single voxel, it becomes
apparent by considering the information holistically revealed by the ODFs of the
voxels in the local volume delimited by the cone C.

2.1 Asymmetric ODFs Based on a Cone Model

We exemplify the idea of a cone-based directional ODF filtering by building a
Gaussian function G(x,gi, σ) whose center lies on the axis of the cone with a
variance parameter σ. At the voxel x, once the cones are constructed along each
sampling direction gi as in Figure 1(b), the weighted smoothing of the ODFs
is carried out. The corresponding Gaussian functions are also visualised in (b)
which depicts the nature of the weighting going from highest on the central axis
to lowest on the side surface of the cone. This filtering operation is formulated
by:

fx (g i) =
∑

v ∈Cone C

φv (g i)G(x , g i, σ) , (1)

where fx (·) is the regularized ODF function at the voxel x. Note that smoothing
is performed only along the orientation of the cone gi, i.e., the ODF values only
in the direction corresponding to that of the cone are averaged out over the
voxels in the cone. Thus, via the created capability to both seeing further along
a given direction in a larger neighbourhood and summing over the corresponding
ODF values, the gross orientations are sharpened whereas the less important or
less dominant directions are supressed. This leads to extraction of existing local
asymmetries in a fiber distribution.

1 The reconstruction of an ODF is performed by two methods: diffusion orientation
transform (DOT) [12] and spherical deconvolution [13] using HARDI tools [14].
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2.2 Measuring Asymmetry

Once an AODF field is constructed over the volume of interest, the asymmetry
for each voxel can be computed. To this end, we formulate an index based on the
angular similarity metric in Ref. [5]. Functions are envisioned to be vectors on an
∞-dimensional Hilbert space, and the cosine of the angle between two functions
is a measure of their similarity. When symmetry is concerned, the functions can
be taken to be the AODF denoted by f(û ), and its reflection in the origin,
f(−û ). Thus, a similarity index is given by

cos γ =

∫
S f(û )f(−û )dû∫

S
f(û )2dû

=

∑lmax

l=0

∑l
m=−l(−1)l |alm|2

∑lmax

l=0

∑l
m=−l |alm|2

, (2)

where the last expression provides the measure in terms of alm, which are the
coefficients obtained when f(û ) is represented in a series of spherical harmonics.
Then an asymmetry index α can be defined simply as

α = sin γ. (3)

3 Experimental Results

In this section, we will show the results of cone-based directional ODF filtering
and asymmetry index maps on synthetic and real data. The parameters cone
height h and radius r (defined in § 2.1) are taken to be 2 voxels for synthetic
experiments, they are chosen as 4 voxels for real experiments, and σ is taken to
be 0.5 for all experiments; these parameters were selected heuristically.

3.1 Synthetic Bending and Crossing Fibers

In Ref. [4], diffusion taking place in a curving fiber within a full circle geometry
is considered, and the signal attenuation for each portion of the curving circular
fiber is derived. Using this result, we simulated the signal for a set of concentric
circularly bending fibers. Then, ODFs that are based on the constructed q-space
signals are reconstructed using the DOT approach [12]. One sample simulated
data is shown in Figure 2. In (a), the original ODFs are depicted whereas in (b)
are the resulting AODFs at each voxel corresponding to those in (a). Clearly,
the proposed spatial regularisation of the ODFs resulted in an asymmetric ODF
field, which is naturally in line with the underlying curving geometry where the
bending structures are now visible at the voxel level. The asymmetry is visibly
decreasing for larger circles as expected.

Two more synthetic examples (images are taken from the simulations in [15])
demonstrate the capabilities of the proposed technique. In Figure 3 (a,b), a half
circle pattern of fibers meet a straight line of fibers in non-symmetric junctions.
The ODF field shown on the left (a) displays the symmetry assumption imposed
in conventional HARDI processing as seen from the visualised symmetric ODFs.
However, the obtained asymmetric ODF field displayed on the right (b) reveals
clearly the bending in the crossing captured at the voxel-level representations of
the junction regions.
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Fig. 2. Circularly bending fibers: ODF field created by the DOT method [12] (Left);
asymmetric ODF field created by the proposed technique (Right).

(a) (b)

(c) (d)

Fig. 3. Simulations for two geometries involving crossing fiber bundles. (a & c): ODFs
obtained via the method in Ref. [13]. (b & d) AODF maps obtained by our technique.
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(a) (b)

Fig. 4. An axial slice depicting the corpus callosum and Meyer’s loop. ODF results ob-
tained by the DOTmethod (a), and corresponding AODFmaps (b) shown on fractional
anisotropy maps. Three color-coded regions are magnified in the bottom rows.

(a) (b) (c) (d)

Fig. 5. Asymmetry index (α) maps (bright-to-dark:high-to-low values) calculated for:
(a) circular fibers; (b) half circle crossing with a straight bundle; (c) kissing fiber
configuration; (d) a slice from the HCP data.

In Figure 3 (c,d), a bottleneck or a kissing fiber geometry is depicted. On the
left (c) is the ODF representation of the kissing fibers whereas on the right (d) are
the corresponding reconstructed asymmetric ODFs. The resulting representation
of the local fiber orientations, particularly in splaying sections of the kissing fibers
are clearly observed to exhibit the Y-pattern as desired.

3.2 Results on Real Diffusion MRI Data

HARDI data was obtained from the MGH-USC Human Connectome Project
(HCP) database (https://ida.loni.usc.edu/login.jsp), which is acquired from 288
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gradient directions with 1.25 × 1.25 × 1.25 mm3 voxel size. The ODF field is
created by the DOT method [12]. In application of Eq. 1, we inserted a sigmoid
function on the ODF to enhance very high components and suppress very low
components, which are likely to be due to noise. To focus on fiber pathways that
exhibit high curvature, we selected the corpus callosum (CC) and Meyer’s Loop
(ML) as shown in Figure 4. It is well known that non-invasive extraction of the
visual pathways including CC and ML through Diffusion MRI tractography is
challenging due to the strong bending, crossing and kissing geometric patterns in
the relevant anatomy. The reconstructed asymmetric ODFs clearly display the
inherent bending and non-symmetry at the voxel level for those white matter
tracts.

3.3 Asymmetry Index Map Results

Figure 5 demonstrates the asymmetry gray scale index maps calculated over a
slice of half-circle crossing straight lines, circular fibers, kissing fibers and real
white matter fibers. In (a), for the circularly bending fibers, the asymmetry
indices are as expected rotationally invariant and decrease from high to low
radii. Similarly, the proposed index becomes larger in the asymmetric regions
of interest in (b,c): the half circle itself as well as the crossing regions, and in
the splaying parts of the kissing fibers, respectively. In both cases, for the fibers
lying straight, the asymmetry map values are close to zero as desired. In (d),
the asymmetry map for an axial slice is shown. The α values are substantial for
regions with fibers featuring relatively high curvature.

4 Discussion and Conclusion

The proposed method provides an alternative representation and visualization of
diffusion anisotropy that can overcome the limitations of the conventional sym-
metric ODF profiles, which are a product of the existing ODF reconstruction
techniques. Asymmetry information is captured via an inter-voxel regularisation
scheme, which produces asymmetric ODFs, indicative of the intravoxel organi-
zation. Based on the latter, an asymmetry index is also introduced.

Our experiments on both synthetic fiber populations and real MRI data
demonstrated that the constructed AODFs successfully capture the intra-voxel
asymmetry. We expect our method to improve tractography outcomes, where we
can simply adjust conventional tractography methods such as [15] and provide
faithful extraction of fiber pathways when orientational heterogeneity persists at
the voxel level, particularly for fibers that exhibit intravoxel curvature, splaying,
or crossings. The generated asymmetry maps were shown to accentuate strongly
bending, kissing and crossing regions in fiber pathways. Such maps could be
utilised to analyse white matter structures, complementing traditional measures
of anisotropy and mean diffusivity in population studies and eventually improve
the sensitivity and specificity of diffusion-MRI to different pathologies and pro-
cesses.



238 S. Cetin, E. Ozarslan, and G. Unal

References

1. Basser, P.J., Pajevic, S., Pierpaoli, C., Duda, J., Aldroubi, A.: In vivo fiber trac-
tography using DT-MRI data. Magn. Reson. Med. 44(4), 625–632 (2000)

2. Tuch, D.S., Weisskoff, R.M., Belliveau, J.W., Wedeen, V.J.: High angular resolution
diffusion imaging of the human brain. Mag. Reson. Med. 7, 321 (1999)

3. Liu, C., Bammer, R., Acar, B., Moseley, M.E.: Characterizing non-Gaussian dif-
fusion by using generalized diffusion tensors. Magn. Reson. Med. 51(5), 924–937
(2004)
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