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Abstract. Inverse problem of electrocardiography (ECG) has been extensively
investigated as the estimated epicardial potentials (EPs) reflecting underlying
myocardial activities. Traditionally, L2-norm regularization methods have been
proposed to solve this ill-posed problem. But L2-norm penalty function inher-
ently leads to considerable smoothing of the solution, which reduces the accu-
racy of distinguishing abnormalities and locating diseased regions. Directly using
L1-norm penalty function, however, may greatly increase the computational com-
plexity due to its non-differentiability. In this study, we present a smoothed
L0 norm technique in order to directly solve the L0 norm constrained problem.
Our method employs a smoothing function to make the L0 norm continuous. Ex-
tensive experiments on various datasets, including normal human data, isolated
canine data, and WPW syndrome data, were conducted to validate our method.
Epicardial potentials mapped during pacing were also reconstructed and visual-
ized on the heart surface. Experimental results show that the proposed method
reconstructs more accurate epicardial potentials compared with L1 norm and
L2 norm based methods, demonstrating that smoothed L0 norm is a promising
method for the noninvasive estimation of epicardial potentials.

1 Introduction

Inverse ECG problem has been paid much attention recently as it is an efficient tool for
the characterization of cardiac electrical events. In the study of ECG inverse problem,
the electrical activity of the heart can be described by the reconstructed epicardial po-
tentials [1]. In our study, supposing the torso surface potentials are given, we attempt to
compute the potentials on the epicardial surface.

As it subjects to both the Dirichlet and Neumann boundary conditions, this problem
is a boundary value problem. Assuming the human torso is homogeneous and isotropic,
this boundary value problem can be solved by a boundary element method (BEM),
which relates the potentials at the torso nodes (expressed as a m-dimensional vector
ΦT ) to the potentials at the epicardial nodes (expressed as a n-dimensional vector ΦE ):

ΦT = AΦE (1)

where A is the transfer coefficient matrix (m ∗ n) with n < m. The transfer coefficient
matrix A is determined entirely by the geometric integrands and thus can be calculated
analytically with a BEM solution.

c© Springer International Publishing Switzerland 2015
N. Navab et al. (Eds.): MICCAI 2015, Part II, LNCS 9350, pp. 493–500, 2015.
DOI: 10.1007/978-3-319-24571-3_59



494 L. Wang et al.

To find a practical solution, regularization is usually employed to tackle the ill-
posedness and reduce the outliers of the inverse solution [2]. In these regularizations,
Tikhonov regularizations with zeroth, first, and second orders impose constraints on the
magnitude or derivatives of the epicardial potential ΦE to overcome the ill-posed inverse
problem [3] [4]. The truncated total least squares (TTLS) method is introduced to solve
the inverse problem with adaptive BEM in [5]. TTLS can deal with the measurement
errors and geometry errors at the same time, but it suffers from large reconstruction er-
rors when the measurement errors and geometry errors increase. These regularizations
are all in the L2 norm which will smooth the reconstructed results.

Except L2 norm regularization, total variation (TV) has been recently applied to
the inverse problem of ECG and achieve good comparable results in terms of L1-
norm [6] [7]. However, the implementation of TV is complicated due to the non-
differentiability of the penalty function with L1-norm.

L0 norm is an efficient scheme for solving the inverse problem of ECG. However,
due to the discontinuity of the penalty function, investigators had to develop L2 norm
methods and L1 norm methods to approximate the L0 norm [8]. In this study, we present
a smoothed L0 norm solution [9] to epicardial potential reconstruction which directly
solves the inverse problem of ECG. Through a smooth measure approximating the L0
norm, a smoothed L0 norm solves the inverse problem in an iterative manner. The
smoothed L0 norm is validated on various datasets, including isolated canine heart data,
normal human data, and WPW syndrome data.

2 The Smoothed L0-Norm Method

The inverse problem of ECG can be carried out by solving the unconstrained
minimization:

min{‖AΦE −ΦT‖2 +λ‖ΦE‖0} (2)

where λ is the regularization parameter. However, as discussed, the L0 norm faces
two challenges. The first is the discontinuity which means that we have to perform a
combinatorial search for its minimization. The second is its high noise sensitivity. We
meet these two challenges by employing a smoothed L0-norm method.

The main idea of the smoothed L0 is to employ a smoothing function (continuously)
for the L0 norm minimization. For the inverse problem of ECG, we approximate the L0
norm of the potential vector ΦE by a smoothing function Fσ (ΦE), where the value of σ
controls the accuracy of the approximation.

Given the potential vector ΦE = [φ1, ...,φn]
T , the L0 norm of ΦE is valued as the

number of the non-zero components in ΦE . We define it as follows:

ν(φ) =
{

1 φ �= 0
0 φ = 0.

(3)

Thus, the L0 norm of ΦE can be expressed as:

||ΦE ||0 =
n

∑
i=1

ν(φi). (4)
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It is obvious that the L0 norm is discontinuous because of the discontinuities of
the function ν . If we can replace ν with a continuous function, the L0 norm will be
continuous. With the smoothed L0 norm, we apply the zero-mean Gaussian family of
functions for the inverse problem of ECG. By defining:

fσ (φ) = exp(−φ2/2σ2), (5)

we have:

lim
σ→0

fσ (φ) =
{

1 φ = 0
0 φ �= 0,

(6)

and thus we can obtain:
lim
σ→0

fσ (φ) = 1−ν(φ). (7)

Then, we define:

Fσ (φ) =
n

∑
i=1

fσ (φi), (8)

and the L0 norm of ΦE is approximated with n−Fσ(φ):

||ΦE ||0 = n−Fσ(φ). (9)

The σ determines the effect of the approximation. If the σ is too large, the approx-
imation will be too smooth to accurately reflect the L0 norm of ΦE . If the σ is too
small, it is easily trapped in the local minima searching for σ . We employ the scheme
proposed in the Graduated Non-Convexity (GNC) [10] method to control the value of
σ for escaping from the local minima, where the value of σ is decreased gradually.

The final smoothed L0 norm for the inverse problem of ECG is summarized in the
following algorithm:

Algorithm 1. Smoothed L0 norm method for inverse problem of ECG
1: (Initialization):

1. Given φ̂ as an arbitrary solution to the inverse problem of ECG obtained from a pseudo-
inverse of A.
2. Choose a suitable decreasing sequence for σ , [σ1, ...,σK ].

2: (FOR Loop):k=1,...,K
1. Let σ = σ j;
2. Maximize (approximately) the function Fσ on the feasible set of inverse problems of ECG
using L iterations of the steepest ascent algorithm
(1)Initialization: φ = φ̂ j.
(2)for j = 1, ...,L (loop L times):

(a)δ Δ
== [φ1 exp(−φ2

1 /2σ2), ...,φn exp(−φ2
n /2σ2)]T

(b) Let φ ← φ −ωδ (where ω is a small positive constant).
(c) Project φ back onto the feasible set: φ ← φ −AT (AAT )−1 − (Aφ −ΦT ).
3. Set φ̂ j = φ .

3: (END FOR Loop)
4: (Results): φ̂ = φ̂K .
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3 Experimental Data and Protocols

In order to evaluate the proposed smoothed L0 norm, L2 norm method TTLS (L2-
TTLS) [5] and L1 norm method GPSR (L1-GPSR) [8] are compared with our pre-
sented method. In the experiments, the slowly decreasing sequences of σ are fixed to
[1,0.5,0.2,0.1,0.05,0.02,0.01] and δ is fixed to 2.5 based on our data.

3.1 Data

Three different types of data were used in our experiments.

Normal Human Data. Three normal male data were collected for the normal case
study. The geometric heart model and torso model were built from MRI scanning im-
ages. The high-resolution 65-lead body surface potential mapping were collected for
these normal cases.

Isolated Canine Heart Data. The normal canine data is obtained from the Center for
Integrative Biomedical Computing (CIBC) at the University of Utah. The details of the
data collection procedure are reported in [11]. The torso surface potentials are computed
in a forward solution. A homogenous torso geometry including the epicardial sock elec-
trodes (490 nodes and 976 triangles) and torso tank (771 nodes and 1254 triangles) is
used in the forward solution. The forward solution used BEM from Matti Stenroos et
al. [12]. To mimic the realistic conditions, 25dB signal-to-noise (SNR) Gaussian noise
(independent, zero mean) are added to the computed torso surface potentials. The added
noise is zero mean and unit standard variation distribution.

WPW Syndrome Data. The WPW syndrome data was collected from seven patients
(3 female) with overt ventricular pre-excitation who underwent an electrophysiologic
examination. The patients were as assessed through prior transthoracic echocardiogra-
phy to make sure they had structurally normal hearts for this study. Patients in this study
had not received antiarrhythmic drug therapy [13].

3.2 Evaluation Protocols

We quantitatively evaluate the accuracy of the ECG inverse problem by using two stan-
dard criteria: relative error (RE) and correlation coefficient (CC). The RE is defined
as:

RE =
||ΦH − Φ̂H ||2

||Φ̂H ||2
, (10)

and the CC is defined as:

CC =

Nk

∑
k=1

(ΦH(k)− Φ̄H(k))(Φ̂H(k)− ¯̂ΦH(k))√
Nk

∑
k=1

(ΦH(k)− Φ̄H(k))
2 Nk

∑
k=1

(Φ̂H(k)− ¯̂ΦH(k))
2
, (11)

where Nk is the total number of nodes on the heart geometry surface. The ΦH is the
potential value on the heart surface. The superscript ‘ ˆ ’ refers to the reference values
and the superscript ‘ ¯ ’ refers to the mean values.
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4 Experiments and Results

In our experiments, all methods were implemented in MATLAB R2012a running on a
Dell computer with Intel Core2 i3-2120 CPU 3.30GHz and 4.00GB RAM.

Figure 1 shows the epicardial potential maps of human data during pacing, 13ms
after onset of QRS. Measured data is shown in figure 1(a) with the pacing site marked
by an plus sign. Elliptic shapes of negative potential (in dark blue) spread out as a
round shape into two sides of positive potentials areas (in red). Figure 1(b) shows re-
constructed data by L2-TTLS. While L2-TTLS reconstructs the pattern of negative po-
tentials (in dark blue) around the pacing site (plus sign) flanked by a broad area of
positive potentials (in red), it overestimates the spatial gradients between the area of
negative potentials and the area of positive potentials on the sides, which leads to sig-
nificant errors in the reconstructions with high RE (RE=0.36) and low CC (CC=0.65).
Figure 1(c) shows the reconstructed results by the L1-GPSR [8]. Although the recon-
struction accuracy improves (RE=0.19, CC=0.88), the negative potentials around the
pacing site are also overestimated, which is shown in a big parallel circle. The L0-norm
solution ((RE=0.10, CC=0.97)) demonstrates high fidelity compared with the measured
data shown in figure 1(d), in which the shape of the negative potentials is well preserved.
More importantly, the spatial gradients (blue to red) around the pacing site are more ac-
curately estimated. The values of the RE and CC also show the highest reconstruction
accuracy and best spatial features compared to the L2-norm and L1-norm methods.

(a) Measured (b) L2-TTLS (c) L1-GPSR (d) L0 Norm (e)

Fig. 1. Reconstructed epicardial potential maps, 13ms after onset of QRS, for different methods.
The plus sign shows the pacing site. The unit of potential is V .

Figure 2 shows the epicardial electrograms of the pre- and post-infarction. Two epi-
cardial sites are chosen; marked on the surface of the heart. Site 1 is chosen within the
infarct area and site 2 is chosen away from the infarct area. While the form of the elec-
trograms at site 2 remains unchanged in the pre-infarct and post-infarct, electrograms at
site 1 are reversed in negative and positive. The L0-norm solution preserves better form
of the electrograms compared to L2-TTLS and L1-GPSR in terms of RE and CC.

QRST integral mapping has been shown to be a useful noninvasive method to assess
the spatial distribution of primary ventricular recovery properties [14]. QRST integral
maps were computed by using of the sum of all potentials from the QRS onset to the
T-wave offset in each lead. The epicardial QRST integral maps of the canine data com-
puted from measured and reconstructed data are shown in figure 3. The warm area of
the LV with high QRST integral values is shown in red color while the cooler region
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with lower values is shown in dark blue. Although the reconstructed maps achieve the
low and high QRST integral values, the L2-TTLS solution shows over-computed high
integral values with larger RE (RE=0.78). Meanwhile, parts of the high integral val-
ues are missed in the result of the L1-GPSR solution with a lower CC (CC=0.57). Our
L0-norm method achieved the best results.
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Fig. 2. Measured and reconstructed electrograms by L2-norm, L1-norm and L0-norm methods.
The upper two rows are for site 1 and bottom two rows are for site2. For site 1 and site 2, the first
row for pre-infarct and the second row for post-infarct.

Figure 4 shows the epicardial activation map in a male patient with WPW syndrome.
The time step for this activation isochrones is 2ms. The L2-norm solution shows a large
flat area of early activation (in pink color) while the L1-norm solution shows the one
distinct early activation areas which means there is one diseased region. However, the
L0-norm solution shows two distinct early activation areas of which one early activa-
tion area cannot be found in the L1-norm solution. These two distinct areas of early
activation are very important for surgeons making a surgical plan. The reconstructed
results demonstrate that the proposed L0-norm method achieves more accurate results
than the L2-TTLS method and the L1-GPSR method.
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(a) Measured (b) L2-TTLS (c) L1-GPSR (d) L0 Norm (e)

Fig. 3. Epicardial QRST integral maps from measured and reconstructed data. The unit is V −ms.

(a) L2-TTLS (b) L1-GPSR (c) L0 Norm

Fig. 4. Activation maps for Wolff Parkinson White (WPW) patient reconstructed by the L2 norm,
L1 norm, and L0 norm. The plus sign indicates the distinct early activation area.

5 Conclusion

A L0-norm base regularization technique was applied to the inverse problem of ECG for
epicardial potentials reconstruction in this study. In order to overcome the discontinuity
of the L0 norm, a smooth measure is employed for direct reconstruction of epicardial
potentials in an iterative manner. The experiments were conducted in different types
data of isolated canine heart, normal human, and patients with WPW syndrome. The
reconstructed results were compared to the L2-norm based method and the L1-norm
based method. Experimental results showed that the proposed L0-norm base method
is a promising method for the inverse problem of ECG which achieves more accurate
results than L2-norm and L1-norm based methods.
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