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Foreword

Computer Science centers on questions about computational problems, and com-
puter programs to solve problems:

• What is a computational problem, what is an algorithm, what does it mean to
have solved a problem, are some problems unsolvable by any computing device,
are there problems intrinsically difficult or impossible to solve automatically, are
there problems intrinsically easier to solve than others, …?

• How can a machine solve a problem, how to build such a machine, how to
specify an algorithm for computer execution, how to design good algorithms,
which “language” can a human use to direct the computer, how to design and
“debug” programs for computer execution, how to build good programs, …?

Good news: rapid progress has been made in both areas; we stand on the shoulders
of giants in both theory and practice. The questions above have many and various
answers. The first questions led in mathematical directions to foundational studies:
the theories of computability, recursive functions, automata theory and more. The
second led in engineering directions: computer architectures, the architectures of
programming languages, the art or discipline of programming, software engineering
and more.

Since the 1930s our understanding of both areas has developed hand in hand, led
by theoreticians such as Kleene, Church, and Gödel; by hardware and software
inventors such as Babbage, Von Neumann, and McCarthy; and by Alan Turing’s
genius at the borderline between the two areas.

This book focuses on the first question area by an approach near the borderline:
the theory of computability and complexity (C&C for short) is presented by using a
simple programming language. In this language one is able to perform the (many)
program constructions needed for the theory. This is done abstractly enough to
reveal the great breadth and depth of C&C. Further, it is done concretely and
precisely enough to satisfy practice-oriented readers about the constructions’ fea-
sibility. Effect: a reader can see the relative efficiency of the constructions and
understand the efficiency of what is constructed.
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My 1997 C&C book was a step in this direction, but suffers from several
problems: a scope too great for a single-semester university course; sections that
(without warning) require more mathematical maturity than others; too few exer-
cises; and too few historical and current references to research contexts.

Bernhard Reus has succeeded very well in overcoming these problems, and
writing a deep, interesting, up-to-date, and even entertaining book on computability
and complexity. I recommend it highly, both for systematic study and for spot
reading.

Neil D. Jones
DIKU, University of Copenhagen
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Preface

About 12 years ago a student1 asked me after one of my lectures in Computability
and Complexity why he had to write tedious Turing machine programs, given that
everyone programmed in languages like Java. He had a point. What is the best way
to teach a Computability and Complexity module in the twenty-first century to a
cohort of students who are used to programming in high level languages with
modern tools and libraries; to students who live in a world of smart phones and 24h
connectivity, and, even more importantly maybe, who have not been exposed to
very much formal reasoning and mathematics?

Turn the clock back only two or three decades. Then, a first year in a computer
science Bachelor degree mainly consisted of mathematics (analysis and linear
algebra, later discrete maths, numerical analysis, and basic probability theory).
When computability and complexity was taught in the second or third year, students
were already acquainted with a formal and very mathematical language of dis-
course, maybe because computer science lecturers in the 80s were usually mathe-
maticians by trade. Things have changed significantly. Curriculum designers for
Bachelor degrees are under pressure to push more and more new exciting material
into a three-year degree program that should prepare students for their lives as
working IT professionals. Any new module moved into the curriculum necessarily
forces another one out. Often, allegedly “unpopular” modules, including formal
theory and mathematics, are the victims. As a consequence, computer science
students have to a degree lost the skills to digest material presented in an extremely
formal and symbolic fashion while, at the same time, they are prolific programmers
and quite knowledgeable in the use of tools.

So, Computability and Complexity, do they really have to be taught using Turing
machines or µ-recursive functions? Do they have to be presented in the style a
logician or mathematician would prefer? Seeking for alternatives, I eventually
stumbled across Neil Jones’ fantastic book Computability and Complexity—From a
Programming Perspective. The subtitle already gives away the book’s philosophy.

1Alexis Petrounias.
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The leitmotif of Neil’s textbook is to present the most important results in com-
putability and complexity theory “using programming techniques and motivated by
programming language theory” as well as “using a novel model of computation,
differing from traditional ones in crucial aspects”.2 The latter, WHILE, is a simple
imperative language with one datatype of lists (s-expressions) à la
LISP. Admittedly, this language is not Java, but it has the hallmarks of a modern
high level language and is infinitely more comfortable to program in than Turing
machines or Gödel numbers. Java, or any similar powerful language, would be
impractical for our purposes “since proofs about them would be too complex to be
easily understood”.3

So when rebranding the module under the name Limits of Computation in 2008,
I adopted Neil’s book as course textbook. Delivering an introductory, one semester
final-year module, I picked the most important and appealing chapters. This was
easy as the design of the book was exactly made to mix and match.4 Soon, however,
it turned out that students found Neil’s book tough going. In fact, this became more
apparent as the years went past. There were several factors. First of all, Neil’s
students would have had ML, a functional language with built in list type, as a first
programming language, whereas our students were raised on Java. Yet, the datatype
of WHILE is a functional one, and this caused more problems to the students than
anticipated. Second, and more importantly, I had not put enough attention to the
prerequisites. Neil expected readers of his book to be senior undergraduate students
“with good mathematical maturity.”5 It turned out that not all the third-year students
had this maturity (given the heterogeneity of backgrounds and reduction of maths
teaching in the undergraduate years one and two).

As a response to mitigate the issues above, I started writing explicit notes to
accompany my slides, intended as additional comments and explanations for the
selected book chapters. I ended up adding more and more new material and rear-
ranging it. The results of this effort are the 23 individual lectures of this book.
A (British) semester is 12 weeks long, which usually requires 24 lectures to be
delivered. The shortfall of one lecture is intentional, it acts as a buffer (in case things
take more time) and also allows for extra events like invited talks or in-class tests.

This book was heavily influenced by Neil Jones’s textbook, which is clearly
visible in some chapters. To pay homage to his book, its telling subtitle “From a
Programming Perspective” has been adopted.

Brighton Bernhard Reus
November 2015

2Preface of Neil’s book, page x.
3The book “Understanding Computation From Simple Machines to Impossible Programs” by Tom
Stuart, published by O’Reilly in 2013, appears to follow the same idea and philosophy, using Ruby
as programming language. It does not deal with complexity however.
4Neil’s Preface, page xii.
5Neil’s Preface, page xiii.
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For Tutors

The students using this book are expected to be senior undergraduates who can
master at least one imperative programming language. They are supposed to know
arithmetic, Boolean algebra, graphs and some basic graph algorithms. Similarly,
knowledge of basic set theory, function, and relations is needed, but Chap. 2
contains a short summary of basic definitions used in the book. Some exposition to
formal reasoning would be helpful as well, but is not strictly required. To under-
stand the probabilistic complexity classes in Chap. 21 some basic knowledge of
probability theory will be needed.

This book is divided into 23 chapters with the intention that each chapter cor-
responds to one lecture. If not all chapters can be delivered, the following chapters
can be omitted without interrupting the natural narrative:

• Chapter 10, Self-referencing Programs, but the self-producing program is a
brain teaser which turns out to be very popular with students;

• Chapter 21, How to Solve NP-complete Problems, which may, however, be the
chapter that has the most impact on students’ future projects;

• The last two chapters Molecular Computing (Chap. 22) and Quantum
Computing (Chap. 23), but students find this material particularly exciting.

A few chapters are significantly longer than others. These are Chap. 11, The
Church-Turing Thesis, Chap. 16, Famous Problems in P, Chap. 20 Complete
Problems, Chap. 21 How Solve NP-complete Problems?, and Chap. 22 Molecular
Computing. The longer chapters allow the tutor to pick some of the sections and
present them in the lecture, leaving the remaining ones for self-study or exercises.
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