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Abstract. Consider a {0,1} assignment matrix where each column contains ex-
actly one coefficient equal to 1 and let / be the index of the lowest row that is
not identically equal to the zero row. We give a full description of the convex
hull of all feasible assignments appended with the extra parameter /. This poly-
tope and some of its variants naturally appear in the context of several combi-
natorial optimization problems including frequency assignment, job scheduling,
graph orientation, maximum clique, etc. We also show that the underlying sepa-
ration problems are solvable in polynomial time and thus optimization over those
polytopes can be done in polynomial time.

k [
1 x m Fig. 1: On this grid representing a k-by-
. n matrix, each column is a z' variable
: ;F ] and the height of its black cell is the
value assigned to it. & thus corresponds
i to the first non-empty row of the grid
- ;e starting from the bottom (in this case,
1 h=4).

1 Introduction and motivations

Let us consider combinatorial optimization problems involving n € N\{0} variables
7' each of which can be assigned an integer number in [1,k] and let 2 = min?_, z'. A
natural polytope related to these problems is given by

Ve Vi . o
R Y yy=1,Vie[l,n],
P = Conv N Jh | € My, x N\{0}| /=1 ! e
VY Ys h= min ¥, ly,
2 n i€[1,n]



where M, is the set of all k-by-n matrices with coefficients in {0, 1} and the variables
yf are interpreted as follows : yf = lifand only if 7/ = 1.

The matrix (yll) can be seen as a {0, 1} assignment matrix where each column con-
tains exactly one coefficient equal to 1 while & denotes the index of the lowest row that
is not identically equal to the zero row (cf Fig. 1).

Another variant of P is obtained by considering the index of the highest row that is
not identically equal to the zero row. In this case we get the polytope

xllc x% Xy ko L]

R : ZX}ZI,VIE l,l’l7
P' = Conv PR Y € My, x N\{0} | =1 0

Xy X5 o0 X5 g= max Y, ,lx],

x% x% xr]z ic[1,n]

Polytopes P and P’ naturally appear in the context of several combinatorial opti-
mization. Let us for example consider the minimum-span frequency-assignment prob-
lem which is a variant of the NP-hard frequency-assignment problem [8]. Given a simple
graph G = (V,E) that is generally called the interference graph, the frequency assign-
ment problem consists in assigning a frequency f from a set of available frequencies F
to each vertex v € V in such a way that each pair of antennas uv € E that may interfere
with one another are assigned different frequencies. Frequencies can be seen as ordered
integer numbers. To reduce interferences, one might impose stronger constraints: a min-
imum separation between the frequencies assigned to u and v is required. If frequency i
is assigned to u and j is assigned to v, then |i — j| > s, where s, is a given number. The
minimum-span frequency-assignment problem (or MS-FAP) consists in assigning fre-
quencies to nodes taking into account the separation requirements and minimizing the
difference between the largest assigned number (frequency) and the smallest assigned
number (see, e.g., [7]).

If we consider that V = {v;,--- ,v,}, F = [1,k] where k is an upper bound of the
minimum-span, then we obtain the following formulation for MS-FAP

min g
s.txh+x) <1, V(i j,1,0') € [1,n]? x [1,k]? such that viv; € E, | =] < sy,
(x,8) EP', x € My,.

where the interpretation of the x variable is the following: x} = 1 if and only if the fre-
quency [ is assigned to the antenna v;.

Another example is the minimum makespan scheduling, which is a central problem
in the scheduling area (see [10]). Given a set J of jobs, a set M of machines that can
all process at most one job at a time, and the time #*/ € N taken to process job j €
J on machine i € M , the goal of the minimum makespan scheduling problem is to
assign a machine p € M for each job j € J so as to minimize the makespan, i.e. the
maximum processing time of any machine. Several approximation schemes have been
developed to deal with this NP-hard problem [3], e.g. [4] and [5]. Since the processing
times are integers, the timeline is discretized in identical units of time, e.g. days. We



consider here the variant where all the machines in M are identical (or IM-MMS) and
preemptions are not allowed. In other words, for any job j € J, t'/ =/, Vi € M. In
this case, assigning a machine to each job is equivalent to assigning a day d’ to be the
last day of processing this job, which also determines the first day d of processing and
will therefore be processed by a machine free during the period [d,d’]. Now to make
a formulation for IM-MMS with the set of jobs J = [1,n] and m € N\{0} identical
machines, we take k =Y, ¢ and the variable x € M, , whose interpretation is the
following: xf = 1 if and only if the processing of the job i ends on the day /. Then we
have the following formulation for IM-MMS

ming
st Yh I > Vie [1,n],
T Ym0 < e 1],
(x,g) €P', x € My .

For a job i € [1,n], X_, Ix} > ' ensures that its processing ends after enough time has

passed for i to be processed, and for a day I € [1,£], Y1, ):;?Z(HILI’I())C;', < m ensures

that no more than m jobs are being processed. Some additional constraints can be added
to this formulation such as a necessary precedence or release time. If we want a job
i € [1,n] to be processed before another job j € [1,n]\{i} starts processing, we add
the constraint Y5_, Ix} < Y | Ix] — /. If we want a job i € [1,n] to be processed be-
fore (resp. on, after) a day d € [[1,k], we add the constraint Z;tll xf =1 (resp. xfi =1,
Z;‘z del x§ = 1). The objective function can also be any linear function depending on the
x and g variables.

Another example is given by the problem of the most imbalanced orientation of a
graph (or MAXIM) that consists in orienting the edges of a graph such that the minimum
over all the vertices of the absolute difference between the outdegree and the indegree
of a vertex is maximized (NP-complete) [1]. In other words, for a simple graph G =

(V,E), MAXIM(G) = max min|d} (v) —d, (v)|, where 5)(G) denotes the set of all
A€0(G) Y

the orientations of G and d (v) (resp. d (v)) denotes the outdegree (resp. indegree)
of v in G with respect to A. Now if we consider the graph G to be arbitrarily oriented
and take its incidence matrix B € {—1,0, I}W‘X‘E |, we can describe an orientation of
G with the variable x € {—1, 1}‘E | interpreted as follows. For each edge uv € E, its
orientation is kept from the original one if x,,, = 1 and reversed otherwise. Then if we
look at the product of B with an orientation vector x € {—1, 1}|E | we obtain B,x =
df(v) —d; (v), Vv €V, where B, denotes the row of B corresponding to node v. In
order to make a formulation of MAXIM, we consider indicator variables 7 € {0,1}
with v € V and [ € [—k, k], k being the maximum degree of the vertices of G, that have
the following interpretation: 7/ = 1 if and only if Byx = d," (v) —d, (v) =1, and thus we

X



obtain the formulation
max h
sth<Yk |, Wwev,
Yo =1, Yev,
Yh_ _dt/ =Byx, WevV,
xe[-1L1]E e Mypir, heR.

Introducing variables y) =", +1/, V(v,1) € V x [1,k], it becomes

max h
s.t. Zf‘z_klt}’ =Bx, YvevV,
v =t +1,Y(v1) € V x [L,k],
xe[-L1E (yh) € Pt € Myos.

Considering the last formulation, a polyhedral analysis of the polytope P may be helpful
in strengthening the linear relaxation of the original formulation within the framework
of a cutting-plane algorithm (see, e.g. [2] and [11]).

Polytope P also appears in the context of the maximum clique problem. A dis-
cretized formulation is proposed in [9] where a variable w; indicates whether the vertex
i belongs to a clique of size g. These variables are of course linked to standard vertex
variables (x; = 1 if i belongs to the maximum clique). The problem is then equivalent
to maximizing ¢ such that wfi = 1 for some i. This is again related to polytope P.

More generally, several combinatorial optimization problems where discretization
techniques are used can benefit from a description of either P or some of its variants.

The rest of the paper is organized as follows. First we give a complete linear de-
scription of P in Section 2. Then we show that the separation problem with respect to
P can be solved in polynomial time in Section 3. Finally we give similar results for the
polyhedron P’ and others in Section 4 and conclude in Section 5.

2 A full description of P

Let us define a set of inequalities that will prove to be an hyperplane representation of
P.

ZI[{:Iy; = 17.vi € [1,n],

Yi LYt A >h—1,YA €A,

Z?r:“afx_l ,r‘l:](l*hmax)y; + hmax < hy, Yhmax € [[l,k]],
y; >0, V(i,1) € [1,n] x [1,k], h € R,

o
I

where

; Al > A V(i) € [1,n] x [1,k—1]
i nk ’ ) ) ;
A= {A‘ = ()Ll)(i,l)e[[l.n]]x[[l,k]] eN ?;11 A’[l :ll_ 1’ = [[Lk]] .



Any element A of A can be constructed as follows: we start with A{ =0, Vi € [1,n],
choose an index i € [1,n] and set A,> = 1 and Ay =0, Vi € [1,n]\{i2}. And we proceed
like this for [ = 2,--- k, we choose an index i; € [1,n] and set A’ = 4, | +1 and
A=Ay, vie [Ln\{i}.

Lemma 1

PCP

Proof. Since P is the convex hull of integer points, it suffices to show that each of those
points satisfies all the inequalities in P. Let (y,h) € P be one of those points, that is to
say (y,h) € My , X N\{O} Zl 1y =1, Vi€ [1,n] and h = min;cp Y, Iyl We firstly
show that Z,:2 YAy >h—1,VA € A Forallic [1,n], there exists /; € [h, k] such
that y}i = 1. Now since for a given i € [1,n], A/ increases with [, we have

k 7
Y Y A=Y A=Y A —n-
1=2i=1 i=1 i=1

Now we take fimax € [[1,k], and we show that fimax — Zh““‘" 1(hmax -nHyr, yf < h. We
have

k

n
yf hmax + Z min(/ — Aimax,0) Zy}
1 =1 i=1

hmax —1

hmax_ Z (hmaX—l)
=1 i

M=

)’; —n(hmax — 1)

(agE

k
= Amax + Y min(l — 1, hpay — 1)
=1 i

1

I
™=
™=

I
=
||
S}

min(l — 1, gy — 1)yi+1— (n— 1) (fmax — 1)

There exists i* € [1,n] such that y, = 1, then

n k n k k
ZZ ~Lhmax—1)y; =Y Y min(l — Lapay — 1)y; 4 Y, min(l = 1, hmax — 1)y}
i=11=2 l_z;l*l=2 =
n k ) k .
< ZZ(hmaX_l)yi "i_Z(l_l)yi
i=1]=2 1=2
i#i*
n
<Y (hmax—1) +h—1
iz
= (n—=1)(hpax — 1) +h—1.

a

Now to prove that P coincides with P, we show that all facet-defining inequalities
for P are among those defining P. Two inequalities are said to be equivalent if one
can be obtained from the other by multlplymg it by a non-zero scalar and adding a
combination of equations of the type Z, =1L



Lemma 2 Let
k n o
Y ) Byi+r=>0, (1)
I=1i=1

be a facet-defining inequality of P, with B} € R, V(i,l) € [1,n] x [1,k], v € R. Then
there exists (i,1) € [1,n] x [1,k] such that (1) is equivalent to y; > 0.

For an extreme point (y, ) of Pand (i,1,1") € [1,n] x [1,k]?, such thatyf =land[#

I', we denote by (y~ h_ ; ) the extreme point (y', /') of P such that y} = =yi, V(i,l) €
— ]

l /’ Z
[[l,l’l]] [[lak]]\{(l?l)a(lal/)}7 yl" =0, 17 = land /' _mlnleﬂl,n]] Z[:llyll° FOI'l € [[Lk]]’
we denote by (y_,;, I) the point of P such that y;; =1,Vie[l,n] and yi =0, V(i,]) €
[1,n] < ([1,K[\{2})-

Proof. First, since for each i € ﬂl n], we have ):l 1y1 = 1, we can replace y‘i by 1 —

Z, , ¥4 and get new coefficients Bi=0and 131 B/ —Bi, VI € [2,k] and anew 7= y+

" | Bi. Hence, without loss of generality, we can assume that B/ = 0 for all i € [1,n].
Suppose that the facet defined by (1) is not equivalent to a facet defined by an inequality
of the type y| > 0. If we take (7,7) € [1,n] x [1,k— 1]] we know that there exists an

extreme point (y, k) of P saturating (1) and such that y~ = 1, otherwise all the extreme
points saturating (1) would saturate y;- > 0 thus contradicting the fact that (1) is facet-
defining and not equivalent to y! > 0 for some (i,/) € [1,n] x [1,k]. Since (y/,') =

SR hf;nl) € P, we have Y\ X1y Biyj + =0 and YL, XL B +7 >0

which yields l 2 B’ Similarly, taking an extreme point (y, &) of P saturating (1) and

such thatyl~  =land (y,n') = (yi+1—>l h[+1 : _) €P,wehave Y5 Y7 | Biyi+y=0

and Y5, Y7 | Byl +7v> 0, yielding [3’ > B .Hence, for all (i,/) € [1,n] x [1,k—1],
we have B/ = B/, in other words, B/ =0, V(i,l) € [1,n] x [1,k], and (1) is not facet-
defining. a

Lemma 3 Let

L

be a facet-defining inequality of P, with B} € R, V(i,1) € [1,n] x [1,k], y € R. Then
there exists A € A such that (2) is equivalent to YX_, Y, Ayi>h—1

'yé +y>h, )

HM:

Proof. Again, without loss of generality, we assume that Bi =0 for all i € [1,n]. For
an (i,1) € [1,n] x [1,k— 1], there exists an extreme point (y, /) of P saturating (2) and

suchthaty~:1 Since (Y, i) = (y~ SR hl—;>i+1) €P,wehave Y5 YL Biyi+y=h

and Y5_ YU, Biyi 4y > K > h which yields [315+1 > BZ’N Hence for all i € [1,n], (B});
is increasing with / and therefore non-negative since i = 0, Vi € [1,n].
If we consider the point (y,h) = (y_1,1), we obtain that y > 1. If we now consider an



extreme point (y,h) of P saturating (2) and such that y; =1 foran i€ [1,n], we get
Yh 12 1 Bjyj'+v=h = 1. But since both the 3 and the y are non-negative, then so
is 21:1 Y l’y;’ Hence y < 1, yielding v = 1.

Considering (y_,,[) € P for [ € [1,k], we obtain Y/, B/ > — 1. Let us show by
induction on [ that Y7 | B/ =1 —1, VI € [1,k]. Our induction is already initialized by
", Bi = 0. We suppose that fora / € [1,k— 1], we have ¥ 1[3- = [—1 and show that

. [31~ = = [. Suppose that all the extreme points (y,/) of P saturating (2) and such
that y;;_H = 1 for some i € [[1,n] verify h <. Then for each i € [1,n], take one of those

extreme~saturati~ng points such that y;;r , = 1 and let (y' ) = (yf+1 iy hi+1 i [) €Pp.
Since ﬁliﬂ > ﬁl’ we have i’ — 1 <YK Y Byl < 1):" 'y = h— 1, and since
h <l we have h = &’ and therefore, Zl X Byl = lﬁlyl = h— 1, yielding

= ﬁ‘ Thus Y7 1ﬁl+l " ﬁ =[—1 which contradlcts i ﬁlfH 2~ I. So there
exists 7 € [1,n] and (y,h) an extreme point of P saturating (2) such that y;'-ﬂ =1 and
h=I+1 Wehave [ <Y" l~i+1 < Zlle): i Bly[ =1, hence ¥ ﬁ1+1 I, which con-

cludes our induction.

Now let us show by induction on / that for all (i,/) € [1,n] x [1,k], B} is an integer.
This induction is trivially initialized for B{ = 0, Vi € [1,n]. We suppose that for a [ €
[1,k—1] we have that the B’ fori € [1,n] are integers and we show that the same holds

for the ;| forie [1,n]. We note o' = ll+1 7, Vi € [1,n] and for each i € [1,n] we

build a new set of inequality coefficients : ﬁl ﬁl —a/+6;;, V(j,1) € [1,n] x [1,k],
where 9; ; equals 1 if i = j and 0 otherwise. Let (y,/) be an extreme point of P and for
all j € [1,n], let [; € [h,k] be such that yl]j = 1. Then, since Y7, a’ = 1, we have for
i€[1,n]

n n n

k n k n
ZZﬁl(’)’-’y;:ZZ( (Xj+571 Z -/ +8,)= Z j Z
=1 j=1 =

I=1j=1

which means that for all i € [1,n], Y*_, Y Bl(i)’jy{ +1 > h is valid for P. Now
since for (j,1) € [1,n] x [1,4],

n J n . n . n n .
(zafﬁ<f>) —3 o (-l 45,) = (z) - (z) @Y ol =
i=1 ;=1 i=1 i=1 i=1

and ' >0, Vi € [1,n], (2) is a convex combination of these inequalities. Moreover, if
any of the ﬁli L E [1,n] was not an integer, then the convex combination would be
non-trivial, which would contradict the fact that (2) is facet-defining. Concluding our
induction, we obtain that for all (i,/) € [1,n] x [1,&], B/ is an integer. And thus that
B € A, i.e. (2) belongs to the set of inequalities defining P. a



Lemma 4 Let
k n o
Y ) Byi+r<h, 3)
I=1i=1

be a facet-defining inequality of P, with B} € R, V(i,1) € [1,n] x [1,k], y € R. Then it
is equivalent to hmyax — Zh““‘" l(hmax -y, yf < h for some hmax € [1,k].

Proof. Since for each i € [1,n], we have Y¥_, yi = 1, we can replace B by 3/ = B} — v,
for some v; > 0 such that 8 <0, ¥(i,1) € [1,n] x [1,k], and y by ¥ = y+ ¥, v; and
thus get new coefficients ﬁ which are non-positive without changing (3). So without
loss of generality, we can assume that 8 is non-positive and furthermore that ¥ is mini-
mal for a non-positive 3.

For (i,1) € [1,n] x [2, k], we take an extreme point (y, &) of P saturating (3) such that

vp=land (W)= (v i . ok ).Wehave Xi XLy Biyj+y=hand T X2 Biyf +

—1—
¥y < W < h, which ylelds ’ L < Blf In other words, f3/ is increasing with l, for all

i € [1,n]. This implies that for all i € [1,n], there exists /; € [1,k] such that B/ =
0, VI € [l;,k] and B/ < 0 for [ < I; because suppose there exists i € [1,n] for which
Bi <0, then we can replace 3/ by B — i for all I € [1,k] and add f3; to y and thus get
new non-positive coefficients B with a ¥ < 7, which contradicts the minimality of y.

Let (i,0) € [1,n] x [1,k] such that Bll <0 (i.e., [ <), we know there exists an
extreme point (y,h) of P saturating (3) such that y; = 1. Suppose that h < [, we take
(y/, /) an extreme point of P such that y] = yi, V(i,1) € [1,n]\{i} x [1, k]] yZ =1and
obtain h =Yk | Y Biyi+y <Xt YL, Biyi+y < =h, that yields B = 0, which
is a contradiction. Hence h = [, so if we take the extreme point (y', /) of P such that
y;f =1,y{=1,Vie [1,n]\{i} and y =0, ¥(i,]) € [1,n] x [LAP\{ G D) }U{(i,k), i€
[1,n]\{i}}), we have

k n k n - -
=Y Y Byi+r<Y Y By +y=B+y<i =L
I=1i=1 I=1i=1

This gives us that for all i € [1,n], Bj =1—1, VI € [1,]; — 1]. Consider the extreme
point (y,) of P such that for all i € [1,n], y; = 1, we have ¥ < min;e[y ,,y ;. We call
hmax the maximum value of & among the extreme points (y, 1) of P saturating (3).

If we take an extreme point (y,h) of P realizing hp,y, i.€. saturating (3) and such
that & = hyax, we have Y5 Y7, B;. 'Vi + ¥ = hmax Which, since Y5_, ¥ | B/y! is non-
positive, yields hmax < 7. Now for i € [1,n], there exists an extreme point (y,h) of P
saturating (3) such that yf , = L. Suppose that h < [; — 1, we take (y',4) an extreme

point of P such that y/' = yi, V(i,1) € [1,n]\{i} x [1,£], yi =1 and obtain

T
Mw-
M:

k n
Biyi+v ZZ Bly] +y<Hh =h,
I=1i=1

—
Il

li=1



that yields ﬁ[’;l = 0, which is a contradiction. So h = [; — 1, hence hpax > ; — 1.
We obtain midx,-eﬂly,,]] li =1 < hmax < ¥ < mingeq pp li < maxieq ;- There are two
possibilities, either min;e[y 7 i = max;eq up li> Or MaX;eqy oyl — 1 = mingepy 4y £ Sup-
pose max;c[in)li — 1 = hmax = ¥ = min;e[y )i, then there exists i € [1,n] such that
Iz = 1+ hmax, which implies that ﬁ,’;max #0 and ﬁ;;mﬂx = hmax — ¥ = 0 which is a contra-
diction. So min;eyy ;) i = max;eq 4yl =t L and

L—1<hnx <y<L.

Let us assume that iy, = L — 1. Then we know that ¥ < L, otherwise if ¥ = L, the
extreme point of P (y_,z,L) would saturate (3) and thus contradict the maximality of
hmax- We consider the following inequality

Li

Let us show that it is a valid inequality for P, that is to say, that every extreme point (y, i)
of P verifies it. If 7 > L, then Zle_ll "= L)yf =0 and we are done. If n < L —1, then
there exists 7 € [1,n] such that y}, = 1. Combining this with the validity of (3) implies

H[V1=

y1+L<h “)

L—1 n —

(I-L)y,+L =ZZ MYi+r+ ZZV L)yj+L—y<h+y—L+L—y=h.

M:

~

=1i

Il
=

Moreover, if (y,h) is an extreme point of P saturating (3), then there exists i € [1,7]

such that y, =1 and h < hpya = L— 1 which ylelds ):l Y (l=yyi+y=h=

Y Xr  (I—y)yi+h—y+7y. Sowe have Y ' Y7 | (I —¥)yi = 0 which implies that
z;éz z;él

y; =0, V(i,1) € ([1,n]\{7}) x [1,L — 1]. Thus

L—1 L-1 n

M:

—L)y\+L :ZZI— wi+v+ Y Y (v—L)yj+L—y=h+y—L+L—y=h.
1=1i=1 I=1i=1

~

:111

Consequently, all points saturating (3) saturate (4), furthermore, (y_,L) saturates (4)
and not (3). This means that the face of the polyhedron defined by (3) is strictly con-
tained in the face defined by (4) contradlctlng the fact that (3) is facet-defining, hence
hmax = ¥ = L and (3) becomes ):hm“x_l - hmax)yé + hmax < h with hyax € [1,1].
O
Theorem 5
P=P

Proof With Lemma 1, we know that P C P. Take any facet-defining inequality of P
Z, Y 1131y1+y> ah, whereﬁl eR, V(1) e[1,n] x[1,k], (y,) eRx{—1,0,1}.
If oo =0 (resp. ¢ = 1, o« = —1), then Lemma 2 (resp. Lemma 3, Lemma 4) gives us that
this inequality is equivalent to one of those defining P.



3 Separation problem

P is defined by n equalities, kn non-negativity constraints, k constraints of type th‘“_l T-

hmax)yl + hmax < h and k=1 of inequalities of type Z,:2 Zl: : yl > h — 1. The total
number of inequalities is then exponential. However, the following holds.

Theorem 6 The separation problem which consists in deciding if a vector (y,h) €
R™*+1 is in P, and if not in returning a constraint of P violated by (y,h) can be solved
in polynomial time.

Proof. Let (y7 ) € R™+!_first, one can verify in linear time if (y,/) € [0, 1]™ x [1,k] is
such that Zl 1 ¥y =1, Vi€ [1,n] and verifies the k inequalities of type Zﬁ’;“‘l‘x_l -
hmax)yl + hmax < h. If not, we return a violated constraint. Otherwise, we build A € A as
follows: 7L —O Vi€ [1,n],and forl=2,--- k, leti = argmin;cpy y§+yf+1 +~~~+yf{
and set l i = l /. +1and A=Al |, vie ﬂlm]]\{{[} We will show that if (y, 1) satisfies
the inequality of P correspondmg to A, then it satisfies all the inequalities corresponding
to an element of A. Suppose Y5, ¥ | Ajyl >h—1and let A € A and (ia,--- ,ix) €
[1,n]*~" the indices corresponding to the building of A, i.e. for [ =2,--- k, A" =
Ml,] +1and A} =4/ |, Vi € [1,n]\{i;}. By construction of i, - ,ix and i, - , Iy, we
have

k T T ~ .
ZZM Zyz+yz+1+ =Yl =Y Y Ay =1,
» 4

hence the inequality of P corresponding to A is satisfied. So we can conclude that if
(y, h) satisfies the inequality of P corresponding to A, then it satisfies all the inequalities
of P corresponding to an element of A. And since the construction of A is done in
polynomial time, the separation problem is indeed polynomial. a

The previous result is very useful in the context of cutting plane algorithms where
only violated inequalities are added and not all valid inequalities.

4 Variants

Linear programming formulations aiming to maximize (resp. minimize) the index of
the lowest (resp. highest) nonzero row of an assignment matrix are related to polytope
Q (resp. Q') described below. Observe that & (resp. g) is only required to be less (resp.
more) than or equal to min;cp; ) To_ Iy} (resp. max;eqs iy Ly 1x).

Vi Ve W

o=com{ | |07 E L] em, oy [Fori =1 i)
AURUREENG ' h < mingepy Xy 1),
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Y1Y1 )
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Q' = Conv . .g | € My, x N\ {0} Y1 7Vl€k[[ vnlllv
Xy a3 ' 8 = maXic[1n) Xy 1%
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X XY e Xy

A full description of Q is given below.

Theorem 7

Zf‘:ﬂ? =1, Vie[l,n],
Q=< Th L Ym Ayi>h—1,VA €A,
¥ >0, Y(i,0) € [1,n] x [1,k], h > 1.
O
Proof. Tt is a simple fact that 42 > 1 is the only possible facet of type (3) while the pos-
itivity constraints are the only possible facets of type (1). Let us consider an inequality
of type (2) defining a facet of Q. Any extreme point of Q saturating such a facet nec-
essarily satisfies & = min;e[y 4] Z'le lyf implying that it is also a point of P. Using this
observation and the fact that Q and P have the same dimension, we deduce that any facet
of Q of type (2) is also a facet of P. Using the description of P, we get the result. a

Similarly to Theorem 6 we can deduce that the separation problem with respect to Q is
solvable in polynomial time as well.

We can also derive a full description of P’ and Q' from the previous results.

Theorem 8

Y =1, Vie[1,n], ]

):ﬁ:ll ?:1 ;L[le <g—k, V?L EA,

Zf:gmerl Y (I — 8min)X) 4 8min = & V&min € [1,4],
x>0, V(i,0) € [1,n] x [L,A], g €R,

Yixi=1,Vie[l,n],

Q/: Z?;]l :l:la‘llxigg_k? VAEA,
x>0, V(i) € [1,n] x [1,k], g <k

P =

where

= ; A <AV €[] x [1,k—1]
i nk 3 ) ) )
A= {)’ = (AZ)(i,l)e[[l,n]]x[[l,k]] eN ll{;ill )L[z :lk—l7 Vi e Hl,k]] .

Proof. Take an extreme point (y,/) of P, and let (x,g) € My, x N\{0} such that xi =
y§;71+l, V(i,1) € [1,n] x [1,k] and g = k —h+ 1, then g = max;e[y 4] Z;C:I le, hence
(x,g) € P'. Conversely, any extreme point (x,g) of P’ can be obtained from an extreme
point of P in this manner. So P’ is obtained from P doing the change of variables xf =
Yeei41> V(i,1) € [1,n] x [1,k] and g = k—h+ 1. Therefore its hyperplane representation
is obtained from that of P in Theorem 5. Similarly, Q' is obtained from Q doing the same
change of variables and its hyperplane representation is thus obtained from Theorem 7.

O



The previous results imply that the separation problems related to P’ and Q' can be
solved in polynomial time.

5 Conclusion

In this paper we exhibited a family of polyhedra emerging in very diverse combinatorial
optimization problems including the most imbalanced orientation of a graph, the mini-
mum span frequency assignment and some scheduling problems. Then a full description
of these polyhedra has been derived. We also proved that the separation problems re-
lated to these polyhedra can be solved in polynomial time and thus optimization over
them can be done in polynomial time.

We think that many combinatorial optimization problems where discretization tech-
niques are used can benefit from the description of the polyhedra introduced in this
paper. We are currently carrying out experimentations to study the efficiency of cutting
plane algorithms based on these polyhedra. Future work may be directed towards in-
vestigations on extensions of the polyhedra we considered here in order to get better
approximations while still keeping the feature of computational tractability. One can,
for example, study {0, 1} assignment matrices appended with both 4 and g (the index
of the lowest (resp. highest) nonzero row of the matrix). The related polytope is in-
cluded in the intersection of P or Q. Some preliminary investigations show that more
inequalities are necessary to describe the polytope.

References

1. W. Ben-Ameur, A. Glorieux & J. Neto: ‘On the most imbalanced orientation of a graph’,
Proceedings of COCOON2015, LNCS (2015)

2. W. Cook, W. Cunningham, W. Pulleyblank & A. Schrijver: ‘Combinatorial Optimization’,
ISBN: 978-0-471-55894-1 (1997)

3. M. Garey & D. Johnson: ‘Computers and Intractability; A Guide to the Theory of NP-
Completeness’, W.H.Freeman & Co. (1990)

4. D. Hochbaum & D. Shmoys: ‘A polynomial approximation scheme for scheduling on uni-
form processors: Using the dual approximation approach’ SIAM Journal on Computing
17(3), 539-551 (1988)

5. E. Horowitz & S. Sahni: ‘Exact and approximate algorithms for scheduling nonidentical
processors’, Journal of ACM 23(2), 317-327 (1976)

6. R. Karp: ‘Reducibility Among Combinatorial Problems’, Complexity of Computer Compu-
tations, Plenum Press (1972)

7. A. Koster: ‘Frequency Assignment - Models and Algorihtms’ PhD thesis, Univ. Maastricht,
the Netherlands (1999)

8. Z. Mann & A. Szajké: *Complexity of different ILP models of the frequency assignment
problem’ Linear Programming - New frontiers in Theory and Applications, 305-326 (2012)

9. P. Martins: ‘Extended and discretized formulations for the maximum clique problem’ Com-
puters & Operations Research 37(7), 1348-1358 (2011)

10. V. Vazirani: ‘Minimum Makespan Scheduling’ Approximations Algorithms, Springer, Chap-
ter 10, 79-83 (2003)
11. L. Wolsey: ‘Integer Programming’, ISBN: 978-0-471-28366-9 (1998)



