1610.06027v3 [cs.FL] 11 Nov 2016

arxXiv

Biichi automata recognizing sets of reals
definable in first-order logic with addition and
order

Arthur Milchior
November 21, 2018

Abstract

This work considers weak deterministic Biichi automata reading en-
codings of non-negative reals in a fixed base. A Real Number Automaton
is an automaton which recognizes all encoding of elements of a set of re-
als. It is explained how to decide in linear time whether a set of reals
recognized by a given minimal weak deterministic RNA is FO[R; +, <, 1]-
definable. Furthermore, it is explained how to compute in quasi-quadratic
(respectively, quasi-linear) time an existential (respectively, existential-
universal) FO[R; +, <, 1]-formula which defines the set of reals recognized
by the automaton. It is also shown that techniques given by Muchnik and
by Honkala for automata over vector of natural numbers also works on
vector of real numbers. It implies that some problems such as deciding
whether a set of tuples of reals R C R? is a subsemigroup of (Rd, +) or is
FOIR; +, <, 1]-definable is decidable.

Introduction

This paper deals with logically defined sets of numbers encoded by weak deter-
ministic Biichi automata. The sets of tuples of integers whose encodings in base
b are recognized by a finite automaton are called the b-recognizable sets. By
[5], the b-recognizable sets of vectors of integers are exactly the sets which are
FO [Z; +, <, V}]-definable, where V;(n) is the greatest power of b dividing n. It
was proven in [I5] [6] that the FO [N; +]-definable sets are exactly the sets which
are b- and b’-recognizable for every b > 2.
The preceding results naturally led to the following problem: deciding whether

a finite automaton recognizes a FO [N; +]-definable set of d-tuples of integers for
some dimension d € N>9. In the case of dimension d = 1, the decidability was
proven in [9]. For d > 1, the decidability was proven in [I4]. Another algorithm
was given in [IT], which solves this problem in polynomial time. For d =1, a
quasi linear time algorithm was given in [13].



The above-mentioned results about sets of tuples of natural numbers and
finite automata have then been extended to results about set of tuples of reals
recognized by a Biichi automata. The notion of Biichi automata is a formalism
which describes languages of infinite words, also called w-words. The Biichi
automata are similar to the finite automata. The main difference between the
two kinds of automata is that finite automata accept finite words which admits
runs ending on accepting state, while Biichi automata accepts infinite words
which admit runs in which an accepting state appears infinitely often.

One of the main differences between finite automata and Biichi automata is
that finite automata can be determinized while deterministic Biichi automata
are less expressive than Biichi automata. For example, the language Lg,
of words containing a finite number of times the letter a is recognized by a
Biichi automaton, but is not recognized by any deterministic Biichi automaton.
This statement implies, for example, that no deterministic Biichi automaton
recognizes the set of reals of the form nb? with n € N and p € Z, that is, the
reals which admits no encoding in base b with a finite number of non-0 digits.

Another main difference between the two classes of automata is that the
class of languages recognized by finite automata is closed under complement
while the class of languages recognized by deterministic Biichi automata is not
closed under complement. For example, L;,¢ ., the complement of Lg, ., is
recognized by a deterministic Biichi automaton.

A Real Vector Automaton (RVA, See e.g. [3]) of dimension d is a Biichi
automaton A of alphabet {0,...,b— 1}d U {x}, which recognizes the set of en-
coding in base b of the elements of a set of vectors of reals. Equivalently, for
w an infinite word encoding a vector of dimension d of real (rq,...,r4—1), if w
is recognized by A, then all encodings w’ of (ro,...,74_1) are recognized by A.
In the case where the dimension d is 1, those automata are called Real Number
Automata (RNA, See e.g. [2]).

The sets of tuples of reals whose encoding in base b is recognized by a RVA are
called the b-recognizable sets. By [18], they are exactly the FO [R, Z; +, <, X3, 1]-
definable sets. The logic FO [R,Z; +, <, Xy, 1] is the first-order logic over reals
with a unary predicate which holds over integers, addition, order, the constant
one, and the function Xp(z,u, k). The function Xp(z,u, k) holds if and only if
u is equal to some b™ with n € Z and there exists an encoding in base b of =
whose digit in position n is k. That is, u and x are of the form:

u= 0 ... 0 « 0 ... 0 1 O

T = * k
or of the form:

u= 0 ... 01 0 ... 0 %« O

xr = k *

A weak deterministic Biichi automaton is a deterministic Biichi automaton
whose set of accepting states is a union of strongly connected components. A
set is said to be weakly b-recognizable if it is recognized by a weak automaton in



base b. By [3], a set is FO [R, Z; +, <]-definable if and only if its set of encodings
is weakly b-recognizable for all b > 2. The class of weak deterministic Biichi
automata is less expressive than the class of deterministic Biichi automata. For
example, the language Lj, ¢ , of words containing an infinite number of a is
recognized by a deterministic Biichi automaton but is not recognized by any
weak deterministic Biichi automaton. This implies that, for example, no weak
deterministic Biichi automaton recognizes the set of reals which are not of the
form nb? with n € N and p € Z, since those reals are the ones whose encoding in
base b contains an infinite number of non-0 digits. Furthermore, by [12], weak
deterministic Biichi automata can be efficiently minimized.

We now recall some results about the above-mentioned logic. By [7], the logic
FO [R; 4, <, 1] admits quantifier elimination. By [I7, Section 6], the set of reals
which are FO [R; +, <, 1]-definable are the finite union of intervals with rational
bounds. Those sets are called the simple sets.

Main results

It is shown that ideas given in [14] and [9] to create algorithms to decide prop-
erties of automata over integers can be adapted to decide properties of RVA.
For examples, those ideas are used in Section [3|to give algorithms which decide
whether a Biichi automaton recognizes a FO [R; +, <, 1]-definable set of tuple of
reals, a FO [R, Z; +, <]-definable set of tuple of real or a subsemigroup of (R%, 4)
for some d € N>°. However, those algorithms are inefficient.

It is then shown in Section[Hthat it is decidable in linear time whether a RNA
recognizes a FO [R; 4, <, 1]-definable set, that is, a simple set. This algorithm
does not return any false positive on weak deterministic Biichi automata which
are not RNA. A false negative is also exhibited and it is explained why this case
is more complicated than the case of RNA. A characterization of the minimal
weak RNA which recognizes simple sets is also given.

Note that, if an automaton recognizes a simple set R, that is a finite union
of intervals, the minimal number of intervals in the union is not polynomially
bounded by the number of states of the automaton (this is shown in Exam-
ple . It is shown in Section |§| that an existential (respectively, existential-
universal) FO [R; +, <, 1]-formula which defines R is computable in quasi-quadratic
(respectively quasi-linear) time.

1 Definitions

The definitions used in this paper are given in this section. Some basic lemmas
are also given. Most definitions are standard.



1.1 Basic Notations

Let N, Z, Q and R denote the set of non-negative integers, integers, rationals and
reals, respectively. For R C R, let RZ° and R>° denote the set of non-negative
and of positive elements of R, respectively. Let w be the cardinality of N. For
n € N, let [n] represent {0,...,n}. For a,b € R with a < b, let [a,b] denote
the closed interval {r € R|a <r < b}, and let (a,b) denote the open interval
{reR|a<r<b}. Similarly, let (a,b] (respectively, [a,b)) be the half-open
interval equals to the union of (a,b) and of {b} (respectively, {a}). For r € R
let |r]| be the greatest integer less than or equal to r.

1.2 Finite and infinite words

An alphabet is a finite set, its elements are called letters. A finite (respectively
infinite) word of alphabet A is a finite (respectively infinite) sequence of letters
of A. That is, a function from [n] to A for some n € N (respectively from N to
A). A set of finite (respectively infinite) word of alphabet A is called a language
(respectively, an w-language) of alphabet A. The empty word is denoted e.

Let w be a word. Let |w| € NU {w} denote the length of w. For v a finite
word, let u = vw be the concatenation of v and of w, that is, the word of length
|v] + |w| such that u[i] = v[i] for i < |v| and w[|v| + 9] = w[i] for ¢ < |w|. For
n < |w|, let w[n] denote the n-th letter of w. Let w[< n] denote the prefix
of w of length n, that is, the word u of length n such that w[i] = w[i] for all
i € [n —1]. Similarly, let w[> n] denote the suffix of w without its n-th first
letters, that is, the word u such that u[i] = w[i + n] for all ¢ € [n — n]. Note
that w = w[< dw [> ] for all ¢ < |w].

Let L be a language of finite word and let L’ be either an w-languages or
a language of finite words. Let LL’ be the set of concatenations of the words
of L and of L. For i € N, let L? be the concatenations of ¢ words of L. Let
L* = U;en L' and LT = {J, o0 L. If L is a language which does not contains
the empty word, let L be the set of infinite sequences of elements of L.

1.2.1 Encoding of real numbers

Let us now consider the encoding of numbers in an integer base b > 2. Let 3
be equal to [b — 1], it is the set of digits and let X} = X, U {x}. The base b
is fixed for the remaining of this paper. Two alphabets are considered in this
paper: ¥ and 3.

Let [.], denote the function which sends a finite or infinite word of alphabet
Y} to the integer or to the real it represents. Formally, for w € 3j:

lw|—1

fwly = 37 9wl

For w € X¢,

[uly = > b~ wli]

ieN



Let w be an w-word with exactly one x. It is of the form w = w; x wg, with
wr € Xf and wp € Xy. The word wy is called the natural part of w and the
w-word wg is called its fractional part. Then :

[wr xwply = [wi], + [wrl; -

Finally, [w];f is undefined if w contains at least two letters . There is no
ambiguity in the definition of []g since the four domains of definitions partition
(2%)¥. Note that [w;]y € N, [wp]y € [0,1] and [w]; = [wi]} + [wr]y. Examples

of numbers with their base 2 encodings are now given.

Example 1.1.
(10015 =2 [(01)“]5=2 [0(10)*]5=% [0(1)*)f=% [1(0)*)F=1
[10)5 =2 [15=1 [01)5=1 [5=0 [00000]5=0
0% (10)“]3 =5 [0(1)*]; =3 [00000 % 1(0)~]5 =3

Some properties of concatenation and encodings of reals are now stated. The
proof of the lemma is straightforward from the definition.

Lemma 1.2. Note that for allv € 3f, w € XY and a € Xy:

auly = = aly = a4 [l wly =
[va]l{ b[v]é—!—a, and [av*w]g = ab'“‘—k[v*w]?.

1.2.2 Encoding of rationals

In this section, some basic facts about rationals are recalled (see e.g. [§]). The
rationals are exactly the numbers which admit encodings in base b of the form
uxvw* with u,v € £ and w € &;. Rationals of the form nb?, with n € N and
p € Z, admit exactly two encodings in base b without leading 0 in the natural
part. If p < 0, the two encodings are of the form uxva(b—1)* and uxv(a+1)0%,
with u,v € ¥} and a € [b— 2]. Otherwise, if p > 0, the two encodings are of
the form ua(b—1)7 % (b—1)* and u(a + 1)07 x 0¥ with v € £}, a € [b — 2] and
g € N. The rationals which are not of the form nbP admit exactly one encoding
in base b without leading 0 in the natural part.

1.2.3 Encoding of sets of reals

In this section, relations between languages and set of reals are recalled.

Given a language L in £¢ or in X7 x+X¢, let [L]? be the set of reals admitting
an encoding in base b in L. The language L is said to be an encoding in base b
of the set of reals [L}E. Reciprocally, given a set R C RZ0 of reals, Ly(R) is the
set of all encodings in base b of the elements of R.

Following [I1], a language L is said to be saturated if for any number r
which admits an encoding in base b in L, all encoding in base b of r belongs
to L. The saturated languages are of the form Lj(R) for R C RZ°. Note that



[Lb(R)]lFf = R for all sets R C R=°. Note also that L C Lb([L]bR), and the subset
relation is an equality if and only if L is saturated. In general, a set of reals may
have infinitely many encodings in base b. For example, for I C N an arbitrary
set, {0,1}\ {01“ | i € I} is an encoding in base 2 of the language of the simple
set [0,1]. An example of set of reals is now given.

Example 1.3. Let L = 350% and L' = 330%33(0¥+1%). Both [L] and [L/ ]2R are
R= {2% |n,pe N,n < 2p}, but only L' is saturated. Therefore Ly(R) = L'.

1.3 Deterministic Biichi automata

This paper deals with Deterministic Biichi automata. This notion is now de-
fined.

A Deterministic Biichi automaton is a 5-tuple A = (Q, A, , qo, F'), where
Q is a finite set of states, A is an alphabet, § C Q x A x @ is the transition
relation, qo € @ is the initial states and F' C @ is the set of accepting states. A
state belonging to @ \ F' is said to be a rejecting state.

An example of deterministic Biichi automaton is now given. This example
is used thorough this paper to illustrate properties of Biichi automaton reading
set of real numbers.

Example 1.4. Let R = (%, 2} U (%, 3] U (%, oo]. The set of encodings in base

2 of reals of R is recognized by the automaton pictured in Figure

01

1 0’1
—_

* , 8
/(01

@ | € &O:Q

Figure 1: Automaton Ag of Example

From now on in this paper, all automata are assumed to be deterministic.
The function 4 is implicitly extended on @ x A* by é(q,€) = ¢ and é(q, aw) =
0(6(q,a),w) for a € A and w € A*.



Let A be an automaton and w be an infinite word. A run 7 of A on w
is a mapping 7 : N — @ such that 7(0) = g9 and (7 (i), w[i]) = 7(i + 1) for
all i < |w|. Let inf(m) be the set of states of @ that occur infinitely often in
the run 7. A run 7 on an w-word is said to be accepting if inf(mw) N F # 0.
Equivalently, the run is accepting if there exists a state ¢ € F' such that there
is an infinite number of 4 € N such that 7(i) = ¢. Example is now resumed.

Example 1.5. Let A be the automaton pictured in Figure[I}] The run of A on
011 % (10)¥ is
(QO7 40,491,943, (37 6)7 (37 1)’ (3’ 10)) s )

with the two last states repeated infinitely often. The Biichi automaton .4 does
not accept 011 x (10)* since this run does not contain any accepting state.

The run of A on *1¢ is (qo, (0,€), gjo,1],4, - -- ) with the last state repeated
infinitely often. The Biichi automaton A accepts %1% since the accepting state
q[0,1],.4 appears infinitely often in the run.

Let A be a finite automaton. Let L, (A) be the set of infinite words w such
that a run of A on w is accepting. An w-language is said to be recognizable if it
is recognized by a Biichi automaton. Example is now resumed.

Example 1.6. Let A be the Biichi automaton pictured in Figure [I} It recog-
nizes the language of encodings in base 2 of the reals of (%, 2] U (%, 3] U (%, oo] .
It is explained in Example how this automaton was computed.

For ¢ € Q, let A, be (Qq,A,6,q,F,), where Q, is the set of states of @
accessible from ¢, and F, = F'N Q,.

Note that, if there are no finite word w such that §(go, w) = go, then @, C @
for all ¢ # qo. Note also that, if w € A* is such that §(gp, w) = ¢ then a word
w’ € A¥ is accepted by A, if and only if ww’ is accepted by A.

1.3.1 Accessibility and recurrent states

When the notions of initial and of accepting states are ignored, an automaton
can be considered as a directed labelled graph. Some definitions related to this
graph are introduced in this section.

A state ¢ is said to be accessible from a state ¢’ if there exists a finite non-
empty word w such that §(¢’,w) = ¢. Following [12], a state ¢ is said to be
recurrent if it is accessible from itself and transient otherwise. Transient states
are called trivial in [?]. The strongly connected component of a recurrent state
q is the set of states ¢’ such that ¢’ is accessible from ¢ and ¢ is accessible from
q'. A strongly connected component C' is said to be a leaf if for all a € A, for
all g € C, §(¢q,a) € C. Let C be a strongly connected component. It is said to
be a cycle if for each ¢ € C, there exists a unique s, € A such that 6(g,s,) € C.
Example is now resumed.

Example 1.7. The transient states of the automaton pictured in Figure [2] are
q0, 91, 92, g3, (2,€) and (3,¢). All other states are recurrent. The cycles are

{90}, {(0,€),(0,0)}, {(2,0)}, {(2,1),(2,10)}, {(3,0)} and {(3,1),(3,10)}. The

strongly connected component which are not cycles are gy 4, goo,.4 and g1}, 4-



The following lemma allows to consider recurrent states in any run which is
long-enough.

Lemma 1.8. Let A be a Bichi automaton with n states let w be an w-word
and let m be the run of A on w. Let N C N be a set of cardinal at least (n+1).
Then there is i < i’ belonging to N such that w(i) = w(i') is a recurrent state.

Proof. Since the cardinality of IV is greater than the number of state, by the
pigeonhole principle, there exists i < i’ belonging to N such that 7 (i) = m(i').
Let w’ be the factor of w containing the letters ¢ + 1 to @', then §(n (), w’) =
7(1") = w(i), therefore, the state 7 (i) is recurrent, with ¢ belonging to N. O

1.3.2 Quotients, Morphisms and Weak Biichi Automata

In this section, the notion of quotient of automata and of morphism of au-
tomata are introduced. A class of automata admitting minimal quotient is then
introduced.

Definition 1.9 (Morphism of Biichi automata, Quotient). Let A = (Q, 4, 6, qo, F)
and A" = (Q', A,¢, ¢}, F') be two Biichi automata over the same alphabet. A
surjective function u : Q — Q' is a morphism of Biichi automata if and only if:

1. u(qo) = a5,
2. for each ¢ € Q, L, (Ay) # L, (Ay).

The Biichi automaton A’ is said to be a quotient of A if there exists a morphism
from A to A’

The notion of minimal Biichi automaton is now introduced.

Definition 1.10 (Minimal Biichi automaton). Let A = (Q, %}, 0, qo, F) be a
Biichi automaton. It is said to be minimal if for each distinct states ¢,¢ € @,

L, (Aq) = Ly, (Aq’)-

In general, Biichi automata does not admit minimal quotient. A class of
Biichi automata admitting minimal quotient is now introduced.

Definition 1.11 (Weak automata). Let A = (Q,3},0,qo, F) be a Biichi au-
tomaton. It is said to be weak if for each recurrent accepting state ¢ of A, all
states of the strongly connected components of ¢ are accepting.

An w-language is said to be weakly recognizable if it is recognized by a weak
Biichi automaton.

The main theorem concerning quotient of weak Biichi automata is now re-
called.

Theorem 1.12 ([12]). Let A be a weak Bichi automaton with n states such
that all states of A are accessible from its initial state. Let ¢ be the cardinality
of A. There exists a minimal weak Biichi automaton A’ such that there exists a
morphism of automaton p from A to A'. The automaton A’ and the morphism
w are computable in time O (nlog(n)c) and space O (nc).



Figure 2: Minimal quotient of automaton Ag of Figure

It follows easily from Property (?7?) that, for all w € A*, §(u(q),w) =
1(0(g,w)). Example is now resumed.

Example 1.13. Let Ag be the automaton pictured in Figure [T} Its minimal
quotient is pictured in Figure

The following lemma shows that each strongly connected component of a
quotient by a morphism p from an automaton A is the image of a strongly
connected component of A.

Lemma 1.14. Let A= (Q, A,0,q0, F) and A" = (Q', 54,8, ¢}y, F') be two Biichi
automata. Let p be a morphism from A to A’. Let C' be a strongly connected
component of A'. There exists a strongly connected component C C Q such that

p(C) =" and such that, for all g € Q\ C accessible from C, u(q) € C”.
In order to prove this lemma, two other lemmas are required.

Lemma 1.15. Let A, A, C' and p as in Lemma[1.1]} Let C be a strongly
connected component of A. Either p(C)NC’' =0 or un(C') C C".

Proof. Let us assume that u(C)NC’ # 0 and let us prove that u(C) C C’. That
is, let ¢ € C and let us prove that u(q) € C'.

Since u(C) N C’ # ), there exists ¢ € u(C)NC’. Since ¢’ € u(C), there
exists p € C such that u(p) = ¢’. Since p and ¢ belong to the same strongly
connected component, there exists two non-empty finite words v and w such
that 0(p,v) = ¢ and 6(g,w) = p. Therefore &'(u(p),v) = p(d(p,v)) = u(q)
and ¢ (u(q),w) = p(d(q,w)) = p(q). Therefore p(q’) is accessible from pu(q)
and u(q’) is accessible from u(q). Hence u(q) belongs to the strongly connected
component of p. That is, u(q) belongs to C’. O



Lemma 1.16. Let A, A', C' and p as in Lemma[I.1]} Let ¢ € Q such that
w(q) € C'. There exists a strongly connected component C of A, accessible from
q, such that u(C) C C".

Proof. Since p(q) € C’, the state u(q) is recurrent, therefore there exists a
non-empty word w such that ¢’(u(q), w) = u(q). Let us prove by induction on
i € N that u(d(g,w®)) = p(q). The case i = 0 is trivial, let us assume that the
hypothesis holds for ¢ € N and let us prove that the induction hypothesis holds
for i + 1. It suffices to see that

u(8(g, w ™)) =& (ulq), w™") = 6"(8'(u(q), w'), w) = &' (u(q), w) = pu(q)

By Lemma there exists i € N such that §(q,w®) is recurrent. Let C be
the strongly connected of d(g,w?). Since d(q,w’) € C and u(é(q,w?)) € C’,
by Lemma [[.15] it implies that u(C) € C’. Since C is accessible from ¢ and
pu(C) C 7, the lemma is satisfied. O

Lemma [T.14] is now proven.

Proof of Lemma[I.14 Let p='(C") C Q be the set of states ¢ such that u(q) €
C’. By definition of morphism, p is surjective, hence p=1(C”) is not empty. Let
q be a state belonging to x~*(C’). By Lemma it implies that there exists
a strongly connected component C' C p~1(C”). Since u~1(C’) is finite, there
exists a strongly connected component C' such that no other strongly connected
component of u~1(C’) is accessible from C. By Lemma it implies that no
state of u=1(C”) \ C is accessible from C.

Let us prove that u(C) = C’. Since, by hypothesis pu(C) C C’, it remains to
prove that u(C) 2 C’. Let ¢’ € C' and let us prove that ¢’ € u(C). Let g € C.
By hypothesis, u(C) C C”, therefore 1(q) € C'. Since p(q) and ¢’ belong to the
same strongly connected component C’, there exists a finite word w such that
¢'(u(q),w) = ¢'. Then p(é(q, w)) = &' (u(q), w) = ¢'. Since u(é(q, w)) =¢' € ',
5(g,w) € p=1(C”). Since §(q, w) € p~1(C”) and 6(g, w) is accessible from g € C,
by hypothesis on C, §(¢, w) € C. Therefore ¢’ = u(d(q,w)) € u(C). O

1.4 Logic

The logic FO[R; 4+, <, 1] used in this paper is introduced in this section. Note
that, in order to avoid ambiguity between the mathematical equality and the
formal equality of the logic, the symbol = is used in first-order formulas.

Intuitively, FO stands for first-order. The first parameter R means that
the (free or quantified) variables are interpreted by real numbers. The + and <
symbols mean that the function addition and the binary order relation over reals
can be used in formulas. Finally, the last term, 1, means that the only constant
is 1. The logic FO [R; +, <, 1] is denoted by .# in [7], where it is proved that this
logic admits quantifier elimination. In this paper, most results deal with the
quantifier-free, the existential fragment and the existential-universal fragment
of FO[R;+, <,1] denoted by % [R;+, <,1], 31 [R;+, <, 1] and X5 [R; +, <, 1]
respectively.
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In the remaining of the paper, rationals are also used in the formulas. It does
not change the expressivity, as all rational constants are 3¢ [R; +, 1]-definable.
Let ¢ € FO[R; 4+, <,1]. The length of ¢, denoted by |¢|, is recursively defined
as follows:

e The lengths of the constant % is logp+1+loggq.
e The length of a sum t1 + o is 1 + [t1]| + |t2].

e The length of a multiplication by a rational constant gt is + |¢].

P
q

e The length of an (in)equality is the sum of the length of the terms on both
side, plus one, that is |t; < ta| = |t1 = t2| = 1+ [to| + |t1]-

e The length of Boolean combination and of quantification are 1 plus the
length of its subterms, that is [¢p V ¥| = |¢p A | = 1+|é|+ || and |Fz.¢| =
Vz.¢| = [=¢] =1+ |¢|.

1.4.1 First-order definable sets of reals

In this section, notations are introduced for the kind of sets studied in this
paper: the FO [R; +, <, 1]-definable sets.

Following [17, Section 6], the FO [R;+, <, 1]-definable sets are called the
simple sets. By [I7, Section 6], those sets are the finite union of intervals with
rational bounds. It implies that there exists an integer tp such that for all
x,y > tg, x belongs to R if and only if y belongs to R. The least such integer
tg is called the threshold of R.

Note that every closed and half-closed intervals is the union of an open
interval and of singletons, hence it can be assumed that any simple set R is of
the form

I-1 J—1

R=J(piepin)U | {pis},
i=0 i=0

with pi e, pis € Q20 and p;x € Q2% U {oo}. The p; ¢ are the left bound,

the p; m are the right bound and the p; ¢ are the singletons. Without loss of

generality, it is assumed that the intervals are disjoint and in increasing order.
Example is now resumed.

Example 1.17. Let R = (%,2] U (%,3] U (13—1,00] as in Example Then tg
is4, Ry = (%, 1], R; =10,1], and Ry = R3 = {0} U [%, 1|. Furthermore, I = 3,
J=2,pre=13% pam =2 p2e=3% pam =3, pse =5, p3m =00, pr,e = 2
and p2 e = 3.

2 Automata reading reals

Automata recognizing encoding of set of reals are considered in this section.
The notion of Real Number Automata and of Fractional Number Automata are
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introduced in Section Some sets of states of the automata reading encoding
of set of reals are considered in Section 2.21

2.1 Real and Fractional Number Automata

In this section, the automata reading saturated languages are considered.
Following [2], a Biichi automaton of alphabet * is said to be a Real Number
Automaton (RNA) if

e all words accepted by A contains exactly one *, and
e the language L, (A) is saturated.

The Biichi automata pictured in [I] and 2] are RNA. Clearly, the RNAs are the
Biichi automata which recognizes saturated languages of ¥} x ¥y, Similarly, the
name of Fractional Number Automata (FNA) is given to the Biichi automata
of alphabet ¥, recognizing a saturated language.

A weak Biichi automaton which is a RNA or a FNA is said to be a weak RNA
or a weak FNA respectively. An example of FNA is now given. This example
shows that the number of intervals required to describe a set is not polynomially
bounded by the number of states of the automaton recognizing this set.

Example 2.1. For every non-negative integer n, let R, be {m2~" | m € [2"]}.
It is the set of reals which admit an encoding w in base b whose suffixes w [> n]
are either equal to 0% or to 1“. This set can not be described with less than
2"~! intervals and is recognized by the automaton A, with n + 3 states:

A= ({gi i€ n)}U{gnt1,0, 411,904} > X650, 905 {qn+1,0, dnt1,1}) 5
where the transition function is such that, for a € Xs:

6(qi,a)=qiy1 for i € [n — 1], 3(qn, @) =qnt 1,05
6(Qn+1,aa CL) =dn+1,a 6(Qn+1,aa 1- a):LI(ZLA and 5(Q(B,Aa CL) =dqp,A-

The automaton As is pictured in Figure [3| without the state gy 4.

1
—_—> 0

Figure 3: The automaton Az of Example accepting

—0123 4567 8_
{0_87878’8’8’8’8’8’8_1}

[y

For A a Biichi automaton of alphabet X, (respectively, Xj). Let [A]bR =
[L, (A)]bR. It is a subset of [0, 1] (respectively, R=?). It is said that A recognizes
(AT,
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It should be noted that two distinct minimal weak Biichi automata may rec-
ognizes the same set of reals. Indeed, they may recognize two distinct language
which are two encoding of the same set of reals. At least one of those languages
is not saturated. Note however that two distinct minimal RNA or RFA accepts
distinct sets of reals.

2.2 Some sets of states of RNA and of FNA

Five sets of states of Biichi automata are of used through this paper. Those sets
are introduced and studied in this section.

Definition 2.2 (Qp 4, Q[o,1),4> Qoo,4, Q1,4 and Qr ). Let A be an automaton
over alphabet 3} or X.

o Let Qg 4 be the set of states ¢ such that A, recognizes the empty language.

Let Q0,14 be the set of states ¢ such that A, recognizes ¥’ = Ly ([0, 1]).

Let Q0,4 be the set of states g such that A, recognizes the language
X x XY = Ly([0, 00)).

Let Q1,4 be the set of states ¢ such that A, recognizes a subset of X; 3.

Let Q.4 be the set of states ¢ such that A, recognizes a subset of Xy
Example is now resumed.

Example 2.3. Let A be the automaton pictured in Figure @ Let gy 4 be the
state §((2,0), 1), which is not pictured in Figure |2l Then Qp,1},4 = {4[071],12},
Qoo,A = {Goo,r} and Qg 4 = {QQ),A}- Furthermore, Q1,4 = {QO,Qh q2;qoo,R» (J@,R},
its elements are represented in the top row, of Figure @ Finally, Q.4 =
{(2,6), (2,0), (0,¢), (0,0),Q[0,1]7R,q@7R}. Its elements are pictured in the sec-
ond row of Figure

The following lemma is straightforward from the definition.

Lemma 2.4. In a minimal weak Biichi automaton, the sets Qg 4, Qo,1),4 and
Qoo,A are either singletons or the empty set.

In a minimal weak Biichi automaton A, let gy 4, g[o,1),4 and goo, 4 denote
the only state ¢ such that A, recognizes the languages ), ¥ and X x X
respectively. In an automaton of alphabet ¥, all states belongs to Qr 4.

The following lemma states that those five sets are linear time computable.

Lemma 2.5. Let A be a Biichi automaton with n states. Then the sets Qg 4,
Q1.4 and Qr 4 are computable in time O (nb). If A is weak, the sets Qo 1),.4
and Qo4 are computable in time O (nb).
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Proof. Tarjan’s algorithm [16] can be used to compute the set of strongly con-
nected component in time O (nb), and therefore the set of recurrent states.
Furthermore, it is easy to associate in linear time to each state its set of prede-
cessors. Let p, be the number of predecessors of a state g.

Let us first explain how to compute the set Qp 4. Note that Q \ Qp 4 is
the set of states ¢ such that A, accepts some w-word. Hence @ \ Qp 4 is the
smallest set containing all accepting recurrent states and is closed under taking
predecessors. Therefore (Qy 4 is the greatest set which does not contain the
accepting recurrent states and is closed under taking successor. It can thus be
computed by a fixed-point algorithm. The algorithm is now given.

Two sets S and S’ are used by the algorithm. The set S represents Qp 4.
The set S’ is the set of states of Qg _4 which must be processed by the fixed-point
algorithm. The algorithm initializes the set S to @ and initializes the set S’ to
the empty set. The algorithm runs on each recurrent state q. For each state
q, if q is accepting, then ¢ is removed from S and added to S’. The algorithm
then runs on each element g of S’. For each state ¢, the algorithms removes ¢
from S’ and runs on each predecessors ¢’ of q. For each ¢, if ¢’ is in S, then ¢’
is removed from S and added to S’. Finally, when S’ is empty, the algorithm
halts and @)y 4 is the value of S.

Let us now consider the computation time of this algorithm. At most n
states are added to S’, and each state is added at most once. For each state ¢
added to S’, each of its ¢, predecessor is considered in constant time. Thus the

algorithm runs in time O (n + >0 cq) = O (nb).

It is now explained how to compute Qr 4 and Qr 4. Let Qo, @1 and Q>
be the set of states accepting a words with at least 0, 1 and 2 x’s respectively.
Then Q4 is equal to (Qo\ Q1) UQ 4 and Q4 is equal to (Q1 \ Q2) U Qg 4.
Let us now explain how to compute the sets gy, Q1 and Q2. The set Q) is the
smallest set containing all accepting recurrent states and closed under taking
predecessors. The state @)1 is the smallest set containing the predecessors of Qg
by the letter x and closed under taking predecessors. Similarly, the set ()2 is the
smallest set containing the predecessors of ()1 by the letter x and closed under
taking predecessors. Those three sets are computable by a fixpoint algorithm
similar to the one computing Qg 4. It is thus computable in time O (nb).

Let us now assume that the Biichi automaton A is weak. It is now explained
how to compute Q[p,1],4 and Qoo 4. Note that Qjo1),.4 € QF .4 and that Qp 4\
Q0,14 1s the set of states ¢ € Qr .4 such that there exists an w-word w €
¥ which is not accepted by A,;. Therefore, Qr 4 \ Q,1],4 is the smallest
subset of Q4 containing non-accepting recurrent state and closed under taking
predecessors by ¥;. Similarly, note that Qsc, 4 € Q1,4 and that Q4 C Qoo 4
is the set of states ¢ such that there is an infinite word of the form X} » Xy
which is not accepted by A,. Therefore Q7 4 C Qoo, 4 is the smallest subset of
Q1,4 containing the predecessors of Qr 4\ Qo,1),.4 by * and closed under taking
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predecessors by 3. The computation of Q4 and of Qs 4 is thus similar to
the computation of Qg 4. O

This lemma admits the following corollary.

Corollary 2.6. It is decidable in time O (nb) whether a Biichi automaton with
n states recognizes a subset of X7 x Xy or of Ly.

Proof. By definition of Qr 4 (respectively Qr 4), the automaton recognizes a
subset of X} « X¢’ (respectively of %) if and only if its initial state belongs to
Q1,4 (respectively Qp 4). By Lemma it is testable in time O (bn). O

The following lemma gives a relation between the set of states introduced in
Example 2.2 and morphisms of automata.

Lemma 2.7. Let A= (Q,A,d,q0, F) and A" = (Q', 5,8, q(), F') be two Biichi

automata. Let pu: Q — Q' be a morphism of Biichi automaton. Then u(Qp 4) =

Qo5 (QF.A) = Qrar, M(Qoo,A) = Qooars 1(Q1,4) = Qr.ar, and 1(Qo,1),4) =
Qo,1),4 -

Proof. The proof is done for the first equality: p(Qg 4) = Qg 4. All other cases
are similar. Let ¢’ € Q’, and let us prove that ¢’ € 1(Qp 4) <= ¢ € Qp . It
suffices to see that:

q € mQpa) = FE€Q.q€Qpa Au(g) = ¢
= Q. Lu(Ag) =0 Aplg)=¢
— JqeQ. L, (A;(q) =0npa) =4¢
— JqeQ. Ly (A)) =0 Aplg)=¢
= Lo (A)) =0
= q €Qpu-

The following lemma gives a relation between the set of states introduced in
Example and transitions. All of the results follow easily from the definition
of those sets.

Lemma 2.8. Let A = (Q,%},0,q0, F). Let ¢ € Q and a € Xj. Then 6(q,a)
belongs to the sets indicated in Example [1]

If ¢ belongs to | then (g, a), for a € X, belongs to | and d(g, ) belongs to:
Qp,A Qo4 Qp,A

Q01,4 Q01,4 Qo4

Qoo Qoo 4 Qpo,1],4

Qr.a Qr.A QF.A

QF.A QF.A Qy.A

Table 1: Set of states and transitions
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3 Three methods to prove decidability of automata
problems

In this section, three methods are given. Those methods allow to prove that
some problems over automata are decidable.

The method given in Section is based on an algorithm of [9], which decide
whether an integer automaton recognizes an ultimately periodic set of integer.
The method given in Section is based on an algorithm of [I4], which decide
whether an automaton reading tuples of integers recognizes a set of tuples of
integers which is FO [N; +]-definable. Finally, the method given in Section [3.3]is
based on an algorithm of [I3], which decides in linear time whether a minimal
automaton recognizes an ultimately periodic set of integer.

Those algorithms are easily adapted to other decision problem on automata
reading vectors of integers or of reals. While the methods given in the first two
sections are less efficient than the method of the last section, it seems interesting
to give those method as they are very general and, as far as the author know,
has not yet been given in full generality. For example, it is shown that those
methods allow to prove that it is decidable:

e whether an automaton recognizes a set of real which is FO[R;+, <, 1]-
definable or FO [R, Z; 4, <]-definable

e whether the recognized set is a subsemigroup of (RY, +).

Finally, the method given in Section [3.3]is the more efficient method of this
section and is the method used in the remaining of this paper. Note that this
method leads to proofs which are more complicated than the one needed to
apply the two preceding methods.

3.1 Honkala and brute-force algorithm

The method given in this section is based on [9) Theorem 10]. Let £ be a family
of regular languages. Conditions about £ are now given. If a class of language
satisfies those condition, it is shown that it is decidable whether an automaton
recognizes a language belonging to L.

Let us assume that there exists a size function s : £ — N, such that:

1. the number of states of the minimal automaton recognizing a language
L € L is at least s(L).

2. a finite superset of s~1(i) is computable for all i € N.

In order to decide whether a minimal automaton A with n states recognizes
a language of L, it suffices to consider the following algorithm:

e The algorithm runs on each integer i € [n],

e for each i, the algorithm runs on each language L € £ such that s(L) =,
by Hypothesis (2) it can be done,
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e for each L, the algorithm constructs the minimal automaton A; which
recognizes L,

e if the minimal automata of A and of Ay, are equal, the algorithm accepts.

If the algorithm has not accepted, it rejects.

The following proposition shows that this method can be applied to the prob-
lem considered in this paper. Note that the algorithm given in the following
proof is inefficient.

Proposition 3.1. [t is decidable whether an automaton recognizes a FO [R, Z; 4+, <, 1]-
definable set of reals.

The proposition also holds for the more general notion of automata recog-
nizing set of tuples of reals, as defined in [3].

Proof. Let r € Q and u.vw®“ be one of its encoding in base b with |v| and |w|
minimal. Let the pre-periodic length of r be |u| + 1 + |v| and let the periodic
length of r be |w].

Let £ be the class languages which are encodings of simple sets. Let us first
consider Hypothesis [T}

Let R be a FO[R,Z; +, <, 1]-definable of real. By [I7, Section 2|, this logic
admits quantifier elimination. Let ¢ € Xy [R,Z;+, <,1] be a quantifier-free
formula defining R. It can be proven that the number of state of the minimal
automaton recognizing a simple set R is, at least, the maximum of the pre-
periodic lengths and of the periodic lengths of the constant appearing in ¢. Let
s(¢) be the greatest pre-periodic or periodic length of the constants of ¢ and
let s(R) be the minimal s(¢) for any ¢ € g [R, Z; +, <, 1] which defines R.

Let us now consider hypothesis [2] let us give an algorithm which takes as
input an integer i € N and generates all sets R such that s(R) = 4. It suffices
to remark that, for each ¢ € N, there is a finite number of rationals whose pre-
periodic length and whose periodic length is less than i, let S<¢ be the set of
those rationals. The algorithm runs on each subset U of S<?. For each U the
algorithm generates all 3¢ [R, Z; +, <, 1]-formulas in conjunctive normal form
whose rationals belongs to S<*. Note that there is only a finite number of such
formula up to permutation of the elements of the conjunctions. Those formulas
define all of the sets R such that s(R) = i. O

3.2 Muchnik and decidable logic

The algorithm given in this section is based on [I4] Theorem 3.

Let & be a set of subset of (RZ%)? be a set of d-tuples of non-negative re-
als. Let R be a d-ary symbol representing a set of d-tuples of reals. Let us
assume that there exists a FO [R,Z; X3, +, <, 1, R]-formula ¢ which character-
izes whether a set R belongs to &. It is decidable whether a RVA A is such
that [A]bR € 6. Indeed, the equivalence between FO [R,Z; X3, +, <, 1] and the
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Biichi automata is effective, hence it suffices to translate the formula ¢ into a
Biichi automaton, according to the algorithm of [4], where R is encoded by the
automaton A.

Let us give an example of application of this method.

Proposition 3.2. [t is decidable whether a Biichi automaton recognizes a set
which is a subsemigroup of (R, +).

Proof. Using the argument given above, it suffices to use the formula:

\V/an ey Td—1,Y05 - - -5 Yd—1- [(x()y e axd—l) €ERA (yOa cee 7yd—1) S R] -
(o + Yo, - -+, Ta—1 + Ya—1) € R.

O

Note that the method introduced in this section leads to inefficient algorithm.
The computation time of those algorithms are, at least, a tower of exponential,
whose height is equal to the number of quantifier alternation.

3.3 The efficient method

The method introduced in this section leads to proofs which are more difficult
than the method given in the two preceding sections. However, this method
also leads to more efficient algorithms. The method introduced in this section
is the one used in Theorems [£.4] and [5.5] This method is similar to the proofs
used in [I1I] and in [13].

Proposition 3.3. Let L' be a class of language and A’ be a class of weak Biichi
automata such that L € I if and only if it is recognized by a Biichi automaton
of A.

Let L be a class of languages over an alphabet such that there exists a class
A of weak Biichi automata such that:

1. it is decidable in time t(n,b) whether a Biichi automaton belongs to A, for
n the number of states and b the number of letters,

2. for each L € LN/, there exists an automaton A € A which recognizes L,
8. the minimal quotient of any automaton of A belongs to A and
4. every language recognized by some automaton of A belongs to L.

There exists an algorithm o, which halts in time O (t(n,b)), and decides whether
a minimal automaton of A’ recognizes a language of L. Furthermore, the algo-
rithm « applied to an automaton belonging to A’ \ A may return a false negative
but it may not return any false positive.

In this paper, A’ is either the set of FNA or of RNA. Considering the class A’
allows to restrict the kind of automata studied. The proposition still hold when
"weak Biichi automata" is replaced by "finite automaton". More generally, a
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similar proposition can be given as soon as, for each language, there exists a
canonical automaton recognizing this language. This requirement is the reason
for which this proposition does not hold for non-weak Biichi automata or for
non-deterministic automata.

Proof. By Property (1)) there exists an algorithm a which accepts in time ¢(n, )
the automata of A. Let A be a weak Biichi automaton and let L = L, (A). Let
us prove that if « accepts A then L € L and if L € L and A € A’ then « accepts
A.

Let us first prove that if « accepts A, then L € L. If A is accepted by «, by
Property (1)), A € A. By Property (4, since A€ A, L € L.

Let us now prove that if L € L and A € A’ then « accepts A. Since A € A/,
by definition of L/, L € L’. Since L € L and L € L/, by Property (2), there
exists an automaton A’ € A which recognizes L. Since A’ and A recognize the
same languages and A is minimal, then A is the minimal quotient of A’. Since
A’ is the minimal quotient of an automaton belonging to A, by Property
A € A. Since A € A, by Property , the algorithm « accepts the automaton
A. O

4 Automata accepting simple subsets of [0, 1]

This section deals with automata recognizing simple subsets of [0,1]. For each
simple set R, a weak Biichi automaton which recognizes L, (R) is defined in
Section[d:1] In Section[f:2] an algorithm is given, which accepts the weak FNAs
which recognize simple sets.

4.1 From sets to automata

Let R C [0, 1] be a simple set, in this section, it is explained how to compute an
automaton Ag which recognizes L, (R). This automaton has the form descried
in [?, Chapter 5|. As seen in Section R can be expressed as:

I-1 J-1
U(Pi,xapi,m) U U {pis}
i=0 =0

with p; ; € Q. In this section, it can furthermore be assumed that the p; ;’s
belong to [0, 1].

Let w; j,, with k taking value in {0, (b — 1)}, be the one or two encodings
in base b of p; ;. Let | be an integer such that, for all 4, j,k,4, ', k', either
Wik = Wir ok O Wik (<! # wy j i [<I]. By an easy induction on the
number of words wj j i, such an integer | exists.

Since the p; ; are rationals, their encodings in base b are of the form ui,j>1€v§jj,k
with u; jx € 35, vi 6 € X and k € {0, (b — 1)}. Without loss of generality, let
us assume that all u; j , > [ and that |v; ;5| is minimal. Those two assumptions
imply that no wu; jx is the prefix of a u; j/ ,» and that if w; ; ; = uy ;o & then
Vigk = Vir j/ k-
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A weak FNA Ap which recognizes L, (R) is now defined.
Definition 4.1 (Ag). For R a simple set, let Ag = (Qr, Xb,Or, ¢, Fr) where:

e The set of states Qr is defined as the set of states q,, for w a strict prefixes
of w; j xvi jk, plus two states qg r and qo 1}, r-

e The transition function is

q if ¢ € {ao,r: q0,11,R } -
wa if g, = g and wa is a strict prefix of some u; ; ks j i
or(q,a) = ¢ Uijr  if ¢=qu and wa = u;;1vijk,

qo.1,r  if ¢ = q, and [wa]g belongs to an interval (p; ¢, pi %)

q0.r otherwise.

e The set Fg of accepting states contains qjo1,z and the states g, for w
some strict prefix of u; g kv;,e k of length at least |u; e |, for some ¢ and

k.

The last definition is used to characterize the automaton, not to compute
it, hence there is no need to study how to decide whether [wa]? belongs to an
interval (p;,¢, pim), nor to compute the words w; j ;. Note that the name of the
states gy, g and q|p,1],r are consistent with Section

An automaton Ag and its minimal quotient are now given. The set R is not
the same as the one of Example because a subset of [0, 1] is now required.

Example 4.2. Let R = [%, %) U {%7 %} as in Example The following
table gives the values associated to those indexes.

pi,; its encodings in base 2 w;;r Vi k | pi; its encodings in base 2 w; ;r Vi
1+ 001% 001 1 = (01 0101 01

% 010% 0100 0 % (10)~ 101 01
1 01(10)~ 011 01

The automaton Apg is pictured in Figure EL without the state gy r, and its
minimal quotient is pictured in Figure [

Intuitively, the states ¢q; and g9 are used to read the binary encoding of %
The states oo and ggp1 are used to read one of the binary encoding of i and
Go100 1s used to read its other encoding. The states gg11 and gg111 are used to
read 11. Finally, the states o101 and goo10 are used to read 3.

Note that minimization sends the states ¢p11 and ¢i9 to the same state,
named qpg. Intuitively, it is because when an automaton reads a rational r
belonging to the boundary of R, the only important information is:

e the periodic part of the encoding of r,

e whether r belongs to R and
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0 1 0 1
—> qo > 401010
@ 1
0 1
0

Yoo
OO b

Figure 4: The automaton Ag for R = [i, %) U {%—}1, %}
0
: ‘ 1 ‘
401010
0 1
0

01

Figure 5: The minimal automaton recognizing R = H, %) U {%, %}

e whether, (r — ¢,7) (respectively, (r,r + €)) is included in R or is disjoint
from R, for e small enough.

Let us prove that Ap is as expected.

Lemma 4.3. Let R C [0,1] be a simple set. The automaton Ag recognizes
L, (R).

Proof. Let w € £, and let r = [w]g. Let us prove that [w}g € R if and only if
w is accepted by Agr. Two cases must be considered, depending on whether r is
equal to some p; g for some %, or not. In the second cases, four more cases must
be considered, depending on whether r is equal to some p; ¢, whether r is equal
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to some p; m, whether r belongs to some (p; ¢, pi ) for some i, or whether r
does not satisfy any of those properties.

o Let us first assume that » = p; ¢ for some ¢. Then r € R. Let us show that
w is accepted by Ag. Since r = p; g, then w is of the form Ui &, kVi e ks
hence, by induction on the prefixes of w, all visited states are of the form
qw for w some prefix of u; ¢ xv;e,x. It implies that each state of the run
of Ag on w — apart from the |u; ¢ x| first states — are accepting. Hence
Apr accepts w.

e From now on, let us assume that, for all ¢, » # p; g. Let us suppose
that » = p; o for some i. The case r = p; g is similar. In this case,
r & R. Let us prove that w is not accepted by Agr. The word w is of

the form (CRALHES hence by induction on the prefix’s of w, each visited

state is g, for w a prefix of w; j v; j i, and since the u; ;i are not prefixes
of u jr ki ;s 1s» then no accepting state is visited. Hence Ag does not
accepts w.

o Let us assume that 7 € (p; ¢,p;:m). Let us show that Ap accepts w.
Three cases must be considered, depending on whether u; ¢  is a prefix
of w for some k € {0,(b— 1)}, whether u; % x is a prefix or w for some
k € {0,(b—1)}, or whether none of those words are prefix of w.

— Let us suppose that u; ¢ 1 is a prefix of w, then there exists a unique
4-tuple n € N, h < |v; ¢ x|, a < v; ¢ [h] and w’ € E¢ such that

w = uj ¢ k) o 1 (Vi gk [< h])aw.

Since a < v; ¢ k[h], [wi g kvi ek [< D] aw']? > p;e. Since the u; ;1’s
are not prefixes of the wy ;v 1/’s, [ ¢ k¥ ok [< h] aw’]g < pi,e. Then,
for i > |uj e kv}'g pvie .k [< h]|, the ith state is qp 1) r, hence w is
accepted by R.

— If u; 9 1 is a prefix of w, the proof is similar by symmetry.

— Let us now assume that there are no j and k such that u, ;j is a
prefix of w. Let us consider the longest prefix p of w and wu; ;5. The
|p| first steps of the run of Ag on w are the states ¢, for v some prefix
of p. The following steps are g|o,1),r, hence Ag accepts w.

e In all other cases, the proof is similar to the preceding case, replacing
q[0,1,R bY qp,R-

O

4.2 Characterization of automata recognizing simple sets

The main theorem of this paper concerning subsets of [0, 1] is now stated.
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Theorem 4.4. It is decidable in time O (nb) whether a minimal FNA over the
alphabet X, with n states recognizes a simple set.

The proof of this theorem uses Proposition [3.:3} In order to use this proposi-
tion, a set A s of automata is now introduced. Four lemmas are then proved,
which corresponds to the four properties of Proposition [3.3]

Definition 4.5 (Aps). Let Aps be the set of weak Biichi automata A =
(Q, %y, 0, q0, F) such that, for each strongly connected component C C Qp 4\

(Q0,1),4UQp,4), there exists S ¢ and B> ¢, two states of Qp1],4 UQp, 4, such
that, for all ¢ € C:

1. C'is a cycle,
2. for all a > agy, 6(q,a) is B> ¢ and
3. for all a < ay, 6(q,a) is B< c.

Property implies that Q[o,1],4 U Qp, 4 is not empty.

Example is resumed in order to show the construction of the preceding
lemma.
Example 4.6. Let R = (%,2] U (%,3] U (%,oo] and A be the minimal au-
tomaton of Figure ] Let us first consider the recurrent states g equal to 1,
00, 10, 0101 or to 01010. The integer n, the sequence of letters ag,...,an_1,
the states S« ¢ and B ¢ associated to each of those states ¢ are given in the
following table and the Boolean S— ¢ which is true if and only if C' is composed
of accepting states. The two last columns of the table show the language of
infinite words recognized by the automaton A, and the set of reals recognized
by this state.

g n_a_a Bec  Boc Boc Lu(A) [Aly
1 2 0 1 gga True gpq (01)% %
10 2 1 0 q@,A True Q(D,.A (10)w 3
00 1 1 90,4 True ¢gpa (1)¢ {1}
0101 2 0 1 gpia False gy 0(10)%+ (10)*0(0+ 1)« [0, %)
01010 2 1 0 g4 False gpa (10)+ (10)*0(0+1)% 0, g)
q[0,1],R 0+ 1)~ [0, 1]
q0.R 0 0
Transient states 010, 01, 0 and € are now considered. One has:
R
0+ [ Aq R 1
[A()lO]E: { [;,1],1:]17 U 1+[A20101’1b _ 0+[20,21] U 1+[§723) _ [07
A A 0+10,5 1+ 3%
[«401]5 _ 0+l 2010]b U 1+[2m],, _ [2 2) U 13} = [0’ %)
[AO]IT _  O+[Aooly U +[Aaly _ 0+{1} U 1+{[075U{§}} — [17 2)
R 0+ LAl el o+323u( ) 1+{3) L gl (8
[Ady = > = Y s =g U 5 :(5’2] U (§’
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It is now proven that the set Ap s satisfies Property of Proposition

Lemma 4.7. It is decidable in time O (nb) whether a weak Bichi automaton
with n states belongs to Aps.

Proof. Tarjan’s algorithm [I6] can be used to compute the set of strongly con-
nected component in time O (nb) and thus the set of recurrent state. By Lemma
@ the sets Qg 4 and Q[o,1}, 4 are computable in linear time. The algorithm runs
on each strongly connected component distinct from Qo,1},4 and from Qg 4.

It is now explained how the algorithm checks whether Property (|1) is satisfied
by the automaton. The algorithm runs on each g € Q. The algorithm keeps a
counter ¢, initialized to 0, of the number of letters a € ¥, such that 6(g,a) € C.
For each ¢, the algorithm runs on each letter a € ;. For each a, the algorithm
tests whether 6(q,a) € C, and if it is the cases, ¢, is incremented. If ¢, # 1 the
algorithm rejects.

It is now explained how the algorithm checks whether Property ([2) is satisfied
by the automaton. Checking Property is done similarly. The algorithm runs
on each g € C. If a4y > 0 then:

o if S ¢ is not set, then S ¢ is set to d(g,0).

e otherwise, let us assume that S ¢ is set. The algorithm runs on each
0 < a < aq. For each q, if 6(q, a) is different from S« ¢, then the algorithm
rejects.

If the algorithm has not rejected, it accepts. O

It is now proven that the set A s satisfies Property of Proposition
Lemma 4.8. Let R C [0,1] be a simple set. The automaton Agr belongs to
AF,S-

Proof. It suffices to see that the recurrent states ¢ & Qp .4 U Q)4 of Ar
are of the form w; jrw with w a prefix of v; ;. For each prefix w of length !
of vijr, the digit sg, ., is v;;x[l], thus Property holds. The state < ¢
(respectively, B~ ¢) isyq’@’A if u; j£0% € R and gpp,1], 4 otherwise, thus Property
(12) (respectively holds. Then the conditions of Deﬁnition are satisfied. [

kW

It is now proven that the set A s satisfies Property of Proposition
Lemma 4.9. The minimal quotients of automata of Ar s belong to Ap s.

Proof. Let A= (Q,%y,0,q0, F) be an automaton belonging to Ap s and let its
minimal quotient be A" = (Q’, %, ', ¢}, F'). Let u be the morphism from A
to A’. Let us show that A" belongs to Ars. Let C’ be a component included
in A’, distinct from Qg 4 and from Qo 1j,4- By Lemma there exists a
strongly connected component C of A such that u(C) = C” and such that, for
all ¢ € @\ C accessible from C, u(q) ¢ C".

Let us first show that Property is satisfied by A’. Let ¢’ € C’ and let us
prove that there exists exactly one letter s, such that §'(¢’,sy) € C’. Since ¢/
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is recurrent, at least one such letter exists. It remains to prove the unicity. Let
us assume that there exists two letters ag and ay such that §'(¢’,a9) € C’ and
0'(q’',a1) € C" and let us prove that ag = a;. Since u(C) = C’, there exists ¢ € C
such that p(q) = ¢'. Since A € Ap s, there exists exactly one letter s, such that
0(q,sq) € C. It suffices to prove that ag = sq = a1. Let us prove that ag = s,
the other case is similar. Since p(d(g,a0)) = 6'(1(q), a0) = §'(¢’,a0) € C'" and
since §(q, ag) is accessible from C, by hypothesis about C, (¢, ag) € C. Since
0(g,ap) € C, by Property applied to A, by definition of s, ag = s.

It is now proven that A’ satisfies Property . The case of Property is
similar. Let ¢; and g3 be two states of C’, and let a; > 54/ and ag > s4;. Since
w(C) = C’, there exists ¢q1,q2 € C such that u(q1) = ¢} and u(q2) = ¢5. Let
q1 and g2 be those two antecedents, note that s;, = sy and sg, = sg,. Since
A € Ap s, by Property applied to A 2| 6(¢q1,a1) = 6(qgz, a2), hence ¢ (¢}, a1) =
&' (g2, az). O

It is now proven that the set Ap s satisfies Property of Proposition
Lemma 4.10. The automata of Ap s recognize simple subsets of [0,1].

Note that it is not required in this lemma that the Biichi automaton is a
FNA. In order to prove this lemma, another lemma is now required. Its proof
is straightforward from Definition .5

Lemma 4.11. Let A be a Biichi automaton of Ars and let q be a state of A.
The automaton Ag belongs to Aps.

Proof of Lemma[{.10. The proof is by induction on the number n of states of
A. Two cases must be considered, depending on whether the initial state of the
automaton is recurrent or not.

Let us first suppose that the initial state is transient. For each a € ¥, by
Lemma [£.T1] the automaton As(g, «) belongs to Ars. The automaton Asg,.a)
has less than n states and belongs to A s, hence, by induction hypothesis, it
recognizes a set R, of the form Uf“_l(pi7g,a,pi7m,a) U Ug;gl {pi,5,o}. The set
[A]E is then equal to:

bila—|—Ra b=l laml a+pica G+ Pina ol a+ PiG,a
Uit -U U (g )o U =)

where the p; ; belongs to QN [0,1]. Hence [.A]Z{ is a simple set.

Let us now assume that the initial state is recurrent. Three cases must be
considered depending on whether go belongs to Qg 4, to Q[p1),.4 or to neither
of those sets. Let us first assume that go € Qp 4, the case gy € Qo 4 is similar.
The automaton recognizes () by definition of Qg 4, thus is simple.

Let us suppose that qo & Qp, 4 UQ|0,1],4 and let C' be the strongly connected
component of qyo. By Property of Definition there exists a sequence
ag, ..., an—1 such that 6(go,ao...an—1) = go. Let ¢y, be the real represented
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’ ’ :
n/—1 _ an'—i-1
i=g_aib

by (ao...an’—l)w that is 2 p —1

length is O (log(b)n). Let w € X and = = [w]?. It is then clear from Definition
that A accepts w if and only if, either x = ¢,, and C C F, either z < ¢,
and f<.c € Qr 4, or similarly x > ¢, and B> ¢ € QF 4. O

. The number ¢4, is rational, and its

Theorem can now be proven.

Proof. It suffices to use Proposition [3.3| with A being the set of automata Ag s,
A’ being the set of FNA, and Lemmas |4.7} and O

Note that the algorithm given in the proof of Theorem [£.4] returns no false
positive even when it is applied to a Biichi Automaton which is not a FNA. The
author conjecture that there exists no false negative.

5 Simple subsets of R=°

In the preceding section, the problem studied in this paper was solved on [0, 1].
The general problem is solved in this section using the notations and lemmas of
Section (4

In Section [5.1] given a simple set R, a weak automaton Apg is constructed,
which recognizes R. In Section[5.2] an algorithm is given, which takes as input
a weak automaton of alphabet 3j and decides whether it recognizes a simple
set.

5.1 From sets to automata

Let us fix in this section a simple set R C RZ°. Since R is a simple set, there
exists a least integer tg € N=0 such that [tg,00) is either a subset of R or
is disjoint from R. For all i € N, let R; denote {z € [0,1] | 2+ i € R}, and
let A; = (Q4,Xp,0i,q0,i, Fi) be the minimal automaton accepting [Ri];j. By
Example [T.4] is now resumed.

Example 5.1. Let R = (%, 2] U (%, 3] U (1—31, oo] as in Example Then tg is

4, Ry = (3,1], Ry =[0,1], and Ry = Ry = {0} U [3,1].

In this section, a weak RNA Apr which recognizes L, (R) is constructed.
The part of Agr which reads the fractional parts of the reals is based on the
construction of Section The formal definition of Ag is now given.

Definition 5.2 (Ag). Let R C [0,00) be a simple non-empty set. Note that
tr > 0. Let Ag be the automaton (Q, X}, d, go, F') where:

e the set ) of state contains:

— a state ¢; for all ¢ € [tg — 1],
— a state qg g,

— a state ¢oo g if [Tr,0) C R,
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— a state (i,q) for all i € [tg — 1], and for each state g € Q; \ gy, 4, -
e The initial state is qg.
e The accepting states are gy, 1], 4 and (i, q) for all accepting states g of A;.

e The transition function is such that, for all i € [tg — 1], a € Zy:

— 6(q,a) = q for ¢ being qjo1],4, oo, O Go, R,
— 0(g, %) = Q(ZLR for ¢ being qo,1},4 or g R,

(

(

(

0(qi,a) i8S goo,r if bi +a > tg and if [tg,00) C R,
0(qi,a) is qp gs if bi +a > tr and if [tg,00) N R

3
o
uJ
(

=,
Gi, *) = (@ qu)
(4,9),a) i di(q,a)) for g € A;, if 0;(q,a) & Q. 4,
(i,q),a) is qp 4 for g € A;, if 6;(q,a) € Qp,4, and
— 6((z,q),%) 1s qp,R-

An example of automaton Ap is now given, resuming Example [5.1}

Example 5.3. Let R = (%,2} U (%,3] U (131, ], as in Example The
automaton Ap is pictured in Figure [T} without the non accepting state gp 4.

Its minimal quotient is pictured in Figure [2]
Let us now show that Apg is as expected.

Proposition 5.4. Let R C R2° be a simple non-empty set. The automaton
Apr recognizes L, (R).

Proof. Let wy € ¥f, wp € ¥¢ and w = wr * wp. Let r; = [wf]é, rp = [’U}F]E
and r = [w]IF: = r;+rp. Let us prove that [w]? € R if and only if w is accepted
by .AR.

By an easy induction on the length of wy, §(qo, wr) is quw, if 11 < tg, other-
wise it 1S ¢oo, g if [tr,00) C R and it is g 4 otherwise. Two cases are considered,
depending on whether r; < tp or whether r; > tp.

e Let us first assume that r; < tg. Then 6(0,w;) = g, and thus 6(0, wrx) =
(rr,qor,).- By Lemma A, recognizes R,,, hence wr is accepted by
(‘AR)(T’quo,rI) if and only if rrp € A,,. Hence w is accepted by Ag if and
only if r € R.

e Let us now assume that r; > tg. Let us assume that [tg,00) C R, the
case [tr,00) N R = { is similar. Since r; > tg, then r € R. By definition
of Ar, 6(qo,wr) = qoo,r, therefore §(qo, wrx) = qp,1],4- It follows that
each state of the run of Ag on w is gjo,1],4, apart from the |wy| first ones.
Since furthermore gy 1), 4 is an accepting state, Ag accepts w.

O
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5.2 Characterization of automata recognizing simple sets
The first main theorem of this paper is now given.

Theorem 5.5. It is decidable in time O (nb) whether a minimal weak Biichi
RNA with n states recognizes a simple set.

In order to simplify the proof, this theorem is reduced to a simpler case given
in the following proposition.

Proposition 5.6. It is decidable in time O (nb) whether a minimal automaton
with n states recognizes a simple set different from O and from [0, 00).

As in Section a set of automata Ag>o.s is now introduced. Four lemmas
are then proved, which corresponds to the four properties of Proposition (3.3

Definition 5.7 (Ag>o,s). Let Ag>o,s be the set of weak Biichi automata A4 =
(Q,%},0,q0, F) such that:

1. The automaton A satisfies the properties of Definition 4.5

2. There exists an accepting and a rejecting strongly connected component,
accessible from the initial state, belonging to Qr 4.

3. (5((]0,0) = qo-

4. The set (Jp 4 contains exactly one recurrent state. Let gy 4 denotes its
only state.

5. The set Qo4 contains at most one recurrent element. If Qo 4 contains
one recurrent element, let go, 4 denote this only element.

6. 0(qgo,a) # qo for all 0 < a < b.

7. If goo, 4 exists, then §(q,a) # qp 4 for all ¢ € Qr 4\ {q@,A} and a € Xy,
8. Let ¢ be a natural recurrent state. The state ¢ is either gy 4, ¢oo,4 O qo.

Note that the properties of Definition only consider the states of Qr 4.
Therefore, there is no trouble to state that those properties are satisfied on some
subset of an automaton closed under the function §. Let us show that Ag>o,s
admits the properties of Proposition [3.3] It is now proven that the set Ag>o.s

satisfies Property of Proposition

Lemma 5.8. It is decidable in time O (nb) whether a weak Bichi automaton
A with n states belong to Agzo.s.

Proof. Tt suffices to check that all properties of Definition [5.7] are testable in
time O (nb). To check Property , it suffices to use the algorithm of Lemma
28\

The set of states accessible from ¢q is easily computed by a fixed-point al-
gorithm in time O (nb). Using Tarjan’s algorithm [I6], the set of strongly con-
nected component are computable in time O (nb). By Lemma the sets Qg 4
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and Qx4 are computable in time O (nb). It easily follows that testing whether
doo, A €Xists is testable in time O (nb). Since the set of recurrent states, the
states gy 4 and g, 4, the set of states accessible from g, the sets Qp 4, Qoo 4,
Q1.4 and QF 4 are computed, it is trivial to test the seven last properties in
time O (nb). O

It is now proven that the set Ag>o0,s satisfies Property of Proposition

Lemma 5.9. Let R C [0,00) be a simple non-empty set. The automaton Ag
belongs to Ag>o,s.

Proof. By Lemma and Lemma all automata A; belongs to Ag s. Since
Property only consider the states of Qr 4, that is the states of the form
(i,q) for ¢ € Q;, then Apg satisfies Property .

Property is now considered. Since R is neither the empty set nor [0, 00),
there exists a word belonging to ¥} x ¥ which is rejected by Agr and a word
belonging to ¥} x X which is accepted by Ag. Therefore Ap satisfies Property
.
Property is now considered. Recall that the threshold of R, tg is positive.
Thus 0 + 0 < tg and by construction of Ag, §(go,0) = groro = qo, therefore
Ap satisfies [3]

The automaton Ap satisfy Properties [4] [5] and [7] by construction.

Property @ is now considered. Let a > 0, ¢ € Q1 4 and let us prove that
0(g,a) # qo. Two cases must be considered, depending on whether tg > a or
whether a < tr. Let us first assume that tp > a. Note that b0 +a > tg. By
construction of Ag, d(qo,a) is either g g or is gy g, which are distinct from
gy 4~ Finally, let us assume that a < tg. By construction of Ag d(qo,a) =
Qbo+a = qa 7 qo, therefore Ap satisfy Property @

Property is now considered. By construction of Ag, there are at most
three recurrent states in Q) 4: the initial state, the state gy p € Qg 4,, and
potentially ¢oo, g € Qoo 4, Therefore Ap satisfy Property (8). O

It is now proven that the set Ag>o.s satisfies Property (3] of Proposition [3.3]
Lemma 5.10. The minimal quotient of automata of Ar>o.s belong to Ago,s.

Proof. Let A= (Q, X}, 0, qo, F) belonging to Ag>o,s and let A’ = (Q', X}, 8, ¢4, F')
be a quotient of A by a morphism p. It is now shown that A’ belongs to Ag>o.s.
Each of the [8] propositions of Definition [5.7] are considered separately.

Property is first considered. By Lemma the set of automata satis-
fying Property is closed under quotient. Since A satisfies Property , and
since A’ is a quotient of A, A’ satisfies Property .

Property is now considered. It is now proven that there exists an ac-
cepting recurrent state ¢’ accessible from the initial state of A’. The case of a
non-accepting state is similar. By Property , there exists an accepting recur-
rent state ¢ accessible from qg, in QF,_4. Since ¢ is accessible from g, there exists
a finite word such that §(qg, w) = ¢. Since ¢ is a recurrent, there exists a non-
empty word v such that §(g,v) = ¢. Since ¢ is recurrent and accepting, it does
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not belongs to ()y 4. Since ¢ is fractional, since A accepts a subset of ¥} x Xy,
and since ¢ € Qg 4, then w € X7 xX;. Note that ¢'(u(q),v) = pu(d(g,v)) = p(q),
therefore 1(g) is recurrent. By Lemma 2.7, p(q) is fractional. Furthermore
0" (b, w) = &' (ulqo),w) = pu(d(qo, w)) = p(q), therefore ¢ is accessible from g;.
Since ¢ is an accepting recurrent state of Qp 4, accessible from ¢f, A" satisfies
Property .

Property (3)) is now considered. Since §’(g(,0) = §'(11(g0),0) = p(6(go,0)) =
1(qo) = g, the automaton A’ satisfies Property .

Properties [4| and |5[ are now considered. By Lemma since A’ is minimal,
there is at most one state in Qu, 4- and in Qg 4. Furthermore 6(go, %) belongs
to Qg 4, hence Qp 4/ is not empty. Hence A’ satisfies Properties 4] and

Property (@ is now considered. Let 0 < a < b, it is now proven that
§'(qh,a) # qy. By Property (6), 6(qo,a) # qo. By Lemma there exists
i € N”0 such that 6(qo,a’) is recurrent. Let ¢ = §(qo, a’). By Property (8], ¢ is
either go, gp, 4 Or ¢oo,4. The three cases are considered separately.

e It is first assumed that ¢ = qo, in this case, all of the states §(qo,a’)
are in the same strongly connected component. And since §(qo,a) # qo,
Property implies that §(qo,a) is either gy 4 or goo, 4. The case where
d(qo,a) is gp 4 is now considered. The other case is similar. Since gy 4
and qo are in the same strongly connected component, g is accessible from
gp.a- Therefore A recognizes the empty language. Having A recognizing
the empty language contradicts Property .

e It is now assumed that ¢ = gy 4, the case ¢ = g0, 4 is similar. By Prop-
erty (), since ¢ = gp 4, p1(q) € Qg,.a-- Furthermore, u(q) = u(3(qo, a’)) =
8 (u(go),a*) = d'(qp,a*). Note that ¢’(gp,a") = ¢oo,ar # qp- Since
8 (qh,a’) # qf it follows that & (g, a) # q. Therefore, A’ satisfies Prop-
erty @

Property is now considered. Let us assume that g, 4/ exists. Let ¢’ € @’
and a € X such that 0'(¢’,a) = gp_a-. It must be proven that ¢’ & Qr a \
{q@7 A } Since the automaton is minimal, the strongly connected component of
oo, A" 18 {¢oo, a7 }- By Lemma there exists a strongly connected component
C in A such that p(C) = {goo,a}. Let goo,4 be a state of C, since A, ,
and 'A:»(qoo,,a) = A;(x),_A/ recognizes the same language, and since goo, 4 € Qoo, 4/
then goo, 4 € Q0,4 Since goo 4 belongs to a strongly connected component, it
is recurrent. Since goo, 4 is a recurrent state belonging to geo, 4, by Property @,
0(q,a) # qp 4 for all g € Qr 4\ {qgﬁA} and a € Xp. By definition of morphism,
there exists a state ¢ € @ such that u(q) = ¢’. By Lemma since ¢’ € Q1 4,
q € Qr,a. Note that u(d(q,a)) = 6'(u(g),a) = 0'(¢',a) = gp. 4 € Qo a- By
Lemma 277, since 4(6(¢,a)) € Qp_ur, 0(d,a) € Qpa. Since 6(q.a) € Qo.a, by
Propert, d(q,a) = qp 4. It implies that ¢ € Qr 4\ {q@,A}. By Lemma
it implies that ¢’ & Qr 4/ \ {q@, A'}~ Therefore, A’ satisfies Property .

Finally, Property is now considered. Let ¢’ be a natural recurrent state of
A’. Tt must be proven that ¢’ is either qo, gp 4’ Or oo, a-. The state ¢ is natural,
by Lemma [2.7] its antecedents by u are natural. The state ¢’ is recurrent hence,
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by Lemma m it admits a recurrent antecedent q. By Property applied
to A, either ¢ = qo, ¢ = gp.4 OF ¢ = ¢oo,4- The three cases are considered
separately.

e The case ¢ = qq is first considered, in this case, clearly, ¢’ = g{.

e The case ¢ = gy 4 is now considered. As proven above, it implies that
1(q) = qo,a-

e The case where ¢ = ¢oo, 4 is similar to the preceding case.
Therefore, A’ satisfies Property (g). O
It is now proven that the set Agso,s satisfies Property () of Proposition
Lemma 5.11. The automata of Ag>o,s recognize simple sets.

In order to prove this lemma, another lemma is first introduced. It implies
that the set R recognized by an automaton A € Ag>o.s with n states is such
that [0,b™) is either a subset of R or is disjoint from R.

Lemma 5.12. Let A € Agsos be an automaton with n states recognizing a
set R. If A contains a state goo, 4, as in Definition then ("1, 00) C R,
otherwise (b"~1,00) N R = 0.

Proof. Two cases must be considered, depending on whether the state goo,4
exists. Let us assume that the state g, 4 exists, the other case is similar. Let
x > b""1 and let 0°w; * wr, be one of its encoding in base b, with ¢ € N and
wr[0] # 0. Let us prove that A accepts 0wy x wg

Note that since > b"~1, it implies that the length of wy is at least n. For
i < |wyl, let ¢! = §(qo, 0wy [< i]). By Lemma there exists 0 < i/ <i < n
such that ¢! is recurrent. By Property of Definition the only natural
recurrent states of A are goo, 4, gy 4 and go. By Properties @ and [7, ¢/ # qo.
Since goo 4 exists, by Property (7) then ¢! # qp.4- Since g; is either gu 4,
dp,A; OF qo, since ql # gp,.4 and since qad # q ¢ = Qgoo.n- 1t follows that
6(q/,wr) = Goo,a, and then, for all j € N, 6(¢", 0% » wr [< j]) = qo,15,4-
Therefore A accepts 0wy x wp.

Example |5.11] is now proven

Proof of Example[5.11 Let A € Ag>o.s with n states and let R = [A]E. Let us
prove that R is simple. By Lemma [5.12} it suffices to prove that RN [0,b6" 1)
is simple. In order to do this, it suffices to prove that R; is simple for all
ieprt—1].

By Property of Deﬁnition As(go,wx) € Aps for all w € Xj. Note that
the difference between R; and R; = UjEN [A(S(qo’ojw*)];j is a subset of {0,1}.
Therefore, it suffices to prove that R} is simple. Note that, since §(qo,0) = qo,
all Ag(go,0iws) are equals. Therefore the infinite union R; of simple sets is a
simple set. That is, R} is a simple set. O

31



Proposition [3.3] is now proven. Its proof is similar to the proof of Theorem

Proof of Proposition[3.3 It suffices to use Proposition [3:3] with A being the set
of automata Ag>o.s, A’ being the set of RNA, and Lemmas and
b.I1l O

Theorem [5.5]is now proven.

Proof of Theorem[5.5 The algorithm to decide whether a minimal weak Biichi
RNA A recognizes a simple set is now given. The algorithm first checks whether
Property of Definition holds. If it does not hold, then the automaton
recognizes the empty language or Xj « 3y, in which cases the algorithm accepts.
If Property holds, then the automaton recognizes a non empty strict subset
of 3} x X and therefore the problem is reduced to the problem considered in
Proposition [6.2} It thus suffices to apply the algorithm of Proposition [6.2] to A
and to return the result of this algorithm. O

The algorithm of Theorem 5.5 takes as input a RNA and runs in time O (nb).
It should be noted that it is not known whether it is decidable in time O (nb)
whether an automaton is a RNA. However, as for the algorithm of Theorem [£.4]
if the algorithm of Theorem is applied to a weak Biichi automaton which
is not a real automaton, the algorithm returns no false positive. An example
of false negative is now given. Let L be the language described by the regular
expression:

(00)" (01 + 2) X% « 2%

This language is recognized by the automaton of Figure Note that [L]g =
[1,00), which is a simple set. However, since Property (3)) is not satisfied by
the automaton of Figure [6] the algorithm of Theorem does not accept this
automaton.

0,1,2

1
0
—> 2 al 01,2
0

Figure 6: An automaton which recognizes [1, 00) and is refused by the algorithm
of Theorem
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6 From automata to simple set

In this section, it is explained, given a weak Biichi automaton recognizing a
simple set R, how to compute a first-order formula which defines R. The exact
theorem is now stated.

Theorem 6.1. Let A be a be a minimal RNA with n states, over the alphabet
Yy, which recognizes a simple set. There exists two formulas which define [A]bR:

e a X [R;+, <, 1]-formula computable in time O (n%log(nb)) and
o o X5 [R;+, <, 1]-formula computable in time O (nblog(nb)).

In order to prove this theorem, a more general proposition is introduced.
This proposition shows that the condition that A is a RNA can be replaced by
the condition A € Ag>o,s.

Proposition 6.2. Let A € Aps be a minimal automaton. There exists two

formulas which define [A]}:

e a ¥ [R;+, <, 1]-formula computable in time O (n%log(nb)) and
o o X5 [R;+, <, 1]-formula computable in time O (nblog(nb)).
In order to prove this proposition, a technical lemma is first introduced.

Lemma 6.3. Let A € Agso,s be minimal with n states, w; € X}, wp € X
and Q C @ containing exactly one state of each strongly connected component.
Then, there exists s € [n] such that §(q,w; x (wr [< §])) € Q.

Proof. Let qF = 6(qo,wr * (wp [<i])) for any i € N. By Lemma there
exists 0 < i < i’ < n such that ¢ is recurrent. Let C be the strongly connected
component of ¢f". By Property of Definition there are three kinds of
strongly connected components in the fractional part of a minimal automaton
of Ar>o,s: the singleton {q@,A}, the singleton {q[O,l],A}v and the cycles. Three
cases must be considered depending on the kind of strongly connected compo-
nents that is C. In the two first cases, if ¢ is 40,4 OT q[o,1],.4 then qf € Q and
it suffices to take s = 7. Otherwise, if C is a cycle, then {q]F li<j<i'}=C,
therefore there exists an integer i < s < i’ such that ¢ € C. O

Proposition [6.2] can now be proven.

Proof. Let R = [A],Ff. Since the automaton A belongs to Ag>o,s, the notations of
Definition [5.7] can now be used, and therefore the notations of Definition [£.5] can
also be used. Recall that all strongly connected components are cycles, apart
from {qo}, {¢oo,a}, {q0,1),4} and {gp _4}. Furthermore, for each ¢ € Qp 4 in
a cycle C, the digit s, is the only one such that d(g, s,) € C. In this proof, it
is assumed that each state has an integer index between 0 and n — 1. For g a
state with index 7 and p a variable, the atomic first-order formula p = ¢ is an
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abbreviation for p = i. Let @ C @ be a set as in Lemma Note that the
states gp, 4, q[0,1),.4 and geo, 4 all belong to Q if they exists.

It is first explained how to compute an existential formula ¢(z) which defines
R in time O (n?log(n)blog(b)). As seen in Lemma the formula which
defines R is either ¢(z) V o > b"~ ! if g, 4 exists, or ¢(x) otherwise. At the
end of the proof, it is explained how to decrease the time by adding universal
quantifiers.

For any real 0 < x < b"~ !, let ; € N and xF e [0, 1] be numbers such that
v =ux;+azp. If 2 € N°O then the pair (x7,zr) is either (|z7],z — |z/]) or
(x —1,1). Otherwise, the pair (z7,zr) is (|z1],z — |z1]). Let w,, € £} be an
encoding in base b of 7 of length n. Since x7 < b"~!, such an encoding exists.
Let w,, € 3§ be an encoding in base b of zp. Let gl ; = 6(qo, w, [< 4]) for all
i € [n] and qf; = 6(qo, we, * (we, [< ])) for all i € N.

The formula ¢ (z) which defines [.AR]E is defined as the conjunction of two
subformulas. Intuitively, the first formula, ¢ (pl , T 1) considers the run on wy
and the second formula, ¢p (pF , T F), considers the run on wg.

Let us assume that there exists a formula ¢; (pI7 x;), of size O (nQb log (nb)),
such that, if x,,; < "', the formula holds if and only if p! is the index of w, g
and if zp € N. Let us assume that there exists a formula ¢p (p*',zp), of size
O (n?blog(nb)), which accepts zp € [0, 1] if and only if A, accepts an encoding
of . Then it suffices to take ¢(x) to be the formula:

o(x) = 3xr,ap,p’pFo =xr +ap Aop <V Aap € [0,1]
AVoeq, . (0" =anp™ =6(q,%))
Ao (p! zr) Aor (P, xr) .

The formula ¢; (pI 7951) is now defined. A sequence (z; I)ie[n] of variables
is existentially quantified in this formula. The variable x;; is intended to be
interpreted by the value |2 |, its encoding in base b is wy, [< i]. A sequence
(p{ )i ] of variables is existentially quantified. They are used to encode the

n steps of the run of A on w;. More precisely, the variable p! is meant to be
interpreted by the index of g/. Note that if zo; = 0, since x;11; = bz + wy[d]
for i € [n — 1], an easy induction shows that z;; € N for all 0 < i < n.

Let us assume that there exists a 3¢ [R; +, <, 1]-formula ! (p{, Til, p{_H, x{_H),
of size O (nblog(nb)), which asserts that if p; is the index of a state ¢, and if
Tit1; = bz, + a for some a € Xy, then p;+q is the index of 0(¢,a). The for-
mula ¢ (pI,a:I) can then be taken to be the ¥; [R; 4+, <, 1]-formula of length
O (n?blog (nb)):

¢r (p' 21) =3 (0], 2ir) o<y, @01 = OADE = 0

-1
ANy ¥r (Pil, Iu,pfﬂa Ii+11)
Atng =z Apl = pl.
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Formally, the formula v (pf, x“,p{+17 wi+11) can be taken to be:

wl(pévxilv ) /\ /\ |: x2+11_bx1[+a/\pz_Q) -
) pz+1_6Q7 a)

b; Tit+1
i+1rLi+1g 4€Q1. A aCSy

No notations introduced during the construction of the formula ¢; (pl , T 1), are
used in the remaining of the proof.

The formula ¢ (pF ,xr) is now defined. Let s be the smallest integer such
that qus € @, by Lemma such an integer exists. The formula ¢ (pF, xF)

is the conjunction of two subformulas. The first formula, ¢ (p,y,pF,xF),

considers the run of A on the first s letters of w, . The second formula ¢2 - (p, y)

considers the end of the run, on w, [> s|, beginning at the state ¢, s € Q.

Two variables p and y are existentially quantified. They are meant to be in-
terpreted by pf” and w, p [> s] respectively. Assume that thereisa ¥; [R; +, <, 1]-
formula, ¢1 (p7 v, pF, 961:)7 of length O (n%log(b)), which states that, given pf’,
xfr’s, the variables p, y are interpreted as stated above. Let us also assume that
there exists a Yo [R; +, <, 1]-formula ¢35 (p,y), of length O (n2 log(b)), which
states that A, accepts an encoding of y, where p is the index of the state g.
Then the formula ¢z can be taken to be the X; [R;+, <, 1]-formula of length
O (n?blog(nb)):

or (p¥,2p) = Ip,y.d1p (0, Yy, 0", 2F) A G2 (p,y).

The formula, ¢;p (p, y,pt x F) is now constructed. As in the construction
of ¢ (pF , T F), two sequences of variables are existentially quantified to encode
some suffix of wpr and to encode a part of the run of the automaton on w. The
sequence (2; ) icn] 18 existentially quantified. The variable z;r is meant to be

interpreted by [wy, [> i]]llj. It represents the real that must be read at the i-th
step of the run after the x. It follows that zor = zp, xsp = y and that z; p
is equal to bx;_1 — wy,[i]. The sequence (pf )l cln] of variables is existentially
quantified. It is used to encode the first (n+ 1) steps of the run after the x part
of the run. More precisely, the variable p!" is meant to be interpreted by the
indexes of ¢f". A third sequence of variables, (s;) icn) 18 existentially quantified.
The variable s; is meant to be interpreted by 0 if i < s and 1 otherwise. Note
that sp = 0 as s > 0. Those variables allows to know the value of s.

Let oF (p7 v, T, si,pf‘;l, Tit1p, si+1) be o [R; +, <, 1]-formula of length
O (nblog(nb)) which states that, given p", x;, s;, the variables pfﬂ, Tiy1p and
;41 are correctly interpreted, and furthermore if i = s — that is if p/” € Q and
for all j < i, pf ¢ Q — then the variables p and y are correctly interpreted. The
formula ¢ 5 (p,y,pF,xp) can then be expressed as the ¥ [R; 4, <, 1]-formula
of length O (n?blog(nb)):

Il wir, si)iem-p" =pf Nap = a:oF/\
(blF <p’y’ ) = F (DY, p s LiFy
NiZo ¥ i .

Sis Dig1y Ti+lps Si+l
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The formula g (p7y,pf,xip7si,pﬂl,xiHF,siH) is now given. It is the
Yo [R; +, <, 1]-formula of length O (nblog(nb)):

{(siﬂil) = (siilvvqegpfiq) A

F .
wF (p%" Tir, iy p) = V \/bfl pf: q N zip € [%7 atl] A A
Piv1Tit1p,Si+1Y 9€@ Va=0 pﬁ_lﬁ §5(q,a)ATip1p=b (giF %)

{[SH_lil/\SiiO] = [p:pf/\y:xzp]

The formula ¢9p(t,y) is now constructed. It is a disjunction, which states
that there exists ¢ € C, such that ¢, = ¢, and such that A, accepts an
encoding of y = z,p. By definition of s, ¢, s € Q. Let us assume that, for
each ¢ € Q in a strongly connected component C, there exists a %o [R; +, <, 1]-
formula &,(y) of length O (log(b)|C|), where |C| is the cardinal of C, which
states that A, accepts an encoding of y. Then, ¢ (p,y) can be taken as the
Yo [R; +, <, 1]-formula of length O (nlog(nb)):

d2r(py) = \/ P=aN&(®).

qeQ

Let us now construct the formula ,(y). Trivially, &, ,, ,(y) can be taken to
be True and &, ,(y) can be taken to be False. They are constant size formula.
It remains to construct the formulas &;(y) for ¢ in a cycle C. Let s, be the value
54 defined as in the proof of Lemma for the automaton A4,. As shown in
the proof of Lemma the length of s, is O (log(h)|C|) and the automaton
A, recognizes a set, which is a union of [0,s,), {ss}, and (s4, 1], and which is
defined by a formula &, of length O (log(b)|C|).

It is now explained how to transform the X5 [R; +, <, 1]-formula ¢(z) of length
O (n?blog (nb)) into an equivalent 33 [R; +, <, 1]-formula of length O (nblog(nb)).
Let us assume that there exists ¢11[0,1] (p7 v, pt, xp) and ¢V (pl, :1:1), two X [R; +, <, 1]-
formulas of length O (nblog(nb)), equivalent to ¢1  (p,y,p™", zF) and to ¢; (p’, zr)
respectively. It thus suffices to replace the two formulas ¢; (p, y,pt, F) and
or (pl T 1) in ¢(z) by their equivalent smaller formulas.

In order to construct a X5 [R; +, <, 1]-formula of length O (nblog(nbd)) equiv-

alent to ¢1 (p,y,pF,xp) or to ¢r (pl,xj), it suffices to replace their last con-
junctions by universal quantifications. The formula ¢4 5 (p, y,ptx F) is equiv-
alent to the following ¥ [R; +, <, 1]-formula of length O (nblog(nb)):

a(pf,xiFasi)ie[n].pF =pl' ANxp = x0pA

Vn—l (pzpf /\é-:.’L'Z'F Ny = 8; /\>:|

¢1F < z%‘y;F ) = vp7 57 77. =0 P/ = pﬂ_l /\f/ = l‘iJrlF/\’y/ = Sit1
) pl7§/"}// — wF 0, g, Y, t,
p& Ty

Similarly, the formula ¢; (pé, g I) is equivalent to the X [R; +, <, 0]-formula of
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length O (nblog(nbd)):

zor =0A Pl =qo
ATy =z Apl = plA

or (p',zr) =3 (PI,JJU)OSZ»S”- o €, Vi <P/% PZIIA EI% T A )]
vp/ ¢ =0 \p :pi-i-l/\g =Tit+1g

’ - wF (pvgap/ag/)

Theorem can now be proven.

Proof of Theorem[6.1 The algorithm is exactly the same than the algorithm of
Proposition It suffices to prove that the algorithm of Proposition can
be applied to A’, that is, that A" € Ap s.

Let L = L, (A) and R = [L]E. Since A is fractional, then L is also fractional,
hence L = L, (R). By Lemma L is also recognized by Ag as in Definition
By Lemma Agr € Aps and by Lemma its minimal quotient .A”
belongs to A s. Since A and Apg recognizes the same language, A” is also the
minimal quotient of A, therefore A” = A" and A’ € Ap s. O

7 Conclusion

In this paper, we proved that it is decidable in linear time whether a weak Biichi
Real Number Automaton A reading a set of real number R recognizes a finite
union of intervals. It is proved that a quasi-linear sized existential-universal for-
mula defining R exists. And that a quasi-quadratic existential formula defining
R also exists.

The theorems of this paper lead us to consider two natural generalization.
We intend to adapt the algorithm of this paper to similar problems for automata
reading vectors of reals instead of automata reading reals. We also would like
to solve a similar problem, deciding whether an RNA accepts a FO [R, Z; +, <]-
definable set of reals. Solving this problem would also solve the problem of
deciding whether an automaton reading natural number, beginning by the most-
significant digit, recognizes an ultimately-periodic set. Similar problems has
already been studied, see e.g [I], [10] and seems to be difficult.

The author thanks Bernard Boigelot, for a discussion about the algorithm
of Theorem [6.1]} which led to a decrease of the computation time.
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