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Determination of a Dynamic Feasible
Workspace for Cable-Driven Parallel Robots

L. Gagliardini, M. Gouttefarde, and S. Caro

Abstract The dynamic equilibrium of the moving platform of a cable-driven paral-
lel robot can be investigated by means of the Dynamic Feasible Workspace (DFW),
which is the set of dynamic feasible moving platform poses. A pose is said to be
dynamic feasible if a prescribed set of moving platform accelerations is feasible,
with cable tensions lying in between given lower and upper bounds. This paper in-
troduces an extended version of the DFW with respect to the one usually considered
in the literature. Indeed, the improved DFW introduced in this paper takes into ac-
count: (i) The inertia of the moving platform; (ii) The external wrenches applied on
the moving platform and (iii) The centrifugal and the Coriolis forces corresponding
to a constant moving platform twist. Finally, the static, wrench-feasible, dynamic
and improved dynamic workspaces of a spatial cable-suspended parallel robot are
plotted in order to compare their sizes.

Key words: Cable-Driven Parallel Robots, Workspace Analysis, Dynamic Feasible
Workspace

1 Introduction

Several industries, e.g. the naval and renewable energy industries, are facing the
necessity to manufacture novel products of large dimensions and complex shapes.
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Fig. 1 Example of a CDPR design created in the framework of the IRT JV CAROCA project.

In order to ease the manufacturing of such products, the IRT Jules Verne promoted
the investigation of new technologies. In this context, the CAROCA project aims at
investigating the performance of Cable Driven Parallel Robots (CDPRs) to manu-
facture large products in cluttered industrial environments [5, 6]. CDPRs are a par-
ticular class of parallel robots whose moving platform is connected to the robot fixed
base frame by a number of cables as illustrated in Fig. 1. CDPRs have several ad-
vantages such as a high payload-to-weight ratio, a potentially very large workspace,
and possibly reconfiguration capabilities.

The equilibrium of the moving platform of a CDPR is classically investigated
by analyzing the CDPR workspace. In serial and rigid-link parallel robots, the
workspace is commonly defined as the set of end-effector poses where a number of
kinematic constraints are satisfied. In CDPRs, the workspace is usually defined as
the set of poses where the CDPR satisfies one or more conditions including the static
or the dynamic equilibrium of the moving platform, with the additional constraint
of non-negative cable tensions. Several workspaces and equilibrium conditions have
been studied in the literature.

The first investigations focused on the static equilibrium and the Wrench Clo-
sure Workspace (WCW) of the moving platform, e.g. [4,9, 14-16]. Since cables
can only pull on the moving platform, a pose belongs to the WCW if and only
if any wrench can be applied by means of non-negative cable tensions. Feasible
equilibria of the moving platform can also be analyzed using the Wrench Feasible
Workspace (WFW) [2, 3, 8]. By definition, the WFW is the set of wrench feasible
platform poses where a pose is wrench feasible when the cables can balance a given
set of external moving platform wrenches while maintaining the cable tensions in
between given lower and upper bounds. The Static Feasible Workspace (SFW) is a
special case of the WFW, where the sole wrench induced by the moving platform
weight has to be balanced [13]. The lower cable tension bound, 7,,;,, is defined in
order to prevent the cables from becoming slack. The upper cable tension bound,
Tmax 18 defined in order to prevent the CDPR from being damaged.
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The dynamic equilibrium of the moving platform can be investigated by means
of the Dynamic Feasible Workspace (DFW). By definition, the DFW is the set of
dynamic feasible moving platform poses. A pose is said to be dynamic feasible if a
prescribed set of moving platform accelerations is feasible, with cable tensions lying
in between given lower and upper bounds. The concept of dynamic workspace has
already been investigated in [1] for planar CDPRs. Barrette et al. solved the dynamic
equations of a planar CDPR analytically, providing the possibility to compute the
boundary of the DFW. This strategy cannot be directly applied to spatial CDPRs
due to the complexity of their dynamic model. In 2014, Kozlov studied in [12] the
possibility to investigate the DFW by using a tool developed by Guay et al. for
the analysis of the WFW [11]. However, the dynamic model proposed by Kozlov
considers the moving platform as a point mass, neglecting centrifugal and Coriolis
forces.

This paper deals with a more general definition of the DFW. With respect to the
definitions proposed in [1, 12], the DFW considered in the present paper takes into
account: (i) The inertia of the moving platform; (ii) The external wrenches applied
on the moving platform; (iii) The centrifugal and the Coriolis forces corresponding
to a given moving platform twist. The Required Wrench Set (RWS), defined here as
the set of wrenches that the cables have to apply on the moving platform in order to
satisfy its dynamic equilibrium, is calculated as the sum of these three contributions
to the dynamic equilibrium. Then, the corresponding DFW is computed by means
of the algorithm presented in [10] to analyze the WFW.

2 Dynamic Model

The CDPR dynamic model considered in this paper consists of the dynamics of the
moving platform. A dynamic model taking into account the dynamics of the winches
could also be considered but is not used here due to space limitations. Additionally,
assuming that the diameters of the cables and the pulleys are small, the dynamics of
the pulleys and the cables is neglected.
The dynamic equilibrium of the moving platform is described by the following
equation
Wr—-I,p—-Cp+w,+w,=0 (1)

where W is the wrench matrix that maps the cable tension vector T into a platform

wrench, and . )
.|t L |t
p= M p= M ) (2)

where t = [iy, 7,77 and t = [f,1),7,]T are the vectors of the moving platform linear
velocity and acceleration, respectively, while ® = [y, @y, a)Z]T and & = [0, @, OcZ]T
are the vectors of the moving platform angular velocity and acceleration, respec-
tively.
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The external wrench w, is a 6-dimensional vector expressed in the fixed reference
frame .%; and takes the form

T
We = [f37m3] = [fx;fyafZammm)”mZ]T (3)

fx, fy and f; are the x, y and z components of the external force vector f,. m,, m, and
m; are the x, y and z components of the external moment vector m,, respectively.
The components of the external wrench w, are assumed to be bounded as follows

fmin Sf)mfyafz Sfmax (4)

Mpin < ny, ny, My < Mgy )

According to (4) and (5), the set [w,],, called the Required External Wrench Set
(REWS), that the cables have to balance is a hyper-rectangle.

The Center of Mass (CoM) of the moving platform, G, may not coincide with
the origin of the frame .%, attached to the platform. The mass of the platform being
denoted by M, the wrench w, due to the gravity acceleration g is defined as follows

M1
s

where I3 is the 3 x 3 identity matrix, MS, = R[Mxp,Myp,sz}T is the first mo-
mentum of the moving platform defined with respect to frame .%,. The vector
Sy = [xp,¥ps zp]T defines the position of G in frame .%,,. MS p s the skew-symmetric
matrix associated to MS,,.
The matrix I, represents the spatial inertia of the platform
| MI; —-MS,
o=l 3 7

where I, is the inertia tensor matrix of the moving platform, which can be computed
by the Huygens-Steiner theorem from the moving platform inertia tensor, I, defined
with respect to the platform CoM
MS,MS
I,=RI,R" — —2-F ®)
R is the rotation matrix defining the moving platform orientation and C is the matrix
of the centrifugal and Coriolis wrenches, defined as

. [ooMsS,
Cp= { [0) 0] ] ©)

where @ is the skew-symmetric matrix associated to @.
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3 Dynamic Feasible Workspace

3.1 Standard Dynamic Feasible Workspace

Studies on the DFW have been realised by Barrette et al. in [1]. The boundaries of
the DFW have been computed for a generic planar CDPR developing the equations
of its dynamic model. Since this method cannot be easily extended to spatial CDPRs,
Kozlov proposed to use the method described in [11] in order to compute the DFW
of a fully constrained CDPR [12]. The proposed method takes into account the cable
tension limits 7,,;, and 7, in checking the feasibility of the dynamic equilibrium
of the moving platform for the following bounded sets of accelerations

tmin < t < fmax (10)
O min S (04 S Olmax (] 1)

where tin, tmax; Qmin, Qmay are the bounds on the moving platform linear and ro-
tational accelerations. These required platform accelerations define the so-called
Required Acceleration Set (RAS), [p],. The RAS can be projected into the wrench
space by means of matrix I, defined in (7). The set of wrenches [w,], generated by
this linear mapping is defined as the Required Dynamic Wrench Set (RDWS). No
external wrench is applied to the moving platform. Accordingly, the DFW is defined
as follows

Definition 1. A moving platform pose is said to be dynamic feasible when the mov-
ing platform of the CDPR can reach any acceleration included in [p], according to
cable tension limits expressed by [t],. The Dynamic Feasible Workspace is then the
set of dynamic feasible poses, [p]prw -

plorw = {(tR) €R* x SO(3) : Vp € [p],, It € [7], s.t. WT—Ap=0} (12)

In the definition above, the set of Admissible Cable Tensions (ACT) is defined as

[Tla={7| Tmin < T < Topax, i = 1,...,m} (13)

3.2 Improved Dynamic Feasible Workspace

The DFW described in the previous section has several limitations. The main draw-
back is associated to the fact that the proposed DFW takes into account neither the
external wrenches applied to the moving platform nor its weight. Furthermore, the
model used to verify the dynamic equilibrium of the moving platform neglects the
Coriolis and the centrifugal wrenches associated to the CDPR dynamic model.
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At a given moving platform pose, the cable tensions should compensate both the
contribution associated to the REWS, [w,],, and the RDWS, [w,],. The components
of the REWS are bounded according to (4) and (5) while the components of the
RDWS are bounded according to (10) and (11).

The dynamic equilibrium of the moving platform is described by (1), where C is
related to the Coriolis and centrifugal forces of the moving platform and w, to its
weight. These terms depend only on the pose and the twist of the moving platform.
For given moving-platform pose and twist, these terms are constant.

Therefore, the DFW definition can be modified as follows.

Definition 2. A moving platform pose is said to be dynamic feasible when, for a
given twist p, the CDPR can balance any external wrench w, included in [w,];,
while the moving platform can assume any acceleration p included in [p],. The
Dynamic Feasible Workspace is the set of dynamic feasible poses, [p]prw .

PloFw : YW, € (W], VP € [Plr, AT €[]0 s.t. WT—L,p—Cp+w.+w,=0 (14)

In this definition, we may note that the feasibility conditions are expressed ac-
cording to three wrench space sets. The first set, [W,4],, can be computed by project-
ing the vertices of [p], into the wrench space. For a 3-dimensional case study (6 DoF
case), [p], consists of 64 vertices. The second component, [W,]|, consists of 64 ver-
tices as well. Considering a constant moving platform twist, the last component of
the dynamic equilibrium, w. = {Cp+ W, }, is a constant wrench. The composition
of these sets generates a polytope, [w],, defined as the Required Wrench Set (RWS).
[w], can be computed as the convex hull of the Minkowski sum over [w,|,, [W4],
and w,, as illustrated in Fig. 2:

W] = [We], @& [Wal, ® we (15)

Thus, Def. 2 can be rewritten as a function of [w],.

Definition 3. A moving platform pose is said to be dynamic feasible when the
CDPR can balance any wrench w included in [w],. The Dynamic Feasible Workspace
is the set of dynamic feasible poses, [p]prw -

Plorw @ YwWe W], 3t e[ty st. Wr—I,p+w,+w.=0 (16)

The mathematical representation in (16) is similar to the one describing the
WFW. As a matter of fact, from a geometrical point of view, a moving platform
pose will be dynamic feasible if [w], is fully included in [w],

W] C [w], (17)

Consequently, the dynamic feasibility of a pose can be verified by means of the
hyperplane shifting method [3,10,11]. The distances between the facets of the avail-
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Fig. 2 Computation of the RWS [w]|,.. Example of a planar CDPR with 3 actuators and 2 transla-
tional DoF.

able wrench set, [w],, and the vertices of the RWS, [w],, is verified according to the
following inequality
Cw,<dy, VYwEe[w]|, (18)

4 Case Study

This section aims at comparing the SFW, WFW, DFW and Improved DFW (IDFW)
of the spatial suspended CDPR illustrated in Fig. 3. It has the layout the CoGiRo
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Fig. 3 Layout of the CoGiRo cable-suspended parallel robot [7] with the size of the IRT JV
CAROCA prototype.

robot [7] and the size of the IRT JV CAROCA prototype. The robot consists of a
moving platform connected to the fixed base frame by m = 8 cables. It is 7 m long,
4 m width and 3.5 m high. The maximum cable tension is equal to 6990 N. The mov-
ing platform consists of a parallelepiped. Its width, w), its length, [, and its height,
hp, are equal to 20 cm, 20 cm and 25 cm, respectively. The mass of the moving plat-
form, M, is equal to 100 kg. In the proposed case study, the CoM of the platform, G,
does not coincide with the origin O, of frame .7, being S = [1c¢m, 1cm, 1 cm]T.

The volume inside the base frame has been discretized homogeneously into r,, =
882 points. Each point has been analysed in order to verify if the corresponding
poses of the CDPR belong to the improved DFW. The analysis has been performed
assuming that the moving platform is aligned with respect to the axes of frame .%.
The linear velocity of the moving platform is equal to t = [1 m/s,1 m/s, 1 m/s|T
and its angular velocity is equal to ® = [0.05 rad/s,0.05 rad/s,0.05 rad/s|T. The
external wrenches acting on the moving platform are bounded as follows:

—1Nm <my,my,m;< 1Nm (20)

Similarly, the range of accelerations of the moving platform is limited according
to the following inequalities:

—2m/s? < byt <2m/s? Q21
—0.1 rad/s* <o, oy, 0,< 0.1 rad/s” (22)

For the foregoing conditions, the improved DFW of the CDPR covers the 47.96%
of its volume. Figure 4(a) illustrates the improved DFW of the CDPR under study.

The results have been compared with respect to the dynamic feasibility condi-
tions described by Def. 1. By considering only the weight and the inertia of the
moving platform, the DFW covers the 63.27% of the volume occupied by the DFW,
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Fig. 4 (a) Improved DFW and (b) DFW of the CDPR under study covering 47.96% and 63.27%
of its volume, respectively.

Table 1 Comparison of SFW, WFW, DFW and IDFW of the CDPR under study.

Workspace type SFW  WFW  DFW  IDFW
Covered Volume of the CDPR | 99.32% 79.25% 63.27% 47.95%

as shown in Fig. 4(b). Neglecting the effects of the external wrenches and the Corio-
lis forces, the volume of the DFW is 32% larger than the the volume of the improved
DFW.

Similarly, by neglecting the inertia of the CDPR and taking into account only
the external wrenches w,, the WFW occupies the 79.25% of the CDPR volume. By
taking into account only the weight of the moving platform, the SFW covers 99.32%
of the CDPR volume. These results are summarized in Tab. 1.

5 Conclusion

This paper introduced an improved dynamic feasible workspace for cable-driven
parallel robots. This novel workspace takes into account: (i) The inertia of the
moving platform; (ii) The external wrenches applied on the moving platform and
(iii) The centrifugal and the Coriolis forces induced by a constant moving platform
twist. As an illustrative example, the static, wrench-feasible, dynamic and improved
dynamic workspaces of a spatial suspended cable-driven parallel robot, with the
dimensions of a prototype developed in the framework of the IRT JV CAROCA
project, are traced. It turns out that the IDFW of the CDPR under study is respec-
tively 1.32 times, 1.65 times and 2.07 times smaller than its DFW, WFW and SFW.
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