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Abstract. In this paper we consider the most common ABox reasoning
services for the description logic DL(4LQS®™)(D) (DLY", for short) and
prove their decidability via a reduction to the satisfiability problem for
the set-theoretic fragment 4LQSR. The description logic ’D£4E’,X is very
expressive, as it admits various concept and role constructs, and data
types, that allow one to represent rule-based languages such as SWRL.
Decidability results are achieved by defining a generalization of the con-
junctive query answering problem, called HOCQA (Higher Order Con-
junctive Query Answering), that can be instantiated to the most wide-
spread ABox reasoning tasks. We also present a KE-tableau based pro-
cedure for calculating the answer set from DEBX knowledge bases and
higher order D[,4D’X conjunctive queries, thus providing means for reason-
ing on several well-known ABox reasoning tasks. Our calculus extends a
previously introduced KE-tableau based decision procedure for the CQA
problem.

1 Introduction

Recently, results from Computable Set Theory have been applied to knowledge
representation for the semantic web in order to define and reason about descrip-
tion logics and rule languages. Such a study is motivated by the fact that Com-
putable Set Theory is a research field plenty of interesting decidability results
and that there exists a natural translation function between some set theoretical
fragments and description logics and rule languages.

In particular, the decidable four-level stratified fragment of set theory 4LQSR,
involving variables of four sorts, pair terms, and a restricted form of quantifica-
tion over variables of the first three sorts (cf. [7]), has been used in [6] to represent
the description logic DL(4LQSR)(D) (more simply referred to as DLY, ). The logic
D£4D admits concept constructs such as full negation, union and intersection of
concepts, concept domain and range, existential quantification and min cardinal-
ity on the left-hand side of inclusion axioms. It also supports role constructs such
as role chains on the left hand side of inclusion axioms, union, intersection, and
complement of abstract roles, and properties on roles such as transitivity, sym-
metry, reflexivity, and irreflexivity. As briefly shown in [6], DLy, is particularly
suitable to express a rule language such as the Semantic Web Rule Language
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(SWRL), an extension of the Ontology Web Language (OWL). It admits data
types, a simple form of concrete domains that are relevant in real world applica-
tions. In [6], the consistency problem for DE%-knowledge bases has been proved
decidable by means of a reduction to the satisfiability problem for 4LQSR, whose
decidability has been established in [7]. It has also been shown that, under not
very restrictive constraints, the consistency problem for D£4D—knowledge bases
is NP-complete. Such a low complexity result is motivated by the fact that exis-
tential quantification cannot appear on the right-hand side of inclusion axioms.
Nonetheless, DE% turns out to be more expressive than other low complexity
logics such as OWL RL and suitable for representing real world ontologies. For
example the restricted version of DE;LD allows one to express several ontologies,
such as Ontoceramic [13] classifying ancient pottery.

In [10], the description logic DL(4LQSR*)(D) (DLES, for short), extend-
ing DE?D with Boolean operations on concrete roles and with the product of
concepts, has been introduced and the Conjunctive Query Answering (CQA)
problem for DE%X has been proved decidable via a reduction to the CQA prob-
lem for 4LQSR, whose decidability follows from that of 4LQSR (see [7]). CQA is
a powerful way to query ABoxes, particularly relevant in the context of descrip-
tion logics and for real world applications based on semantic web technologies,
as it provides mechanisms for interacting with ontologies and data. The CQA
problem for description logics has been introduced in [3}[5] and studied for sev-
eral well-known description logics (cf. [1112L4L[15]16, 18211 23H26]). Finally, we
mention also a terminating KE-tableau based procedure that, given a DE;;X—
query @ and a Dﬁgx—knowledge base B represented in set-theoretic terms,
determines the answer set of @ with respect to KB. KE-tableau systems [14]
allow the construction of trees whose distinct branches define mutually exclusive
situations, thus preventing the proliferation of redundant branches, typical of
semantic tableaux.

In this paper we extend the results presented in [10] by considering also the
main ABox reasoning tasks for DE%X, such as instance checking and concept re-
trieval, and study their decidability via a reduction to the satisfiability problem
for 4LQSR. Specifically, we define Higher Order (HO) D£4D’X -conjunctive queries
admitting variables of three sorts: individual and data type values variables, con-
cept variables, and role variables. HO DE%X -conjunctive queries can be instanti-
ated to any of the ABox reasoning tasks we are considering in the paper. Then,
we define the Higher Order Conjunctive Query Answering (HOCQA) problem
for D£4D’X and prove its decidability by reducing it to the HOCQA problem
for 4LQSR. Decidability of the latter problem follows from that of the satisfi-
ability problem for 4LQSR. 4LQSR representation of DE%X knowledge bases is
defined according to [10]. 4LQSR turns out to be naturally suited for the HOCQA
problem since HO Dﬁﬁx-conjunctive queries are easily translated into 4LQSR-
formulae. In particular, individual and data type value variables are mapped into
4LQSR variables of sort 0, concept variables into 4LQSR variables of sort 1, and
role variables into 4LQSR variables of sort 3. Finally, we present an extension of



the KE-tableau presented in [10], which provides a decision procedure for the
HOCQA task for DLG".

2 Preliminaries

2.1 The set-theoretic fragment 4LQSR

It is convenient to first introduce the syntax and semantics of a more general four-
level quantified language, denoted 4LQS. Then we provide some restrictions on
the quantified formulae of 4LQS to characterize 4LQSR. The interested reader can
find more details in [7] together with the decision procedure for the satisfiability
problem for 4LQSR.

41LQS involves four collections, V;, of variables of sort i = 0,1, 2,3, respec-
tively. These will be denoted by X% Y Z% ... (in particular, variables of sort 0
will also be denoted by z,y, z,...). In addition to variables, 4LQS involves also
pair terms of the form (x,y), for z,y € Vy.

4LQS-quantifier-free atomic formulae are classified as:
-level 0 x=y, ze XY (r,y)=X2% (1,9 € X3
-level 1: X'=Y!, X'eX?
- level 2: X2=Y2 X?eX3.

4LQS-purely universal formulae are classified as:

- level 1: (Vz1)...(Vzn)po, where z1,..., 2, € Vy and ¢ is any propositional
combination of quantifier-free atomic formulae of level 0;

- level 2: (VZ1)...(VZ})p1, where Z},...,Z} € V; and ¢, is any proposi-
tional combination of quantifier-free atomic formulae of levels 0 and 1, and
of purely universal formulae of level 1;

- level 3: (VZ7) ... (VZ?2)po, where Z7, ..., Z2 € Vs and @3 is any propositional
combination of quantifier-free atomic formulae and of purely universal for-
mulae of levels 1 and 2.

4LQS-formulae are all the propositional combinations of quantifier-free atomic
formulae of levels 0, 1, 2, and of purely universal formulae of levels 1, 2, 3.

The variables z1, . . ., z, are said to occur quantified in (Vz1) ... (Vz,)po. Like-
wise, Z{,...,Z}, and Z7,...,Z2 occur quantified in (VZ{)...(VZ},)¢1 and in
VZ3)... (VZ}%)QDQ, respectively. A variable occurs free in a 4LQS-formula ¢ if it
does not occur quantified in any subformula of p. For i = 0,1,2,3, we denote
with Var;(p) the collections of variables of level ¢ occurring free in ¢ and we put
Vars(p) = U?:o Var;(p).

A substitution o == {x/y, X1/Y*!, X?/Y? X3/Y3} is the mapping ¢ — oo
such that, for any given 4LQS-formula ¢, wo is the 4LQS-formula obtained from
¢ by replacing the free occurrences of the variables x; in @ (for i = 1,...,n)
with the corresponding y; in y, of X} in X! (for j = 1,...,m) with le inY!, of
X?in X2 (for k=1,...,p) with Y? in Y2, and of X} in X? (for h=1,...,q)



with Yh3 in Y3, respectively. A substitution o is free for ¢ if the formulae ¢
and o have exactly the same occurrences of quantified variables. The empty
substitution, denoted with €, satisfies pe = ¢, for every 4LQS-formula .

A 4LQS-interpretation is a pair M = (D, M), where D is a non-empty
collection of objects (called domain or universe of M) and M is an assignment
over the variables in V;, for ¢ = 0, 1, 2, 3, such that:

MX°e D, MX'eP(D), MX?cP(P(D), MX?cP(PPD))),
where X* € V;, for i =0,1,2,3, and P(s) denotes the powerset of s.

Pair terms are interpreted ¢ la Kuratowski, and therefore we put
M{z,y) = {{Maz},{Mx, My}}.

Quantifier-free atomic formulae and purely universal formulae are evaluated in a
standard way according to the usual meaning of the predicates ‘€’ and ‘=". The
interpretation of quantifier-free atomic formulae and of purely universal formulae
is given in [7].

Finally, compound formulae are interpreted according to the standard rules
of propositional logic. If M = ¢, then M is said to be a 4LQS-model for ¢. A
4LQS-formula is said to be satisfiable if it has a 4LQS-model. A 4LQS-formula
is walid if it is satisfied by all 4LQS-interpretations.

We are now ready to present the fragment 4LQSR of 4LQS of our interest.
This is the collection of the formulae 1 of 4LQS fulfilling the restrictions:

1. for every purely universal formula (VZ1)...(VZL )1 of level 2 occurring in
1 and every purely universal formula (Vz1) ... (Vz,)po of level 1 occurring
negatively in 1, ¢¢ is a propositional combination of quantifier-free atomic
formulae of level 0 and the condition

n m
o= N Nz €Zj
i=1 j=1
is a valid 4LQS-formula (in this case we say that (Vz1)...(Vz,)po is linked
to the variables Z3,...,ZL);

2. for every purely universal formula (VZ7)...(YZ2)py of level 3 in ¢

- every purely universal formula of level 1 occurring negatively in ¢ and
not occurring in a purely universal formula of level 2 is only allowed to
be of the form

n n

(V21) .. (Vzn) (A A (2, 25) = Y55),

i=1 j=1
with YZ? cV? fori,j=1,...,n
- purely universal formulae (VZ71)...(VZ. )¢1 of level 2 may occur only
positively in <p2El
Restriction 1 has been introduced for technical reasons concerning the decid-
ability of the satisfiability problem for the fragment, while restriction 2 allows
one to define binary relations and several operations on them.

! Definitions of positive occurrence and of negative occurrence of a formula inside
another formula can be found in [7].



The semantics of 4LQSR plainly coincides with that of 4LQS.

2.2 The logic DL{4LQSRX) (D)

The description logic DL(4LQSR*)(D) (which, as already remarked, will be
more simply referred to as DLG") is an extension of the logic DL(4LQSR)(D)
presented in [6], where Boolean operations on concrete roles and the product of
concepts are defined. In addition to other features, DE%X admits also data types,
a simple form of concrete domains that are relevant in real-world applications. In
particular, it treats derived data types by admitting data type terms constructed
from data ranges by means of a finite number of applications of the Boolean
operators. Basic and derived data types can be used inside inclusion axioms
involving concrete roles.

Data types are introduced through the notion of data type map, defined
according to [22] as follows. Let D = (Np, N¢, Nr,-P) be a data type map,
where Np is a finite set of data types, N¢ is a function assigning a set of
constants N¢(d) to each data type d € Np, N is a function assigning a set
of facets Np(d) to each d € Np, and -P is a function assigning a data type
interpretation dP to each data type d € Np, a facet interpretation fP C dP to
each facet f € Np(d), and a data value e? € dP to every constant e; € N¢(d).
We shall assume that the interpretations of the data types in Np are nonempty
pairwise disjoint sets.

Let Ra, Rp, C, I be denumerable pairwise disjoint sets of abstract role
names, concrete role names, concept names, and individual names, respectively.
We assume that the set of abstract role names Ra contains a name U denoting
the universal role.

(a) DL%X -data type, (b) Dﬁﬁx—concept, (c) Dﬁﬁx—abstract role, and (d) DL%X—
concrete role terms are constructed according to the following syntax rules:

(a) tl,tQ — dr | -ty | t1 Mts |t1 Lo | {ed},

(b) C1,Ca —3 A| T | L|~Cy | C1UCs | CiNCs | {a} | 3R.Self|3R.{a}3P{ea}

() Ri, Ry — S|U| Ry | =Ry | RiURy | MRz | Rey | Rioy | Rey | ¢, |14d(C) |
Cl X Cg,

(d) Pl,PQ — T | _|P1 | P1 |_|P2 | P1 |_|P2 | PC1| | P\tl | P01|t17

where dr is a data range for D, t1,t2 are data type terms, ey is a constant in
N¢(d), a is an individual name, A is a concept name, Cy, Co are ’D£4]:;X -concept
terms, S is an abstract role name, R, Ry, Ry are ’Dﬁﬁx-abstract role terms, T is
a concrete role name, and P, Py, P, are DE%X-concrete role terms. We remark
that data type terms are introduced in order to represent derived data types.

A DLY -knowledge base is a triple K = (R, T,.A) such that R is a DLE*-
RBoz, T is a DLY -TBox, and A a DLE -ABox.

A DE%X -RBoz is a collection of statements of the following forms:

Ri =Ry, RiC Ry, R1... R, C Ryq1, Sym(Ry), Asym(R1), Ref(Ry),
Irref(Rl), DiS(Rl,RQ), Tra(Rl), Fun(Rl), R1 = Cl X 02, P1 = PQ,



P1 E PQ, DiS(Pl,PQ), Fun(Pl),

where R, Ry are DE%X—abstract role terms, Cq, Cy are D£4D’X—abstract concept
terms, and P;, P> are DE%X-concrete role terms. Any expression of the type
w E R, where w is a finite string of DE%X-abstract role terms and R is an
Dﬁﬁx-abstract role term, is called a role inclusion aziom (RIA).

A DE%X -T'Box is a set of statements of the types:

- C1 =0y, C1 ECy, Cr EVR,.Cy, 3R,.C1 E Cy, 2,R1.C1 E Oy,
C1 CE <Ry1.0o,
-ty =12, t1 T to, C1 VP .ty, 3P4 E Ch, 2,P1t1 E C, Cr E <GP,

where C7,C5 are DE%X—concept terms, ty,ty data type terms, R; a DE%X—
abstract role term, P; a DE%X -concrete role term. Any statement of the form
CCD,withC, D DE%-concept terms, is a gemeral concept inclusion axiom.

A D[%’X—ABO:E is a set of individual assertions of the forms: a : C1, (a,b) : Ry,
a=b,a#b,eq:t1, (a,eq) : P1, with C; a Dﬁgx—concept term, d a data type,
t1 a data type term, R; a DE%X-abstract role term, P, a DE%X-concrete role
term, a,b individual names, and e4 a constant in N¢(d).

The semantics of DE%X is given by means of an interpretation I = (A!, Ap, 1),
where AT and Ap are non-empty disjoint domains such that dP C Ap, for every
d € Np, and - is an interpretation function. The definition of the interpretation
of concepts and roles, axioms and assertions is illustrated in Table [T

Name Syntax Semantics
concept A At c Al
ab. (resp., cn.) rl R (resp., P ) R'C A" x A! (resp., P' C A' x Ap)
individual a al e A!
nominal {a} {a}! = {a"}
dtype (resp., ng.) d (resp., —d) d® C Ap (resp., Ap \ d°)
negative data D _ D
type term b (7t1)™ = Ap \ 1
data type terms D_ ,D~,D
intersection il (L ME2)™ =t Nt
data type terms t1 Ut (ty Uta)P =P UP
union
constant in D D
Ne(d) ed eq €d
data range {edy,---,€d,} {eay, .. ea,}° ={eD}uU...U{el}
data range Pa PP
data range —dr Ap \ drP
top (resp., bot.) T (resp., L) AT (resp., 0)
negation -C (~C)' = AT\ C
conj. (resp., disj.)|C' M D (resp., C U D)|(CND)' = C*ND' (resp., (CUD)' = C*uDY)
valued exist. 1 I I I
quantification JR.a (JR.a) ={zr e A : {(z,a’) € R}




data typed exist.

I_ I. D i
quantif, JP.eq (FP.eq) ={z € A" : (z,e5) € P}
self concept 3R.Self (3R.Self )t = {z € A': (z,z) € R"}
nominals {a1,...,an} {a1,...,a. Y  ={al}U...U{al}
universal role U (U)F= AT x AT
inverse role R~ (R ={(y,z) | (x,y) € R"}
concept cart.
pIid. Cy x Ca (Ch x Co) =l x Ct
abstract role I _ /Al 1 I
complement ~R (R = (AT x AN\ R
1
abstra‘ct role Ry U Ry (Ry U R2)I —RIURL
union
za.ubstract ?ole Ry Ry (Ry M R2)I —RINRY
intersection
abstract role I_ I. 1
domain restr. Rey (Roy)” ={{@y) € Rz € 7}
concrete role I_ /Al D I
complement -P (2P) = (AT AT\ P
concre‘te role P LU P, (P U PQ)I — pPluP!
union
c.oncrete .role PO P, (P, 1 P2)1 — PInp!
Intersection
concrete role 1 1. 1
domain restr. Pei (Pey) =iz, y) € Priw e CT)
concrete role I_ 1. D
range restr. P (Pi) ={{z,y) e P :yet’}
concrete role
estriotion Pyt (Peyj)' = {(z,y) e P :z € CI Ay €17}
concept subsum. C1C Oy IEpCi1C Cy < C1 CC;
ab. role subsum. Ri1 C Ry IEp Ri C Ry <= R} C R}
role incl. axiom Ri...R,CR IEpRi...R.CR < Rlo...oR,CR!
cn. role subsum. PCP IEp PPC P «— PICP]
symmetric role Sym(R) I=p Sym(R) — (R)'CR!
asymmetric role Asym(R) I=p Asym(R) <= R'N(R7)' =0
transitive role Tra(R) IEp Tra(R) <= R'oR'CR!
disj. ab. role Dis(Ri1, R2) I =p Dis(Ri,R2) <= RINR=10
reflexive role Ref(R) I Ep Ref(R) <= {(z,2) |z € A"} C R!
irreflexive role Irref (R) IEp Irref(R) <= R'n{{z,z)|z€ A} =0
—\I 1
func. ab. role Fun(R) 1o Fun(R) < (]ZI}) cRC @) fee
disj. cn. role Dis(P1, P») IEp Dis(P1,P;) < PINP; =10
I
func. cn. role Fun(P) = Fun(p) ? {z,y) € P"and (z,2) €
P imply y = 2
data type terms =t It = tr <= D — 4D
equivalence
data type terms
d}';sr)ezq. t1 £t Ip ti #to <17 #15
data type terms thCts Ibb (t C f) < P D

subsum.




concept assertion a:Ch IEpa:C — (af€CY)
agreement a="b IEpa=b < d =0
disagreement a#b IEpa#b < —(a' =b")
ab. role asser. (a,b) : R IEp (a,b): R <= (a',b") € R'
cn. role asser. (a,eq) : P 1D (a,eq): P <= (a*,ef) € P!

Table 1: Semantics of DLZ®.

Legenda. ab: abstract, cn.: concrete, rl.: role, ind.: individual, d. cs.:
data type constant, dtype: data type, ng.: negated, bot.: bottom, incl.:
inclusion, asser.: assertion.

Let R, T, and A be as above. An interpretation I = (Al Ap,-I) is a D-
model of R (resp., T), and we write I Ep R (resp., I Ep T), if I satisfies each
axiom in R (resp., T) according to the semantic rules in Table [Il Analogously,
I = (Al Ap,-1) is a D-model of A, and we write I |=p ‘A, if I satisfies each
assertion in .4, according to the semantic rules in Table [l

A D£4D’X—knowledge base K = (A, T,R) is consistent if there is an interpre-
tation T = (A, Ap,-!) that is a D-model of A, 7, and R.

Decidability of the consistency problem for DE%X -knowledge bases was proved
in [0] via a reduction to the satisfiability problem for formulae of a four level
quantified syllogistic called 4LQSR. The latter problem was proved decidable
in [7]. Some considerations on the expressive power of DLE* are in order. As
illustrated in [12, Table 1] existential quantification is admitted only on the left
hand side of inclusion axioms. Thus DE%X is less powerful than logics such as
SROIQ(D) [17j for what concerns the generation of new individuals. On the
other hand, DLy" is more liberal than SROZQ(D) in the definition of role in-
clusion axioms since roles involved are not required to be subject to any ordering
relationship, and the notion of simple role is not needed. For example, the role
hierarchy presented in [I7, page 2] is not expressible in SROZQ(D) but can
be represented in DE%X. In addition, DE%X is a powerful rule language able to
express rules with negated atoms such as Person(?p) A —hasCar(?p,?7c) =
CarlessPerson(?p). Notice that rules with negated atoms are not supported by
the SWRL language.

3 ABox Reasoning services for DE%X knowledge base

The most important feature of a knowledge representation system is the capa-
bility of providing reasoning services. Depending on the type of the application
domains, there are many different kinds of implicit knowledge that is desirable to
infer from what is explicitly mentioned in the knowledge base. In particular, rea-
soning problems regarding ABoxes consist in querying a knowledge base in order
to retrieve information concerning data stored in it. In this section we study the
decidability for the most widespread ABox reasoning tasks for the logic DE;S’X
resorting to a general problem, called Higher Order Conjuctive Query Answering
(HOCQA), that can be instantiated to each of them.



Let V; = {v1,va,...}, Ve = {c1,co,...}, Var = {r1,r2,.. .}, and Vo, = {p1, p2, - -
be pairwise disjoint denumerably infinite sets of variables which are disjoint
from Ind, [J{Nc(d) : d € Np}, C, Ra, and Rp. A HO DL -atomic formula
is an expression of one of the following types: R(wi,ws), P(wy,u1), C(wy),
r(wy,ws), p(wi,ur), clwr), w1 = we, w1 = ug, where wi,wy € V; U Ind,
ur,ug € V;UU{Nc(d) : d € Np}, Ris a DL -abstract role term, P is a DE%X—
concrete role term, C' is a Dﬁgx—concept term, r € Vu, p € Ve, and ¢ € V..
A HO Dﬁgx—atomic formula containing no variables is said to be ground. A
HO DE;;X—liteml is a HO Dﬁgx—atomic formula or its negation. A HO DE;;X—
conjunctive query is a conjunction of HO Dﬁﬁx—literals. We denote with A the
empty HO DE%X-conjunctive query.

Let vi,...,vn € Vi, c1,...,¢mn € Ve, 11,...,r € Var, p1,...,Pn € Ve,
01,...,0p, € IndUJ{Nec(d) : d € Np}, C1,...,Cp, € C, Ry,...,R; € Ra,
and Pp,..., P, € Rp. A substitution
o = {V1/01, ce ,Vn/On,Cl/Cl, ce ,cm/Cm, rl/Rl, ceey I’k/Rk, p1/P17 ceey ph/Ph}
is a map such that, for every HO DE%X-literal L, Lo is obtained from L by
replacing the occurrences of v; in L with o;, for ¢ = 1,...,n; the occurrences
of ¢; in L with Cj, for j = 1,...,m; the occurrences of r, in L with Ry, for
¢ =1,...,k; the occurrences of p; in L with P, fort =1,...,h.

Substitutions can be extended to HO DE%X -conjunctive queries in the usual
way. Let Q .= (L1 A...AL,,) be aHO DE%X -conjunctive query, and K5 a DL%X—
knowledge base. A substitution o involving ezactly the variables occurring in Q
is a solution for Q w.r.t. KB if there exists a DE%X—interpretation I such that
IEp KB and I =p Qo. The collection X' of the solutions for @ w.r.t. B is the
higher order (HO) answer set of Q w.r.t. KKBB. Then the higher order conjunctive
query answering (HOCQA) problem for @ w.r.t. KB consists in finding the HO
answer set X of Q w.r.t. KB. We shall solve the HOCQA problem just stated by
reducing it to the analogous problem formulated in the context of the fragment
4LQSR (and in turn to the decision procedure for 4LQSR presented in [7]). The
HOCQA problem for 4LQSR-formulae can be stated as follows. Let ¢ be a 4LQSR-
formula and let ¢ be a conjunction of 4LQSR-quantifier-free atomic formulae of
level 0 of the types =y, z € X, (z,y) € X3, or their negations.

The HOCQA problem for ¢ w.r.t. ¢ consists in computing the HO answer
set of ¥ w.r.t. ¢, namely the collection X’ of all the substitutions ¢’ such that
M = ¢ Ao’ for some 4LQSR-interpretation M.

In view of the decidability of the satisfiability problem for 4LQSR-formulae,
the HOCQA problem for 4LQSR-formulae is decidable as well. Indeed, let ¢ and
1 be two 4LQSR-formulae fulfilling the above requirements. To calculate the HO
answer set of ) w.r.t. ¢, for each candidate substitution

o ={x/z, X1/Y! X2/Y2 X3/Y3}
one has just to check for satisfiability of the 4LQSR-formula ¢ A 1o’. Since the

number of possible candidate substitutions is [Vars(¢)|"****)! and the satisfia-
bility problem for 4LQSR-formulae is decidable, the HO answer set of ¢ w.r.t. ¢
can be computed effectively. Summarizing,

3



Lemma 1. The HOCQA problem for 4LQSR-formulae is decidable. ad
The following theorem states decidability of the HOCQA problem for DE%X.

Theorem 1. Given a D[%’X -knowledge base KB and a HO DL',;S’X— conjunctive
query Q, the HOCQA problem for Q w.r.t. KB is decidable.

Proof. We first outline the main ideas and then we provide a formal proof of the
theorem.

In order to define a 4LQSR formula ¢x, we recall the definition a function @
that maps the DE%X -knowledge base KB in the 4LQSR-formula in Conjunctive
Normal Form (CNF) ¢xg, introduced in [I1]. The definition of the mapping 6 is
inspired to the definition of the mapping 7 introduced in the proof of Theorem
1 in [6]. Specifically, 6 differs from 7 because it allows quantification only on
variables of level 0, it treats Boolean operations on concrete roles and the product
of concepts, it constructs 4LQSR-formulae in CNF and it is extended to DE%X—
HO conjunctive queries. To prepare for the definition of 8, we map injectively
individuals a € Ind and constants eq € N¢(d) into level 0 variables z,, x.,,
the constant concepts T and L, data type terms ¢, and concept terms C into
level 1 variables X1, X1, X! XL respectively, and the universal relation on
individuals U, abstract role terms R, and concrete role terms P into level 3
variables Xg, X%, and XIP’D, respectivelyE

Then the mapping 6 is defined as follows:

T) = (V2)((-(z € X)) Vze XT) A (n(z € XF)Vze X)),
—Cy) = (V2)((—(z € X},) V(2 € XE)) A (2 € X, V2 e X)),
= CLUCs) = (V2)((—(z € X§,)V(z € X5, Vz € XE,))A((—(2 € XE,)Vz €
XL )A(A(z € XL )V z € XE)),
0(Cr={a}) = (V2)(~(z € X} Vz=za) A(—(z =24) Vz € X)),
9(01 [ VRlCQ) = (Vzl)(VZQ)(ﬁ(Zl S Xél) \Y (ﬁ(<2’1, ZQ> S X?Zl) V 29 € Xév2))7
0(3R1.C1 C Cq) == (Vz1)(Vz2)((=({21, 22) € X?h) V(zg € X(lh)) Vz € X(ljz),
0(Ch = 3R, {a}) = (V2)((—(z € Xél)\/<z,xa> € X%l)/\(ﬂ(<z,za> € X%l)\/z €
Xél))’
n+1

0(Ch1 E<, R1.C2) = (V2)(V21) ... (V1) (—(z € Xél) Vv (/\1(—|(zZ € Xg,) V
((z,2:) € X3V V 2 = 25)),

1<J
0(>,R1.C1 C Cq) = (Vz)(Vz1) ... (Vzn)(/\l((—|(zZ € Xél) V=((z, 2) € X%l)) \%
Vzi=z)Vze XéQ)7
i<j
9(01 C VPl.tl) = (V,Zl)(VZQ)(_‘(Zl € Xél) V (_|(<Zl, ZQ> € Xlggl) V 29 € thl)),
9(3P1.t1 C Cl) = (Vzl)(Vzg)( ﬁ(<2’1, 22> S X1331) \Y ﬁ(Zg S thl)) V iz € Xél),

0(Cy
0(Cy
0(Cy

2 The use of level 3 variables to model abstract and concrete role terms is motivated by
the fact that their elements, that is ordered pairs (x,y), are encoded in Kuratowski’s
style as {{z}, {z,y}}, namely as collections of sets of objects.



0(Cy = 3Py {ea}) = (V2)((~(z € X&) V (2,2¢,) € XP) A (—=((2,xe,) € X))V
z € Xél)),

0(Cy CE<n Prt1) == (V2)(Vz1) ... (Vans1)(0(z € X&)V (ni{ll(ﬁ(zl € Xy)V
~((2,2:) € Xp)V V 21 = 7)),

(>, P1t1 C Cy) = (Vz)(Vzl)...(Vzn)(iZ\((ﬁ(zi € thl) V ((z,2;) € X1331)) \%

Vzi=2z)VzeX}),
1<J

OB = U) = (Va1)(Vz2)((=((21, 22) € XR,) V (21, 22) € X7) A (=((21,22) €
X5V (21, 22) € X3,)),

9(R1 = ﬁRQ) = (Vzl) VZQ)((ﬁ(<Zl,ZQ> S X?h) V ﬁ(<21,22> S X%Q)) A\ (<21,22> S
X%Z V ﬁ(<21,22> S X?h) ),
O(R = C1 x Cz) = (Va1)(Vz2)(=((21,22) € X))V 21 € X¢ ) A (=({21,22) €
Xp)V 22 € Xg,) A((—(21 € Xg,) V(22 € XE,)) V (21, 22) € X3))

9(R1 = Ry U Rg) ( 21 )(VZQ)((ﬁ(<21,22> S X%l) \Y (<21,22> S X?Zz \Y <21,22> S
X)) A(=((z1,22) € X3)) V (21, 22) € X)) A ((0((21,22) € X3,) V (21, 22) €
Xi))),

O(R1 = Ry) = (V21)(Vz2)((—((21, 22) € X},,) V (22,21) € X},) A (=((22,21) €
X?Zz) V <Zl,22> S X%l)),

O(Ry = id(Ch)) = (Vz1)(Vz2)(((—((21, 22) € X3,) V21 € X&) A (=((21,22) €
X}%l) \Y Zo € Xél) AN ( (<Zl,22> X%l) \Y zZ1 = 22)) A\ ((_‘(Zl S Xél) V _‘(ZQ S
X&)V iz # 22) V{21, 22) € X)),

O(R1 = Ra,)) = (Ve1)(Vz2) (((~((21, 22) € X3, )V (21, 22) € X3, ) A (=((21, 22) €
Xp ) Va1 € XG,)) A ((2((21, 22) € X)) V (21 € X¢,)) V (21, 22) € X3))),
9(R1 ..Ry E Rpy1) = (V2)(Vz1) ... (Van ) (0 ((z, 21) € X )V. . .Vo((2n-1,2n) €
X3 )V (2, 20) € XR,L+1)7

O(Ref(11)) = (V2)((z,2) € X},)),

O(Irref(Ry)) = (V2)(—((z,2) € X}))),

O(Fun(Ry)) = (Vz1)(V22) (Va3) (= ({21, 22) € X )V=((21, 23) € X3, ))Vz2 = 23),
0Py = Py) == (Vz1)(Vz2)(—((21, 22) € X3, )V (21,22) € X}) A (=((21, 22) €
X1332) v <Zl,22> € XIP’DI))’

0(Pr = =Py) = (Vz1)(V22)((~((21, 22) € XP) V (21, 22) € X3,)) A ({21, 22) €
X1332 v <21722> € X1331))7

(P C Py) = (Vz1)(V22) (= ({21, 22) € X13>1) V(z1,22) € X13,2),

O(Fun(P1)) = (Vz1)(V22) (Ve3) (= ({21, 22) € X7, ) V =((21, 23) € XP,) V 22 = 23),
0(PL = Pog, ) = (V21)(Ve2) (= ({21, 22) € XP,) V (21, 22) € Xp,) A (2((21, 22) €
Xp )V € XE) A (221, 22) € XP,) V(21 € X3,V (21, 22) € XP)),

0P = Py, ) = (Vor)(Vz2)((~((21, 22) € XP,) V (21, 22) € XP,) A (2((21,22) €
XP )V ez € X[ ) A(=((21,22) € XP,) V(22 € X¢)) V (21, 22) € XP)),

0(PL= Pag,, ) = (V21) (V22) (2((21, 22) € XP,) V (21, 22) € XP,) A(2((21, 22) €
Xp ) Ve € XE )N ({21, 22) € X )V 22 € X[ ) A (2((21,22) € XP) V(21 €
Xél) \Y _'(2’2 S thl) \Y <Zl,ZQ> S XIB:)I))7



O(t1 = t2) = (V2)((~(z € X} )Vz e X )A(m(z € X)) Vze X)), 0t =
—ty) = (Vz2)(-(z € XL ) Va(ze X)) A (z€e X, Vze X)),

O(ty =ta Uts) == (V2)(m(z e X))V (ze X, Vze X )N ((—(ze X])Vze
XN ((z € X{)) vz e X)),

O(t1 = taMts) == (V2)((—(z € X)) V(z € XL Az e XENA(((—(z € X)) V(2 €
XL))Vz e Xy)),

0ty = {eq}) = (V2)((=(z € thl) Vz=ax,)N(~(z=a.,)VzeE thl)),

(
0((a,b) : Ry) == (xq,20) € X3,

0((a,b) : =Ry) = —((xq, 1) € X},),

O(a=10) =z, = xp, 0(a #b) = (s = ),

Oeq :t1) =me, € thl,

0((a,eq) : P1) = (xa,2e,) € X, 0((a,eq) : ~P1) == =((Ta, Te,) € XP),

Ola N B) =0(a) NO(B).

Let B be our Dﬁgx—knowledge base, and let cptyp, arles, crlcs, and indgg
be, respectively, the sets of concept, of abstract role, of concrete role, and of
individual names in B. Moreover, let N EB C Np be the set of data types in
KB, NKB a restriction of Np assigning to every d € NSP the set NKB(d) of
facets in Np(d) and in KB. Analogously, let N5B be a restriction of the function
N¢ associating to every d € NJB the set N5B(d) of constants contained in
Nc(d) and in KB. Finally, for every data type d € N5, let bf,]gB(d) be the
set of facet expressions for d occurring in KB and not in Np(d) U {T9, 14}.
We assume without loss of generality that the facet expressions in bfR,(d) are
in Conjunctive Normal Form. We define the 4LQSR-formula ¢x 5 expressing the
consistency of KB as follows:

12

¢es =\ 0H)A N\ &,

HeKB i=1

where
&=V (m(zeXHVa(ze XH))A(z€ XEHVze X)) A (V) (z €
X{VzeXp)A-(V2)~(z € X{) A(V2)~(z € X3),

L =((V2)(~zeXPH Ve XHA(-(ze X)) Vze X])) A (V2)(z €

X1),
6= N WXy veex),
€= (A ()00 € XJ)V 2 € Xp) AolY)~(z € X)) A (%)

(A (eXi)Va(ze X)) A(ze X Vze X)),

(di,d;eNEB i<j)
&= A ((V2)(-(z € XD Vze X )A((z € XE,)Vze XD
deNKB

(V2)~(z € X1,)),



&6 = A (V2)(—(z GX}d)\/z € X)),
Fa€NEE(d),
deNKB
& = (V1) (V22)((=(21 € XP) V (22 € XP) V (21, 22) € XF) A ((=((21,22) €
XP) V€ Xi) A (=({(21,22) € Xp) V 22 € X7))),

Esi= A (Va)(Ve)((=((21,22) € XE) V21 € X7) A (~((21,22) € X)) V22 €
Rearlgep
X1))),
&y = /\ (Vzl)(Vzg)(ﬁ(<zl,z2> S X%) V iz € Xll) A\ (ﬁ(<2’1,2’2> S X%) V 2o €
TeEcrlen
Xp))),
So= N (@.€eXHA Az, €X
a€indip dENgB,
ea€NEB(d)
Ell = /\ (VZ)((ﬁ(Z € X{ledl ..... edn}) v V (Z = xedi)) A ( /\ (Z 7&
{edy s edq, } in KB i=1 i=1
Ty V2 € X{ledl vvvvv ca )N A (V2)((~(z € Xfal vvvvv a))V

{a1,...,an} in KB
V (Z = zai)) A (/\ (Z # %, V 2 € X{lal

.....

=1 =1
b= N (V22 € X))V 2 € C(XL)) A (~(z € C(XE,) V = € X))
deNKB,
Pa€bf(d)

with ¢ the transformation function from 4LQSR-variables of level 1 to 4LQSR-
formulae recursively defined, for d € NS, by

X if Ya € NEB(d) U{T, La}
—((Xy,) if thg = —Xa
C(XL,)ACXY,) ifda=XaAea
C(X;(d)\/C(X[}Dd) ifwd:deSDd-

C(Xy,) =

In the above formulae, the variable X] denotes the set of individuals Ind, X} a
data type d € NS5, X{, a superset of the union of data types in N5, X} and
X1, the constants Tgand Lg, and X} , X afacet fg and a facet expression 4,
ford e NEB, respectively. In addition, X}4, X}O’%, X% denote a concept name A, an
abstract role name R, and a concrete role name 7' occurring in KB, respectively.

Finally, X{led cq,y denotes a data range {edy,--.,eq,} occurring in KB, and
Leerdn
1

{a1,....an} & finite set {ai1,...,a,} of nominals in ICB.
The constraints & — &2, slightly different from the constraints ¢ — 12
defined in the proof of Theorem 1 in [6], are introduced to guarantee that each
model of ¢ can be easily transformed in a Dﬁﬁx—interpretation.



The HOCQA problem for DE%X can be solved via an effective reduction
to the HOCQA problem for 4LQSR-formulae, and then exploiting Lemma [
The reduction is accomplished through the function 6 extended in order to map
also DE%X -conjunctive queries into 4LQSR-formulae in conjunctive normal form
(CNF), which can be used to map effectively HOCQA problems from the DE%X—
context into the 4LQSR-context. More specifically, given a DE%X -knowledge base
KB and a DE%X -HO conjunctive query @, using the function 6 we can effectively
construct the following 4LQSR-formulae in CNF:

PKB = /\HeICB G(H) A /\1121 &, "/’Q = 9(@) .
Then, if we denote by X' the higher order answer set of @ w.r.t. B and by
X' the higher order answer set of g w.r.t. ¢xp, we have that X' consists of
all substitutions o (involving exactly the variables occurring in @) such that
O(o) € X'. Since, by Lemma [l X’ can be computed effectively, then X can be
computed effectively too.

The mapping 6 is extended for DE%X—HO conjuctive queries as follows.

9(R1 (wl,wQ)) = <$w1,$w2> € X?Zlv
0(Pr(wi, u1)) = (Toy, Tuy) € XP,
0(Cr(w1) = 20, € X,

(w1 = wa) = Ty, = Topy,

O(u1 = ug) = Ty, = T,

9(C1(U)1 ) = w1 € Xcll
9(r1(w1,’w2)) = <’w1,’w2> S Xr?)l
H(pl(wl,ul)) = (wl,u1> S Xgl.

To complete, we extend the mapping 6 on substitutions

o:={vi/o1,...Vvp/on,c1/C1,...,cn/Cm,r1/R1,... .1k, /R, p1/P1,...pn/Pr}

with vi,...,vy, € Vi, ¢c1,...,¢m € Ve, r1,...,1x € Var, pP1,---5,Pn € Ver,
01,...,0p, €EIndUJ{N¢(d) : d € Np}, C1,...,Cr, € C, Ry,...,R; € Ra, and
Pi,...,P, € Rp.
We put
0(0) :0({\/1/017"-Vn/ON7C1/Cla---7Cm/Cm;r1/R1;---;rk;/Rka
p1/Pr,...pn/Pr})
={@y, [Toys -y Ty [T, X/ X X JXE XD XD XD )X,
3 3 3 3
XPI/XPI,...,Xph/XPh}

/

=0
(1)
where Ty, , ... Ty, , To,, - - -, To, are variables of level 0, Xcll,...,Xclm,Xél,...,Xa%
- 3 3 3 3 y3 3 3
are variables of level 1, XV, ... . X . X7 ..., X, Xp oo, Xp ,and Xp ..., Xp,

are variables of level 3 in 4LQSR.



To prove the theorem, we show that X' is the higher order answer set for @
wrt. KBiff ¥isequal to |J X', where X', is the collection of substitu-

ME=drs
tions o such that M = ¢go. Let us assume that X' is higher order the answer
set for Q w.r.t. KB. We have to show that X isequalto X' = |J X'\, where

ME=drs
X\4 is the collection of all the substitutions o’ such that M = ¢go’.

By contradiction, let us assume that there exists a o € X such that o ¢ X/,
namely M [~ 1go, for every 4LQSR-interpretation M with M |= ¢xp. Since
o € XY thereis a DE%X -interpretation I such that I =p KB and I Ep Qo. Then,
by the construction above, we can define a 4LQSR-interpretation My such that
M = ¢k and My = ¢gbo. Absurd.

Conversely, let ¢/ € X’ and assume by contradiction that ¢/ ¢ X. Then,
for all DE%X-interpretations such that I Ep KB, it holds that I £p Qo’. Since
o' € X', there is a 4LQSR-interpretation M such that M |= ¢ and M = ¢o’.
Then, by the construction above, we can define a DLp-interpretation Inq such
that Irq Ep KB and Iaq =p Qo’. Absurd. O

In what follows we list the most widespread reasoning services for DE;LD’X -ABox
and then show how to define them as particular cases of the HOCQA task.

1. Instance checking: the problem of deciding whether or not an individual a
is an instance of a concept C.

2. Instance retrieval: the problem of retrieving all the individuals that are in-
stances of a given concept.

3. Role filler retrieval: the problem of retrieving all the fillers x such that the
pair (a, ) is an instance of a role R.

4. Concept retrieval: the problem of retrieving all concepts which an individual
is an instance of.

5. Role instance retrieval: the problem of retrieving all roles which a pair of
individuals (a, b) is an instance of.

The instance checking problem is a specialization of the HOCQA problem admit-
ting HO DE%X -conjunctive queries of the form Q;c = C(w1), with w; € Ind.
The instance retrieval problem is a particular case of the HOCQA problem in
which HO ’DE%X-conjunctive queries have the form Q;r = C(wy), where wy is
a variable in V;. The HOCQA problem can be instantiated to the role filler re-
trieval problem by admitting HO D£4D’X -conjunctive queries Qrr = R(w1,ws),
with w; € Ind and wsy a variable in V;. The concept retrieval problem is a
specialization of the HOCQA problem allowing HO Dﬁﬁx—conjunctive queries
of the form Qgr = c(wi), with w; € Ind and c¢ a variable in V.. Finally,
the role instance retrieval problem is a particularization of the HOCQA prob-
lem, where HO Dﬁﬁx—conjunctive queries have the form Qg = r(w1, wa), with
w1, ws € Ind and r a variable in V.

Notice that the CQA problem for DE%X defined in [I0] is an instance of the
HOCQA problem admitting HO D£4D’X -conjunctive queries of the form Qcga =
(L1 A...ALy,), with L; an atomic formula of any of the types R(w1,ws), C(w1),



and w; = wsy (or their negation), where wi,wy € (Ind U V;). Notice also that
problems 1, 2, and 3 are instances of the CQA problem for DE%X, whereas
problems 4 and 5 fall outside the definition of CQA. As shown above, they can
be treated as specializations of HOCQA.

4 An algorithm for the HOCQA problem for DE%X

In this section we introduce an effective set-theoretic procedure to compute the
answer set of a HO D£4D’X -conjunctive query @ w.r.t. a D£4D’X knowledge base
KB. Such procedure, called HOCQA—DE%X, takes as input ¢xp (i.e., the 4LQSR-
translation of KB) and g (i.e., the 4LQSR-formula representing the HO DE%X—
conjunctive query @), and returns a KE-tableau Tic g, representing the saturation
of KB, and the answer set X' of )¢ w.r.t. ¢xp, namely the collection of all
substitutions ¢’ such that M = ¢xp Ago’, for some 4LQSR-interpretation M.
Specifically, H OCQA—DE%X constructs for each open branch of Txp a decision
tree whose leaves are labelled with elements of Y.

In the following we introduce definitions, notions, and notations useful for
the presentation of Procedure H OCQA—DL'%X.

Assume without loss of generality that universal quantifiers in ¢xg occur as
inward as possible and that universally quantified variables are pairwise distinct.
Let S1,...,S,, be the conjuncts of ¢xp having the form of 4LQSR-purely uni-
versal formulae. For each S; :== (Vzi)... (V2! )x;, with i = 1,...,m, we put

i

Exp(S;) = A Szt [Tays- -, zf”/xani 1.

{Zay s Tay, }CVaro(dxn)

Let us also define the expansion @i of ¢xp by putting

Dxp = {F;:i=1,...,k}U|JEzp(S:), (2)
i=1
where Fi, ..., Fj are the conjuncts of ¢xp having the form of 4LQSR-quantifier

free atomic formulae.

To prepare for Procedure H OCQA—DL',;;X to be described next, a brief intro-
duction on the KE-tableau system is in order (see [14] for a detailed overview
of KE-tableau). KE-tableau is a refutation system inspired to Smullyan’s se-
mantic tableaux [27]. The main characteristic distinguishing KE-tableau from
the latter is the introduction of an analytic cut rule (PB-rule) that permits to
reduce inefficiencies of semantic tableaux. In fact, firstly, the classic tableau sys-
tem can not represent the use of auxiliary lemmas in proofs; secondly, it can
not express the bivalence of classical logic. Thirdly, it is extremely inefficient,
as witnessed by the fact that it can not polynomially simulate the truth-tables.
None of these anomalies occurs if the cut rule is permitted. For these reasons,
Procedure H OCQA—DE%X constructs a complete KE-tableau Txp for the expan-
sion @i of ¢xp (cf. @), representing the saturation of the Dﬁgx—knowledge
base KB.



Let @ :== {C1,...,C,} be a collection of disjunctions of 4LQSR-quantifier free
atomic formulae of level 0 of the types: 2 = y, * € X!, (x,9) € X3. T is a
KE-tableau for @ if there exists a finite sequence Ty,...,T; such that (i) 77 is
a one-branch tree consisting of the sequence Ci,...,C,, (ii) 7; = T, and (iii)
for each i < t, T;;31 is obtained from 7; either by an application of one of the
rules in Fig. [[lor by applying a substitution o to a branch ¢ of 7; (in particular,
the substitution o is applied to each formula X of #; the resulting branch will

be denoted with Jo). The set of formulae S? = {By,...,B,}\ {B;} occurring
as premise in the E-rule contains the complements of all the components of the
formula 8 with the exception of the component ;.

BiV.. VB, S’
: E-Rule — PB-Rule
Bi A A

where S? = {8, B, I\ {B,}, with A a literal
fori=1,..,n

Fig. 1. Expansion rules for the KE-tableau.

Let 7 be a KE-tableau. A branch 9 of T is closed if it contains either both
A and —A, for some formula A, or a literal of type —(x = x). Otherwise, the
branch is open. A KE-tableau is closed if all its branches are closed. A formula
B1V...V B, is fulfilled in a branch 9, if 8; is in 9, for some i = 1,...,n. A branch
¥ is fulfilled if every formula 81 V...V B, occurring in ¢ is fulfilled. A branch
¥ is complete if either it is closed or it is open, fulfilled, and it does not contain
any literal of type © = y, where x and y are distinct variables. A KE-tableau
is complete (resp., fulfilled) if all its branches are complete (resp., fulfilled or
closed).

A 4LQSR-interpretation M satisfies a branch ¥ of a KE-tableau (or, equiv-
alently, 9 is satisfied by M), and we write M = 9, if M = X for every
formula X occurring in 9. A 4LQSR-interpretation M satisfies a KE-tableau 7°
(or, equivalently, T is satisfied by M), and we write M = T, if M satisfies
a branch ¥ of 7. A branch ¢ of a KE-tableau T is satisfiable if there exists a
4LQSR-interpretation M that satisfies 9. A KE-tableau is satisfiable if at least
one of its branches is satisfiable.

Let ¥ be a branch of a KE-tableau. We denote with <y an arbitrary but

fixed total order on the variables in Varg(d).

Procedure H OC’QA—DE%X takes care of literals of type © = y occurring in the

branches of Txp by constructing, for each open and fulfilled branch 9 of Txp a
substitution oy such that Yoy does not contain literals of type x = y with distinct
z,y. Then, for every open and complete branch ¥ := Yoy of Tz, Procedure
H OC’QA—DEZBX constructs a decision tree Dy, such that every maximal branch
of Dy induces a substitution ¢’ such that oyo’ belongs to the answer set of 9g
with respect to ¢xp. Dy is defined as follows.



Let d be the number of literals in 9 g. Then Dy is a finite labelled tree of

depth d 4+ 1 whose labelling satisfies the following conditions, for i =0, ..., d:

(i) every node of Dy at level i is labelled with (o}, goyo}); in particular, the

root is labelled with (o), gogoy), where oy, is the empty substitution;

(ii) if anode at level i is labelled with (o7, ¥gogo}), then its s successors, with s >

1:
2
3:
4:
5.
6

=

10:

11:
12:
13:
14:

15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:

0, are labelled with (0j0i™",vqou(0jei™)), .., (0765, vqoa(ojs™)),

qi+1 qi+1
087}

where ¢;41 is the (i+1)-st conjunct of Ygoyo} and Sg,,, = {07 ™", ...

is the collection of the substitutions ¢ = {v1/01,...,0n/0n,c1/C1, ..., cm/Cm,
ri/Ri,...,rx/Rik,p1/P1,...,on/Pr}, with {vi,...;vn} = Vare(git+1),
{c1,...,em} = Vari(git1), and {p1,...,pn,71,...,7%} = Varz(gi+1), such
that t = g;110, for some literal ¢t on ¢'. If s = 0, the node labelled with
(0}, vgogo}) is a leaf node and, if i = d, oyo] is added to X.

We are ready to define Procedure HOCQA-DLE.
procedure HOCQA-DLE" (Vo,px8);

X =0
- let @k be the expansion of ¢xp (cf. [@);
Tks = Prs;

while Tk is not fulfilled do
- select a not fulfilled open branch ¥ of Txp and a not fulfilled formula
B1V...V By in ¥
if Sf is in ¢, for some j € {1,...,n} then
- apply the E-Rule to 51 V...V 3, and SJ.B on v;
else B
- let B be the collection of the formulae 3, ... ,Bn present in ¥ and let
h be the lowest index such that 3, ¢ B”;
- apply the PB-rule to Bh on v;
end if;
end while;
while Tk has open branches containing literals of type = = y, with distinct x
and y do
- select such an open branch ¥ of Tkps;
oy := € (where € is the empty substitution);
Eq, := {literals of type = = y, occurring in 9¥};
while Eq, contains x = y, with distinct z, y do
- select a literal x = y in Eq,, with distinct z, y;
z = minc, (z,y);
oy =09 -{z/2,y/2};

Eqy := Eqyov;
end while;
¥ = Yoy;

if ¥ is open then
- initialize S to the empty stack;
- push (¢,9qoy) in S;
while S is not empty do
- pop (¢/,9gopc’) from S;



30: if Ygopo’ # X then

31: - let g be the leftmost conjunct of Ygoyo’;
32: Yooeo’ = Pgogo’ deprived of g;

33: Litl\Q/I :={t € ¥ : t = qp, for some substitution p};
34: while Litg’ is not empty do

35: -let t € Litg’, t = qp;

36: Lityy == Lity \ {t};

37: - push (¢/'p,goyo’p) in S;

38: end while;

39: else

40: Y=Y U{ogo'};

41: end if;

42: end while;

43: end if;

44: end while;
45: return (Txs,Y");
46: end procedure;

For each open branch ¢ of Txp, Procedure HOC’QA—DE;S’X computes the
corresponding Dy by constructing a stack of its nodes. Initially the stack contains
the root node (€, 9goy) of Dy, as defined in condition (i). Then, iteratively, the
following steps are executed. An element (o”, 1goyo’) is popped out of the stack.
If the last literal of the query ¥g has not been reached, the successors of the
current node are computed according to condition (ii) and inserted in the stack.
Otherwise the current node must have the form (¢’, \) and the substitution oyo’
is inserted in X’.

Correctness of Procedure H OC’QA—DE;S’X follows from Theorems 2] and [3]
which show that ¢x s is satisfiable if and only if Tx s is a non-closed KE-tableau,
and from Theorem [4] which shows that the set X’ coincides with the HO answer
set of g w.r.t. ¢xp. Theorems [ B and [ are stated below. In particular,
Theorem [2 requires the following technical lemmas.

Lemma 2. Let 9 be a branch of Txp selected at step 15 of Procedure HOCQA-
DE%X (bq,pxB), let oy be the associated substitution constructed during the ex-
ecution of the while-loop 18-23, and let M = (D, M) be a 4LQSR-interpretation
satisfying 9. Then

Mz = Mxoy, for every x € Vary(19), (3)
is an invariant of the while-loop 18-23.

Proof. We prove the thesis by induction on the number i of iterations of the
while loop 18-23 of the procedure H OCQA—’DE%X (¥q,¢xp). For simplicity we
indicate with 01(;) and with Eq((,lg the substitution oy and the set Eg,,calculated
at iteration ¢ > 0, respectively.
If: =0, 01(90) is the empty substitution e and thus (@) trivially holds.
Assume by inductive hypothesis that (@) holds at iteration ¢ > 0. We want
to prove that () holds at iteration i + 1.



At iteration i+1, 01(9”1) = af;).{x/z, y/z}, where z = mine  {z,y} and z =y
is a literal in Eq((fg, with distinct x, y. We assume, without loss of generality, that
z is the variable x (an analogous proof can be carried out assuming that z is

the variable y). By inductive hypothesis Mw = M waf;), for every w € Varg(99).

If waq(gi) € Varg(9) \ {y}, plainly waq(;) and waf;H) coincide and thus Mwaf;) =

deq(g”l). Since Mw = Mwaf;), it follows that Mw = ngq(g”l)_

If wog) coincides with y we reason as follows. At iteration ¢+ 1 variables x, y

are considered because the literal x = y is selected from Eq((,ig. If x = y is a literal

belonging to ¥, then Mx = My. Since wog) coincides with y, wogﬂ) coincides

with x, My = Mz, and by inductive hypothesis Mw = M wag), it holds that

Mw = Mwagﬂ). If z = y is not a literal occurring in ¢, then ¥ must contain

a literal 2’ = 3’ such that, at iteration 4, x coincides with z’og) and y coincides

with y’og). Since Mx’ = My’ and, by inductive hypothesis, Mz’ = Mx’ol(;),
and My’ = My’ag), it holds that Mz = My, and thus, reasoning as above,

Mw = Mwogﬂ). Since (@) holds at each iteration of the while loop, it is an
invariant of the loop as we wished to prove. a

Lemma 3. Let Ty,..., T, be a sequence of KE-tableaux such that To = Pxp,
and Tiy1 s obtained from T; by applying either the rule of step 8, or the rule
of step 10, or the substitution of step 24 of Procedure HOC'QA-DE%X (o, bxB),
fori=1,...,h—1. If T; is satisfied by a 4LQSR-interpretation M, then T, 1 is
satisfied by M as well, fori=1,...,h — 1.

Proof. Let M = (D, M) be a 4LQSR-interpretation satisfying 7;. Then M
satisfies a branch 9 of 7;. In case the branch 9 is different from the branch
selected at step 6, if the E-rule (step 8) or the PB-rule (10) is applied, or at
step 3, if a substitution for handling equalities (step 14) is applied, 9 belongs to
Ti+1 and therefore 7;,; is satisfied by M. In case ¥ is the branch selected and
modified to obtain 7;;1, we have to consider the following distinct cases.

— 1 has been selected at step 6 and thus it is an open branch not yet fulfilled.
Then, if step 8 is executed, the E-rule is applied to a not fulfilled formula

B1V ...V B, and to the set of formulae Sf on the branch ¢ generating the

new branch ¥ := ¥J; 3;. Plainly, if M =9, M |= 31 V...V3,, M = Sf and,
as a consequence, M [= ;. Thus M = ¢’ and finally, M satisfies T;41. If
step 10 is performed, the PB-rule is applied on 9 originating the branches
(belonging to Ti41) 9 := ¥; 8, and 9" := 9J; B),. Since either M |= S}, or
M |= B, it holds that either M |= 9" or M = ¥”. Thus M satisfies T; 41,
as we wished to prove.

— 1 has been selected at step 14 and thus it is an open and fulfilled branch
not yet complete. Once step 24 is executed the new branch 505 is generated.
Since M |= ¥ and, by Lemma Bl M2 = Mxog, for every x € Varg(¥), it
holds that M = Yoy and that M satisfies T;1. Thus the thesis follows. O



Then we have:
Theorem 2. If ¢xp is satisfiable, then Ticp is not closed.

Proof. Let us assume by contradiction that Tx g is closed. Since @i is satisfiable,
there exists a 4LQSR-interpretation M satisfying every formula of @x ;5. Thanks
to Lemma 3] any KE-tableau for ®&x5 obtained by applying either step 8, or step
10, or step 24 of the procedure HOCQA-DE%X, is satisfied by M. Thus Tip is
satisfied by M as well. In particular, there exists a branch . of Txp satisfied
by M. Since Txpg is closed, by the absurd hypothesis, the branch 9. is closed as
well and thus, by definition, it contains either both A and —A, for some formula
A, or a literal of type —(x = z). ¢ is satisfied by M and thus, either M | A
and M E -A or M E —(z = z). Absurd. Thus, we have to admit that the
KE-tableau Tx s is not closed. O

Theorem 3. If Ticp is not closed, then ¢xp is satisfiable.

Proof. Proof. Since Txp is not closed, there exists a branch ¢ of Txp which
is open and complete. The branch ¢ is obtained during the execution of the
procedure H OC’QA—DE%X from an open fulfilled branch ¥ by applying to ¥ the
substitution oy constructed during the execution of step 14 of the procedure.
Thus, 9 = Yoy. Since each formula of $xp occurs in 1, showing that 9 is
satisfiable is enough to prove that @iz is satisfiable.

Let us construct a 4LQSR-interpretation My = (Dy, My) satisfying every
formula X occurring in ¢ and thus @xp. My = (Dyg, My) is defined as follows.

— Dy = {xoy : x € Varg(9)};

— Myx = zoy, x € Varg(V);

— MyX':={zoy: 2 € X! occurs in ¥}, X! € Var,(9);

— MyX?3 = {{xog,yoy) : (x,y) € X3 occurs in 9}, X3 € Varz(1).

In what follows we show that My satisfies each formula in ¥. Our proof is
carried out by induction on the structure of formulae and cases distinction. Let
us consider, at first, a literal z = y occurring in . By the construction of oy
described in the procedure, zoy and yoy have to coincide. Thus Myx = xoy =
yoy = Myy and then My Ex =y.

Next we consider a literal =(z = w) occurring in ¢. If zoy and woy coincide,
namely they are the same variable, then the branch ¢ = Yoy must be a closed
branch against our hypothesis. Thus zoy and woy are distinct variables and
therefore Myz = zoy # woy = Myw, then My = z = w and finally My E
—(z = w), as we wished to prove.

Let x € X! be a literal occurring in ¥J. By the definition of My, xoy € MyX*!,
namely Myx € MyX?! and thus My = € X! as desired. If ~(y € X*) occurs
in ¢, then yoy ¢ MyX?'. Assume, by contradiction that yoy € MyX!'. Then
there is a literal z € X' in ¥ such that zoy and yoy coincide. In this case
the branch 1, obtained from ¢ applying the substitution oy would be closed,
contradicting the hypothesis. Thus yoy ¢ MyX! implies that Myy ¢ MyX*!,
that My [~y € X!, and finally that My = —(y € X1).



If (z,y) € X3 is a literal on o, then by definition of My, (zo9,yog) € My X3,
that is (Myxz, Myy) € My X3, and thus My = (z,y) € X3,

Let =({z,w) € X?) be a literal occurring on . Assume that (z0y,woy) €
MyX3. Then a literal (2, w’) € X3 occurs in ¥ such that zoy coincides with
7'y and that woy coincides with w’oy. But then the branch ¢ = Yoy would be
closed contradicting the hypothesis. Thus we have to admit that (zoy,woy) ¢
My X3, that is (Myz, Myw) ¢ MyX3. Thus My P (z,y) € X3 and finally
My = ~((z,y) € X7).

Let 8 =1 V...V B be a disjunction of literals in ¥. Since ¥ is fulfilled, 8
is fulfilled too and, therefore, ¢ contains a disjunct S;, for some ¢ € {1,...,k} of
B. By inductive hypothesis My = 3; and thus My = 5.

We have shown that M, satisfies each formula in ¥ and, in particular the
formulae in @xp. It turns out that &g is satisfiable as we wished to prove. O

It is easy to check that the 4LQSR-interpretation My defined in Theorem
Bl satisfies ¢xs, a collection of 4LQSR-purely universal formulae and of 4LQSR-
quantifier free atomic formulae corresponding to a Dﬁgx—knowledge base KB
and, therefore, that the following corollary holds.

Corollary 1. If Txp is not closed, then ¢xcp is satisfiable.

In what follows, we state also a technical lemma which is needed in the proof
of Theorem [l

Lemma 4. Let 9o = q1 A ... A qa be a HO 4LQSR-conjunctive query, let
(T, X') be the output of HOCQA—DE;;’X (bq,¢xB), and let ¥ be an open and

complete branch of Tis. Then, for any substitution o, we have
o€l < {qo,...,qu0} C 9.

Proof. If o/ € X', then ¢/ = oyo} and the decision tree Dy, contains a branch 7
of length d 4 1 having as leaf (07, ). Specifically, the branch 7 is constituted by
the nodes

(€,q109 A ... A qaoy), (0, geogp™ A ... A qaogp™), ..., (b ... pd) \),
and hence ¢’ = ggpM) ... p(®
Consider the node

(P . ptHD) g aogp™M) L plH ) A LA qaogp™) . pltD)
constructed from the father node

(P .. ptHD gi1o9p™ L p O A LLUA qaogp™) L. p3)
putting g;4109p™) ... pt1) = ¢, for some t € ¥'. Since gir109p™) ... pitD) is a
ground literal, giy109p™ ... pt*Y coincides with ¢i10”, then ¢;410" = t, and
hence ¢;110’ € ¢, Given the generality of i =0,...,d — 1, {q10/,...,q40"} C ¥
as we wished to prove.

We now prove the second part of the lemma. We show that the decision tree
Dy constructed by Procedure H OC’QA—DEZBX (q,¢xn) has a branch 1 of length
d + 1 having as leaf the node (o1, \), with oyo} = ¢’ € X’. Since by hypothesis
¥ = Yoy, the root of the decision tree Dy is the node (€, q1o9 A ... A qioy).



At step 4, the procedure selects a literal ¢, namely g;o9p™) ... p0= 1) and
finds a substitution p(¥) such that g;ogp®) ... p(# coincides with ¢;o’. Then, the
procedure constructs the node

(pM .. pD gig1o9p™ L pOD A LA quogp™) L. p@)

At step d — 1, the procedure constructs the leaf node (p(l) copld) A), that is
(61, A), as we wished to prove. O

Theorem 4. Let X' be the set of substitutions returned by Procedure HOCQA-
D£4D’X (Yq, ¢xB). Then X' is the HO answer set of g w.r.t. ¢xB.

Proof. To prove the theorem we show that the following two assertions hold.

1. If o/ € X7, then ¢’ is an element of the HO answer set of ¢g w.r.t. ¢x5.
2. If ¢’ is a substitution of the HO answer set of g w.r.t. ¢xp, then o’ € 2.

We prove assertion (1) as follows. Let ¢/ € X' and ¢ = Yoy an open and
complete branch of Txp such that Dy contains a branch n of d+ 1 nodes whose
leaf is labelled (¢}, \), where of is a substitution such that ¢/ = oyo}. By
Lemmall {q0’,...,q50'} C 9. Let My be a 4LQSR-interpretation constructed
as shown in Theorem Bl We have that My = ¢;0’, for i = 1,...,d because
{qi0’,...,qa0’} T ¥ holds. Thus My = ¢go’, and since My = ¢xg, My |=
¢xB N pgo’ holds. Hence ¢’ is a substitution of the answer set of g w.r.t. dxs.
To show that assertion (2) holds, let us consider a substitution ¢’ belonging
to the answer set of 9o w.r.t. ¢x5. Then there exists a 4L QSR-interpretation
M = ¢x A Ygo’. Assume by contradiction that o' ¢ X’. Then, by Lemma @
{q10,...,q40"} L ¥, for every open and complete branch ¢’ of Ticg. In particular,
given any open complete branch ¥ of Txg, there is an ¢ € {1,...,d} such that
gio' ¢ 9 = Yoy and thus My ¥ q;0’.

By the generality of ¢ = doy, it holds that every My satisfying Txp, and
thus ¢, does not satisfy ¥go’. Since we can prove that M = ¢xp Apgo’, for
some 4LQSR-interpretation M, by restricting our interest to the interpretations
My of ¢xp defined in the proof of Theorem [3] it turns out that o’ is not a
substitution belonging to the answer set of 1o w.r.t. ¢xp, and this leads to a
contradiction. Thus we have to admit that assertion (2) holds. Finally, since
assertions (1) and (2) hold, X’ and the answer set of )¢ w.r.t. ¢x coincide and
the thesis holds. ad

Termination of Procedure H OCQA—DL',;;X is based on the fact that the while-
loops 5-13 and 14-44 terminate.

Concerning termination of the while-loop 5-13, our proof is based on the
following two facts. The E-Rule and PB-Rule are applied only to non-fulfilled
formulae on open branches and tend to reduce the number of non-fulfilled for-
mulae occurring on the considered branch. In particular, when the E-Rule is
applied on a branch ¢, the number of non-fulfilled formulae on ¥ decreases. In
case of application of the PB-Rule on a formula 5 =, V...V 8, on a branch,
the rule generates two branches. In one of them the number of non-fulfilled for-
mulae decreases (because 8 becomes fulfilled). In the other one the number of



non-fulfilled formulae stays constant but the subset BP of {By,-..,B,} occur-

ring on the branch gains a new element. Once | B?| gets equal to n — 1, namely
after at most n — 1 applications of the PB-rule, the E-rule is applied and the
formula 8 = 51 V...V B, becomes fulfilled, thus decrementing the number of
non-fulfilled formulae on the branch. Since the number of non-fulfilled formulae
on each open branch gets equal to zero after a finite number of steps and the E-
rule and PB-rule can be applied only to non-fulfilled formulae on open branches,
the while-loop 5-13 terminates. Concerning the while-loop 14-44, its termina-
tion can be proved by observing that the number of branches of the KE-tableau
resulting from the execution of the previous while-loop 5-13 is finite and then
showing that the internal while-loops 18-23 and 28-42 always terminate. Indeed,
initially the set Eq, contains a finite number of literals of type x =y, and oy is
the empty substitution. It is then enough to show that the number of literals of
type z = y in Eq,, with distinct 2 and y, strictly decreases during the execution
of the internal while-loop 18-23. But this follows immediately, since at each of
its iterations one put oy == oy - {z/z,y/z}, with z := min, (z,y), according to
a fixed total order <y over the variables of Varg(1) and then the application of
oy to Eqy replaces a literal of type © = y in Eqy, with distinct « and y, with a
literal of type x = x.

The while loop 28-42 terminates when the stack S of the nodes of the decision
tree gets empty. Since the query 3¢ contains a finite number of conjuncts and the
number of literals on each open and complete branch of iz is finite, the number
of possible matches (namely the size of the set Litf)) computed at step (C) is
finite as well. Thus, in particular, the internal while loop 34-38 terminates at
each execution. Once the procedure has processed the last conjunct of the query,
the set Litg of possible matches is empty and thus no element gets pushed in the
stack S anymore. Since the first instruction of the while-loop at step (i) removes
an element from S, the stack gets empty after a finite number of “pops”. Hence
Procedure H OC’QA—DE;S’X terminates, as we wished to prove.

Next, we provide some complexity results. Let r be the maximum number of
universal quantifiers in each S; (i =1,...,m), and put k := |Varo(¢xp)|. Then,
each S; generates at most k" expansions. Since the knowledge base contains m
such formulae, the number of disjunctions in the initial branch of the KE-tableau
is bounded by m - k". Next, let £ be the maximum number of literals in each .5;.
Then, the height of the KE-tableau(which corresponds to the maximum size of
the models of P constructed as illustrated above) is O(¢mk") and the number
of leaves of the tableau, namely the number of such models of @k, is (’)(257”“).
Notice that the construction of Eqy and of oy in the lines 16-23 of Procedure
H OC’QA—DE;S’X takes O(¢mk") time, for each branch 9.

Let n(Txg) and A(Txg) be, respectively, the height of Txs and the number
of leaves of Txps computed by Procedure HOCQA—’DK‘BX. Plainly, n(Txs) =
O(tmk") and \(Txp) = O(2™F"), as computed above. It is easy to verify that
s = O(¢k™) is the maximum branching of Dy. Since the height of Dy is h, where
h is the number of literals in g, and the successors of a node are computed
in O(¢k") time, the number of leaves in Dy is O(s") = O((¢k")") and they



are computed in O(s" - €k" - h) = O(h - (¢k")("*V) time. Finally, since we have
A(TxB) of such decision trees, the answer set of g w.r.t. ¢xcg is computed in
time O(h - (¢k™) "D . \(Tkp)) = O(h - (€k7)(hF1) . 2tmk™),

Since the size of ¢xp and of 1)g are related to those of KB and of @, re-
spectively (see the proof of Theorem [I in [I2] for details on the reduction),
the construction of the HO answer set of @) with respect to B can be done
in double-exponential time. In case ICB contains neither role chain axioms nor
qualified cardinality restrictions, the complexity of our HOCQA problem is in
EXPTIME, since the maximum number of universal quantifiers in ¢xg, namely
r, is a constant (in particular » = 3). The latter complexity result is a clue of
the fact that the HOCQA problem is intrinsically more difficult than the consis-
tency problem (proved to be NP-complete in [6]). This is motivated by the fact
that the consistency problem simply requires to guess a model of the knowledge
base while the HOCQA problem forces the construction of all the models of the
knowledge base and to compute a decision tree for each of them.

We remark that such result compares favourably to the complexity of the
usual CQA problem for a wide collection of description logics such as the Horn
fragment of SHOZQ and of SROZQ, respectively, EXPTIME- and 2EXPTIME-
complete in combined complexity (see [25] for details).

5 Conclusions and future work

In this paper we have considered an extension of the CQA problem for the
description logic DE%X to more general queries on roles and concepts. The re-
sulting problem, called HOCQA, can be instantiated to the most widespread
ABox reasoning services such as instance retrieval, role filler retrieval, and in-
stance checking. We have proved the decidability of the HOCQA problem by
reducing it to the satisfiability problem for the set-theoretic fragment 4LQSR.

We have introduced an algorithm to compute the HO answer set of a 4LQSR-
formula 1) representing a HO D[%’X -conjunctive query Q w.r.t. a 4LQSR-formula
¢xp representing a DE%X knowledge base. The procedure, called HOCQA-
DE%X, is based on the KE-tableau system and on decision trees. It takes as
input ¥¢ and ¢xp, and yields a KE-tableau T representing the saturation of
¢ and the requested HO answer set X’. Procedure H OC’QA—DE‘BX is proved
correct and complete, and some complexity results are provided. Such proce-
dure extends the one introduced in [I0] as it allows one to handle HO DE%X—
conjunctive queries.

We are currently working at the implementation of Procedure HOCQA-
DE%X. We plan to increase the efficiency of the expansion rules and to extend
reasoning with data types. Lastly, we intend to provide a parallel model of the
procedure that we are implementing.

We also plan to increase the expressive power of the set theoretic fragments
we are working with. In particular, we intend to define a decidable n-level strat-
ified syllogistic allowing to represent an extension of D[%’X admitting data type
groups.



We also intend to extend the set-theoretic fragment presented in [7] with the
construct of generalized union and with a restricted form of binary relational
composition operator. The latter operator, in particular, turns out to be use-
ful for the set-theoretic representation of various logics. The KE-tableau based
procedure will be adapted to the new set-theoretic fragments by also making
use of the techniques introduced in [9] and in [§] in the area of relational dual
tableaux. On the other hand we think that KE-tableaux could be used in the
ambit of relational dual tableaux to improve the performances of relational dual
tableau-based decision procedures.
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