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Abstract

In general, first-order predicate logic extended with linear integer arithmetic is undecidable.
We show that the Bernays—Schonfinkel-Ramsey fragment (3*V*-sentences) extended with a
restricted form of linear integer arithmetic is decidable via finite ground instantiation. The
identified ground instances can be employed to restrict the search space of existing automated
reasoning procedures considerably, e.g., when reasoning about quantified properties of array
data structures formalized in Bradley, Manna, and Sipma’s array property fragment. Typically,
decision procedures for the array property fragment are based on an exhaustive instantiation
of universally quantified array indices with all the ground index terms that occur in the
formula at hand. Our results reveal that one can get along with significantly fewer instances.

1 Introduction

The Bernays-Schonfinkel-Ramsey (BSR) fragment comprises exactly the first-order logic prenex
sentences with the 3*V* quantifier prefix, resulting in a CNF where all occurring function symbols
are constants. Formulas may contain equality. Satisfiability of the BSR fragment is decidable and
NExpPTIME-complete [19]. Its extension with linear arithmetic is undecidable [23] 10} [13] [11].

We prove decidability of the restriction to arithmetic constraints of the form s<t, x <t, where
< is one of the standard relations <, <,=,##, >, > and s, t are ground arithmetic terms, and z <y,
where < stands for <, =, or >. Underlying the result is the observation that similar to the finite
model property of BSR, only finitely many instances of universally quantified clauses with arith-
metic constraints need to be considered. Our construction is motivated by results from quantifier
elimination [20] and hierarchic superposition [4] 3, 18, 11l 5]. In particular, the insights gained
from the quantifier elimination side lead to instantiation methods that can result in significantly
fewer instances than known, more naive approaches for comparable logic fragments generate, such
as the original instantiation approach for the array property fragment [8,[6]. For example, consider
the following two clauses (A and V bind stronger than —)

X9 7é 5A R(.Tl) — Q(ul,l'g)
Y1 <TAys <2 — Q(d,y2) vV R(y1)

where the variable u; ranges over a freely selectable domain, x;, y; are variables over the integers,
and the constant d addresses an element of the same domain that u; ranges over. All occurring
variables are implicitly universally quantified. Our main result reveals that this clause set is satisfi-
able if and only if a finite set of ground instances is satisfiable in which (i) u; is being instantiated
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with the constant d, (ii) 22 and yo are being instantiated with the (abstract) integer values 5+ 1
and —oo, and (iii) x1 and y; are being instantiated with —oco only. The instantiation does not
need to consider the constraints y; < 7, yo < 2, because it is sufficient to explore the integers
either from —oo upwards—in this case upper bounds on integer variables can be ignored—or from
400 downwards—ignoring lower bounds—, as is similarly done in linear quantifier elimination over
the reals [20]. Moreover, instantiation does not need to consider the value 5 + 1 for z; and yi,
motivated by the fact that the argument z; of R is not affected by the constraint x5 # 5.

The abstract values —oo and +o0o are represented by Skolem constants over the integers, to-
gether with defining axioms. For the example, we introduce the fresh Skolem constant c_o to
represent —oo (a “sufficiently small” value) together with the axiom c_o, < 2, where 2 is the
smallest occurring constant. Eventually, we obtain the ground clause set

541#5AR(c_ee) — Q(d,541)
Cooo B A R(c_oo) Qd,c—)
Cooo <TAS+1<2 Q(d,5+1)V R(c_c0)
Cooo <TNACooo <2 Qd,c—00) V R(c—0)
Cono < 2
which has the model A with ¢*_ =1, R = {1}, Q* = {(d,6),(d,1)}.

After developing our instantiation methodology in Section Bl we show in Sections [ that our
instantiation methods are also compatible with uninterpreted functions and additional background
theories under certain syntactic restrictions. These results are based on an (un)satifiability-
preserving embedding of uninterpreted functions into BSR clauses. There are interesting known
logic fragments that fall into this syntactic category: many-sorted clause sets over stratified vocab-
ularies [1I, [16], the array property fragment 8], and the finite essentially uninterpreted fragment,
possibly extended with simple integer arithmetic [12]. Consequently, reasoning procedures for
these fragments that employ forms of instantiation may benefit from our findings. The paper ends
with a discussion in Section Bl where we consider the impact of our results on automated reasoning
procedures for our and similar logic fragments and outline possible further improvements.

In order to facilitate smooth reading, lengthy technical proofs are only sketched in the main
text and presented in full in the appendix. The present paper is an extended version of [14].

2 Preliminaries

Hierarchic combinations of first-order logic with background theories build upon sorted logic with
equality [4] [5]. We instantiate this framework with the BSR fragment and linear arithmetic over
the integers as the base theory. The base sort Z shall always be interpreted by the integers Z. For
simplicity, we restrict our considerations to a single free sort S, which may be freely interpreted
as some nonempty domain, as usual.

We denote by Vz a countably infinite set of base sort variables. Linear integer arithmetic (LIA)
terms are build from integer constants 0,1, —1,2, — ., the operators +, —, and the variables from
Vz. We moreover allow base-sort constant symbols Whose values have to be determined by an
interpretation (Skolem constants). They can be conceived as existentially quantified. The LIA
constraints we consider are of the form s <t, where < € {<,<,=,%#,>,>} and s and ¢ are either
LIA variables or ground LIA terms.

In order to hierarchically extend the base theory by the BSR fragment, we introduce the free
sort S, a countably infinite set Vs of free-sort variables, a finite set  of free (uninterpreted) con-
stant symbols of sort S and a finite set II of free predicate symbols equipped with sort information.
Note that every predicate symbol in I has a finite, nonnegative arity and can have a mixed sort
over the two sorts Z and S, e.g. P : Zx S x Z. We use the symbol = to denote the built-in equality
predicate on §. To avoid confusion, we tacitly assume that no constant or predicate symbol is
overloaded, i.e. they have a unique sort.

Definition 1 (BSR with Simple Linear Integer Constraints-BSR(SLI)). A BSR(SLI) clause has
the form A ||T — A, where A, T, A are multisets of atoms satisfying the following conditions.



(i) Every atom in A is a LIA constraint of the form s<t¢ or x <t or x <y where s, ¢ are ground,
< €{<a Sa ) #a Za >}’ a'nd ﬁ G{S, =, 2}7

(ii) Every atom in I" and A is either an equation s ~ s’ with s,s’ € QU Vs, or a non-equational
atom P(s1,...,8m), where every s; of sort Z must be a variable € Vz, and every s; of sort
S may be a variable u € Vs or a constant symbol ¢ € Q.

We omit the empty multiset left of “—” and denote it by O right of “—” (where O at the same
time stands for falsity). The clause notation separates arithmetic constraints from the free (also:
uninterpreted) part. We use the vertical double bar “||” to indicate this separation syntactically.
Intuitively, clauses A | I’ — A can be read as (AAAAT) = \/ A, i.e. the multisets A, I" stand for
conjunctions of atoms and A stands for a disjunction of atoms.

Requiring the free part I' — A of clauses to not contain any base-sort terms apart from
variables does not limit expressiveness. Every base-sort term ¢ ¢ Vz in the free part can safely
be replaced by a fresh base-sort variable z; when an atomic constraint z; = t is added to the
constraint part of the clause (a process known as purification or abstraction [4, [18]).

A hierarchic interpretation is an algebra A which interprets the base sort Z as Z4 = 7,
assigns integer values to all occurring base-sort Skolem constants, and interprets all LIA terms
and constraints in the standard way. Moreover, A comprises a nonempty domain S*, assigns to
each free-sort constant symbol ¢ in © a domain element ¢* € S#, and interprets every sorted
predicate symbol P:&; x ... x &, in Il by a set PA C & x ... x fﬁ, as usual.

Given a hierarchic interpretation A and a sort-respecting variable assignment 3 : Vz U Vs —
ZAUSA, we write A(B)(s) to address the value of the term s under A with respect to the variable
assignment B. The variables occurring in clauses are implicitly universally quantified. Therefore,
given a clause C, we call A a hierarchic model of C, denoted A |= C, if and only if A, 8 |= C holds
for every variable assignment 3. For clause sets N, A = N holds if and only if A = C holds true
for every clause C € N. We call a clause C (a clause set N) satisfiable if and only if there exists
a hierarchic model A of C' (of N). Two clauses C, D (clause sets N, M) are equisatisfiable if and
only if C' (N) is satisfiable whenever D (M) is satisfiable and vice versa.

Given a BSR(SLI) clause C, consts(C') denotes the set of all constant symbols occurring in C'.
The set beonsts(N) (fconsts(N)) is the restriction of consts(N) to base-sort (free-sort) constant
symbols. By vars(C') we denote the set of all variables occurring in C. Similar notation is used
for other syntactic objects.

We define substitutions o in the standard way as sort-respecting mappings from variables
to terms. The restriction of the domain of a substitution o to a set V of variables is denoted
by oy and is defined such that voly = vo for every v € V and vo|y = v for every v ¢ V.
While the application of a substitution o to terms, atoms and multisets thereof is defined as
usual, we need to be more specific for clauses. Consider a BSR(SLI) clause C' := A||T' — A
and let z1,...,x, denote all base-sort variables occurring in C for which z;0 # x;. We then set
Co:= Ao,z1 =210, ..., 2, =210 | Tolys = Ac|ys.

A term, atom, etc. is called ground, if it does not contain any variables. A BSR(SLI) clause C
is called essentially ground if it does not contain free-sort variables and for every base-sort variable
x occurring in C' there is a constraint = ¢t in C' for some ground LIA term ¢. A clause set N is
essentially ground if all the clauses it contains are essentially ground.

Definition 2 (Normal Form of BSR(SLI) Clauses). A BSR(SLI) clause A ||T' — A is in normal
form if

(1) all non-ground atoms in A have the form x < c or z < y (or their symmetric variants) where
¢ is an integer or Skolem constant and < €{<, =, >},

(2) all base-sort variables that occur in A also occur in I' — A, and
(3) T does not contain any equation of the form u = t.

A BSR(SLI) clause set N is in normal form if all clauses in N are in normal form and pairwise
variable disjoint. Moreover, we assume that N contains at least one free-sort constant symbol.



Lemma 3. For every BSR(SLI) clause set N there is an equisatisfiable BSR(SLI) clause set N’
in normal form.

Proof sketch. We go through the conditions of Definition

Ad Clauses of the form = # s,A’ || T' = A can be equivalently replaced by two clauses
r<s,A'||T—->Aandz>s,A | T — A.

Clauses of the form x < s, A’ || ' — A, where s is ground but not a constant symbol and
where <€{<,=,>}, can be replaced—under preservation of (un)satisfiability—by two clauses
s#c¢| =0and 2 Q¢, A" || T — A for some fresh constant symbol c.

Similarly, clauses of the form x > s,A’ || ' — A can be replaced—under preservation of
(un)satisfiability—by two clauses s+ 1 # ¢ || - Oand z > ¢, A’ || T' — A for some fresh constant
symbol c¢. An analogous solution exists for constraints of the form x < s.

Atoms of the form 2 = y can be eliminated by replacing every occurrence of y in the respective
clause with x—also in the free part of the clause.

Ad Consider a clause A, A || I' — A, where every atom in A’ contains a base-sort variable
2 that does not occur in A || T' = A. We remove all atoms = # t as done above. Moreover, we
remove all trivial atoms x < z with < €{<,=,>} from A’ and partition the result into three
parts A}, A}, A5 such that A} contains exclusively atoms of the form ¢t < x and t < x, A}, contains
exclusively atoms of the form = = t, Aj contains exclusively atoms of the form x < ¢ and z < ¢,
and t stands for some ground base-sort term or some base-sort variable. Let A” be the following
set of atoms

A= {t <t

(t<z)e A, and (z 9t) € Ay UA, with < e{g,:}}
U{t<t' (t <9 z) €A, UA, and (z < t') € A with ge{g,:}}

Ust+1<t

(t<z)e A and (z <t) GA’3}

t

IN

t'| (t<z)e Al and (z <t') € Ay UAS with < e{g,z}}

(-

C
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# | (x=1t) € A} and (xgt’)eAg}

U<t

t' | (x=1t) € A} and (z:t’)EA/Q}.

We replace the clause A, A || T' — A by the equivalent one A", A || T — A.

Ad[(3)} Clauses of the form A || u &~ t,I' — A can be equivalently replaced by (A || T — A)[u/t],
where every occurrence of u is substituted with . O

3 Instantiation for BSR(SLI)

In this section, we present and prove our main technical result:
Theorem 4. Satisfiability of a finite BSR(SLI) clause set N is decidable.

In essence, one can show that N is equisatisfiable to a finite set of essentially ground clauses (cf.
Lemma [T4). There are calculi, such as hierarchic superposition [4l, B, [I8| 11l [5] or DPLL(T) [21],
that can decide satisfiability of ground clause sets. Our decidability result for BSR(SLI) does not
come as a surprise, given the similarity to other logic fragments that are known to be decidable,
such as the array property fragment by Bradley, Manna, and Sipma [§] [7] and Ge and de Moura’s
finite essentially uninterpreted fragment extended with simple integer arithmetic constraints [12].

More important than the obtained decidability result is the instantiation methodology that
we employ, in particular for integer-sort variables. Typically, decision procedures for the integer-
indexed array property fragment are based on an exhaustive instantiation of universally quantified



array indices with all the ground index terms that occur in the formula at hand (cf. the original
approach [8] [6] and standard literature [7, [I7]). In more sophisticated approaches, only a relevant
portion of the occurring arithmetic terms is singled out before instantiation [12].

Our methodology will also be based on a concept of relevant terms, determined by connections
between the arguments of predicate symbols and instantiation points that are propagated along
these connections. This part of our method is not specific for the integers but can be applied to the
free part of our language as well. For integer variables, we investigate additional criteria to filter out
unnecessary instances, inspired by the Loos—Weispfenning quantifier elimination procedure [20].
We elaborate on this in Sections B - [3.4]

3.1 Instantiation of Integer Variables

We first summarize the overall approach for the instantiation of integer variables in an intuitive
way. To keep the informal exposition simple, we pretend that all LIA terms are constants from Z.
We even occasionally refer to the improper values —oo / 400 —“sufficiently small/large” integers.
A formal treatment with proper definitions will follow.

Given a finite BSR(SLI) clause set N in normal form, we intend to partition Z into a set P
of finitely many subsets p € P such that satisfiability of N necessarily leads to the existence of a
uniform hierarchic model.

Definition 5 (Uniform Interpretations). A hierarchic interpretation A is uniform with respect to
a partition P of the integers if and only if for every free predicate symbol @) occurring in N, every
part p € P, and all integers 71,72 € p we have (...,r,...) € QA if and only if (..., 79,...) € Q4.

As soon as we have found such a finite partition P, we pick one integer value 7, € p as
representative from each and every part p € P. Given a clause C' that contains a base-sort
variable x, and given constant symbols d, ..., d; whose values cover all these representatives, i.e.
{df,...,d}} = {r, | p € P}, we observe

AEC ifandonly if AE{Clz/d]|1<i<k}.
This equivalence claims that we can transform universal quantification over the integer domain
into finite conjunction over all representatives of subsets in P. Formulated differently, we can
extrapolate a model for a universally quantified clause set, if we can find a model of finitely many
instances of this clause set. The formal version of this statement is given in Lemma [[4 Uniform
hierarchic models play a key role in its proof.

When we extract the partition P from the given clause set N, we exploit three aspects to
increase efficiency:

(E-i) We group argument positions of free predicate symbols in such a way that the instantiation
points relevant for these argument positions are identical. This means the variables that
are associated to these argument positions, e.g. because they occur in such a place in some
clause, need to be instantiated only with terms that are relevant for the respective group of
argument positions. This is illustrated in Example

(E-ii) Concerning the relevant integer constraints, i.e. the ones that produce instantiation points,
one can choose to either stick to lower bounds exclusively, use —oc as a default (the lowest
possible lower bound), and ignore upper bounds. Alternatively, one can focus on upper
bounds, use +o0o as default, and ignore lower bounds. This idea goes back to the Loos—
Weispfenning quantifier elimination procedure over the reals [20]. Example [I0 gives some
intuition.

(E-iii) The choice described under |(E-ii)| can be made independently for every integer variable that
is to be instantiated. See Examples [0 and

Example 6. Consider the following clauses:

Cii=  1<z,22<0 | = T(x1), Qwr,22),
Coi= y<T,y<ys [ Qly,y2) — R(ys),
03 = 6 <z H T(Zl) — O.



The variables x1, x2, Y1, Y2, Y3, and z; are affected by the constraints in which they occur explicitly.
Technically, it is more suitable to speak of the argument position (T, 1) instead of variables 21 and
z1 that occur as the first argument of the predicate symbol T"in C and Cj, respectively. Speaking
in such terms, argument position (T, 1) is directly affected by the constraints 1 < z; and 6 < z1,
argument position (@, 1) is directly affected by 1 < z; and y1 < ys, (Q,2) is affected by xo2 < 0,
and, finally, (R, 1) is affected by y3 < 7 and y; < y3. Besides such direct effects, there are also
indirect effects that have to be taken into account. For example, the argument position (@, 1) is
indirectly affected by the constraint 6 < z;, because C establishes a connection between argument
positions (T,1) and (Q, 1) via the simultaneous occurrence of x; in both argument positions and
(T, 1) is affected by 6 < z;. This is witnessed by the fact that C; and Cs together logically entail
the clause D :=6 < z,y < 0] = Q(z,y). D can be obtained by a hierarchic superposition step
from Cy and Cj, for instance. Another entailed clause is 6 < z,z < 7| — R(z), the (simplified)
result of hierarchically resolving D with Cy. Hence, (R, 1) is affected by the constraints 6 < z and
z < 7. Speaking in terms of argument positions, this effect can be described as propagation of the
lower bound 6 < y; from (@, 1) to (R, 1) via the constraint y; < y3 in Cs. O

One lesson learned from the example is that argument positions can be connected by variable
occurrences or constraints of the form = < y. Such links in a clause set N are expressed by the
relation = .

Definition 7 (Connections Between Argument Positions and Argument Position Closures). Let
N be a BSR(SLI) clause set in normal form. We define =y to be the smallest preorder (i.e. a
reflexive and transitive relation) over II x N such that (@, j) = (P, ) whenever there is a clause
A|IT — A in N containing free atoms Q(...,u,...) and P(...,v,...) in which the variable u
occurs at the j-th and the variable v occurs at the i-th argument position and

(1) either u = v,
(2) or u # v, both are of sort Z and there are constraints u = v or u < v in A,
(3) or u # v, both are of sort S and there is an atom v ~ v in T or in Al

= induces downward closed sets | 5 (P, i) of argument positions, called argument position clo-
sures: Un(P,i) = {(Q,5) | (Q.5) = (Pi)}.

Consider a variable v that occurs at the i-th argument position of a free atom P(...,v,...)
in N. We denote the argument position closure related to v’s argument position in N by |y (v),
ie. Iy(v) := §ny(Pyi). If v is a free-sort variable that exclusively occurs in equations, we set
Uy (v) := (False,, 1) (cf. footnote @). To simplify notation a bit, we write =3, {L(P,4), and {(v)
instead of =, {5 (P, i), and | 5(v), when the set N is clear from the context.

Notice that = confined to argument position pairs of the free sort is always symmetric. Asym-
metry is only introduced by atomic constraints z < y.

While the relation = indicates how instantiation points are propagated between argument
positions, the set (P, i) comprises all argument positions from which instantiation points are
propagated to (P,i). For a variable v the set |[(v) contains all argument positions that may
produce instantiation points for v.

Remark 8. In order to make the propagation relation = capture all relevant propagation channels
for integer-valued instantiation points, it is vital that the clause set under consideration is in normal
form. In particular, Condition |(2)| of Definition 2] guarantees that every variable x occurring in
the constraint part A of a BSR(SLI) clause A||T' — A is associated with an argument position
(P, i), since I' or A must contain some non-equational atom P(...,z,...).

IFor any free-sort variable v that occurs in a clause (A||T" — A) € N exclusively in equations, we pretend
that A contains an atom False, (v), for a fresh predicate symbol False, : S. This is merely a technical assumption.
Without it, we would have to treat such variables v as a separate case in all definitions. The atom False, (v) is not
added “physically” to any clause.



Moreover, transitivity of = entails that two LIA constraints < y, y < z lead to (P,i) =
@Q, 5, (Q,7) = (R,k), and (P,i) = (R, k), where (P,i), (Q, ), and (R, k) are intended to be
the argument positions associated with z, y, and z, respectively. On the other hand, two LIA
constraints z < ¢, ¢ <y, where c¢ is a Skolem constant, do not entail propagation of instantiation
points from (P,4) to (@, 7). In such cases lower bounds do not have to be propagated for the
following reasons. If y is assigned any value smaller than the value assigned to ¢, the constraint
¢ < y is violated and, therefore, the clause is satisfied. The constraint ¢ < y directly leads to an
instantiation point ¢ for y, as we shall see in the following definition.

Next, we collect the instantiation points that are necessary to eliminate base-sort variables by
means of finite instantiation.

Definition 9 (Instantiation Points for Base-Sort Argument Positions). Let N be a BSR(SLI)
clause set in normal form and let P : & x ... x &, be a free predicate symbol occurring in N. For
every ¢ with §; = Z we define Zp; to be the smallest set satisfying the following condition. We
have d € Zp; for any constant symbol d for which there exists a clause C' in N that contains an
atom P(...,z,...) in which x occurs as the i-th argument and that contains a constraint x = d
or x > d.

The most apparent peculiarity about this definition is that LIA constraints of the form =z < d
are completely ignored when collecting instantiation points for #’s argument position. This is one
of the aspects that makes this definition interesting from the efficiency point of view, because
the number of instances that we have to consider might decrease considerably in this way. The
following example may help to develop an intuitive understanding.

Example 10. Consider two clauses C := 3 <z, <5| — T(z) and D := 2 < 0| T(z) — O.
Recall that we are looking for a finite partition P of Z such that we can construct a uniform
hierarchic model A of {C, D}, i.e. for every subset p € P and all integers r1,72 € p we want
r1 € T to hold if and only if r, € T4. A natural candidate for P is {(—o0, 0], [1, 2], [3, 5], [6, +0c0)},
which takes every LIA constraint in C' and D into account. Correspondingly, we find the candidate
model A with T4 = [3,5]. Obviously, A is uniform with respect to P.

But there are other interesting possibilities, for instance, the more coarse-grained partition
{(—00,2],[3, +00)} together with the predicate T = [3, +0c). This latter candidate partition com-
pletely ignores the constraints < 0 and x < 5 that constitute upper bounds on x and in this way
induces a simpler partition. Dually, we could have concentrated on the upper bounds instead (com-
pletely ignoring the lower bounds). This would have led to the partition {(—o0,0],[1, 5], [6, +0o0)}
and the candidate predicate T4 = [1,5] (or T = [1,+0oc)). Both ways are possible, but the
former yields a coarser partition and is thus more attractive, as it will cause fewer instances in the

end. O

The example reveals quite some freedom in choosing an appropriate partition of the integers.
A large number of parts directly corresponds to a large number of instantiation points—one for
each interval—, and therefore leads to a large number of instances that need to be considered by
a reasoning procedure. Hence, regarding efficiency, it is of great importance to keep the partition
P of Z coarse.

It remains to address the question of why it is sufficient to consider lower bounds only. At
this point, we content ourselves with an informal explanation. Let ¢(z) be a satisfiable A-V-
combination of upper and lower bounds on some integer variable z. For the sake of simplicity, we
assume that every atom in ¢ is of the form ¢ < x or < ¢ with ¢ € Z. When we look for some value
of x that satisfies ¢, we start from some “sufficiently small value” —oo. If —co yields a solution for
o, we are done. If [x——00] £ ¢, there must be some lower bound in ¢ that prevents —oo from
being a solution. In order to find a solution, we successively increase the value of  until a solution
is found. Interesting test points r € Z for x are those where r — 1 violates some lower bound ¢ < x
in ¢ and r satisfies the bound, i.e. r = ¢. Consider two lower bounds ¢; < x and ¢; < z in ¢ such
that ¢1 < ¢o and ¢ contains no further bound d < x with ¢; < d < ¢o. Any assignment [z+—r] with
c1 < 1 < cg satisfies exactly the same lower bounds as the assignment [x+>¢1] does. Moreover, any



such assignment satisfies at most the upper bounds that [z—c;] satisfies. In fact, it may violate
some of them. Consequently, if neither [z+—>c1] nor [z+—cq] satisfy ¢, then [z—r] with ¢; <7 < ¢a
cannot satisfy ¢ either. In other words, it suffices to test only values induced by lower bounds.
The abstract value —oo serves as the default value, which corresponds to the implicit lower bound
—oo < .

Definition 11 (Instantiation Points for Base-Sort Argument Position Closures and Induced Par-
tition). Let N be a BSR(SLI) clause set in normal form and let A be a hierarchic interpretation.
For every base-sort argument position closure (P, i) induced by = we define the following:

The set Zy(p of instantiation points for (P, i) is defined by

Lypiy = {e—oot U U(Q,j)el}(P,i} 1q.,
where we assume c_o, to be a distinguished base-sort constant symbol that may occur in N.

Let the sequence r1,...,7k compnse all integers in the set {cA | c€Typay\ {c,oo}} ordered
so that m < ... <7p. The partition ’P Pyi) of the integers into finitely many intervals is defined
by

Pﬁp,” = {(foo,rl — 1), [r1,r2 = 1], ..., [rk—1,7% — 1], [rk, +oo)}

Please note that partitions as described in the definition do always exist, and do not contain
empty parts.

Lemma 12. Let N be a BSR(SLI) clause set in normal form and let A be a hierarchic interpre-
tation. Consider two argument position pairs (Q, j), (P, ) for which (Q,j) = (P,i) holds in N.
Then Zy g ;) € Zy(p,iy- Moreover, PﬁPQ is a refinement of ’Pﬁ“(Q ) i.e. for every p € ’Pﬁpw there

is some p’ € ’Pff‘(Q ;y such that p € p'.

Lemma 13. Let N be a BSR(SLI) clause set in normal form and let A be a hierarchic interpre-
tation. For every part p € Pﬁpi> of the form p = [ry, ry) or p = [r¢, +00) we find some constant

symbol cy(piy,p € Zy(psy With cﬁpﬂ.%p =Ty.

Note that the lemma did not say anything about the part (—oo, r,] which also belongs to every
ij( Py Our intention is that the constant symbol c_., shall be interpreted by a value from this

interval. Hence, we add the set of clauses W™ := {(c_o > c|| = O) | ¢ € beonsts(N) \ {c_oc} }
whenever necessary. Note that if 4 is a hierarchic model of a given BSR(SLI) clause set N, then
A can be turned into a model of W™ just by changing the interpretation of c_.,. After this
modification A is still a model of N, if ¢_, does not occur in N.

The next lemma shows that we can eliminate base-sort variables = from clauses C in a finite
BSR(SLI) clause set N by replacing C with finitely many instances in which x is substituted
with the instantiation points that we computed for z. In addition, the axioms that stipulate the
meaning of c_, need to be added. Iterating this instantiation step for every base-sort variable in
N eventually leads to a clause set that is essentially ground with respect to the constraint parts of
the clauses it contains (free-sort variables need to be treated separately, of course, see Section [B.3)).

Lemma 14 (Finite Integer-Variable Elimination). Let N be a finite BSR(SLI) clause set in
normal form such that, if the constant symbol c_ occurs in N, then ¥ > C N. Suppose

there is a clause C in N which contains a base-sort variable x. Let N be the clause set N
(N\{C}) U {Clz/c] | c€Ly (@} U T3> N is satisfiable if and only if N, is satlsﬁable.

Proof sketch. The “only if”-part is trivial.

The “if”-part requires a more sophisticated argument. In what follows, the notations = and
| always refer to the original clause set N. Let A be a hierarchic model of N,. We use A to
construct the hierarchic model B = N as follows. For the domain S we reuse A’s free domain
SA. For every base-sort or free-sort constant symbol ¢ € consts(N) we set ¢ := ¢A. For every
predicate symbol P : & X ... X &, that occurs in NN, for every argument position i, 1 < i < m,
with & = Z, and for every interval p € Pff( Pyi) Lemma [I3 and the extra clauses in > guarantee

: A
the existence of a base-sort constant symbol cy(ps) , € Zy(s), such that Clpiyp € P Based on



this observation, we define the family of projection functions 7y p;y : Z U SB - ZUSA by

cﬁp,i),p if§, =Z and p € /Plf(Pﬂ')

Ty(pay (@) == is the interval a lies in,
a if fi =S.
Using the projection functions 7 p;y, we define the sets P8 in such a way that for all domain
elements aq, ..., a,, of appropriate sorts
<a1, cey Clm> € PB if and only if <7r@<p71>(a1), ceey ﬁu<p,m>(am)> € PA,

We next show B |= N. Consider any clause C’ := A’ [|[T” — A’in N and let 3 : VzUVs — ZUS?
be some variable assignment. From [ we derive a special variable assignment 3, for which we shall
infer A, B = C’ as an intermediate step: ((v) := 7y (8(v)) for every variable v. If C" # C,
then N, already contains C’, and thus A, 8, = C’ must hold. In case of C' = C, let p. be the
interval in Pff(x) containing the value 3(x), and let c, be an abbreviation for cy(,),,.. Due to

Br(x) = ¢ and since A is a model of the clause C[x/c*} in ﬁm, we conclude A, 8, E C. Hence,
in any case we can deduce A, 8, E C’. By case distinction on why A, 8, = C’ holds, we may use
this result to infer B, 8 = C’. It follows that B = N. O

3.2 Independent Bound Selection

By now we have mainly focused on lower bounds as sources for instantiation points. However, as
we have already pointed out (cf. [(E-ii)| and |[(E-iii)| in Section Bl and Example [I0), there is also a
dual approach in which upper bounds on integer variables play the central role. It turns out that
the choice between the two approaches can be made independently for every variable that is to
be instantiated. In the interest of efficiency, it makes sense to always choose the approach that
results in fewer non-redundant instances or, more abstractly speaking, a set of instances whose
satisfiability is easier to decide. Example [I§ illustrates the overall approach.

Given a clause set N in normal form, the relation =y is defined as before. Dually to the sets
Iy (P, i), we define the sets 5 (P,i) := {(Q,j> } (P,i)y =N (Q,j}}, which constitute upwards
closed sets with respect to = rather than downwards closed sets. Regarding instantiation points,
only LIA constraints x = d and z < d lead to d € Zj (). In addition, cj is by default
added to every set Zy (ps). In order to fix the meaning of ¢, we introduce the set of axioms
UL = {(c4oo < c¢|| = O) | ¢ € beonsts(N) \ {c4oo}}-

The dual versions of Definitions [ and [[T] and Lemma [I4] read as follows.

Definition 15 (Dual Instantiation Points for Base-Sort Argument Positions). Let N be a
BSR(SLI) clause set in normal form and let P : & X ... X &, be a free predicate symbol oc-
curring in N. For every ¢ with ¢ = Z we define Ig:lial to be the smallest set satisfying the
following condition. We have d € Ild;.}‘fl for any constant symbol d for which there exists a clause C
in N that contains an atom P(...,x,...) in which z occurs as the i-th argument and that contains
a constraint x = d or z < d.

Definition 16 (Dual Instantiation Points for Base-Sort Argument Position Closures and Induced
Partition). Let N be a BSR(SLI) clause set in normal form and let A be a hierarchic interpretation.
For every base-sort argument position closure (P, %) induced by = we define the following;:

The set Zy(pq of instantiation points for (P, ) is defined by

— dual
Tipy = {evoot U Uigpentray ZQ3 -

Let the sequence 71, ...,r; comprise all integers in the set {cA ‘ c € Iypay \ {c+oo}} ordered
so that r < ... <r,. The partition Pff( Pyi) of the integers into finitely many intervals is defined
by

PT‘/TA(P,i) = {(—OO,?“l], [7‘1 +1, 7“2], ey [Tk—l + 1,7“k], [Tk +1, +OO)}

In the following lemma we refer to the set
U5 = {(croe < | = O) | ¢ € beonsts(N) \ {c4oo}}



Lemma 17. Let N be a finite BSR(SLI) clause set in normal form such that, if the constant
symbol ci occurs in N, then \I/EOO C N. Suppose there is a clause C' in N which contains a

base-sort variable z. Let N, := (N\{C}) u {C|z/c] ’ c €Ly, ()} U U™, N is satisfiable if
and only if ]Vz is satisfiable.

In both, Lemma [I4] and its dual version, Lemma [I7 the equisatisfiable instantiation can be
applied to the respective variable independently of the instantiation steps that have already been
done or are still to be done in the future. This means, we can choose independently, whether
to stick to the lower or upper bounds for instantiation. This choice can, for example, be made
depending on the number of non-redundant instances that have to be generated.

Example 18. Consider the following BSR(SLI) clause set N:

1<z,22<0 | = T(x1), Q(x1,22)
ys<T, y1<ys | Qy1,92) — R(ys)
6 S Z1, 21 S 9 || T(Zl) — |

We intend to instantiate the variables ys,y1,x1, 21 in this order. For ys we can choose between
Ty o (ys) = {€—00, 1,6} and Zy (y,) = {7, c4o0}. Using the latter option, we obtain the instances
T<Ty <Tys=7 || Qyr,y2) — R(ys)
Ctoo ST,Y1 S Choo, Y3 = Croo || Qy1,92) —  Rlys)
plus the clauses in \I/j\',oo. The constraint 7 < 7 can be removed, as it is redundant. The second
instance can be dropped immediately, since the constraint ¢y, < 7 is false in any model satisfying
\IJEOO. Dual simplifications can be applied to constraints with c¢_.,. Let N’ contain the clauses in

\IIEOO and the clauses
1<z,22<0 | = T(x1), Q(z1,22)
n<Tys=7 | Qy,y2) — R(ys)
6§21721 §9 H T(Zl) — O

For y; we use Iy, (y;) = {C—cc, 1,6} rather than Zj () = {7,9,c400} for instantiation and
obtain N (after simplification):

1<z,22<0 | = T(x1), Q(x1,22)
y3=Ty1=c-c | Qy1,92) — R(ys)

y3=Ty1=1 | Qyr,y2) — Rl(ys)

ys="T,11 =6 | Q(y17y2) - R(ys)

6<z,21<9 H T(Zl) — O

plus the clauses in U>° and \IJEOO and plus the clause c_ > ¢4o0]| = O. The sets of instantiation
points for z1 in N” are Zy ,,(z,) = {¢—c0, 1,6} and Ty, (2,) = {€-0,1,6,9,c100}. The latter set
nicely illustrates how instantiation sets for particular variables can evolve during the incremental
process of instantiation. We take the set with fewer instantiation points and obtain N':

22 <0,z1=1 | = T(z1),Q(z1,x2)
) S 0,:81 =6 H — (1'1)7 Q(l’l,xg)
ys=T, 1 =c-oo | Qy1,y2) — R(ys)
yp="Ty1=1 | Qy,y2) — R(ys)
ys=T,y01=6 | Qy1,32) — R(ys)
6<z,2<9 [ T(2) - U

plus U™ U U™ U{coo > cyool| — O}. We instantiate 21 using the set Zy ,, () = {c—cc, 1,6}
and not Zy ., (z;) = {€-00,1,6,9, C o0}

T2 < 0,1 =1 H — T(xl), Q($1,$2)
2 < 0,21 =6 | = T(z1), Q(z1,22)
ys =T, =c-oo || Qy1,92) — R(ys)
ys=T,y1=1 | Qy1,92) — R(ys)
y3="T191=6 || Qy,y2) — R(ys)
z1=6 || T(=) — 0O

plus U™ U UL® U {c_oo > ciooll — O} Until now, we have introduced 6 non-redundant
instances. A completely naive instantiation approach where x1,y1,ys3,21 are instantiated with
all occurring constant symbols 0,1,6,7,9 leads to 17 non-redundant instances. This corresponds
to the originally proposed method for the array property fragment, cf. [8]. A more sophisticated
instantiation approach where x1,y1,y3, 21 are instantiated with 1,6, 7,9 (as there is no connection
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from 0 to =1, y1, ¥3, 21) leads to 13 non-redundant instances. For instance, the methods described
in [I2] produce this set of instances.

instantiation instantiation points non-redundant
method for y3, y1, T1, 21 instances
exhaustive [8] 4 times {0,1,3,6,9} 17
filtered by argu- .

ment positions [12] 4 times {1,6,7,9} 13

our approach {T: 400k, - {C00, 1,6}, 6

{c7007 ]" 6}7 {Cfoo’ 17 6}
O

The example shows that our approach to instantiation can reduce the number of introduced
instances substantially. Our approach is particularly beneficial in cases where argument positions
are to a large degree independent (i.e. not connected via =) and/or where there is a strong
imbalance between the number of upper and lower bounds that are connected to a certain argument
position. To illustrate the latter, consider a clause C' in a BSR(SLI) clause set N with base-sort
variables x1,...,Z,, which are all pairwise connected via =, and which are subject (directly or
via =2) to £ lower bounds ¢; < z1,...,¢; < 2z and k upper bounds 2 < di,..., 2, < di. Assume
that the cq,...,cp,d1,...,dy are all pairwise distinct and different from c_.,. Moreover, suppose
{ < k. Instantiating the variables z1,...,z, in C' with all constant symbols c1,...,ce, d1, ..., dg
yields (£ + k)™ instances. In constrast, by Lemma [T it is sufficient to consider the instances of
C resulting from instantiating every z; with ¢_,c1,...,co. Hence, only (£ 4+ 1) instances need
to be considered. In the extreme case where ¢ = 0 and k& > 0, our approach only needs a single
instance instead of k™ instances.

3.3 Instantiation of Free-Sort Variables

We can also follow an instantiation approach for free-sort variables. In a nutshell, we collect only
relevant instantiation points for a given argument position (cf. [(E-i)). A similar approach is taken
in [12].

Definition 19 (Instantiation Points for Free-Sort Argument Positions). Let N be a BSR(SLI)
clause set in normal form and let P : & x ... X &, be a free predicate symbol occurring in N (we
pretend that P also reaches over the predicate symbols False, : S, cf. footnote III>. For every ¢ with
& = S we define Zp; to be the smallest set satisfying the following conditions:

(a) d € Ip, for any constant symbol d for which there exists an atom P(...,d,...) in N with d
in the i-th argument position,

(b) Zp,; = fconsts(N) for any clause A||I' = A in N such that I' — A contains P(...,u,...) in
which u occurs as the i-th argument and A contains an atom of the form w & ¢ where t is
either a variable or a constant symbol.

Definition 20 (Instantiation Points for Free-Sort Argument Position Closures). Let N be a
BSR(SLI) clause set in normal form. For every free-sort argument position closure {(P, i) induced
by = we define the set Zyp ;) of instantiation points for }(P,i) by Typs = U(Q,j}ei}(P,i) 79,5
if this results in a non-empty set. Otherwise, we set Zyp; := {d} for an arbitrarily chosen
d € fconsts(N).

Lemma 21. Let N be a finite BSR(SLI) clause set in normal form. Suppose there is a clause C
in N which contains a free-sort variable u. Let Ny := (N \ {C}) U {C[u/c] | c €Ty )} N
is satisfiable if and only if Nu is satisfiable.

Proof sketch. The proof of the “if”-part proceeds along similar lines as in the proof of Lemma [T41
The main difference is the family of projection functions 7 p s : ZU S8 — ZUSA, which we now
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define by

a if & =S and a = ¢ for some ¢ € Zy(pyiys
Ty(pay(a) == dﬁ(RZ’) if & =S and a # ¢ for every c € Typay
a if 51 = Z,

where for every argument position closure (P, i) we fix some default instantiation point dyp;y €
Zy(p,iy, for which we choose an arbitrary constant symbol from Zyp ;.

3.4 Avoiding Immediate Blowups

Compared to naive approaches to instantiation of integer-sort and free-sort variables, our methods
produce exponentially fewer instances in certain cases. Still, the number of instances can become
very large. Consider again the clause C := y3 < 7,91 < y3 || Q(y1,92) — R(y3) from Example [[8
Instantiating y3 with Zy(,,) = {7,cyo0} first and then y; with Zy.,,) = {c_,1,6} leads to
| Za(ys)| - | Zy(yy)| = 6 instances of C' (before simplification):

T<T ccu<Tys=T,pn =c-o | Qly1,y2) — R(ys),

7 < 77 1< 77 Y3 = 77 Y1 = 1 || Q(y17y2) — R(yS) s
T<7,6<Tys=",01=6 || Qy1,92) — R(ys),

Ctoo ST, Cooo S Choo, Y3 = Choos Y1 = C—oo || Qy1,92) —  R(ys),
Ctoo <7, 1< Choo, Y3 =Croo, 1 =1 || Q(y1,y2) — R(ys),

Ctoo ST, 6 < Croo, Y3 = Croo, 1 =6 || Q(y1,92) —  R(ys) -

We refer to this set as M7. Although simplification will remove the last three clauses, as they are
redundant, we add instances to the clause set without knowing whether they are really necessary
for showing unsatisfiability, for instance.

We can, on the other hand, leave it to the theorem prover to decide when instantiation is
appropriate. In order to do so, we need to encode the information contained in the computed
sets of instantiation points into the clause set using a standard technique. Regarding the above
example, this leads to the set My containing |Zy(,,)| + |Zy(y,)| + 1 = 6 clauses:

Y3 <7, y1 <ys || Sys(ys), Sy, (1), Qy1,92) — R(ys),
ys =7 | — Sy (Y3)
Y5 =cioo || — Sys(y5)
Yi=c- | — Sy, (¥1)
y,é: =1 H - Syl (yilil) )
yi' =6 | — Sy, (y1") -

Hierarchic superposition, for instance, can generate the clauses in M; from the clauses in Mo
by resolving over the atoms Sy, (...). However, in order to derive the empty clause from an
unsatisfiable clause set, it is not always necessary to generate all instances. Instead, a refuting
theorem prover can use the information encoded in Mj to instantiate C' on demand. This might
prevent a non-linear blowup caused by immediate instantiation with all instantiation points, since
we trade the multiplication in |Mi| = |Zy(yy)| - [Zy(yy)| for addition in |[Ma] = [Zy(yq)| + |Zyyy| + 1.

4 Stratified Clause Sets

In this section we treat certain clause sets with uninterpreted non-constant function symbols. By a
transformation into an equisatisfiable set of BSR clauses, we show that our instantiation methods
are also applicable in such settings.

Definition 22. Let N be a finite set of variable-disjoint first-order clauses in which also non-
constant function symbols occur. By I1y and 2 we denote the set of occurring predicate symbols
and function symbols (including constants), respectively. N is considered to be stratified if we can
define a mapping lvly : (IIy UQx) x N — N that maps argument position pairs (of predicate and
function symbols) to nonnegative integers such that the following conditions are satisfied.

(a) For every function symbol f : & X ... X &, — &nt1 and every @ < m we have Wiy (f,i) >
Wiy (f,m + 1).
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(b) For every (sub)term g(s1,...,8k—1,f(t1,..-,tm),Sk+1,-.-,Sm/) occurring in N we have
Wiy (f, m+ 1) = lvly (g, k). This includes the case where f is a constant symbol and m = 0.
Moreover, this also includes the case where g is replaced with a predicate symbol P.

(c) For every variable v that occurs in two (sub)terms f(s1,...,8k—1,0,Sk+1s---, Sm) and
g(t1, .yt —1,0, b 41, -« -y ty) In N we have WIn(f, k) = lvln(g,k’). The same applies,
if f or g or both are replaced with predicate symbols.

(d) For every equation f(s1,...,8m) =~ g(t1,...,tm ) we have Wiy (f,m + 1) = Wiy {g,m’ + 1).
This includes the cases where f or g or both are constant symbols (with m = 0 or m’ = 0
or both, respectively).

Several known logic fragments fall into this syntactic category: many-sorted clauses over strati-
fied vocabularies as described in [T}, [16], and clauses belonging to the finite essentially uninterpreted
fragment (cf. Proposition 2 in [12]).

Lemma 23. Let C =T — A be a first-order clause and let f, ..., f, be a list of all uninterpreted
non-constant function symbols occurring in C. Let Ry, ..., R, be distinct predicate symbols that
do not occur in C and that have the sort R; : &1 X ... X &, X €1, if and only if f; has the sort
& X . X &y = Emy1. Let @1 and P, be the following sets of sentences:

P, = {le...xmuv. Ri(z1, ..., Zmyu) A Rj(21, ..., Zm,v) > UV ‘ 1< < n}
and ¥, = {le vy . Ri(x1, .oy T,y 0) ’ 1 <4< n} There is a clause D that does not
contain non-constant function symbols and for which the set {D} U ®; U ®3 is equisatisfiable to

C.

Proof sketch. We apply the following flattening rules. v stands for a fresh variable that has not
occurred yet. P ranges over predicate symbols different from ~. 5 and ¢ stand for tuples of
arguments.

F’ fz( ) f] (f) (fun-funleft) r—-a fZ( ) fj (E> (fun-funright)
T, Ri(5,v), R;(f, )—>A I\ Ri(5,v) = A, R;(t,v)
L fZ(S) e A (fun-const left) r-a fZ(S) (fun-const right)
I'Ri(5,c) > A ' — A, R;(S, )
T, fi(3) = i(S) =
fZ(S) v A (fun-var left) I A’ fl(S) (fun-var right)
Ri(5,x I' = A, R;(5,z)
I P( > 1(5),---)*>A (fun left) F%Aap(vfl(s)v) (fun right)
T, Ri (3, ),P(...,v,...) A T Ri(3,0) = AP(...,v,...)

O

Given a BSR clause I' — A, we consider an atom R;(¢,v) in A to be guarded, if there is also an
atom R;(8,v) in I'. With the exception of the rule (fun-var right) the flattening rules presented
in the proof of Lemma 23] preserve guardedness of atoms in A and introduce atoms Rj;(t,v) on
the right-hand side of a clause only if at the same time a corresponding guard is introduced on
the left-hand side of the clause.

Hence, if we are given a stratified clause set in which the atoms x ~ t in the consequents of
implications are subject to certain restrictions (e.g. t # f(...) and guardedness of atoms u = ¢ and
u & v), then the above flattening rules yield clauses that belong to the following class of BSR(SLI)
clauses—after necessary purification and normalization steps. In the definition we mark certain
predicate symbols that are intended to represent uninterpreted functions. By adding suitable
axioms later on, these will be equipped with the properties of function graphs.

Definition 24 (Stratified and Guarded BSR(SLI)). Consider a BSR(SLI) clause set N in normal
form. Let Ry,..., R, be a list of predicate symbols that we consider to be marked in N. We call
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N stratified and guarded with respect to Ry, ..., Ry, if and only if the following conditions are
met.

(a) There is some function lvly : IT x N — N that assigns to each argument position pair (P, )
a nonnegative integer Ivly (P, 4) such that

@1) (Pi) =N (Q,J) entails Wy (P, i) = Ivin(Q, j), and
@ 2) for every marked predicate symbol R; : & X ... X &, X &n41 we have Wvly(R;, 1) >
j j
Ivly (R, m + 1) for every i < m.

(b) In every clause A||[I' — A in N any occurrence of an atom R;(s1,...,8m,v) in A entails
that T contains some atom Ry(t1,...,tm,v).

(¢) For every atom u = t in N, where t is either a free-sort variable v or a free-sort constant
symbol, at least one of two cases applies:

@1) u =~ t, which must occur in the consequent of a clause, is guarded by some atom
R;(t1,...,tm,u) occurring in the antecedent of the same clause.

@2) For every marked predicate symbol R; : & X ... X &y X &pny1 and every argument
position closure {5 (R;,4) with 1 <i < m we have {5 (R;,i) N4y (u) =0. If t = v, we
in addition have | 5 (R;,7) Ny (v) = 0.

Notice that any atom u & v over distinct variables requires two guards R(5,u) and R(¢,v) in
order to be guarded in accordance with Condition (@)

Let N be a finite BSR(SLI) clause set in normal form that is stratified and guarded with
respect to Ry,..., R,. Let R; 1 & X ... X &y X &1 be marked in N and let P : (3 X ... X Gy
be any predicate symbol occurring in N (be it marked or not). We write R; = P if and only if
Wiy (Ri,m~+1) > ming<g<m (1V1N<P, E)) Without loss of generality, we assume Ry =N ... =N Rj.
Let @y := {Va1...xput/ (Ri(x1,...,Tm,u) A Ri(z1,...,Zm,u’)) = u =~ u' | R; has arity m + 1}
and @y = {Vx1...2pJu. Ri(x1,...,2m,u) | R; has arity m + 1}, where “~” is a placeholder
for “a~” in free-sort equations and for “=" in base-sort equations.

Given a set M of BSR(SLI) clauses and an (m + 1)-ary predicate symbol R that is marked in
M, we define the set ®(R, M) :=

{R(c1,...,m,dRe,...c,,) | {c1,.. . cm) € ILTJ<R7.>}
U{V:cl e Ty V(ch...,cm)elﬁﬁmy_) R(x1,...,Tm, dRcl...cm)}

U{V:cl cee . Rz, T, u) — \/<Cl emyezl™ U~ dRcl...cm}
seenCm Uar(R,-)
U{Ve1 ... &m. R(@1,. .., Zm,dRey e ), R(T1, ... T, dRret...cr)
— dRcl...cm = dRc’l...c’m } <Clv R Cm>a <c/17 SRR C{m> € IEZ)(R,)}
where Il[f:j(R,») is used as an abbreviation for IllM<R,1) X ... X IUM<R,m) and the dpe, ..., are

assumed to be fresh constant symbols. It is worth noticing that the clauses corresponding to
®(R, M) are stratified and guarded BSR(SLI) clauses.

We construct the sequence My, My, ..., M, of finite clause sets as follows: My := N, every
My with £ > 0 is an extension of M, by the BSR(SLI) clauses that correspond to the sentences
in (I)(Rg_H, Mg).

Lemma 25. The (finite) set N U ®; U P, is satisfiable if and only if M, is satisfiable.

Proof sketch. Any hierarchic model of ®(Ry, My)U...UP(R,, M, _1) is also a hierarchic model of
®; Ud5. Hence, any hierarchic model of M, is also a hierarchic model of N U®; U®5. Conversely,
from any hierarchic model A = N U ®; U ®5 we can construct a hierarchic interpretation B that
is a model of both sets N U ®; U &5 and M, and for which the following set is finite for any
R:& x ... x & X &pny1 that is marked in NV:
{be B ., | there are ay, ..., a,, such that (ai,...,a,,b) € RB}.

We develop the details of this construction in the proof of Lemma [30] in the appendix. Having B,
we show that B = N U ®; U Py (Lemma [30) and that B = M,, (Lemma [BT]). O
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This lemma entails that all the instantiation methods developed in Section [B] can be used to
decide satisfiability of stratified and guarded BSR(SLI) clause sets.

Remark 26. In the definition of the sets ®(R, M) we refrained from optimizing the number of
instantiation points by means of using Z (p) instead of Z (g where this would lead to fewer
instances. It is clear however, that this sort of optimization is compatible with the taken approach.

We can add another background theory to the stratified and guarded fragment of BSR(SLI)
while preserving compatibility with our instantiation approach. Let I+ and €27 be finite sets of
sorted predicate symbols and sorted function symbols, respectively, and let 7 be some theory over
I+ and Q7. We assume that II; is disjoint from the set II of uninterpreted predicate symbols.
For any set X of variables, let T7(X) be the set of all well-sorted terms constructed from the
variables in X and the function and constant symbols in Q7.

Definition 27 (BSR(SLI+7)). A clause set N belongs to BSR(SLI+T ) if it complies with the
syntax of a BSR(SLI) clause set that is stratified and guarded with respect to certain predicate
symbols Ry, ..., R, with the following exceptions. Let C := A ||T' — A be a clause in N. We allow
atoms P(s1,...,8,) with P € It and sq,..., 8y, € T7(Vz U Vs)—including equations s; /2 so—,
if for every variable u occurring in any of the s; there is either a LIA guard of the form v = ¢ in
A with ¢ being ground, or there is a guard R;(t1,...,tm/,u) in T

The instantiation methods presented in Section [ are also applicable to BSR(SLI+T7), since
Lemmal[25] can be extended to cover finite BSR(SLI+7) clause sets. When computing instantiation
points for BSR(SLI+T) clause sets, we ignore 7T-atoms. For example, a clause ||R(t,u), P(s,c) —
P(s',u),Q(u) where P(s,c) and P(s',u) are T-atoms, does not lead to an instantiation point ¢
for (@, 1). If we stick to this approach, the proof of Lemma 25| can easily be adapted to handle
additional T-atoms. The involved model construction remains unchanged. 7-atoms are basically
treated like guarded free-sort atoms u = d.

Proposition 28. BSR(SLI+7) allows an (un)satisfiability-preserving embedding of the array
property fragment with integer-indexed arrays and element theory T (cf. [8]) and of the finite
essentially uninterpreted fragment extended with simple integer arithmetic literals (cf. [12]) into
BSR(SLI4+T).

Example 29. The following formula ¢ belongs to the array property fragment with integer indices
and the theory of bit vectors as the element theory. The operator ~ stands for bitwise negation
of bit vectors and the relations < and ~ are used as the “at most” and the equality predicate on
bit vectors, respectively. Moreover, a[i] denotes a read operation on the array a at index i.

p:= c>1 N Vij. 0<i<j — ali] Xalj]
A Vi. 0<z<c—1—> ali] X ~al0]
A alc] ~ ~al0]
A Vi iZc—i—l—) ali] = ~al0]

Translating ¢ into BSR(SLI4+T) yields the following clause set N, in which we consider P, to be

marked.
— u ="

— u =X ~v
— U~
— Uz~
or P, (cf. the sets &

0<4,1<y P,(i,u), Py(j,v
c<l| =0 0<ii<ey=0 H Pa((z,u)),Pa((,v
e£c—1| — 0O
f#e+1 ” -0 :L.':C,y:() H Pa(z,u),Pa(y,v
i>fy=0 | Paliu), Paly,
In order to preserve (un)satisfiability, functional axioms have to be added
and ®, that we used earlier). Doing so, we leave BSR(SLI+T).
The clause set N induces the set Zy(p, 1y = {¢-o0,0, ¢, f} of instantiation points for the index
of the array. An adaptation of Lemma 25 for BSR(SLI+7) entails that adding the clause set N’
corresponding to the following set of sentences yields a BSR(SLI4+T) clause set N U N’ that is
equisatisfiable to .
{Pa(Cl,dpac/) } = {c_oo,O,c,f}}
U {Vi. Vecte oo P,(i,dp,o)}
U {Viu P (1,0) = Veete e = dre)
U {Vi. Po(i,dp,er), Pa(i,dp,ev) = dp,er = dp,er

P—hvvv\./

cd, e {c_OO,O,c,f}}
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Using the instantiation methods that we have developed in SectionsB.I1-[B.3] the set NUN' can be
turned into an equisatisfiable quantifier-free clause set. One possible (uniform) model A = NUN’

assigns ¢ = —1, et =2, A =3, fA=44df, =00, dp, =01, dE, =01 d3 =10,
d“fg‘af = 11, and yields the array (01,01,01,10,11,11,11,...). O

In the original array property fragment [§] no nestings of array read operations are allowed.
The stratification criterion in BSR(SLI4+7") prevents nestings of the form alali]], but it does not
prevent nestings of the form a[b[i]] with @ # b. In this sense, but not only in this sense, our
fragment allows more freedom in formulating properties of arrays than the original array property
fragment.

5 Discussion

We have demonstrated how universally quantified variables in BSR(SLI) clause sets can be instan-
tiated economically. In certain cases our methods lead to exponentially fewer instances than a
naive instantiation with all occurring integer terms would generate. Moreover, we have sketched
how defining suitable finite-domain sort predicates instead of explicitly instantiating variables can
avoid immediate blow-ups caused by explicit instantiation. It is then left to the theorem prover
to actually instantiate variables as needed.

We have shown that our methods are compatible with uninterpreted, non-constant func-
tions under certain restrictions. Even another background theory 7 may be added, leading to
BSR(SLI4T). This entails applicability of our instantiation approach to known logic fragments,
such as the array property fragment [8], the finite essentially uninterpreted fragment with arith-
metic literals [12], and many-sorted first-order formulas over stratified vocabularies [1, [16].

The instantiation methodology that we have described specifically for integer variables can also
be adapted to work for universally quantified variables ranging over the reals [24]. Our computation
of instantiation points considers all argument positions in predicate atoms independently. This
can be further refined by considering dependencies between argument positions and clauses. For
example, this refinement idea was successfully applied in first-order logic [9} [16].

Once all the integer variables are grounded by successive instantiation, we are left with a clause
set where for every integer variable x in any clause there is a defining equation z = ¢ for some
constant ¢. Thus, the clause set can actually be turned into a standard first-order BSR clause
set by replacing the integer constants with respective fresh uninterpreted constants. Then, as an
alternative to further grounding the free-sort variables, any state-of-the-art BSR decision procedure
can be applied to test satisfiability [22][15] [2]. It is even sufficient to know the instantiation sets for
the base sort variables. Then, instead of explicit grounding, by defining respective finite-domain
sort predicates for the sets, the worst-case exponential blow-up of grounding can be prevented, as
outlined in Section [3.4]
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A Appendix

A.1 Details Concerning Section B3.1]
Proof of Lemma [T4]

Lemma. Let N be a finite BSR(SLI) clause set in normal form such that, if the constant symbol
€0 Occurs in N, then U™ C N. Suppose there is a clause C' in N which contains a base-sort
variable z. Let N, be the clause set N, := (N\{C}) U {C[z/c] | c€Ty (@} U ¥3® Nis
satisfiable if and only if N, is satisfiable.

Proof. The “only if”-part is trivial.

The “if”-part requires a more sophisticated argument. In what follows, the notations = and
| always refer to the original clause set N. Let A be a hierarchic model of N,. We use A to
construct the hierarchic model B as follows. For the domain S? we reuse A’s free domain SA. For
all base-sort and free-sort constant symbols ¢ € consts(N), we set ¢® := ¢A. For every predicate
symbol P : & x ... x &, € II that occurs in N, for every argument position i, 1 < i < m, with
& = Z, and for every interval p € Pﬁ p,iy Lemma [[3 and the extra clauses in ¥ ™ guarantee the

existence of a base-sort constant symbol cy(p), € Zy(), such that cfwi) p €D Based on this
observation, we define the family of projection functions myp ;) : Z U SB 5 ZUSA by

Cf(Ri)m if & = Z and p € P

W(Pyi)
Ty(pay(a) i= is the interval a lies in,
a if¢& =38.
Using the projection functions 7y p;, we define the sets PB 5o that for all domain elements
a,...,0a, of appropriate sorts (ai,...,a,) € PP if and only if (mypay(ar), -, Typmy (am)) €
PA,

We next show B = N. Consider any clause C' := A’ || TV — A’ in N and let §: VzUVs —
ZUSB be an arbitrary variable assignment. From 3 we derive a special variable assignment 3, for
which we shall infer A, 3, = C as an intermediate step: B (v) := my(,)(B(v)) for every variable

v. If C" # C, then N, already contains C’, and thus A, 5, | C’' must hold. In case of C' = C,
let p, be the interval in ’Pl“f‘(m) containing the value (z), and let ¢, be an abbreviation for CU(x),pe-

Due to B (z) = ¢ and since A is a model of the clause C[x/c*} in Nm, we conclude A, 3, = C.
Hence, in any case we can deduce A, 8, | C’. By case distinction on why A, 3, = C’ holds, we
may use this result to infer B, 5 = C".

Case A, 3, £ s<t for some ground atomic constraint s<t in A’. Since B and A interpret constant
symbols in the same way and independently of a variable assignment, we immediately get

B, [l s<t.

Case A, B £ (y < d) € A’ for some base-sort variable y, some constant symbol d, and < €{<,
=,>}. This means S,(y) < d*. Let p be the interval from Pﬁy) that contains B(y) and
therefore also S (y).

If d* lies outside of p, then B,(y) < d* if and only if 3(y) < d*, since B.(y) € p and
B(y) € p. Thus, d® = dA entails B, 3 = y < d.

If p is the point interval p = {d*}, then B(y) = Br(y) = d*, and thus B, 8 [~ y < d.

Suppose p = [ry, 7] and 7, < dA < 7y, then < # < since B,(y) = cf(y)p =7, < d?
(by Lemma [I3). Moreover, we conclude d & Zy,), since otherwise p would be of the
form p = [dA, r,] by the construction of Pﬁy). Therefore, < ¢{=, >}, since otherwise
the instantiation point d would be in Zj,). But this contradicts our assumption that
de{<g, =2}
The case p = [ry, +00) with 7y < d* can be handled by similar arguments.

19



Suppose p = [dA, r,] and d* < 1, then B, (y) = cf(y) p= d* by Lemma [[3 Consequently,
< ¢{<,=,>}. This contradicts the assumptions we made regarding the syntax of the
constraint y < d.

The same applies in the case p = [d*, +00).
Suppose p = (—o0,r,] with d4 < r,, or p = (—o0, +00). We know ¢*__ € p due to the extra
clauses in N,,.
If ¢A_ = d*, then d = ¢_,,. Since we also have B;(y) = ¢, < cannot be one of the
relations <, =, >.

If A # d*A, the fact that d“! lies within p entails that d does not belong to Zy(y)-
Hence <1¢{ ,>}. Therefore, we observe 3, (y) > d*. But S, (y) = ¢, then leads
to a contradiction with the clauses in ¥ ™.

Case A, 8 £ (y < z) € A’ for some base-sort variables y, z. This means (. (y) > ﬂﬁ(z) Since N
is in normal form, we know that I' — A must contain atoms P(...,y,...) and R(.. ).
By Lemma [12 it follows that the partition Pff(z) is a refinement of Pﬁy).

Let p, = [r],rY] € PU( ) be the interval which contains S(y) and let p. = [r{,r}] € 7)114(2) be
the interval which contains §(z). We distinguish several cases.

If Bx(2) lies outside of p,, then r} = B:(2) < Bx(y) = r} together with the fact that PMZ)

is a refinement of Pf(y) implies 7 < rj. Hence, 8(z) € [rf,r] and B(y) € [r}, Y] entail
B(z) < B(y) and thus B, B £y < z.

Suppose Br(z) lies inside of p,. Since Pff(z) is a refinement of Pf(y), we must have that
[r7,rz] C [r],r¥]. But then B(y) = r{ < rj = Bx(z) contradicts the observation that
Br(y) > Bx(2)-

Cases where p, = [r},+00) or p. = [r},+00) can be handled similarly.

Suppose p is of the form (—oo, Y] or (—oco, +00). In this case we have B, (y) = cA,,. This
contradicts the observation 5. (y) > Bx(2).

Suppose p, is of the form (—oo, rZ] or (=00, +00). In this case we have (,(z) = ¢, . Since
Pﬁz) is a refinement of Pﬁy), we either have p, C p, or p, does not overlap with
p.. The former contradicts previous observations. Therefore, the latter must apply
and p, must be of the form [r], Y] or [r],+oc0). Moreover, p. has the form (—oco,rZ]
with 72 < rf. But then we conclude (z) < rZ < r] < B(y). This observation entails

B,BEy <z

Case A, B = s &~ s’ for some free atom s ~ s’ € I". Hence, s and s’ are either free-sort variables
or constant symbols of the free sort, which means they do not contain subterms of the base
sort. Since B and A behave identical on free-sort constant symbols and B(u) = Br(u) for
any variable u € Vs, it must hold B, 8 }£ s ~ s'.

Case A, B |E s~ s for some s ~ s’ € A’. Analogous to the above case, B, 8 = s & s’ holds.

Case A, B [~ P(s1,...,8m) for some free atom P(sy,...,S,,) € I''. This means
(A(Br)(51), .-, A(Br)(5m)) & PA.

Every s; of the free sort is either a constant symbol or a variable. Thus, we have A(8:)(s;) =
B(B)(s:) = my(piy(B(B)(si)), since free-sort constant symbols are interpreted in the
same way by A and B, and because 8, (u) = (u) for every free-sort variable u.

Every s; that is of the base sort must be a variable. Hence, A(B:)(s;) = Cﬁ(RZ’)m
7y psy (B(B)(s:)), where p is the interval in Pfuw which contains 3(s;) (and thus also
Bx(s;)) and where we have {(s;) = (P, ).
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Put together, this yields <7Tu<P71>(B(ﬁ)(81)), e TT(Pm) (B(ﬁ)(sm))> ¢ PA. But then, by
construction of B, we have (B(8)(s1),...,B(8)(sm)) & P?, which entails B, 8 [~ P(s1,...,

Sm)-
Case A, B = P(s1, ..., 8m) for some free atom P(sy,...,sy,) € A’. Analogous to the above case
we conclude B, 8 = P(s1,...,8m).
Altogether, we have shown B = N. O

A.2 Details Concerning Section [3.3]
Proof of Lemma [21]

Lemma. Let N be a finite BSR(SLI) clause set in normal form. Suppose there is a clause C in
N which contains a free-sort variable u. Let N, := (N\ {C}) U {C[u/c] | ¢ €Iy, )} Nis
satisfiable if and only if ]Vu is satisfiable.

Proof. The “only if”-part is trivial.

Consider the “if”-part. In what follows, the notations = and | always refer to the original
clause set N. Let A be a hierarchic model of N,,. We use A to construct the hierarchic model B
as follows. For the domain SB we take the set {a € S | a = ¢ for some ¢ € feconsts(N)}. For
all base-sort and free-sort constant symbols ¢ € consts(N), we set ¢B := ¢A. For every argument
position closure |(P, i) we fix some default instantiation point dy(p; € Zy(pys. To this end, we
choose an arbitrary constant symbol from Zy p;y. We define the family of projection functions
TY(P,i) ZZUSB — ZUS'A by

a if & = S and a = ¢ for some ¢ € Zy(pyiys
Ty(pay(a) == df(Pi> if & =S and a # ¢ for every ¢ € Typay
Using the projection functions 7y p,, we define the sets P8 5o that for all domain elements
ai,..., a4, of appropriate sorts (ay,...,an) € PP if and only if (myp1)(a1),..., Typmy(am)) €
PA,

We next show B = N. Consider any clause C' := A" || TV — A’ in N and let §: Vz U Vs —
7 U 8B be an arbitrary variable assignment. From 3 we derive a special variable assignment
Br for which we shall infer A, 3, &= C’ as an intermediate step: for every variable v we set
Br(v) = Ty (B(v)). If C" # C, then N, already contains C”, and thus A, 8; = C’ must hold.

In case of ' = C, we know that there is some constant symbol ¢ € Zy(, such that 8. (u) = A

Since C’[u/c} is a clause in ﬁu, A is a model of C’[u/c} and thus we conclude A, 8, E C. Hence,
in any case we can deduce A, 3, | C’. By case distinction on why A, 8, E C’ holds, we may use
this result to infer B, 5 = C”.

Case A, Br £ s<t for some atomic constraint s <¢ in A’. Since B and A interpret constant
symbols in the same way and since 8 and [, assign identical values to all base-sort variables,
we immediately get B, 5 [~ s <t.

Case A, B [~ s ~ t for some free atom s &~ s’ € I'. Since C’ is in normal form, s and s’ must be
constant symbols. B and A interpret constant symbols in the same way and independently
of a variable assignment and thus we immediately get B, 8 |~ s ~ t.

Case A, B E st for some s ~t e A

If s and ¢ are constant symbols, we know that B, 5 = s & ¢ holds, by analogy to the above
case.

If 5 is a free-sort variable v and ¢ is a constant symbol d, we know that d € Zy(,y = fconsts(NN)
and thus S, (v) = d* = B(v). This entails B, 3 = v ~ d.
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If s is a free-sort variable v and ¢ is a free-sort variable w, we know that Zy,y = Zy) =
feconsts(N) and thus 8(v) = B (v) = Br(w) = B(w). Consequently, we have B, 8 |E v ~
w.

Case A, B £ P(s1,...,5m) for some free atom P(s1,...,sp) € I'". This means (A(8x)(s1), ...,
A(Br)(sm)) & PA.

Every s; that is of the base sort must be a variable. Hence, A(8:)(s;) = Bx(s;) = B(si) =
TPy (B(s:)) = mycp (B(B)(s4))-

Every s; of the free sort is either a constant symbol or a variable.
If 5 is a constant symbol d, then we have d € Z,(p;y. Hence, we have A(f,)(d) = A =
TY(P,i) (dA) = TY(P,i) (dB) = TY{P,i) (B(B)(d)) -
If s; is a variable v, then

A(Br)(v) = Br(v) = my() (B(v)) = my(p,iy (B(B)(v))-

Put together, this yields <7Tu<P71>(B(ﬁ)(81)), e TT(Pm) (B(ﬁ)(sm))> ¢ PA. But then, by
construction of B, we have (B(8)(s1),...,B(8)(sm)) & P?, which entails B, 8 [ P(s1,...,

Sm)-

Case A, B: E P(s1,...,8m) for some free atom P(s1,...,8m,) € A’. Analogously to the above
case we conclude B, 8 = P(s1,...,8m).

Altogether, we have shown B = N. O

A.3 Details Concerning Section 4l

Lemma 30. Let N be a clause set in normal form and let N be stratified and guarded with
respect to Ry,...,R,. Let N’ be the clause set that we obtain from N by adding the clauses
corresponding to the following sets of sentences:

Py = {Vay...opu.(R(z1,..., Zmu) AR(1, ..., 2m,v)) > ur
| R:& X ... X &n X &mat is marked in N}

and
Dy = {Vxl...melu.R(zl,...,xm,u) | R:& X ... X &n X Emar is marked in N} .

If N’ is satisfiable, then there is a model B of N’ such that the following set is finite for any

R:& x ... X &n X Emyr:
{b € ¢B | | there are ay,...,a, such that (ai,...,a,,b) € RB}.

Proof. Without loss of generality, we assume Ry =y Re =N ... =N Ry.

Let A be a model of N'. For every R : & X ... X &n X &ny1 among the Ry, ..., R, let
TH x.ox A — §£+1 be a mapping such that for every tuple (ay,...,a,) of domain
elements we have

(a1,..., Oy Th (A1, .. 0m) ) € RA
Due to A | @1 U &y, every ijf is uniquely determined.

In the rest of the proof || is an abbreviation for |}, and = stands for =x.

Let P be any predicate symbol occurring in N. We introduce artificial instantiation points as
follows. Let Z(p ;) be the smallest set satisfying the following requirements.

(Z-a) Zupiy © Zu(p,i-

(Z-b) For every R: & X...X&m X Emt1 that is marked in N and for which R > P and (R,m+1) =
(P,i) we have dRe,...c,, € Ly(p,y for all tuples (c1,...,¢cm) € Zy(r1y X - X Ly(Rm)-
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(f—c) If there is some free-sort atom u = ¢ (¢ being ground or non-ground) in N that is not guarded
(cf. Condition (@) in Definition 24) and for which | (u) = ((P, ), then Zyq ;y € Zy(p; for
every argument position pair (Q, j).

In other words, in this case il}( p,iy collects all artificial instantiation points that are intro-

duced into any set Zyq,j)-

The dg., .. are assumed to be fresh constant symbols that do not occur in N. Their intended
.A( A A

meaning is fixed by assuming dA Reronen = Th(C15 -+, ¢n) (Without loss of generality). Moreover,
we assume that ¢_,, does not occur in N (but may occur as instantiation point) and we set the
value of c_, so that cA < ¢ holds for every base-sort constant symbol ¢ occurring in N and

any c that is an art1ﬁc1al instantiation point of the base sort.

-Cm

Claim: For every argument position closure (P, ) the set Zﬁ( P,y is finite.

Proof: All the Zy(q ;) are finite, since N and the clauses therein are assumed to be finite. Hence,

if Zy(p,qy were infinite, then it would contain infinitely many artificial instantiation points.
with R : & X ... X
Em X &1 and R’ 0 ¢ X ... X (e X (1, both being marked in N. Hence, dR’C’l---Cﬁn/ €
Tyray \ Ty(rs-

Assume that dprc; . , has been added to 7 U(R,k) because of requirement Hence, there
is some free-sort variable u such that |(R, k) = |(u) and there is some unguarded free-sort
atom u = t in some clause in N. By Condition (@2) of Definition 24) R cannot be marked
in N. This contradicts our assumptions.

Assume that dg/. ey has been added to Ii&( R,k because of requirement Conse-

quently, we have R' - R and (R',m'+1) = (R, k). The latter fact entails 1V1N<R', m'+1) =
lviy (R, k). Since N is stratified and R marked in N, we must have Wiy (R, k) > Wiy (R,
m + 1). Hence, VI (R',m' + 1) > WWIny(R,m + 1).

This means, the length of chains of the form d; = dR].I,,,dZ,,,, dy = dez---dz---v cony dp =

Consider any artificial instantiation point dRCl»»»Ck—ldR/cfl...cf ChgrCm
m

dek»»»dk +1..., -+~ is upper bounded by the highest level that lvly assigns to any argument

position pair in N.

Consequently, fil( p,iy must be finite. O
We next define a family of projections mp;) for every predicate symbol P : (1 X ... X (m

occurring in NV:

C&P,i),p if¢;=Zandpe Pu(P is the interval a lies in,
Typay(a) == qa if (; =& and a = ¢* for some c € Iu(pw

dU(PO if ¢, =S and a # A for everyceIMpw

where 7) (P.i) is defined based on Iu(Pw (cf. Definition ), cy(p,,p is some constant symbol in
Iu(Pz) such that CMP o € and dyp,; is some default instantiation point of sort S picked from

Ty(py (00t Ty(pa)-
We are now ready to construct the hierarchic interpretation B:

o S8 :={c*|ce feonsts(N)}

LJ{CZRC1 ’ dRey...c,, 18 some free-sort artificial instantiation point},
o B := A for every constant symbol occurring in N and also for every artificially introduced
instantiation point dpe, ...c,,, i-e. do, . =Ta(cf, ..., ),
e for every non-marked @ : (3 X ... X (,, occurring in N and every tuple {(a1,...,a,,) of

appropriate sort we set (a1,...,a,,) € @ if and only if (my(g.1)(a), ..., Ty@m)(am)) € Q4,
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e for every marked R : & X ... X &y X &ny1 occurring in N, every tuple (aj,...,a,) of
appropriate sort, and any domain element b we set (ai,...,d,,b) € RB if and only if
<7Tu(R71>(a), . ,Wu(Rﬂm(am), b> € RA.

Notice that (ai,...,a,,,b) € RB if and only if b = Tﬁ(ﬂu<R71>(a1), o T(Rym)Y (A ) for every
marked R, because of A = ®;. Hence, the set

{b | there are ai,...,a,, such that {(a;,...,a,,b) € RB}
is finite.

Next, we show B = N’. The first observation that we make is that, due to A | ®; U ®5 and
due to the construction of B, B also satisfies ®; U ®5. It remains to show that B is a hierarchic
model of N.

Consider any clause C := A | T — Ain N and let 8 : Vz U Vs — Z U SB be some variable
assignment. From f we derive a special variable assignment S,: for every variable v we set
Br(v) := Ty (B(v)). By assumption, A is a model of C' and thus we conclude A, 3, = C. By
case distinction on why A, 8, = C holds, we may use this result to infer B, 5 | C.

Case A, B £ s <t for some ground LIA constraint s <t in A. Since B and A interpret constant
symbols in the same way and independently of a variable assignment, we immediately get

B, Bl s<t.

Case A, B I~ (y < d) € A for some base-sort variable y, some constant symbol d, and < €{<,
=,>}. This means B;(y) & d*. Let p be the interval from Pff(y) that contains (y) and
therefore also B, (y).

If d* lies outside of p, then fB,(y) < d* if and only if 3(y) < d*, since B.(y) € p and
B(y) € p. Thus, d® = d* entails B, 3 =y < d.

If p is the point interval p = {d}, then B(y) = Bx(y) = d*, and thus B, 3 £ y < d.

Suppose p = [ry, 7] and 7, < dA < 7y, then < # < since B,(y) = Cf(y),p =7, < d?
(by Lemma [I3). Moreover, we conclude d ¢ Zy,, since otherwise p would be of the
form p = [dA, r,] by the construction of ’ﬁﬁy). Therefore, < ¢{=, >}, since otherwise
the instantiation point d would be in Zy,). But this contradicts our assumption that
el = >}
The case p = [ry, +00) with 7y < d* can be handled by similar arguments.

Suppose p = [d4,r,] and dA < r,, then B, (y) = cﬁ(y)’p = d* by Lemma [[3l Consequently,

< ¢{<,=,>}. This contradicts the assumptions we made regarding the syntax of the
constraint y < d.

The same applies in the case p = [d*, +00).

Suppose p = (—o0,r,] with d* < r, or p = (—o0,+00). We know ¢ € p due to our
earlier assumption on the value that is assigned to c_., by A. By the same assumption,
we know that ¢, < d*. The fact that d lies within p entails that d does not belong to

Z}(y). Hence, <¢{=, >}. Therefore, we conclude £, (y) > d*. But B,(y) = ¢, < dA
then leads to a contradiction.

Case A, B £ (y < 2z) € A for two base-sort variables y, z. This means S, (y) > B(2).

Claim: iu(y) - iU(Z)'

Proof: Since N is in normal form, we know that I' — A must contain atoms P(...,y,...)
and Q(...,z,...) where y occurs in the i-th argument position and z in the j-th. Hence,
we have (P,i) = (Q,j) and thus also Zy(p;y € Zy(q,j), by Lemma T2
Suppose that R : & X ... X &, X &ny1 is some marked predicate symbol such that
R > P and (R,m+ 1) = (P,i). Since we assume N to be stratified with respect to
Ri,...,R,, (R,m+1) = (P,i) = (Q, 7) entails lvly (R, m+1) = WWin (P, i) = Vln(Q, ).
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Consequently, we observe R = @ and (R,m + 1) = (Q, j), by transitivity of =. This
means any artificial instantiation points that are introduced into Zy(p; because of R

are also introduced into iU(Q,j)'

Therefore, we observe Z}(p@ - ZHQJ)' O

By virtue of the above claim, we conclude that ﬁﬁz) is a refinement of ﬁﬁy)

Let p, = [r],r¥] € ﬁﬁy) be the interval which contains 8(y) and let p, = [r7,rZ] € ’ﬁﬁz) be
the interval which contains §(z). We distinguish several cases.

If B () lies outside of p,, then rj = B:(z) < Bx(y) = r} together with the fact that ’ﬁf(z)
is a refinement of ’ﬁf(y) implies rZ < rj. Hence, 8(z) € [rf,rZ] and B(y) € [r{, rY] entail
B(z) < B(y) and thus B, B £y < z.

Suppose Br(z) lies inside of p,. Since ﬁf(z) is a refinement of ﬁf(y), we must have that
[r7,rZ] C [rf,r¥]. But then B(y) = r{ < rj = Bx(z) contradicts the observation that
Br(y) > Br(2).

Cases where p, = [r},+00) or p. = [r},+00) can be handled similarly.

Suppose p, is of the form (—oo, Y] or (—oco, +00). In this case we have B, (y) = cA,,. This
contradicts the observation 5. (y) > Bx(2).

Suppose p, is of the form (—oo,7Z] or (—oc, +00). In this case we have B,(z) = c*,,. Since

’Pf(z) is a refinement of ’ﬁf(y), we either have p, C p, or p, does not overlap with

p.. The former contradicts previous observations. Therefore, the latter must apply
and p, must be of the form [r], Y] or [r],+oc0). Moreover, p. has the form (—oo,rZ]
with rZ < rf. But then we conclude (z) < rZ < r] < (y). This observation entails

B,BFEy <z

Case A, B [~ Q(s1, ..., Sm) for some free atom Q(s1, ..., sy) € I with @ being unmarked. This
means <A(/87T)(Sl)a s aA(/BTr)(Sm)> ¢ QA

Every s; that is of the base sort must be a variable. Hence, A(B:)(s;) = Br(si) =
mypiy (B(si) = my(p.ay (B(B)(s:))-

Every s; of the free sort is either a constant symbol or a variable.
If s; is a constant symbol ¢, then we have ¢ € Zyp; C pr,i). Hence, we have
A(Br)(c) = et = mypay () = mypiy (B) = mypay (B(B)(c)) -
If s; is a variable v, then

A(Br)(v) = Br(v) = my() (B(v)) = my(p,i) (B(B)(v)).

Put together, this yields <7Tu<P71>(B(ﬁ)(81)), e TT(Pm) (B(ﬁ)(sm))> ¢ PA. But then, by
construction of B, we have <B(B)(sl), ... ,B(B)(sm)> ¢ PB. which entails B, 3 [~ P(sy, ...,
Sm)-

Case A, Br E Q(s1,. .., 5m) for some free atom ¢(s1, ..., $m) € A with unmarked Q. Analogously
to the above case we conclude B, 5 = P(s1,...,Sm)-

Case A, B, £ R(s1,...,8m,t) for some free atom R(s1,...,8m,t) € ' with R being marked in
N. This means

(A(Br)(s1),- -, AlBr) (sm), A(Bx)(1)) & R,
Moreover, it follows A(Br)(t) # 77 (A(Bx)(51), - - -, A(Br) (5m))-

As in the previous case, we can show

(%) A(Bx)(si) = my(r,) (B(B)(si)) for every s;, 1 <i <m.
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If ¢ is a constant symbol d, then A(B,)(d) = d* = d® = B(3)(d). Due to
d4 £ 77 (A(Bx) (1), - - A(Bx) (sm))

= Tz’?(%(R,U(B(ﬁ)( )) ,sz my (B(B)(sm))).
we have (B(B)(s1), ., B(8)(sm), BB)(d)) & RE.
If ¢ is a variable v, then A(8;)(v ) = Bx(v) = Ty)(B(v)). By definition of 7, there

must be some instantiation point d € Zy,) such that Br(v) = d*. Similarly, by
definition of the my (g, (*) entails the existence of a tuple of instantiation points
(e1,...,cm) € Z}(R,l) X oo X Z}(Rm such that for every 7, 1 < ¢ < m, we have
= A(Bx)(s:) = my(r,iy(B(B)(si)). Hence, by reflexivity of the relations = and =,
we know that there is some artificial instantiation point dre,...c,, € Zﬁ( Rym+1) such that
décl...cm = 7-]./%\(014’ ey Cé)
Because of d4 = A(B,)(d) # 14 (cf', ..., ¢}y) = dfi., . ., it follows that d # dpe,...c,,-
Since 7y (r,m+1) Projects 3(v) onto some value dlfferent from d}%@l «,,» the original B(v)
must be different from dﬁcl ., - Hence,
<7TU(R,1> (B(ﬂ)(sl)) Tri}(Rm} (B(ﬂ)(S ))7 ( )(t)> <C‘14,...,Cﬁ“ﬂ(v)> gRA
and thus also (B(8)(s1),-..B(8)(sm (t)) € R5.

Hence, we have B, 5 & R(S1,...,8m,t).

Case A, Br E R(s1,...,8m,t) for some free atom R(s1,...,8m,t) € A with R being marked in
N. This means
(A (ﬂw)( s+ A(Br) (sm), A(Br) (1)) € RA.
Moreover, it follows A(Bx)(t) = 77 (A (ﬁﬂ)( sy AlBr) (sm))-

As in the previous case, we can show
(*) A(Bx)(si) = Ty (R, (B(B)(si)) for every s;, 1 <i <m.

If ¢ is a constant symbol d, then A(B,)(d) = d* = d® = B(3)(d). Due to

a4 =7 (A (ﬂw)( 1), A(Br)(5m))
=T} (WU(RJ)(B(ﬂ)(Sl))a o TRy (B(B)(5m))),
we have (B(8)(s1),...,B(8)(sm), B(B8)(d)) € RP.

If t is a variable v, then A(Br)(v) = Br(v) = Ty ) (B(v)). Since we assume N to be guarded
with respect to R, I' must contain an atom of the form R/(¢1,..., ¢/, v) with R’ being
marked in N. The case A, 8, = R'(t1,...,tm,v) has been treated earlier, and thus we
assume A, B = R'(t1,... ,tmr,v).

Similarly to (x), we can prove
(%) A(Br)(ts) = my(re 0y (B(B)(t:)) for every t;, 1 <i <m/.
By () and (x%) we have
Br(v) = 74 (14,1 (B(B)(51); - - Ty Rom) (B(B) (51m)))
= 7 Ty, 1) (BB) (1), -, Ty ey (B(B) (E))
We distinguish two cases.
If B(v) = (o), then (myqnn (BE)(1), s myrmy (B(B)(5m), B(0)) € RA and
thus B, 8 = R(s1, ..., 8m,v).
If B(v) # Br(v), then (my(p 1y (B(B)(t1),) -+ mymr 1y (BB (tmr)), B(v)) & R and
thus B, 8 £ R (t1,. .., tm, ).
In both cases we end up with B, 8 | R/(t1,...,tm/,v) = R(s1,...,8m, ).

Consequently, we can derive B, 8 = C in all sub-cases.

Case A, B £ s =~ t for some free atom s = ¢ € I'. Since C is in normal form, s and ¢ must be
constant symbols. B and A interpret constant symbols in the same way and independently
of a variable assignment and thus we immediately get B, 8 |~ s ~ t.
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Case A, Br = s~ t for some s =t € A.

If s and ¢ are constant symbols, we know that B, 5 = s & ¢ holds, by analogy to the above
case.

If s is a free-sort variable v and t is a constant symbol d, we have 3, (v) = d*.

Suppose v & d is guarded by some atom R(t1,...,t,,v) in I’ with R being marked.
As done previously, we may assume that A, 8, = R(t1,...,tm,v). Hence, we have
Bw(?}) =TR ( (677)(“) A(ﬁﬂ)(tm))

=74 (Tu(r,1) (3(5)(751)) Ly rm) (B(B)(tm)))-
If B(v) = Bx(v), then B(v) = d* = d® and thus B,3 = v ~ d.
If B(v) # Bx(v), then (my(r1) (BB)(t1)), - - Ty (rmy (B(B)(tm)), B(v)) & R* and
thus B, 8 = R(t1,...,tm,v).
In both cases we can derive B, 8 = R(t1,...,tm,v) = v = d.

Now suppose that v = d is not guarded. In this case we know that Z}(v) contains all
free-sort constant symbol occurring in IV and also all artificial instantiation points
dRe,...c,,- Therefore and by the definition of SB, my,) can only project 3(v) to d*,
if B(v) equals d* in the first place. Hence, B, (v ) = Ty (B(v)) = d* = B(v). This
entails B, 5 = v ~ d.

Suppose s is a free-sort variable v and t is a free-sort variable w.

If there are guards for both variables v and w, i.e. I" contains two atoms R(s1, . .., Sm, V)
and R'(t1,...,tm,w) with marked R and R’, then we assume A, 8, E R(sy,...,
Sm,v) and A, B = R/(t1,...,tm,w), as in previous cases. Hence,

Br(v) = 74 (A(Bx)(51); - - - s A(Br) (5m))
L =7k (mu(r,1) (BB) (1)) - Tyiramy (B(B) (5m)) )

Br(w) = 75 (ABx) (1), - - -, A(Br) (tm))
- Tlél’ (TrU(R', 1) (B(ﬂ)(tl))v <oy TY(R! ,m) (B(ﬂ)(tm)))
and B (v) = Br(w).
Suppose S(v) = B(w). B, 8 E v ~ w follows immediately.
Suppose [(v) # B(w). Hence, we either have
B(v) # TI"%‘(TQMRJ) (B(B)(sl)), e T (Rm) (B(ﬁ)(sm))), which entails B, 8 [~
R($1,...,8m,V), Or
B(w) # 7'}"%‘/ (Wu(R/J) (B(ﬂ)(tl)), o TR m) (B(ﬂ)(tm))), which implies B, 5 |~
R'(t1,... . tm,w).
In both cases, we have B, 8 = R(s1,...,8m,v) A R'(t1,...,tm,w) = v = w, and
thus also B, 5 = C.
If at least one of the variables is unguarded, we know that both iu(u) and :/Z\U(w) contain
all free-sort constant symbol occurring in N _and also all artificial instantiation

points dre, ..., - In fact, it even holds Zy(,y = Zy (). Analogously to previous cases,
we observe 3(v) = B:(v) = Bx(w) = f(w). Consequently, we have B, = v ~ w.

Altogether, we have shown B |= N. O

Lemma 31. The hierarchic interpretation B constructed in the proof of Lemma [30]is a model of
M,.

Before we proceed with the proof, we need to update Definition [[9] (instantiation points for
free-sort argument positions) in order to adapt it to the new situation with marked predicate
symbols and guarded free-sort atoms. To this end, we replace Condition @ in Definition [[9 with
the following condition.

(b) For any clause A [T — A in N such that I' — A contains P(...,u,...) in which u occurs
as the i-th argument and A contains an atom of the form w ~ ¢ where ¢ is either a variable
or a constant symbol, we set
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(b.1) d € Ip,, if t is some constant symbol d and if there is a guard R(s1,..., Sm,u) such
that R is marked in N.

(b.2) Zp,; = fconsts(N), if u =~ ¢ is unguarded.

Proof sketch. We already know that B = N. Hence, in order to proof the lemma, we have to show
two things:

(1) ZLM pay = Zy,, (P for every argument position pair and

(2) B ®(Ry, My) U®(Ry, M) U...UD(R,,, My_1).

Ad The requirement regarding the artificial instantiation points in fl}( p,iy does only
play a role for argument position pairs (P, ) in which either P is unmarked or 7 is the last argument
position in P. The reason is, on the one hand, that in the existence of an unguarded free-sort
atom u = ¢ with |} 5 (u) = {5 (P, 1) is required. On the other hand, Condition @in Definition [24]
states that | 5 (u )ﬁlLN<R j) = 0 for every marked R : & x ... X §m X&mar1and j =1,...,m. This
means, any set Ii} (P that is subject to the requ1rement cannot participate as source in
the generation of new artificial instantiation points by means of the requirement m However,
it could participate as target of requirement But this would not lead to new instantiation

points, as requirement already covers all possibilities.
Before we continue, we show a technical result.

Claim I: Consider two predicate symbols R : & x ... X &p X Epayr and R : (1 X ... X Cn X Gnrt
that are marked in N. For every i, 1 <i <m/, (R,m+ 1) =xn (R',i) entails R’ #ny R

Proof: Since N is stratified with respect to R and R’ and because of
(R,m+1) =N (R',i), we observe minj<j<m+1 WIn (R, j) = WIn(R, m + 1) = vy (R, 3) >
vy (R',m' +1). Suppose R’ =n R, ie. WIy(R',m' + 1) > mini<j<m41 IvIn (R, 7). This
contradicts the above observation. O

Considering the sets of artificial instantiation points, it is clear that any point dgc,. ., can
only be generated by an application of requirement

Claim II: For every dpg,e,... that is generated because of requirement we have

Cm;

dR-;cl...cmi S IUMi (Ri,m1+1)-
Proof: We proceed by induction from R; to R,.

Consider Ry : &1 X ... X &y X Emy41. For j = 1,...,m; we observe fi}(th) = Zy(R.,j)>
since neither requirement |(Z-b)| nor |(Z-c)| introduces artificial instantiation points into
Iil( Ri.j)- Requirement |(Z- b! generates exactly the instantiation points in {dR1c1

ems |
c € I@N<R1,1>v .oy Cmy € IUN Ry m1>} for Ry. On the other hand, the definition of
®(Ry, My) = <I>(R1, N) leads to {Ry(cy, ... vemiydRycr. e, ) | a1 €Ly (Ri1)r -2 Cmy €
IuN<R1,m1)} - (I)(Rla N). Hence, {dR1c1 Cmy ‘ € € Iim(Rl, s+ Cmy € Il}N(me)}
= {dR101~~~Cm1 | c1 € Il}N(Rlv 1)s+++>Cmy S IUN<R17m1 } - Il}Ml(Rl,mlJrl)‘
Consider Ry : &1 X ... X Em, X Em,+1 With £ > 1. Moreover, consider any (Ry, j) with j < my.
We have pointed out earlier, that none of the artificial instantiation points in Z} Rerj) \
For
any de_Clmka € fUN(Rm) \ Zy  (R,.5) We must have (Rg,my + 1) =n (Ry, j), which,
by Cliim I and our assumption Ry >y ... =y R,, entails £ < /. By induction, we
have Zy (R, mu+1) © Ika<Rk7mk+1> - IliMk(R/aﬁ - I&JVI[71<RZM7‘>' Consequently, we

Ty (R, With j = 1,...,m; belongs to Z}N(Re,j) because of requirement

have Zy (r,j) € Ty, (Reg):
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Since requirement generates exactly the instantiation points in
{ngcl___cW } c € IUN<R271>a .oy Cmy, € IUN<R/z,m/z>} for (Rg,m¢ + 1) and due to
{Rg(cl, <5 Cmys dp%cl___cme) | c1 € IUN<R[,71>’ <oy Cmy € IUNU?(,mz)} - (I)(Rg, Mg_l), we

obtain R R
{drier.cn, | €1 € Tyiroays- s me € Ly (Rome) |
g {decl'“cme ‘ a € IU]ME71 (Re,1)s -+ Cmy € IUME71 (R[,,m[)} g IUMg(RbméJFU' <>

Claim IIT: Let R; := &1 X ... X &n, X Em,+1 be marked in N. For every dRicl---Cmi € Zy,, @.4)
with <]%1,T)’LZ + 1> =M, <Q,]> we have dRiCI»»»Cm,L S iUN(QJ)'

Proof: We proceed by induction from R; to R,.

Consider Ry : £1X. .. XEmXEm, +1. Whenever deClmcml belongs to Ly,, (Piys then the atom
Ri(c1,- -5 ¢my dRyey..c,n, ) Must occur in ®(Ry, N). Hence, we have (ci,...,cm,) €
Ty (Ri1) X -+« X Ly, (Ry,my)- Because of require\ment regar(/i\ing artificial instanti-
ation points, (c1,...,cm,) must also belong to Zy (g, 1) X -+ X Ly (R, ,m)-

Our assumption (Ry,m1+1) =, (Q,7) can only be satisfied if (Ry,m1+1) =N (Q, 5)
holds. This, in turn, entails Ry =y (. Taken together, requirement leads to
decl"'le € IU’N (Q.,9)"

Consider Ry : &1 X ... X &y X &1 With £ > 1. Whenever dRmmCm[ belongs to IUMn<p,i>,
then the atom Ry(ci, ..., Cm,, ngcl...cm[) must occur in ®(Ry, My_1). Hence, we have
(€1, Cm,) € IU’]VI[71<R[71> X ... X IUM[,1<Revmz>' Every instantiation point in any set
I‘U’IVI[71<RE7]€> \Zy(Reky, 1 < k < my, has been propogated into the set I‘U’M[71<Rf7k>
via =, because our syntax does not allow any unguarded free-sort atom u ~ ¢ with
Un(u) = Un(Re, k). Thus, induction entails (c1, ..., cm,) € Ly, (rp1) X - - X Ly (Ryymy)-
Our assumption (Rg,my + 1) =, (Q, ) can only hold if (Ry,me + 1) =n (Q, 5)
holds. This, in turn, entails Ry =x Q. Taken together, requirement leads to
dRECLnCWLE € Il}N(QJ')' O

Let (P,4) be an argument position pair such that there is an unguarded free-sort atom u = ¢ in
N for which |} 5 (u) = {5 (P, ). Due to Claim II, we have T, (g 5y € Zy,, (q,; for every argument
position pair (Q, j). Hence, Z (pi) = U<Q’j> Zyr (@) € Ly, Py

Conversely, we have Z = (p;) = feconsts(M,) and we can split Zy = (p) into Zy  (p;y and the
rest IuMn (Pyi) \Iump’i). Every instantiation point in this rest is of the form dg,, .. .,, and it belongs
toZy . (rRm+1)- In addition, we observe (R, m+1) =, (R, m+1). Hence, Claim IIT implies that
Iy,,, (R,m+1) C iUN (R,m 4+ 1). Moreover, by requirement , we know Zy (ps) C fuﬂpﬂ-).
Taken together, this entails Zy,, (p;y C Z}Mp,i).

Consequently, for every (arbitrary) argument position pair (P,4) in N, we may conclude
A piy =2Zy (ps by Claim II, Claim III, the just made observations concerning the unguarded
U’MTL< ’ > U’N( ) >

free-sort atoms u = t, and the requirement stating Zy  (piy C fuﬂpﬂ-).

Ad Let Re(c1, .-y Cmy dRecy..cpm,) € P(Re, My—1) for some £, 1 < ¢ < n. By construction
of B, we known that dgwl___cW = dﬁgcl...cme =1 (cf . en,) = 5 (F.... cB,). Hence,
B ): Rg(cl, ceey Cmé’dRicl---chE)'

More generally, for every (aj,...,dy,,b) of domain elements we have (aj,...,an,,,b) € RS
if and only if b = 'rjég (WUN<R£,W1>(a1)""’ﬂ-UN(RIZ,’mH(amZ))' By definition of the projections
Ty (Reyi)» there must be a tuple (c1,...,cm,) € Iy (1) X - X Ly (Reme) = IUAM(R/z,l) X ... X

Ly, (Reme) = Zupg, (Roty X - X Ly (Reme) (the last equation is valid, as the Zy (g, ; with

29



1 < my are not affected by, such that (Wuthml)(al), e 71'3N<R[1m[>(am£)> ={c
and, hence, b = Tj% (B,...,8,)= dl‘éﬁecl...cmg'

From this observation B = ®(R;, M,_1) follows.
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