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Abstract

In this paper, we give new sparse interpolation algorithms for black box polynomial f
whose coefficients are from a finite set. In the univariate case, we recover f from one eval-
uation f(f) for a sufficiently large number 8. In the multivariate case, we introduce the
modified Kronecker substitution to reduce the interpolation of a multivariate polynomial
to that of the univariate case. Both algorithms have polynomial bit-size complexity.

Keywords. Sparse polynomial interpolation, modified Kronecker substitution, poly-
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1 Introduction

The interpolation for a sparse multivariate polynomial f(z1,...,x,) given as a black box
is a basic computational problem. Interpolation algorithms were given when we know an
upper bound for the terms of f [3] and upper bounds for the terms and the degrees of f [13].
These algorithms were significantly improved and these works can be found in the references
of [1].

In this paper, we consider the sparse interpolation for f whose coefficients are taken from
a known finite set. For example, f could be in Z[z1,...,x,] with an upper bound on the
absolute values of coefficients of f, or f is in Q[z1,...,x,] with upper bounds both on the
absolute values of coefficients and their denominators.

This kind of interpolation is motivated by the following applications. The interpolation of
sparse rational functions leads to interpolation of sparse polynomials whose coefficients have
bounded denominators [6, p.6]. In [7], a new method is introduced to reduce the interpolation
of a multivariate polynomial f into the interpolation of univariate polynomials, where we
need to obtain the terms of f from a larger set of terms and the method given in this paper
is needed to solve this problem.

In the univariate case, we show that if 5 is larger than a given bound depending on the
coefficients of f, then f can be recovered from f(f). Based on this idea, we give a sparse
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interpolation algorithm for univariate polynomials with rational numbers as coefficients,
whose bit complexity is O((td log H (log C'+log H)) or O(td), where t is the number of terms
of f, dis the degree of f, C'and H are upper bounds for the coefficients and the denominators
of the coefficients of f. It seems that the algorithm has the optimal bit complexity O(t¢d) in all
known deterministic and exact interpolation algorithms for black box univariate polynomials
as discussed in Remark 2.17

In the multivariate case, we show that by choosing a good prime, the interpolation of a
multivariate polynomial can be reduced to that of the univariate case in polynomial-time. As
a consequence, a new sparse interpolation algorithm for multivariate polynomials is given,
which has polynomial bit-size complexity. We also give its probabilistic version.

There exist many methods for reducing the interpolation of a multivariate polynomial
into that of univariate polynomials, like the classical Kronecker substitution, randomize
Kronecker substitutions[2], Zipple’s algorithm[I3], Klivans-Spielman’s algorithm[9], Garg-
Schost’s algorithm [4], and Giesbrecht-Roche’s algorithm[5]. Using the original Kronecker
substitution [10], interpolation for multivariate polynomials can be easily reduced to the
univariate case. The main problem with this approach is that the highest degree of the
univariate polynomial and the height of the data in the algorithm are exponential. In this
paper, we give the following modified Kronecker substitution

mod((D+1)'"1p) ; — 1 9

X, =T .o,

to reduce multivariate interpolations to univariate interpolations. Our approach simplifies
and builds on previous work by Garg-Schost[4], Giesbrecht-Roche[5], and Klivans-Spielman[9].
The first two are for straight-line programs. Our interpolation algorithm works for the more
general setting of black box sampling.

The rest of this paper is organized as follows. In Section 2, we give interpolation algo-
rithms about univariate polynomials. In Section 3, we give interpolation algorithms about
multivariate polynomials. In Section 4, experimental results are presented.

2 Univariate polynomial interpolation

2.1 Sparse interpolation with finitely many coefficients
In this section, we always assume
flx) = c1z® + con® 4 o 4 ezt (1)

where di,da,...,d; € N,dy < dy < --- < dy, and ¢1,c9,--- ,¢; € A, where A C C is a finite
set. Introduce the following notations

C = réleazc(\aD, € :=min(eq, €2) (2)

where €1 := ming pe a0 |@ — b and e := minge 4,420 |al-

Theorem 2.1 If 3 > % + 1, then f(x) can be uniquely determined by f(53).



Proof. Firstly, for Vk =1,2,---, we have
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From , we have f(B) = c18% + 8% + - 4+ ¢;f%. Assume that there is another form
f(B) = a18" + asB*? + -+ 4 ayBP, where ay,ay,...,as € Aand ky < ky < -+ < ky. It

suffices to show that ¢;6% = ay(%s. The rest can be proved by induction. First assume that
dy # ks. Without loss of generality, let d; > ks. Then we have

0=[(c1™ + 2% + -+ + 1) — (a1 + azB™ + -+ + a %))
> et —C(B* - B 1) OB - B4 1)
> |elf% —20(B% 1+ 4 B+ 1)
> |e|B% —ep >0

It is a contradiction, so d; = ks. Assume ¢; # ag, then
0 =|(c18M 4 2% + -+ ;%) — (a1 B + aa*? + - + a,5%)
> e — as|8% = 208" 4+ B+ 1)

> |e; — ag| B — B >0

It is a contradiction, so ¢; = as. The theorem has been proved. 1

2.2 The sparse interpolation algorithm

The idea of the algorithm is first to obtain the maximum term m of f, then subtract m(5)
from f(3) and repeat the procedure until f(3) becomes 0.

We first show how to compute the leading degree d;.

>< ifk<d

Lemma 2.2 ] >E+1, then JACI -
ez ol <t ifk>dy

Proof. From |f(B)| = |c18% + B2 + -+ ef%| < C(BU + -+ B+ 1) = C’(Bdgr_lfl) and
F(B)] = le1Bh + 2B + -+ %] > |er] % — OB + -+ B+ 1) = |ar] 4 — CEFFL,

we have
Bdt _
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When k < d, | £{7) | > fer] Bk — L (B~ L) > etk _g(ghh_ Ly > gpdk g L
 When k> dy, 2] < J& (51— — L) < 5(pitih— L) < gtk g 1os
If we can use 10gar1thm operation, we can change the above lemma into the followmg
form.

Lemma 2.3 If 3 > 22 4 1, then dy = [logg 2|f( ArB |

Proof. By lemma we know \J/;(!i)l > 5 and ,lgfd(t +)1‘ < 5. Then we have logg % > logg 5
and logg g;ﬁ)ll < logg 5, this can be reduced into logg m 1 <d; <logg |f( I As d; is

an integer, then we have d; = |logg wj I

Based on Lemma we have the following algorithm which will be used in several
places.

Algorithm 2.4 (UDeg)

Input: f(f),e, where 5 > % + 1.
Output: the degree of f(x).

Step 1: return [logg (2|f( )‘)J.

Remark 2.5 If we cannot use logarithm operation, then it is easy to show that we need
(9(10g2 D) arithmetic operations to obtain the degree based on Lemma . In the following
section, we will regard logarithm as a basic step.

Now we will show how to compute the leading coefficient c;.

Lemma 2.6 If 3 > 2 4+ 1, then ¢ is the only element in A that satisfies \ -] < 5.

5dt
Proof. First we show that ¢; satisfies |f(ﬁ) —c| < % We rewrite f(3) as f(8) = c;8% +g(B),
where g(z) := c;_1x%-1 + ¢;_gxdt-2 + -+ ¥, So fﬁ(ft) =c + ﬁ(dt). As deg(g) < dy, by
Lemma we have \ﬁdt | < 5. So ] ﬁdt -] < 5.

Assume there is another ¢ € A also have |f(ﬁ —c| < §, then |¢;—c| < \fﬁdﬁt) cl+| ];,(ﬁ) c| <
€. This is only happen when ¢; = ¢, so we prove the uniqueness. I

Based on Lemma [2.6] we give the algorithm to obtain the leading coefficient.
Algorithm 2.7 (ULCoef)

IHPUt: f(,B),,B,€,dt
Output: the leading coefficient of f(z)

Step 1: Find the element ¢ in A such that | —c <3

Bdt
Step 2: Return c.



Now we can give the complete algorithm.
Algorithm 2.8 (UPolySI)

Input: A black box univariate polynomial f(x), whose coefficients are in A.
Output: The exact form of f(x).

Step 1: Find the bounds C and € of A, as defined in (2)).

Step 2: Let 5 := % + 1.

Step 3: Let g :=0,u := f(p).

Step 4: while u # 0 do
d :=UDeg(u,z, f);
¢ :=ULCoef(u, 3, ¢,d);
u = u— cf
g: =g+ c:nd;
end do.

Step 5: Return g.

Note that, the complexity of Algorithm 2.7 depends on A, which is denoted by O4. Note
that O4 < |A|. We have the following theorem.

Theorem 2.9 The arithmetic complexity of the Algorithm[2.§ is O(tO4) < O(t|A]), where
t is the number of terms in f.

Proof. Since finding the maximum degree needs one operation and finding the coefficient
of the maximum term needs O4 operations, and finding the maximum term needs O(O4)
operations. We prove the theorem. I

2.3 The rational number coefficients case

In this section, we assume that the coefficients of f(z) are rational numbers in
b b
A={-|0<a<H,I|-|<C,abeZ} (3)
a a

and we have ¢ = m Notice that in Algorithm only Algorithm [2.7| (ULCoef) needs
refinement. We first consider the following general problem about rational numbers.

Lemma 2.10 Let 0 < r1 < 79 be rational numbers. Then we can find the smallest d > 0
such that a rational number with denominator d is in (r1,r2) with computational complexity

O(log(ra — 71)).



Proof. We consider three cases.

1. If one of the 1 and ry is an integer and the other one is not, then the smallest positive

integer d such that (ro —71)d > 1 is the smallest denominator, and d = [mirﬂ‘

2. Both of ri,ry are integers. If ro —r; > 1, then 1 is the smallest denominator. If
ro — 11 = 1, then 2 is the smallest denominator.

3. Both of r1,ry are not integers. This is the most complicated case.

First, we check if there exists an integer in (ry,r3). If [r1] < 7y, then [ri] is in the
interval which has the smallest denominator 1.

Now we consider the case that (r1,r2) does not contain an integer. Assume r; < %1 <y,
where d > 1 is the smallest denominator. Denote w :=trunc(ry), €1 := 1 — w,e3 := r9 — W.
Then €1 < €3 < 1 and d is the smallest positive integer such that (drq,dre) contains an
integer. Since dr; = d(w + €1),dry = d(w + €2), d is the smallest positive integer such that
interval (dey, dea) contains an integer. Since dr; = d(w+e€1),dry = d(w+e€2), d is the smallest
positive integer such that interval (de;, des) contains an integer. We still denote it d;. Then

der < di < des, so f—; <d< %, and we can see that d; is the the smallest integer such
that (‘z—;, ‘j—ll) contains an integer. Suppose we know how to compute the number d;. Then

d =47 when 4 is not an integer, and d = & + 1 when & is an integer.
€2 €2 ’ €2 €2

Note that d; is the smallest denominator such that some rational number % isin (é, %)
1 1

To find d;, we need to repeat the above procedure to ( ) and obtain a sequence of intervals

€2 €1
(ri,me) — (é, é) — ---. The denominators of end points of the intervals becomes smaller

after each repetition. So the algorithm will terminates.

Now we prove that the number of operations of the procedure is O(log(re —r1)). First, we
know the length of the interval (r1,72) is 72 — 1. Now we prove that every time we run one

or two recursive steps, the length of the new interval will be 2 times bigger. Let (2—11, Z—Z) be
the first interval. If it contains an integer, then we finish the algorithm. We assume that case
does not happen, so we can assume |2 | < 1,]%2| < 1. Then the second interval is (32, 2)-
al az b b 2 1
a1 _ap  ajbg—agby
Now the new interval length is %—Z—;. IfZ—l1 < %, then we have ;jﬁi = alb‘;{bﬁm = ‘Zi‘g; > 2.
a ay aia
If 2—11 > %, then we let a1 = b1 + ¢1, a2 = by + ¢ and the third interval is (%’ lc’—;)
by b1 c1bg—coby
Then we have 27—+ = o0y = iig; > 2. In this case, if we have an interval whose

a2 al a1a2
length is bigger than 1, then the recursion will terminate. So if (ro — 71)2¥ > 1, then 2k
is the upper bound of the number of recursions. So the complexity is O(log(ro — 71)). We

proved the lemma. I

Based on Lemma [2.10] we present a recursive algorithm to compute the rational number
in an interval (r1,r2) with the smallest denominator.

Algorithm 2.11 (MiniDenom)

Input: 71,79 are positive rational numbers.

Output: the minimum denominator of rational numbers in (71, r2)



Step 1: if one of r1, 79 is an integer and the other one is not an integer then return [rrn 1.

Step 2: if both of 1 and ro are integers and ro — 1 > 1 then return 1.

if both of 1 and 79 are integers and r9 — r; = 1 then return 2.
Step 3: if [r;| < ro, then return 1.
Step 4: let w :=trunc(ry), €1 := 1] — w,eg : =19 — W

dy := MiniDenom(1, 1);

6’61

if ?l is a integer then return % 4 1 else return [4].
2 €2 €2

We now show how to compute the leading coefficient of f(x).

Lemma 2.12 Suppose ¢; = 3, where ged(a,b) = 1,a > 0, and I; = (fﬁ(dﬁt)z—f ];(dﬁt)z—l— i),1
1,2,...,H. Then I, NZ = {b} and if I,y N Z = {bo} then 2 = Lo

ag

Proof. By 1emma we have ];(dﬁt) -5< b < 5(%) + 35, 80 J;(ft)a —sa<b< g(dt)‘hL £a, and

the existence is proved. As the length of (fﬂ(d’i) - 5a, ];i)a+ a)is <25a <eH < 75 <1,
so b is the unique integer in the interval.

Assume that there is another ag € {1,2,..., H}, such that ( CIPY — 5ao, fﬁ(d’i) ao + Sao)

st ¢
contains the integer by. Then ];(—g)ao —5ag < by < ﬁ(ft) ap + 5ao, so ’;(fi) -5< 2—3 < % +5.
If 3 , then [§ — 2] = |“b0bb0“°b| > H(hl,_l) = ¢, which contradicts to that the length of
the interval is less than €. I
Let ry := ];3(5) — 5,1y = J;z) + 5. By Lemma [2.12 if ag is the smallest positive integer

such that (agri, aprz) contains the unique integer by, then we have ¢; = Z—g. Note that ag is
the smallest integer such that (agri, agre) contains the unique integer by if and only if ag is
the smallest integer such that by/ag is in (r1,72), and such an ag can be found with Algorithm
This observation leads to the following algorithm to find the leading coefficient of f(z).

Algorithm 2.13 (ULCoefRat)

IHPUt: f(ﬁ)7ﬁ7€7dt
Output: the leading coefficient of f(x).

Step 1 if ,B(dt) > 0, then ry := fﬁ(ft) —5, T2 = it )+27 elserq f(ﬁ)_%v ryi= —Lgl45;
Step 2: Let a := MiniDenom (r1,72);

[a(Z72=5)1
Step 3: Return — 2% 2"

a

Replacing Algorithm ULCoef with Algrothm ULCoefRat in Algorithm UPolySI, we
obtain the following interpolation algorithm for sparse polynomials with rational coefficients.



Algorithm 2.14 (UPolySIRat)

Input: A black box polynomial f(z) € Q[z] whose coefficients are in A given in ([3).
Output: The exact form of f(z).

Theorem 2.15 The arithmetic operations of Algorithm are O(tlog H) and the bit com-
plexity is O(tdlog H(log C + log H)), where d is the degree of f(x).

Proof. In order to obtain the degree, we need one log arithmetic operation in field Q, while
in order to obtain the coefficient, we need O(log H) arithmetic operations, so the total
complexity is O(tlog H).

Assume f(8) = %Bdl + %ﬁ‘h 4+ %Bdt and let H; := hy---hj_1hit1---hy. Then we
have

arH1 M + agHaf™ + - - + a  Hy S
f(B) =
hihy - hy

Then |ay Hy % +agHo %+ -+a Hy8%| < HIC(B% +- - 4 f+1) = H'H £ (87T -1), 50
its bit length is O(tlog H+dlog C+dlog H). It is easy to see that the bit length of hyhg - - - by
is O(tlog H). So the total bit complexity is O((tlog H)(tlog H + DlogC 4+ Dlog H)). As
t < d, the bit complexity is O(tdlog H(log C + log H)). I

Corollary 2.16 If the coefficients of f(z) are integers in [—C,C], then Algorithm
computes f(x) with arithmetic complexity O(t) and with bit complexity O(tdlog C').

Remark 2.17 The bit complezity of Algorithm 18 6(td), which seems to be the optimal
bit complexity for deterministic and exact interpolation algorithms for a black box polynomial
f(z) € Qlz]. For a t-sparse polynomial, t terms are needed and the arithmetic complezity is

at least O(t). For § € C, we have |f(B)]| < C’ﬁg_ll_l, where C' is defined in (@) If 18| # 1,

then the height of f(B) is d|log 8| +1log C or (5(d) For a deterministic and exact algorithm,
B satisfying |B| = 1 seems not usable. So the bit complerity is at least O(td). For instance,
the height of the data in Ben-or and Tiwari’s algorithm is already O(td) [3, [8].

3 Multivariate polynomial sparse interpolation with modified
Kronecker substitution

In this section, we give a deterministic and a probabilistic polynomial-time reduction of
multivariate polynomial interpolation to univariate polynomial interpolation.

3.1 Find a good prime

We will show how to find a prime number which can be used in the reduction.



We assume f(z1,x2,...,Ty,) is a multivariate polynomial in Q[z1, z2,...,x,] with a de-
gree bound D, a term bound 7', and p is a prime. We use the substitution

2 = xmod((DH)i_l,p),i =1,2,...,n. (4)

For convenience of description, we denote

fiv»p = f(x, xmod((DJrl)»p)’ o 7xmod((DJrl)n—17p)). (5)

Then the degree of f; , is no more than D(p — 1) and the number of terms of f, , is no more
than 7.

If the number of terms of f; ) is the same as that of f(x1,z2,...,zy), there is no collision
in different monomials and we call such prime as a good prime for f(x1,x2,...,2y).

If p is a good prime, then we can consider a new substitution:

‘/'L.Z = qzmed((D+1)271’p)72 = 17 27 R ?n7 (6)
where ¢;,7 = 1,2, ...,nis the i-th prime. In this case, each coefficient will change according to
monomials of f. Note that in [4], the substitution is f(z, 2PV, .. zP+D" Ymod(a? —1).

We show how to find a good prime p. We first give a lemma.

Lemma 3.1 Suppose p is a prime. If mod(ay + az(D + 1) + -+ + an(D + 1)""1 p) # 0,
then ay + agmod(D + 1,p) + - -+ + a,mod((D + 1)1, p) # 0.

Proof. If a1 + agmod(D + 1,p) + -+ + a,mod((D + 1)"!,p) = 0, then mod(a; + az(D +
1)+ -+ +an(D+1)""1 p) = 0, which contradicts to the assumption. I

Now, we have the following theorem to find the good prime.

Theorem 3.2 Let f(x1,x2,...,2,) be polynomial with degree at most D and t < T terms.

If
T(T

Dlog((D 1) 1] -

4
then there at least one of N distinct odd primes pi,pa,...,pN S a good prime for f.

1
N > T2+§T

. . €; €; 9 €;
Proof. Assume mi,ms,...,m; are all the monomials in and m; = z7"'z5"% -z, In
’ y s 1 ) (2 1 2

order for p to be a good prime, we need e; 1 + €;2(mod(D + 1,p)) + - - + €; n(mod((D +
D" p)) #ej1 +ej2(mod(D +1,p)) + - + ejn(mod((D + 1)1 p)), for all i # j. This
can be change into (e;1 —ej1) + (ei2 —ej2)(mod(D +1,p)) + -+ (ein, — €j,) (mod((D +
1)1 p)) # 0. By Lemma it is enough to show

mod((e;1 — €j,1) + (€2 — €j2)(D+ 1) + -+ (ein — €jn) (D + 1)" 1, p) # 0,4 # j

Firstly, |(ei1 —ej1) + (i — €j2)(D+1) + -+ + (ein — €jn)(D+ )" < D(1+ (D + 1) +
e (D+D) Y = (D4 1) - 1.

We assume that f(z) = ajz* + aax*? + - - + a;2* is the polynomial after the Kronecker
substitution, where k; = €; 1 +€;2(D+1)+---+ejn(D+ )"t If t = 2, it is trivial. So now



we assume ¢ > 2 and we analyse how many kinds of primes the number [],_;(k; — k;) has.
Without lose of generality, assume ki, ks ..., ky are even, ky 41, ky+2- .., kt are odd, denote
v:=1t—w. It is easy to see that k; — k; has factor 2if 1 <i# j<worw+1<i# j <t

t(t 1)

If one of the w and v is zero, then [] — k;) has a factor 2

z>]<
If both w,v are not zero, then [ [, ;(k; — k;) has a factor 2
w(w 1) + U(U l)

(w 1)+v(v 1)

We give a lower bound of

w(w—1) v(v—1) _ w24p2—t 1/2(w+v)2—t 142 1

As121+ 5 =y 2 2 *Zt_*tHDj('_
2

factor 21t 2,

Since |k; — kj| < (D +1)" — 1, we have [|

k;) at least has a

t(t—1)

isj(ki = kj) <[(D+1)" 1] =

If p1,po,...,pn are distinct primes satisfying
t(t 1)
[(D+1)"—1]
pip2...pPN > 12 1,
21

Then at least one of the primes is a good prime. Since p; > 2, N > t(tgl) logs[(D 4+ 1)™ —
_ 1.2, 1
1] — 7t° + 5t
As we just know the upper bound T of ¢, we can choose T — t different positive integer
ki1, ktyo, - .., kr which are different from ki, ko, ..., k:. So we still can use T' as the number
of the terms. We have proved the lemma. I

3.2 A deterministic algorithm

Lemma 3.3 Assume f = Cllxdl—i- L2 pday .. + xdt, where ci,co,...,c; € Z,H1,Ho,... , H €
Z+,d1,d2,.. dtGNd1<d2< <dt, |§O Hl,Hg,...,Ht,dl,dg,...,dt are known.
Let Hpyox 1= max{Hl,Hg, o H} If B 212CHmaX + 1, then we can recover ci,ca, ..., Ct
from f(B).

Proof It suffices to show that ¢; can be recovered from f(5). As f —1 > 2CHpyax > 2CHy,
then >CHt SO |f( )Ht_ct/Bdt‘_‘C1Ht5d1+CQHtl8d2_'_ +Ct 1Ht dt 1’<CHt(ﬁt I)S

5(5% _ ) So ’ng —¢| < § That is {7 5 <o < (B)Ht 5. Since ¢; is an integer,

O Bt
¢t = [f (ggth — %} The rest can be proved by induction. I

Algorithm 3.4 (MPolySIMK)

Input: A black box polynomial f(x1,x2,...,2,) € Alxy,x9,...,2,], whose coefficients are
in A given in , an upper bound D for the degree, an upper bound 7' of the number of
terms, a list of n different primes q1,q2, ..., ¢ (q1 < -+ < qpn)-

Output: The exact form of f(z1,zo,...,x,).

Step 1: Randomly choose N different odd primes p1, ps,...,pn, where
N = | T g, (D + 1) — 1] = 172 4 17) 4 1.

10



Step 2: fori=1,2,...,N do
Let f; := UPolySIRat(f,,,, A,T) via Algorithm where f; . is defined in .

Step 3: Let S :={};
fori=1,2,...,N do
if f; # failure, then S := S| J{f:}.
end do;
Step 4: Repeat:
Choose one integer ¢ such that f; has the most number of the terms in S.
if fi(j) = fop;(J) for 5 =1,2,...,D(p; — 1) + 1 then break Repeat;
S = S\{fi}
end Repeat
Let ig be the integer found and f;, = I‘}—llxdl + I%mdQ + -+ I%xdt, di <do <---<dy

Step 5: Let 8 :=2CqY max{H;, Hs, ..., H} + 1.[Lemma 3.3

mod(D+1,p;) mod((DJrl)"’l,pio))
.. )

Denote g = f(qiz, g2
Let u := g(B).

Step 6: Let h :=0.
fori=tt—1,...,1do

s GnT

Let bi=[2-H; — §]
Factol" % into qil q§2 e qfl’n

—— Ci €1 .2 e
h:=h+ qraiiacy® - ap.
e, b nd;
U=1u Hlﬂ

end do;

Step 7: return h.

Remark 3.5 If p; is not a good prime for f, then the substitution fy,, of f has collisions.
fzp; may have some coefficients not in A. So we need to modify Step 4 of Algorithm
as follows, with T as an extra input. For ¢ = ¢, if || > C, |b| > H, or the number of the
terms of f; are more than T, then we let f; = failure.

Theorem 3.6 Algorithm is correct and its bit complexity is 6(n2T5DlongogC +
n?T°Dlog? H + n*T%D?).

Proof. First, we show the correctness. If p; is a good prime for f, then all the coefficients
of fyp, are in A. So in step 2, Algorithm can be used to find f; = fyp,. It is sufficient
to show that the prime p;, that corresponding to ip obtained in step 4 is a good prime. In
step 4, if there exists a jo such that f;(jo) # fazp, (Jo), then f; # fip,. This only happens

11



when some of the coefficients of f, ), are not in A. That is, p; is not a good prime for f.
So we throw it away. If f;,(j) = fopi, (j) for j =1,2,...,D(pi, — 1) + 1 for some 4g. Since
degfi, < D(pi, — 1), we have f;, = fopiy -

Assume by contradiction that p;, is not a good prime for f, then the number of terms of
fio is less than that of f. Since S includes at least one f;, such that p;, is good prime for f,
the number of terms in f;, is more than f;,. It contradicts to that f;, has the most number
of the terms in S. So p;, is a good prime for f.

As fi, = 1 d1+62$d2+ + dt,dl<d2<---<dt,wecanassumef:1f1—1lm1+

€i,1 €42 ei,n . _ mod D+1, i
H2 Zmg+- - +H mt, Where m; =Ty Tg - Tn We can erte gasg = f(qiz, gz ( plo),
mod((D+1)" 1 s ) c1q €1, 1q 1’2'--q51’ d c2q92 1q q€2 n d thet,lqet qet n d
P 1 2 n 1 1 2 n 2 e 1 2 n t
ey nT o)) = N + Ve +- T x.

€1 €2 Cin ) e . .
Since |%| < Cq¢P, by Lemma in step 6, b = ciqu’lqgw .- gn™. By factoring

€; €; €; .
C% = ql“lqz“2 -+ gn", we obtain the degrees of m;. We have proved the correctness.

We now analyse the complexity. In step 2, we call Algorithm UPolySIRat O(nT?log D)
times. The degree of f; p, is bounded by D(p; — 1). Since the i-th prime is O(ilogi) and
we use at most O(nT?log D) primes, the degree bound is (5(nT 2D). So by Theorem
the bit complexity of getting all f; is O((nT3Dlog H)(log C + log H)(nT?log D)), this is
(5(n2T5D log Hlog C + n?*T°Dlog? H).

In step 4, since degf; is (’3(nT2 D), by fast multipoint evaluation [12, p.299], it needs
O(nT?D) operations. The number of the f; that we need to check is at most O(nT?log D),
so the total arithmetic operation for evaluations is (9( 2T1D). As the coefficients of f; are
in A and the number of terms is less than 7, the data is O(TC(nT2D)"T*PHT). So the
height of the data is (5(nT2D +logC + T'log H). The total bit complexity of step 4 is
O(n3T8D? + n2T*Dlog C + n*T°Dlog H).

In step 6, we need to obtain ¢ terms of g. We analyse the bit complexity of one step
of the cycle. To obtain b, we need O(1) arithmetic operations. The height of the data
is 6(nT2D(logC + Dlogn + log H)), so the bit complexity is (5(nT2DlogC +nT?D? +
nT?Dlog H). To factor C%, we need nlog? D operations. The data of b and ¢; is (5(Cq,?H),
so the bit complexity is O (nlog? Dlog C' +nD +nlog? Dlog H). So the total bit complexity
of step 6 is 6(nT3D logC +nT3D? +nT3Dlog H).

Therefore, the bit complexity is (5(n2T5D log Hlog C + n?*T°Dlog? H + n*TD?). |

Remark 3.7 If A = {a|C > |a|,a € Z}, we can modified the Algorithm [3.4 Assume
Ar = {a|TC > |a|,a € Z}. In step 2, we let f; := UPolySIRat(f,p,, Ar). As fzp, is an
integer polynomial with coefficients bounded by T'C, f; = frp;- So in step 4, we just find the
smallest integer ig that f;, has the most number of the terms in S. In this case, p;, s a good

prime for f. The bit complezity of the algorithm will be 6(n2T5DlogC +nT3D?).

3.3 Probabilistic Algorithm

Giesbrecht and Roche [5, Lemma 2.1] proved that if A\ = max{21, 3nT(T — 1)In D}, then
a prime p chosen at random in [\, 2)\] is a good prime for f(z1,...,z,) with probability at
least % Based on this result, we give a probabilistic algorithm.
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Algorithm 3.8 (ProMPolySIMK)

Input: A black box polynomial f(z1,...,2,) € Alx1,...,xz,], whose coefficients are in A
given in , an upper bound D for the degree, an upper bound 7' of the number of terms,
a list of n different primes q1,q2,...,qn(q1 < -+ < qn).

Output: The exact form of f(x1,...,xz,) with probability > %

Step 1: Let A := max{21, 3nT(T — 1)In D}, randomly choose a prime p in [\, 2)].
Step 2: Let f, := UPolySIRat(f, ,, A,T) via Algorithm

if f, = failure then return failure;

Assume fp:%xd1+%xd2+-~-+%xdt,d1 <dg < --- < dy

Step 3: Let 3 :=2Cq” max{H;, Hs, ..., H} + 1.[Lemma 3.3
Denote g(z) = f(qz, gez™ed(P+1p) mod((D+1)""1.p))
Let u:= g(B);

Step 4: Let s:=0;
fori=tt—1,...,1do
Let b := [ﬁHZ — 3]

X

Factor £ = kqitqs? - - q5r, where ¢; { k,i=1,2,...,n

Ci

if k#4A1ore+e+---+e, > D then return failure;

e Ci €1 .62 e
SI=Ss+ gy wyT Iy
U=U— #xdi

T
end do;

if v = 0 then return s

else return failure;

Theorem 3.9 The bit complexity of Algom’thm 18 (5(nT3D log H log C +nT3Dlog? H +
nT3D?).

Proof. In step 2, the degree of f,, is bounded by D(p —1). Since the p is O(nT?log D), the
degree bound is O(nT?D). By Theorem m the complexity is O((nT3Dlog H)(log C +
log H)), or O(nT3Dlog Hlog C + nT3Dlog” H).

In step 4, we need to obtain ¢ terms of g. We analyse the bit complexity of one step
of the cycle. To obtain b, we need O(1) arithmetic operations. The height of the data
is O(nT?D(log C + Dlogn + log H)), so the bit complexity is O(nT?Dlog C + nT?*D? +
nT?Dlog H). To factor c%, we need nlog? D operations. The height of b and ¢; is O(CqPH),
so the bit complexity is O (nlog? Dlog C' +nD +nlog? Dlog H ). So the total bit complexity
of step 4 is O(nT3Dlog C + nT3D? + nT3Dlog H).

Therefore, the total bit complexity of the algorithm is (7)(nT3DlogH log C + nT3D? +
nT3Dlog® H). I
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Remark 3.10 In Algorithm|3.8, we also modify step 4 of Algorithm as remark [3.9.

4 Experimental results

In this section, practical performances of the algorithms will be presented. The data are
collected on a desktop with Windows system, 3.60GHz Core i7 — 4790 CPU, and 8GB RAM
memory. The implementations in Maple can be found in

http://wuw.mmrc.iss.ac.cn/ xgao/software/sicoeff.zip

We randomly construct five polynomials, then regard them as black box polynomials and
reconstruct them with the algorithms. The average times are collected.

The results for univariate interpolation are shown in Figures In each figure,
three of the parameters C, H, D, T are fixed and one of them is variant. From these figures, we
can see that Algorithm UPolySIRat is linear in T, approximately linear in D, logarithmic
in C and H.

The results in the multivariate case are shown in Figures o] [of We just test the prob-
abilistic algorithm. From these figures, we can see that Algorithm ProMPolySIMK are
polynomial in 7" and D.

time seconds

100 200 300 400 500 600 700 800 900 1000 500 1000 1500 2000 2500 3000 3500
T D

— C=10000,H=5000,degree=4001

Figure 1: UPolySIRat: average running Figure 2: UPolySIRat: average running

times with varying T times with varying D
0.7
05 -
o4 0 05
5 g
803 s
'§32 EOE
. 02
0.1
Oé 2.x10° 4.x108 6.x10° 8.x 108 1.x107 100 200 300 400 500 600 700 800 900 1000
H

Figure 3: UPolySIRat: average running Figure 4: UPolySIRat: average running
times with varying C times with varying H
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— n=5,0-6,C=100,H-1 —n=5,T=4,C=100,H-1

Figure 5: ProMPolySIMK: average run- Figure 6: ProMPolySIMK: average run-
ning times with varying T’ ning times with varying D

5

Conclusion

In this paper, a new type of sparse interpolation is considered, that is, the coefficients of the
black box polynomial f are from a finite set. Specifically, we assume that the coeflicients
are rational numbers such that the upper bounds of the absolute values of these numbers
and their denominators are given, respectively. We first give an interpolation algorithm for a
univariate polynomial f, where f is obtained from one evaluation f(f) for a sufficiently large
number 3. Then, we introduce the modified Kronecker substitution to reduce the interpola-
tion of a multivariate polynomial into the univariate case. Both algorithms have polynomial
bit-size complexity and the algorithms can be used to recover quite large polynomials.
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