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Abstract. The algorithm to compute theory prime implicates, a gener-
alization of prime implicates, in propositional logic has been suggested
in [I6]. In this paper we have extended that algorithm to compute theory
prime implicates of a knowledge base X with respect to another knowl-
edge base Y using [2], where Y is a propositional knowledge base and
X EY, in modal system 7 and we have also proved its correctness. We
have also proved that it is an equivalence preserving knowledge compi-
lation and the size of theory prime implicates of X with respect to Y
is less than the size of the prime implicates of X U Y. We have also
extended the query answering algorithm in modal logic.
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1 Introduction

Propositional entailment problem is a fundamental issue in artificial intelligence
due to its high complexity. Determining whether a query logically follows from
a given knowledge base is intractable [6] in general as every known algorithm
runs in time exponential in the size of the given knowledge base. To overcome
such computational intractability, the propositional entailment problem is split
into two phases such as off-line and on-line. In the off-line phase, the original
knowledge base X is compiled into a new knowledge base X " and in on-line phase
queries are actually answered from the new knowledge base in time polynomial
in their size. In such type of compilation most of the computational overhead
shifted into the off-line phase, is amortized over large number of on-line query
answering. The off-line computation is called knowledge compilation.

Several approaches of knowledge compilation in propositional logic, first or-
der logic and modal logic has been suggested so far in literature [7}[9HT4L17H24].
The first kind of approach consists of an equivalence preserving knowledge com-
pilation. In such an approach, the knowledge base X is compiled into another
equivalent knowledge base IT(X), called the prime implicates of X with re-
spect to which queries are answered from II(X) in polynomial time. In another
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approach to equivalence preserving compilation in propositional logic, Marquis
suggested the computation of theory prime implicates [I6] of a knowledge base
X with respect to another knowledge base Y, so that queries can be answered
from theory prime implicates in polynomial time.

Most of the work in knowledge compilation have been restricted to proposi-
tional logic and first order logic in spite of an increasing intrest in modal logic.
Due to lack of expressive power in propositional logic and the undecidability
of first order logic, modal logic is required as a knowledge representation lan-
guage in many problems. Modal logic gives a trade-off between expressivity and
complexity as they are more expressive than propositional logic and computa-
tionally better behaved than first order logic. An algorithm to compute the set
of prime implicates of modal logic K and /C,, have been proposed in [2] and [3]
respectively.

In [TI6], the notion of prime implicates is generalized to theory prime impli-
cates in propositional logic where the size of theory prime implicate compilation
of a knowledge base is always exponentially smaller than the size of its prime
implicate compilation. Moreover, query answering from theory prime implicate
compilation can be performed in time polynomial in their size. In this paper we
extend this concept from propositional to modal logic using the algorithm in [2].
So here we compute the theory prime implicate of a knowledge base X with
respect to another restricted knowledge base Y, i.e, ©(X,0Y) where YV is a
propositional knowledge base such that X = Y. It can be noted that if Y = ()
then ©(X,0Y) becomes IT(X).

The paper is organized as follows. In section 2 We give basic results in modal
logic. In Section 3 we propose basic definitions of prime implicates, theory prime
implicates and we describe the properties of theory prime implicates, the al-
gorithm for computing theory prime implicates and query answering in modal
logic. Section 4 concludes the paper.

2 Preliminaries

Let us now discuss the basics of modal logic K from [4l[5]. The alphabet of modal
formulas is Var U {—,V,0,(,)}. Var is a countable set of variables denoted by
P,q,T, . ... The connectives = and V are negation and disjunction. ¢ is the modal
operator ‘possible’. The modal formulas M F are defined inductively as follows.
Variables are modal formulas. If A and B are modal formulas then =A, AVB,0A
are modal formulas. For the sake of convenience, we introduce the connectives
A—B=-AVB,A+ B=(A— B)A(B — A). The ‘necessary’ operator [J
is defined as JA = —-0—A. We avoid using parentheses whenever possible.

Definition 1. The semantics of modal logic K is defined using Kripke models
[15]. A Kripke model M is a triple (W, R,v) where W is a nonempty set (of
worlds), R is a binary relation on W called the accessibility relation , so if
(w,w,) € R then we say w is accessible from w, and v : W — 2V s q
valuation function, which assigns to each world w € W a subset v(w) of Var
such that p is true at a world w iff p € v(w).
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Definition 2. Given any Kripke model M = (W, R,v), a world w € W, and a
formula ¢ € MF, the truth of ¢ at w of M denoted by M,w |= ¢, is defined
inductively as follows:

— M,w |= p where p € Var iff p € v(w),

- M,w = —¢ iff M,w = ¢,

- MwpEoANY iff Myw = ¢ and M, w = 1,

- MwkEoVY iff MywE ¢ or M,w =1,

M,w Q¢ iff for all w € W with wRw' we have M, w’ E ¢,
M,w = O iff for some w € W with wRw we have M, w’ E ¢.

We say that a formula ¢ is satisfiable if there exists a model M and and a
world w such that M, w | ¢ and say ¢ is valid denoted by | ¢ if M, w = ¢ for
all M and w. A formula ¢ is unsatisfiable written as ¢ = L if there exists no M
and w for which M, w = ¢. A formula v is a logical consequence of a formula ¢
written as ¢ = v if M, w = ¢ implies M, w = 1 for every model M and world
weW.

There are two types of logical consequences in modal logic which are:

1. a formula v is a global consequence of ¢ if whenever M, w |= ¢ for every
world w of a model M, then M, w = v for every world w of M.

2. a formula 1 is a local consequence of ¢ if M, w = ¢ implies M, w | ¢ for
every model M and world w.

Eventhough both consequences exist, in this paper we will only study global
consequences and whenever ¢ =1 we mean v is a global consequence of ¢.

Two formulas ¢ and 1 are equivalent written as ¢ = ¢ or = ¢ +> ¢ if both
¢ E ¢ and ¢ E ¢. A formula ¢ is said to be logically stronger than ¢ or v
is said to be weaker than ¢ if ¢ = ¢ and ¢ = ¢. We can always strengthen a
premise and weaken a consequence as ¢ = v implies ¢ A x E ¢ and ¢ =1V x
for some formula x.

It can be noted that in Definition [l and 2] if we take R to be a reflexive
relation then system K becomes system 7. There are some results in this paper
which holds in system 7 only. As any theorem of K is a theorem in 7 so every
result holding in K also holds in 7.

The definitions of literals, clauses, terms and formulas in modal logic 7" known
as definition D4 in [2] are given below.

Definition 3. The literals L, clauses C, terms T, and formulas F are defined
as follows:

L:=al|-a|OF|OF
C:=L|CvVvC
T:=L|TAT

Fu=a|-a|FAF|FVF|OF|QF

A formula is said to be in conjunctive normal form (CNF) if it is a conjunction
of clauses and it is in disjunctive normal form (DNF) if it is a disjunction of terms.
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The transformation of a formula to CNF or DNF is exponential in both time

and space. The number of clauses in a CNF formula ¢ is denoted as nb_cl(¢).
We now present some basic properties of logical consequences and equiva-

lences in K which will be used in the proofs of some theorems in our paper.

Lemma 1. Let ¢ and ¥ be modal formulas. Then the following three statements
are equivalent.

(i) =7
(i) Op = Oy
(i) O = O

Proof. (i) = (i1): Let ¢ = . Then there is some M and w such that M, w | ¢
ifft M, w = 4. Construct a new model M’ which contains the model M, state
w and an arrow from w’' to w, so M, w’ E Og iff M w E 0. This implies
06 = Ov.

(i1) = (i): Let Q¢ = O1p. Let there be a model M and a state w such that
M,w £ O¢ iff M,w |= Otp. Then there exists a state w such that Rww and
M,w' = ¢ iff M,w' = 4. This implies ¢ = 1.

(i) = (4i4): Let ¢ = 1. Then there is some M and w such that M, w = ¢
ifft M, w = 9. Construct a new model M’ which contains the model M, w and
a relation Rw'w for each w then so M, w’ = O¢ iff M, w’ }= [p. This implies
O¢ = .

(#4t) = (i): Let O¢ = Ou. Let there be a model M and a state w such
that M,w = O¢ iff M,w = O¢. Then for all state w’ such that Rww and
M,w' = ¢ iff M,w' = 4. This implies ¢ = 1. O

We now extend the definition of |= with respect to a formula Y written as

Fy -

Definition 4. Let X1, X5 be modal formulas and Y be any propositional for-
mula. We define =y over MF x MF (as the extension of =) by X1 =y Xo iff
X1 UY E X5, When X1 Ey X2 holds then we say that Xa is a Y-logical con-
sequence of X1. We define the equivalence relation =y over MF by X1 =y Xo
iff X1 By X2 and X2 |y X1. When X1 =y Xo holds we say X7 and Xy are
Y -equivalent.

We now present the following lemmas which will be used in the proofs of
Theorem [ and Theorem [l later.

Lemma 2. Let v and x be modal formulas, and 'Y be any propositional formula.
Then the following three statements are equivalent with respect to =y .

(Z) w):YX
(it) Fy =V x
(i) Y A=x Fy L
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Proof. (i) = (i1): Let M = (W, R,v) be a model and w be a state in W. Let
Y Ey x. Then Y AY E x. So if Mw =4 and M,w EY then M,w = x for
all M and w. Asp = ¢ = -pVgq, so Myw Y or MywEY or Myw |E x
for all M and w. So M,w ~Y or (M,w ¢ or M,w = x) for all M and w.
This implies, if M,w E Y then (M,w = ¢ or M,w [ x) for all M and w. If
M,w EY then (M, w = - or M,w = x) for all M and w. If M,w =Y then
M,wE )V x for all M and w. So Y | -V x. Hence, Ey =) V x.

(#9) = (i19): f M,w Y then M,w = —¢ V x for all M and w. So, if
M,w | Y then M,w £ (= V x) for all M and w. If M,w = Y then
M,w FE (¢ A —x) for all M and w. M,w =Y or M,w [~ (¢ A —x) for all M
and w. Hence, “(M,w Y and M, w = 1 A —x) holds for all M and w. This
implies, =-(M,w E Y A¥ A =) holds for all M and w. M,w =Y A A —x for
all M and w. So, Y Ay A —x = L. This implies ¢ A =y |y L.

(#91) = (4): Let ¢» A—~x Ey L. This implies Y A A—=x E L. So, Y A = x.
Hence, ¥ Ey x. O

Lemma 3. Let v and x be modal formulas, and 'Y be any propositional formula.
Then the following three statements are equivalent in modal system K.

(Z) (0 ):Y X-
(i) O Foy Ox-
(iii) O gy Ox.

Proof. Let M = (W, R,v) be a model and w be a state in W.

(i) = (ii): Let Ov Py Ox. So O ADY K Ox. O ADY A =Ox B L.
Then there exists M and w such that M,w = ¢y AOY A =0x. So, M,w =
O AOY Ad-x. M,w = Oy and M, w E OY and M,w | O-x. Then for
all state w’ such that Rww and M, w’ E v, M, w' EY, and M,w E —x. So
YAY A-x Lo AY £ x. Hence, ¢ Fy x.

(#3) = (i): Let ¥ £y x. ¥ AY B~ x. Then there exists a model M and
a state w such that M,w E ¥ AY and M,w £ x. So, M,w E ¢ AY and
Mw E —x. Myw E ¢, Myw EY and M,w | —x. Let us create a new
model M’ by adding a new world w and an arrow from w to each w. Then,
M w' =0, M w = OY and M, w' = O-y. So, M, w' |= Qv AOY AQ-y.
0¥ ADY AD-x L 0 ADY b ~O-x. 0w A DY I Ox. So 09 foy Ox.

(1) = (i%): Tt is similar to the proof of (i) = (7).

(#31) = (i): Let Oy Epy Ox. So, Oy AOY | Ox. This implies -Ox =
-(Oy A OY). So, -Ox E —O¢ v -0OY. This implies, O—x E O Vv O—Y.
By property of K , we have O—x E O(— V =Y). Again by Lemma [Tl we get
-x E %V -Y.So —x |E (¥ AY). This implies v AY E x. So, ¥ Ey x. O

The following lemma which holds in K is used in the proof of Theorem [Bl and
ol

Theorem 1. LEt/BlvﬂQa' c 5/8’!7747/715727" '77n5¢17¢27" '7¢¢]5§15§27" 'agr be modal
formulas and oq,aa,...,00,%1,%2,...,9p, Y be propositional formulas. Then

(Viz10) AV OB)AVE—y D) A(Viey aa) V(VIL OB A((Vizy aa) V (ViZy D) JA
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((ViZ 10@)\/( R D)) A(Vieyaa) V (VI OB V (Vi D)) AL A Ay A
Opr A ... AOgg AO& A ... AOE EEny L if and only if

N D G oo~

Vi) A AL Ay =y L oor

Jlﬁj)/\qﬁl/\ AN¢g Ey L or

VIV AEGANDLA . A pg EY L for 1 <u<r or

(zlal) (leﬂj))/\d)l/\.../\d)q':yJ_OT

(Vi i= 105) V (Vi 1’yk))/\§u/\¢1/\.../\¢q Ey Lforl1<u<ror
( 16J)V(Vk 1'7k /\¢1/\---/\¢q):YL0r

(Vi i) V (VI Bi) V (Viey mk)) AL A A dg [y L

Proof. Suppose

NSOt w e

NSOt W

(1 106) NP1 A Ny Yy L

(Vi 15;)/\¢1/\ N q FEy L,

(\/k V) NEUADPLA NPy Fry Lfor 1 <u<r,

(( —10q) V (;:153))/\9251/\-'-/\92511 FEy L,

(Vi i) V (VI ) ACu AL Ao Ay ey Lfor 1 <u <,
((\/;" 1BV (\/k 1%)) NP1 A...Ndg FEy L, and
((Vicraa) V (VIZB) V (Vi) A1 Ao Aoy [y L.

Then there exists a model M  and a world w’ such that

Mow B (Vi ja) A A A, AY

Mow' = (VLB AL AL NG AT,

Mow' = (VI ) A AGL A Ay AY for 1 <u<r,

M w' = (Visje) V(v j:lﬂj))A¢1A"'A¢qAY7

Mow = (Vi) V (VI ) AEu AL A ... Ay AY for 1 <u<r,
M w B (VI BV (Vi) AdL A ... Adg Y, and

M w' b= (Visaa) V (VI B5) V (VRS ) A Gt AL Adg Y.

Hence, we obtain the followings from the above statements:

CAs M uw' E(V 1041)/\1/)1 /\wpand/\/l/wllelettherebea

propositional model w of (Vi 1041)/\1/)1/\ Ay, such that M, w = (V_ o)A
Y1 AN 1/)p and M, w’ |: Y. Construct a new model M which contains
the model M, w and a relation Rww for each w' then M,w = (Vi_ i) A
Vi A ... Ay and M,w = OY. So, M,w E (V! 1) AL A Aty ADY.

. Construct a new model M which contams the model ./\/l state w' and add

a new world w and a relation Rww’ for each w’ then M, w = ( »10B5) A
O¢1 A...AO¢p, AOY.

: Similarly like (2) we have M, w = (Vi_;0v) A Q& A1 A ... AOg, AOY

for1<u<7“

CAs M w' (VL @) AgLA. . AggANY or M w (Vi 15])/\(;51/\ /\gbq/\Y.

Let there be a propositional model w of (Vi_ ;) so (M w (Vi a;) A
MW E o1 A.. ./\gbq/\Y)\/./\/l W E (Vv jzlﬂ])/\qﬁl/\. APy NY. Construct
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a new model M which contains the model M/, w and a relation Rww for
each w’ then (M, w = (Vi_ i) AM,w = Og A .. ADg, ADY) VM, w =
(VI 0B8;)AO@ A . .AOgg ALY . So (M, w = (Voo )AO¢1 A . . AQgyAY)
or (M,w = (VIL,08;) AOg1 A ... AOpy ADIY). By distributivity, (M, w =
(Vs i) V (VIL1085)) AOgr A ... AOgy ADIY.

5. Similarly like (4) we have M,w = ((Vi_ i) V (VP_,0vk)) A O, A D¢y A
oAOpg AOY for 1 <u <,

6. Similarly like (2) or (3) we have M, w = ((VL108;) V (Vi1 Ohi)) A Ogr A
. AOp, ADOY.

7. Similarly like (4) we have M,w = ((Vi_jou) V (VIL,08;) V (Vi Oyw)) A
Oé1 A ... AOpy AOY.

From (1) to (7) we get M, w = (Vi o )A(VTy OB )A (Vi Oy ) A((Vizy o)V
(V21 085)) A (Viey ) V (Vo Bye)) A (VI 085) V (Vo Oye)) A ((Viey i) V
(VI OBV (Vi D)) AL A AYp AOGL A ADGg AOEL A . . AQE ALY This
implies, (Vi) A(VILy O8;) A(VRZ D) A((Vizy ) V (VILy 08;)) A((Viey i) V
(ViziEm)) A ((V}nﬂ 0B;) V (V=1 Bm)) A ((Vé:ﬂli) v (V}n:l OB;) V (Vi—1 Ov)) A
YA AP AP AL ADpg AOE A LA QG oy L.

Conversely, Suppose (Vi_; i) A (VI OB )A (Vi Ove)A((Vie i)V (VL 085))A
((Vieyod) V (VEZ Oye)) A (V2 085) V (Ve Oye)) A ((Vieya) V (VI 085) v
(Vs Ove) At Ao A ADGL Ao ADgg A& AL A Q& oy L. Then
there exists a model M and a state w such that M, w = (Vi_ja;) A (VL 085) A
(Vi=1E57k) A ((Vé:1ai) v (\/}1106]»)) A ((Vé:1ai) V (ViZ Oye)) A ((\/}11(}6]») v
(Vis Ove)) A (Vi) V (VI 085) V (VRS D) At Ao Ahp ADG1L AL A
Ogg A O& A ... AOE AOY . Then the following must hold.

L MywkE (Vi a) A A A, AOY

2. Myw = (VIL08;) AOgr A ... AOgy ADY,

3 Mw k= (VP Ov) A& AOp1 A ... AOpg AOY for 1 <u <r,

4. Mw E (Vieyas) vV (VIZ08;) AD¢y A ... AO¢g ADY,

5. Myw E ((ViZ ) V (VR DOy)) A& ADg1 AL . .AOg, ADY for 1 <u <,
6. M,w = ((VIL,08;) V (Vi Ov)) AD¢y A ... AO¢g, AOY, and

7. Mow (Vi) V (VI 085) V (Vim D)) AD¢y A ... ADgg ADY.

Hence, we get the following from above statements:

L. M,w | (Vi o) A1 A. . . AP, and M, w = Y. Let there be a propositional
model w' of (Vi_ ;) A1 A. .. A1, so that M, w' = (Vi_ i) Ay AL A,
and M,w | OY. Construct a new Kripke model M’ which contains the
model M and the world w' and Ruww’, so we get M w' = (Vi_ ;) A
YA AP, and M w EY. So M w' = (Vi) Api A A, Y.
(VI a)) At Ao A, AY = L. Hence, (Vi_jay) A1 A A, oy L.

2. (VIL1Bj)AP1A. . .ApgAY is satisfiable because there exists w' such that Rww’
and M, w' |= (VI B5) AgL AL .. AggAY . So, (VIL  Bj) A1 A.. . ApgAY [~ L.
This implies (V71 8;) A g1 A... A dg Fy L.
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3. Similarly, we can show (Vi_;vk) Alu NP1 A... Adg ey L for 1 < u <rlike
2).

4. J(As Mw E (Vi) AO¢1 A ..AOg, AOY and M, w = (VIL108;) AOg1 A
. .AOg,AOY , 50 (M, w = (Vi ) AM,w = OpiA. . .AO¢pAOY WM, w =
(VIL108;) AO¢1 A ... ADO¢g ADY. Let there be a propositional model w
of (Vi_ja;) such that (M,w = (Vi_ o) A Myw = Oy A ... A Ogy A
OY) v M,w = (VIL08;) AOg1 A ... ADOgpy AOY. Construct a new Kripke
model M’ which contains the model M and the world w and wa,, SO
we get (M, w' | (Vila) AM w = gr A A AY)V M =
(VI B AL A . Adg AY. So, M = (Vijai) Ad1 AL A gAY or
M w = (VIL18j)Ap1A. . .ApgAY . By distributivity, M w E (Vi i)V
(VI B) Adr A Ay AY - (Vi) V (VIL B)) A1 A A AY I L.
This implies, ((Vi_ ;) V (VIL1Bi) A1 Ao A gy Ey L.

5. Similarly we can show ((Vi_ ;) V (VP_7%) Aéu Ap1 A ... Ay ey L for
1 <wu < rlike (4).

6. Similarly we can show ((V7L;3;) V (Vi_7k)) Ad1 A ... A dg [y L like (2)
or (3).

7. Sin(lil)arly we can show ((Vi_j i)V (VIL B5)V (Vis 7)) AL A .. Ay ey L
like (4). O

3 Theory Prime Implicates

Now we give the definitions of prime implicates and prime implicants of a knowl-
edge base X with respect to = in modal logic.

Definition 5. A clause C is said to be an implicate of a formula X if X | C.
A clause C is a prime implicate of X if C is an implicate of X and there is no
other implicate c of X such that c E C. The set of prime implicates of X is
denoted by II(X).

Definition 6. A term C is said to be an implicant of a formula X if C = X.
A term C is said to be a prime implicant of X if C is an implicant of X and
and there is no other implicant C° of X such that C | C".

Definition 7. A clause C' € X is a minimal element of X if for all C € X,
C = C implies C = C . Similarly, a clause C° € X is a minimal element of
X with respect to a propositional formula Y if for all C € X, C =y C implies
C=yC.

So we note that prime implicates (or prime implicants) of a knowledge base
X are minimal elements with respect to = among the implicates (or implicants)
of X respectively.

We now extend the definition of prime implicate to theory prime implicate
with respect to =y as follows.
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Definition 8. Let X and Y be any modal formulas. A clause C is a theory
implicate of X with respect to Y iff X =y C. A clause C is a theory prime
implicate of X with respect to Y iff C is a theory implicate of X with respect to
Y and there is no theory implicate c of X with respect to'Y such that c’ Ey C.
We denote ©(X,Y) as the set of theory prime implicates of X with respect to
Y.

We note that the set of theory prime implicates of X with respect to Y i.e,
O(X,Y), is the minimal elements with respect to =y among the set of theory
implicates of X with respect to Y.

In the rest of the paper we compute the theory prime implicates of X with
respect to (JY where Y is a propositional formula using the above definitions
and results. We have been able to compute theory prime implicates of X with
respect to a restricted modal knowledge base LY, instead of an arbitrary modal
formula Z.

3.1 Properties of Theory Prime Implicates
Below we list some of the properties of theory prime implicates.

Lemma 4. Let X be a modal formula and Y be any propositional formula. Then
e(Xx,0v) c n(xungy).

Proof. Let C € O(X,0Y). So X =0y C and there is no theory implicate ¢’
of X with respect to (Y such that C' gy C. This implies X UOY = C.
So C'is an implicate of X UOY. If C is not a prime implicate of X U OY, i.e,
C ¢ II(X UOY) then there is an implicate C* of X U Y such that ¢ |= C,
which implies c Eoy C. As ¢’ is an implicate of X UOY so X UOY [ C/,
ie, X Foy C'.SoC isa theory implicate of X with respect to [(JY. So we are
getting a theory implicate C" of X with respect to (Y such that c Eoy C.
This implies C' cannot be a theory prime implicate of X with respect to OJY.
Hence a contradiction. So C € II(X Uu0OY). O

Lemma 5. ]f 01,02 S U(X U DY) and Cy ):Dy Cy then Cq Q/ @(X, DY)

Proof. Let Cy € O(X,Y). This implies X =gy C and there is no theory
implicate C of X with respect to Y such that C' =y Cs. Hence, XUOY | Cy
and there is no implicate C' of X U Y such that C =gy Cs. But given that
Cy € (X uOyY) and C; gy Cs. So there is an implicate C; of X UOY such
that Cy Epy C2. This implies Cy is not prime which is a contradiction. So,
C, ¢ O(X,0Y). O

So we conclude from Lemma[4] and Lemma[G] that the set of theory prime impli-
cates of X with respect to (JY can be defined from the set of prime implicates
of X UJY as follows:

Theorem 2. O(X,0Y) = min(II(X UDOY), =oy)
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The above theorem is used in proving the correctness of computation of
theory prime implicate algorithm.

The following theorem says that the set of theory prime implicates of X with
respect to [JY captures all the theory implicates of X with respect to (JY. It is
useful in proving the correctness of query answering algorithm later.

Theorem 3. Let X and Y be modal formulas and C be a clause. Then X Epy
C holds if and only if there is a theory prime implicate C° of X with respect to
OY such that C" =py C holds.

Proof. Suppose X Epy C, ie, X UOY E C. So C is an implicate of X U Y.
If C is not prime then there is an implicate C* of X UOY such that C* = C.
Let A* = {C* | C* is an implicate of X UOY and C* = C}. We can find out a
set A ={C1,...,Cy} such that for each C* € A* there is a C; € A such that
C; =ny C*. We have chosen one element per equivalence class. So each element
of A is an implicate of X U Y. Then any minimal element of A is a prime
implicate of X UOY. This means we obtain a theory prime implicate of X with
respect to Y.

Conversely, there exists a theory prime implicate C" of X with respect to
OY such that C' =gy C holds. This implies X UOY | € and ¢ UDY = C.
As C' is disjunctive so ¢’ = C" UOY. Hence X ULY = C. O

The following theorem is a metalogical property of prime implicates.

Lemma 6. Let X and X be formulae in T. Then X = b'e if and only if

’

nxX)=n(x).
Proof. 1t is easy to prove.
The following theorem is a metalogical property of theory prime implicates.

Theorem 4. Suppose X,X,, are formulae in T and Y, Y be any propositional
formulae. If X =gy X and Y =Y then O(X ,0Y ) = O(X,0Y).

Proof. Let C € @(Xl, DY,), i.e, C'is a theory prime implicate of X with respect
to Y. So by definition C' is a theory implicate of X' with respect to Oy’ and
there is no other theory implicate C' of X' with respect to OY" such that
c’ Eoy C, ie, X vagy E C and there does not exist any C’ such that
X' ugy’ = C' and C' Eoy C. As X =ny X' so Xuly = X'. Hence
Xuoyudy' = X'udy' | Cso XuOyudy' f=C.AsY =Y so by Lemmalll
we have Y = OY. Hence XUOY = C. Hence, X UCY = C and there does not
exist any C” such that X UDY = C" and C' =y C. This implies C' is a theory
prime implicate of X with respect to OV, i.e, C € O(X,0Y). This implies,
O(X',0v") € O(X,0Y). Similarly we can prove O(X,0Y) € O(X ,0Y").
Hence proved. O

The equivalence preserving knowledge compilation Theorem 8 will be proved
by the help of the following lemma.
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Lemma 7. Let X be a modal formula and Y be any propositional formula. Then
X =gy ©(X,0Y).

Proof. First we have to prove X Eny ©(X,0Y), i.e, to prove X gy min(J1 (XU
OY), =gy) (by Theorem ), i.e, to prove X UOY = min(II(X UOY), Eoy).

As nb_cl(II(X UOY)) > nb_cl(min(II(X UOY), Eny)) so (X UOY) E
min([Z(XUOY), Eny). As XuY = I(XuldY), so XUOY E min(I1(X U
DY)) ':DY)'

Conversely, we have to prove O(X,Y) gy X, i.e, to prove min(I7(X U
OY), Foy) Eoy X (by Theorem ), i.e, to prove min(I7(X UOY), Fgy) U
OV = X. As (X uOY)udY E min(II(X U0Y), Foy) VY, so we have to
prove II(X UOY)ulY = X. As II(X UY) = X UOY so we have to prove
(Xudy)ullY X, ie, to prove X UOY = X which holds always. Hence
proved. (I

The following result which holds in 7 shows that weakening the consequence
Y does not increases the number of clauses of ©(X,0Y).

Theorem 5. Let X be a modal formula and Y, Y’ be any propositional for-
mulas such that X =Y and Y = Y'. For every # € O(X,0Y") there ex-
ists a m € O(X,0Y) such that © =gy 7. Consequently, nb_cl(©(X,0Y")) <
nb_cl(O(X,0Y)).

Proof. Let X = (Vi_ a;) A (VIL1085) A (V=1 Be) A (Vi i) v (VIL1085)) A
((Vieyai) V (Vio,Ov)) A (VIL1085) V (Vi1 Bk)) A ((Vieyai) v (ViZ1085) v
(Vi_;Ovk)) be a formula in K where ai,@s,...,q; be propositional formulae
and 81, 82, ..., Bm, V1,72, - - - , Yn be formulae in K. Let T = wll\/ . .\/w;\/qu/l \Y,
LV qu; \Y Dfi V...V Dg; be a theory prime implicate of X with respect to oy’
where 11,2, ...,1%, be propositional formulae and ¢1, ¢2,...,04,&1,62,...,&
be formulae in K. So 7" € O(X,0Y"), i.e, X Eoy 7, ie, X AT Eoy L. This
implies (Vé:10‘i) A (V}n:1 OB;) A (Viz1 DOyie) A ((Vézlai) v (V}n:l OBj)) A ((Vézlai) v
(Vs B A (VT2 085) V (ViZ Bie)) A (Viey @) V (VIZ 08) V (VRZ D)) A
=y A Ay, AORGy A AO=g, AO=E AL A O=E. gy L. Then by
Theorem [l one of the following will hold.

L (Vi jai) A=y AL A ﬁz/JI,, vy L. So (Vi 4) =yr 0y V...V 1/11,,. Hence by
property of T, (Vi_ i) Egys ¥ V...V w;. Hence, (VI_ ;) =gy 7 - As
(VI_,a;) is a theory implicate of X with respect to OY ", so (Vi_ a;) =gy
7. AsY E Y, so by Lemma I (VI_ ;) Eoy (Vi o) gy 7. So
(VI_,a;) =gy 7. So we note that « is not a theory prime implicate of
X with respect to OY but as X Fpy (Vi_ja;) so (Vi_,q;) is a theory
implicate of X with respect to O0Y. As there does not exist any C such that
X Epy C and C oy (Vi) so (Vi_ja;) is a theory prime implicate
of X with respect to Y. Assuming 7 = (V!_,q;) we have shown that for
every m € O(X,Y") there exists a 7 € O(X,0Y) such that 7 =g, 7.
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(VI B Ay A A=y Eyr Lo So (VI B) Eyr (61 V...V ¢,). Then

by Lemma [ O(ViL,55) Foy Oy V...V qﬁ;). By property of K, we have
(VIL10B) By’ (001 V...V Od,). So (VIL10B)) oy 7. As (VIL,105))
is a theory implicate of X with respect to OY so (\/;-”Zloﬂj) =y’ T .
AsY £ Y, so by Lemma [ (VIL1085) Foy (VILi08;) Faoy 7. So
(\/;”:10@) Eoy 7. So 7 is not a theory prime implicate of X with respect
to OY but as X oy (ViL;08;) so (ViL,08;) is a theory implicate of X
with respect to OY. As there does not exist any C such that X gy C
and C =gy (V7L;085) so (ViL;08;) is a theory prime implicate of X with
respect to [JY. Assuming (VJL,0f;) = 7, we have shown that for every
7 € O(X,0Y") there exists a 7 € O(X,0Y) such that 7 =gy 7.

(VI ) A€ A gy A Ay fEy Lifor 1< w < rSo (VR )y

€,V Py V...V, so by Lemmall O(Vi_1v) Foy O,V V...Vé,). By
p/roperty of lC/we ha/uve, (VZ:1/D%) Eoyr O(ViZi k) ':D/Y/ Dg/;v(}((bll V..V
bq) Foyr B, V001 V...VO¢,. So, (Vi_,Ovi) oy 08, V00, V...VO@,. So
(ViZ Ov) Eny T . As (Vi—1O7) is a theory implicate of X with respect to
ay’, So (ViZ Ov) =gy . AsY E Y, so by Lemmal] (Vi_:Ove) Eoy
(ViZOv) Eny T so (Vi,Ow) Eoy 7. So « is not a theory prime
implicate of X with respect to Y but as X oy (Vi_;0vk), so (Vi_;0vk)
is a theory implicate of X with respect to Y. As there does not exist any
C such that X Epy C and C oy (Vi Ov) so (Vi_;Ovk) is theory
prime implicate of X with respect to OY. Assuming (Vi_,0v,) = 7, we
have shown that for every 7 € ©(X,0Y") there exists a 7 € O(X,0Y)
such that 7 =gy .

(Vi @) V (VI B)) A= A A=y [y L So, (Vieyaa) V (VL B5)) FEyr

1V -V ¢y By Lemma B O((Vieyas) V (ViL1By) oy 061V -V 6,).
By property of K, ((Vi_;0c:) V (VIL,08))) Fpyr 01 V... V 08, gy
. Again by property of T, ((Vieyau) V (VIL1068;)) Foyr ((Viei0a) v
(VIL,1085)) Foy” 7. As (Vi o) Vv (ViL,08;)) is a theory implicate of X
with respect to OY ", so ((Vi_,a;) V (ViL1085)) =ny~ m.AsY =Y, so by
Lemmalll ((VI_,a:)V (VI 08;)) Foy ((V_a0)V (VI 08;)) Fpys - So
(ViZ i) V (VI 085)) Eoy 7. Som is not a theory prime implicate of X
with respect to OY but as X gy ((Vie i) V (VIL,08;)) so ((Viejou) V
(V7L1085)) is a theory implicate of X with respect to JY. As there does
not exist any C' such that X gy C and C oy ((Vie,aq) V (VIZ,05))),
so (Vi_,a4) Vv (VJL;08;)) is a theory prime implicate of X with respect to
OY. Assuming 7 = ((Vi_;u) V (ViL;085)) we have shown that for every
7 € O(X,0Y") there exists a 7 € O(X,0Y) such that 7 =gy 7.

(VI i) V (VR ) A €y AL A A gy by Lfor 1< u <

This implies, ((Vi_,ou) V (Vi_, %)) By &,V 6 V...V (b;. By Lemma
B O((Vieiaq) V (Vi) Foyr O,V éy V...V ¢,). By property of K,
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(Ve TV (Vi D)) Erpy DV )V (Vi) and O(E, Vs, V. .V
6n) oy D6,V O(61 V.-V 6,)) Eays D6,V 0y V...V 06,) gy 7, s0
(Vi 0a) V (Vi Ow)) gy 7 - As a; for 1 < i < [ is a propositional for-
mula, ((Vi_yoq) V (Vis,Ow)) BEoyr (Vie Do) vV (Vi Bw) Foy . As
(Vi) V (Vi_,0)) is a theory implicate of X with respect to O0Y",
so (Vi_,a;) V (VP_,Ov)) =gy 7. Again as Y = Y, so by Lemma
O ((Vieyew) V (Vie,Ow)) Foy ((Visgai) v (ViZOw)) oy 7. Hence
(Vi )V (VP_,Ow)) oy 7 - So, @ is not a theory prime implicate of X
with respect to OY but as X Ery (Vi_jaq) V (VEZ, D)), so (Vi aq) v
(Vi_;Ovk)) is a theory implicate of X with respect to OY. As there does
not exist any C such that X Fny C and C oy (Vi_jaq) V (VR D)),
So ((V!_jay) V (VE_,Ovk)) is a theory prime implicate of X with respect to
QY. Assuming m = ((Vi_;a;) V (VZ_,0v)) we have shown that for every
7 € O(X,0Y") there exists a 7 € O(X,0Y) such that 7 =g, .

(VI B)) Y (VEZ 1)) A=y A A =gy ey L This implies, (VI 8;) V
(Vi_i7)) [y $1V. .-V By Lemmal3, we have O((VILy 85V (Vi_, ) Fay
O(¢yV...V,). By property of K, (VI 08;)V(Vi_10%)) oy (06 V...V
09,)- Again by property of T, (Vi1 08;)V (Vi D)) oy (Vi1 085)V
(\,/2:10%)) Fayr (0 V.. -VQ¢;) oy ™ - So (Vi1 0B)V(Vi_1 D)) Eay
7. As ((VIL108)) V (ViZOvk)) is a theory implicate of X with respect to
Oy’ so (VIL1085) vV (Vi Bv)) =ny m.AsY =Y’ so by Lemma [Il
(ViZ1085) V (Ve BOw)) Foy (ViL108;) V (Vi Bw)) Eoy w . Hence,
(VL 0B8)V (Vie,Ow)) Foy 7 .So7 isnot a theory prime implicate of X
with respect to JY but as X gy (V7L 085)V (Ve Oi)) so, (V7L 085)V
Vi_,0vz)) is a theory implicate of X with respect to Y. As there does not
exist any C such that X =gy C and C gy ((VIL08;) V (ViZO)), so
((VIL1085) V (Vi—1Onk)) is a theory prime implicate of X with respect to
OY. Assuming ((ViL;08;) V (Vi—10v)) = 7, we have shown that for every
7 € O(X,0Y") there exists a 7 € O(X,0Y) such that 7 =g, 7.

S ((Viipon) V (VI Bi) V (VR k) A —éy A ... A =gy [y L. This implies,
((Vli:1ai)\/(V;‘nzlﬁj)\/(\/zzﬂk)) ):Y' ¢,1V- . -V¢;- By Lemmal3] Q((Vli:1ai)\/
(VI BV (Vi 1)) Eoyr O(¢) V...V é,). By property of K, ((Vi_, 0a;) v
(ViLi0B;) V (Vi Om)) oy (091 V ...V 0@,). Again by property of
T, ((Vé:ﬂli) v (\/Tleﬁj) v (VZ:1D%)) Foy’ ((Vé:1<>ai) v (\/;”:10@) v
(VisiOm)) Eayr (001 V...V 0dy) gy - So, (Vieyau) V (VL1 085) v
(Viz1BOw)) Foy m . As ((\/li:1ai)\/(\/}nzloﬂj)\/(\/zzlm%)) is a theory im-
plicate of X with respect to Y so, (Vi o) V(VIL 085V (Ve Ov)) =gy
7. AsY =Y, so by Lemmall ((Vi_,a;)V (Vi1 085) V (Vi—1Ow)) Foy
(VI @)V (VI 08V (Vi D)) by 7 - Hence, ((V_yaa)V (VI 0V
(Vi_,0w)) Eoy 7. So @ is not a theory prime implicate of X with
respect to OY but as X oy ((Vieju) V (VIL08;) V (Vi Ow)) so
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(Vi_ i) V (VI 0B5) V (Vi—1Om)) is theory implicate of X with respect
to OY. As there does not exist any C such that X Epy C and C Epy
((Visjaq) Vv (VIL1085) V (V=1 Bvk)) so ((Vieyou) Vv (V1085 V (Ve Bk))
is a theory prime implicate of X with respect to Y. Assuming ((Vi_,a;)V
(ViL1085) V (ViZ,Ovk)) = 7, we have shown that for every r eO(X,07")
there exists a 7 € ©(X,JY) such that © =g~ 7. Hence proved. O

The following result which holds in 7 shows that the size of ©(X,0Y) is
always smaller than the size of IT(X UOY") which is an advantage to our com-
pilation.

Theorem 6. Let X be a modal formula and Y be any propositional formula.
For every # € O(X,0Y) there exists a = € II(X UOY) such that © =gy .
Consequently, nb_cl(©(X,0Y)) < nb_cl(II(X UOY)).

Proof. Let X = (Vi_ja;) A (VIL1085) A (V=1 Be) A (Vi i) v (VIL1085)) A
((Vie1ai) V (V2 Ove)) A (VI 085) V (VR D)) A (Vieyew) V (VIZ108;) v
(Vi_;Ovk)) be a formula in  where a1, as,...,a; be propositional formulae
and B1, B2, . .., By V15 Y25 - - -, Y be formulae in K. Let @ = )y V... Vb,V Oy V
LV qulq \Y, Df; V...V D«f; be a theory prime implicate of X with respect to (Y,
where 91,32, ...,1%, be propositional formulae and ¢, ¢2,...,04,&1,&2,...,&
be formulae in K. So 7 € O(X,0Y), i.e, X =gy 7, i.e, X A= =gy L. This
implies (Vi_y i) A(ViZy 0B) A (VE_ Bi) A(Viey0a) V (VI 08)) A (Vg i) V
(Vs O A (VT2 085) V (ViZ Bi)) A (Viey @) V (VIZ 08) V (VRZ D)) A
—hy A A=y A=y AL AD=g, A O=E AL A O=E, oy L. Then by
Theorem [l one of the following will hold.

Lo (Vija) A=y A A=Y,y Lo So (Visjau) Ey ¥ V.. VY, Ey T
Hence by property of T, (Vi_,a;) Foy 7. As (VI_ ;) is a theory implicate
of X with respect to OY, so (Vi_ ;) =gy 7. As X AOY E Vi_ 4 so
Vl_ a; is an implicate of X A Y. As there doesn’t exist any C such that
XAQY | Cand C = V_ja; so Vi_jq; is a prime implicate of X A Y.
Assuming 7 = V._,a; we have for every = O(X,dY) there exists a
7 e II(X udY) such that 7 =gy .

2. (VI B5) A=dy A ... A=dy Ey L. So (VI 8)) [y (1 V...V ¢,). Then
by Lemma [3, O(V7L,5;) Foy Oy V...V qﬁ;). By property of K, we have
(VI108)) Foy (061 V...V 06,). So (VIL,08) oy «- As (V,08))
is a theory implicate of X with respect to Y so (ViL;08;) =gy 7. As
xXAgy = Vil 85, so ViL, B; is an implicate of X ALY As there doesn’t
exist any C such that X AQY |= C and C |= V], B;, so VI, B; is a prime
implicate of X ALJY'. Assuming 7 = V7, 3; we have for every e O(X,0Y7)
there exists a 7 € II(X UOY) such that 7 =gy 7.

3. (VE_ k) A =€y A=y A A qﬁ; Ey Lforl <wu<r So (Vii,w) Ey
€,V dy V...V ¢,. s0 by Lemmall O(VP_ vk) Foy O,V V...V ¢,). By
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property of K, (Vi_;Ow) oy O(Vi_ ) oy 08, VO(¢y V...V é,) Foy
0¢, V Ody V...V O, So, (Vi_,Ov) oy 0,V 0¢) V...V Od,. So
(Vi_,Ow) oy 7. As (Vi_,0y) is a theory implicate of X with respect
to OY, So (Vi_,Ov) =ov . As X AOY VE_ Oy, so VE_ Oy is an
implicate of X AOY. As there doesn’t exist any C such that X AOY = C
and C' = Vi_, Oy, so Vi_,Ovg is a prime implicate of X A OY. Assuming
7 = Vi_, Oy, we have for every 7 € ©(X, JY) there exists a 7 € IT(XUOY)
such that 7 =Qy 7.
- ((Viey @) V(VIL B))) A=y A A=y FEy L So, ((Vieyeq) V (VL B))) Ey
$1 V...V ¢, By Lemma [, O((Vi i) V (VIL8))) oy O(¢1 V...V é,).
By property of K, ((Vi_;0c:) V (VIL,085)) Eoy 0y V...V 0¢, oy
7. Again by property of T, ((Vi_,a4) V (ViL1085)) Foy ((Vil,0a;) V
(VIL1084)) Foy 7. As (Vi_,a;) V (VIL10B;)) is a theory implicate of X
with respect to OV, so ((Vi_,aq) V (VIL,08;)) =0y . As X AOY =
(Visyai) V (VIL,108;), so (Vim ai) V (VIL,0B;) is an implicate of X A Y.
As there doesn’t exist any C such that X AQY = C and C | (Vi_ ;) V
(VIL108;), 50 (Vi_ i) V(VIL, OB;) is a prime implicate of X ACIY . Assuming
7= (Viejoq) V (V]2 08;) we have for every 7 € O(X,0Y) there exists a
7€ II(X UdY) such that 7 =gy 7.
(Vi) V (VRS ) A € A gL A A g, by Lfor 1< u <
This implies, ((V!_jc;) V (VI_, 7)) By E NG V...V (b; By Lemma [3]
O((Viys) V (Vi) Eoy O, V é; V...V ¢,). By property of K,
(Vi Oow) V (Vi D)) oy O((Vieyos) V (ViZ ) and D, V ¢V
LV ) oy 06, V06, V...V ,)) Foy O&, VOe V... VO8,) Foy
so ((Vi_,0ay) vV (VP_,Ov)) oy 7. As a; for 1 < i <[ is a propositional
formula, ((Vi_ja:) V (Vie,Ow)) Foy (VieiBOes) V (Vi Ow) oy .
As ((Vi_ ;) vV (VR_,0O7k)) is a theory implicate of X with respect to OY,
so ((Viiyos) V (VP Ow)) =gy 7. As X ADY = (Viijon) v (VE_ Owe),
so (VI ay) vV (VP_,0O) is an implicate of X A OY. As there doesn’t ex-
ist any C such that X AQDY | C and C = (Vi_ i) Vv (VR_,0Ow), so
(Vi_jou) v (VP_,Ov) is a prime implicate of X A OY. Assuming 7 =
(Vi_ i) V (VP_,0m) we have for every 7 € O(X,0Y) there exists a
7€ II(X UdY) such that 7 =gy 7.
(VI B)) V (VEZy 1)) A=y A A =gy v L This implies, ((VIL,3;) V
(Vi_im)) Ey V.. -V¢;- By Lemmal[3}, we have O((V7L,8;)V(ViZ17k)) Foy
O(¢1V...Vé,). By property of K, (VIL, 08;)V (Vi_, 0m)) Foy (06, V...V
Od,)- Again by property of T, (ViL;08)) V (Vi_yOw)) oy ((VF,085) v
(Vi_ 0v)) Eoy (061 V...VOe,) oy 7. So (VIL, 08,)V(Vi_, Ow)) Foy
7. As ((VIL1085) V (ViZOvk)) is a theory implicate of X with respect to
Oy, so (VI,08;) V (Vi_,Ow)) =gy 7. As X AOY | (V,08)) V
(Vi=1Ok), so (VIL108;) V (Vi=;Ohk) is an implicate of X ATY. As there
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doesn’t exist any C such that X ALY |= C and C = (ViL,08;)V (Vi D),
so (VIL1085) V (Vi—1Ovk) is a prime implicate of X A Y. Assuming 7 =
(Vi1085) V (ViZOvk) we have for every 7 € O(X,0Y) there exists a
7 e II(X udY) such that 7 =gy .

7. (Visyou) V (VI B5) V (VR k) A =éy A ... A =g, =y L. This implies,
(Vi o) V(I BV (Vii )y @1 V...V, By Lemmall O((Vi_; i)V
(VI B) V (Vi) Fay O(61 V-V ). By property of K, ((Vi_; 0as) v
(VI 085) V (Vi Om)) oy (01 V ...V 06,). Again by property of
T, (Vieyeu) vV (VIR 08;) V (VieOw)) oy (Vie, 0as) vV (VIL,085) V
(VE=10m)) oy (061 V...V 06,) oy - So, ((Vieyad) V (VIL08)) v
(VP Ov)) oy ™. As (Vi o) V (VI 08;) V (Vi Dyk)) s a theory im-
plicate of X with respect to OY so, ((Vi_you)V(VIL, 08;5)V(Vie, D)) =oy
7 As XAOY = (Vi a)V(VI OBV (VE_ D), so (Vi i) V (VL 0BV
(Vi_,Ov) is an implicate of X ACJY. As there doesn’t exist any C' such that
XAOY E Cand C | (Vicya) V (VI 085) V (VEZ, Ok), so (Vieou) V
(ViL1085) V (Vi—Ovk) is a prime implicate of X A Y. Assuming 7 =
(Visyau) Vv (VI2,1085) V (Vi—1Ovk) we have for every 7 € O(X,dY) there
exists a w € I[1(X UOY") such that 7 =gy 7. Hence proved. (]

Remark 1. Like Theorem[Blwe can also prove that for every T e O(X,0Y) there
exists a m € [I(X UY) such that 7 =gy 7. Consequently, nb_cl(0(X,0Y)) <
nb_cl(II(X UY)).

3.2 Algorithm for Computing Theory Prime Implicates

Let us now present the algorithm for computation of theory prime implicates.
The following algorithm is based on the Bienvenu’s algorithm [2]. First, our
algorithm computes the theory implicates of X UOY using the algorithm in [2]
which is called as the set CANDIDATES. Here Y is a propositional formula
such that X =Y. The assumption X =Y is considered in Definition 0 below.
Then it computes theory implicates of X U Y and then it removes logically
entailed clauses with respect to =gy to get theory prime implicates of X UOY'.

Algorithm MODALTPI(X,0Y)

Input: Two formulas X and Y where X is a modal formula and Y is any
propositional formula

Output: Set of theory prime implicates of X with respect to (Y

begin
Compute CANDIDATES for X ULY
Remove 7; from CANDIDATES if m; Eoy m; for some m; in CANDIDATES
Return CANDIDATES(=O(X,0Y))

end

Theorem 7. The algorithm MODALTPI terminates.
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Proof. To compute theory prime implicates of X with respect to (0Y, we are
infact computing prime implicates of X UOY". So by [2] the set CANDIDATES
containing the set of implicates of X UOY is finite. Then in CANDIDATES we
compare a pair of implicates at most once for each pair and there are only finite
such pairs, so the algorithm MODALT PI must terminate. O

The correctness of the above algorithm MODALT PI follows from Theorem
and Theorem [7

3.3 Theory Prime Implicate Compilation

Definition 9. Let X be a modal formula and Y be any propositional formula
such that X E'Y and OY be tractable. The theory prime implicate compilation
of X with respect to QY is defined as 20y (X) = O0(X,0Y)u Y.

Theorem 8. 0y (X) = X.

Proof. We have to prove ©(X,0Y)ullY = X i.e, to prove O(X,0Y)UOY E X
and X | ©(X,0Y)u0Y. First part is direct from Lemma [7l For second part,
as X F Y and Y is a propositional formula, Y | OY, so X | 0OY, this
implies, X = X UOY. So we can write it as X = X UOY ulY. By LemmalT]
X E 6(X,0Y)u Y. Hence proved. O

The above result shows that 20y (X) is an equivalence preserving knowledge
compilation and if you pose any query @ to a knowledge base X then it finds
a propositional clause Y contained in X such that X | Y and compute the
theory prime implicate of X UOY using the algorithm MODALT PI and then
the query @ is answered from {20y (X) using the following algorithm QA in
polynomial time.

Algorithm QA(20y(X),Q)

Input: The theory prime implicate compilation 20y (X) and a clausal query @
Output: true if X = @ holds
begin
if 7 Eoy Q for every = o(x,0v)udy
then return true
else
return false
end
The correctness of the above algorithm follows from Theorem [3and Theorem
[l Let us now see how query answering can be performed in polynomial time.

Theorem 9. Let X be a modal formula and Y be any propositional formula
such that X =Y and OY is tractable. So checking whether © =gy Q holds
in algorithm QA can be done in time O(|OY U Q|™) and answering a query in
algorithm QA can be performed in time O(|O(X,0Y)UDY|* |OY U Q|™)).
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Proof. In order to check whether 7 |=ry Q holds for each 7 € O(X,0Y) U0y
in algorithm QA, we have to check whether OV | T = Q@ holds, i.e, to see
whether OY = —7 vV Q holds, i.e, to see whether (Y E-(LLVIV...Vin)VQ
holds where I;’s are literals in 7 , i.e, to see whether Y |= (=ly A=laA. .. A=)V
@ holds, i.e, to see whether Y = (=1 VQ)A (-2 VQ)A. . . A (=1, VQ) holds, i.e,
to see whether Y |= (=l; V @) holds for each ¢ such that 1 <4 < m. This test
can be performed in time |OJY UQ)| for each 4. So for all ¢ such that 1 < ¢ < m this
test can be performed in time O(|[OY UQ|™) where (Y is tractable but this time
complexity is for a single clause 7 € ©(X, 1Y )UDY. So the query answering QA
for all the clauses can be performed in time O(|O(X,0Y)udY |« |[OY U Q|™)).
O

3.4 Tractable Theories

The theory prime implicate compilation ©(X,0Y) is easily exponential with
respect to | X UOY| by [12] but if we have exponential number of queries then
obviously each query can be answered in polynomial time in their size. As in
query answering algorithm QA, we check whether T Eoy @ for every T €
O(X,0Y) U OY and moreover query answering with respect to ©(X,0Y) is
polynomial so we assume [JY to be tractable to keep the query answering in
polynomial time. By [§], the satisfiability of modal Horn clauses of S5 can be
checked in polynomial time, so we assume Y to be a Horn clause in S5.

Ezample 1. Consider a formula X = (p1 V p2) A O0-p3 A OOps. We take Y =
X\ (OO0-p3 AOOp2) = p1 V pa, so OY = O(py V p2). Clearly X EY and OY is
tractable in system S5. So X AOY = (p1 Vp2) A OO-ps AOOpa AO(p1 V p2). So
we have CANDIDATES = {p1Vp2,p1 VO(Op2 A (p1 Vp2)), p1 VO(O-ps AOpa A
(p1Vp2)), O(Op2 A(p1Vp2)) Vp2, O(Op2a A(p1 Vp2)), O(Op2 A(p1 Vp2)) VO(O-ps A
Op2 A (p1V p2)), O(E=p3 A Op2 A (p1 V p2)) V p2, O(E-ps A Op2 A (p1 V p2)) V
O(Op2 A (p1Vp2)), 0(O-p3s AOpa A (p1 V p2))}. After removing logically entailed
clauses with respect to [JY', the set of theory prime implicates of X with respect
to OY, i.e, O(X,0Y) = {p1 Vp2,0(0p2 A (p1 Vp2)), 0(O-p3 AOpa A (p1 Vp2))}-

4 Conclusion

In this paper the definitions and results of theory prime implicates in proposi-
tional logic [16] is extended to modal logic T and the algorithm for computing
theory prime implicates in propositional logic is also extended to modal logic
according to [2] and its correctness has been proved. Another algorithm for
query answering in [16] from 20y (X) is also extended to modal logic. Due to
Lemma [ Theorem [ and Theorem [6] we had to compute theory prime im-
plicates of X with respect to OY in the algorithm MODALTPI instead of
theory prime implicates of X with respect to Y as given in [I6]. So, if YV is
empty, then O(X,0Y) = II(X). As a future work, we want to compute theory
prime implicates of a knowledge base X with respect to another arbitrary modal



Computing Theory Prime Implicates in Modal Logic 19

knowledge base Z instead of the knowledge base (1Y for a proposition knowl-
edge base Y assumed here. By Theorem [§ we have shown that the theory prime
implicate compilation 20y (X) is equivalent to X so queries will be answered
from 20y (X) in polynomial time by Theorem[@ Our algorithm MODALT PI is
based on Bienvenu’s algorithm [2] which relies on distribution property whereas
Marquis’s theory prime implicate algorithm [16] is based on prime implicate gen-
eration algorithm of Kean and Tsiknis [12] and of de Kleer [I4] which rely on
resolution.
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