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Foreword

This book is an excellent introduction to the exciting and rapidly developing field
of Quantum Computing and Information. It is well suited to senior undergraduate
students, working engineers, and scientists interested in acquiring a solid under-
standing of this subject matter. This book is a good starting point for those wanting
to develop practical experience with the conceptual and mathematical tools required
for more advanced studies and for entry-level participation in related theoretical and
experimental research. The book is well organized, clear, and concise, and it covers
the most relevant introductory topics in Quantum Computing and Information today.

Written in easy to understand prose, and with ample mathematical depth, this
book will be of great value to students who want to take the first step in mastering
this subject material. Emphasis is placed on core concepts, rather than historical
developments and narratives, and these concepts are developed through a series of
relevant, in-text examples that allow students to work through mathematical details,
step-by-step, without having to divert their attention to appendices and articles in the
open literature. Each chapter is also accompanied by an equally well-designed set
of problems that will allow students to test their new knowledge and incrementally
hone their technical skills as they proceed from chapter to chapter. In addition,
links are provided to web resources, including Mathematica notebooks, allowing
readers to continue their exploration of this subject matter through numerical
experimentation and visualization.

As a Ph.D. physicist and engineer working in this field, I appreciate the nature
and content of this book, and the benefits students and working professionals will
get by reading it. I have known Professor Bernard Zygelman for more than two
decades. I have taken classes from him, have collaborated in research with him as
an undergraduate, and have significantly benefited from numerous conversations
with him on topics within physics. So I am thrilled he has written this book, as I am
sure it will benefit others. This book successfully captures Professor Zygelman’s
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knowledge in Quantum Computing and Information and his engaging and effective
teaching style and methodology in a format that will now reach a much broader
audience.

Scottsdale, AZ, USA William Clark
February 2018 Ph.D. Physics



Preface

Motivation

This monograph is an outgrowth of courseware developed and offered at UNLV
to a predominantly undergraduate audience. The motivation for the course and, by
extension, this textbook is twofold. First, it is a response to the explosive growth
and transformative technological promise of quantum computing and information
(QCI) science. Second, for an introductory treatment, the requisite mathematical
background is available to most students who have successfully digested the first
year of university-level calculus. In contrast, a typical undergraduate quantum
curriculum requires at least some exposure to the theory of partial differential
equations, complex analysis, as well as advanced vector calculus. For this reason,
many universities, including UNLV, expose students to the quantum theory in
their junior and senior years. Quantum science is too important and relevant for
its relegation to an upper-level offering. The material in this textbook should
be accessible to most sophomores, and for AP students, freshman-level, physics,
computer science, and math majors. Though several excellent texts are directed to an
undergraduate audience, notably N. David Mermin’s Quantum Computer Science:
An Introduction, Cambridge U. Press 2007, I have striven to make the material
accessible to an entry-level cohort. To that end, the textbook includes numerous
links to Wolfram Mathematica® notebooks that offer numerical demonstrations
and exercises that help illuminate difficult and counterintuitive concepts. The latter
help guide the student, via an interactive approach, through the written material
on the page. Conceding rigor in favor of accessibility, I hope to pique the interest of
students in this novel, dynamic, branch of physics and computer science. Successful
completion of it should prime students for advanced study and help facilitate their
exploration of leading-edge developments in the current literature.
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X Preface
Scope

The modern quantum theory, one of the grand achievements of twentieth century
science, will soon be celebrating its 100th anniversary. Estimates show that as
much as 40% of the American GDP is owed to technologies whose foundational
underpinning is provided by that theory. A discipline celebrating its centennial is
expected to be mature and well vetted. Indeed, I know of no experimental data that
has undermined or contradicted the basic tenets of the theory codified in the mid-
1920s. Arguably, it is one of the most robust and fecund scientific paradigms ever
advanced. Therefore, it is surprising that it took almost three-quarters of a century
of gestation for the novel insights and potential technological rewards offered by
QCI to become widely disseminated and accepted in the greater community. David
Kaiser presents provocative insights on that question in his engaging social science
treatise, How the Hippies Saved Physics: Science, Counterculture, and the Quantum
Revival, Norton 2011. Regardless, the days of “shut-up and calculate” are over, and
it is imperative that our undergraduate quantum curriculum keeps pace with current
developments.

In the first two chapters, I introduce the foundational framework for the
Copenhagen interpretation of quantum mechanics as it applies to qubit systems.
I discuss the Dirac bra-ket notation and the tools necessary to manipulate objects
in a multi-qubit Hilbert space. Chapter 3 reviews the circuit model of computation
and I introduce the first quantum gates and circuits. Chapter 4 provides a detailed
discussion of the Shor and Grover algorithms. Chapters 5 and 6 are concerned with
aspects of quantum information theory. Chapter 9 deals with the theory of quantum
error correction; the chapters mentioned above constitute a reasonably paced 14-
week semester introduction to QCI. In my experience, I found that students are
also curious of recent developments in quantum hardware, the guts of a quantum
computer. Unfortunately, except Nielsen and Chuang’s Quantum Computation and
Quantum Information, Cambridge U. Press (2010), few textbooks cover this aspect
in detail. For that reason, I included Chap.7 and 8 which cover developments
in trapped ion, quantum cavity electrodynamics (CQED), and quantum circuit
(cQED) computers. That discussion proved challenging because a comprehensive
treatment requires an advanced understanding of atomic physics, quantum optics,
and many-body physics. Nevertheless, I believe that I succeeded in conveying the
essential features of those paradigms by using models that require only a passing
familiarity with differential equations and complex analysis. In an introductory
course, those chapters could be bypassed. I have also avoided a detailed discussion
of computational complexity, universality, and measurement theory. The motivated
student who completes the coursework will be able to access these advanced topics
in Nielsen and Chuang’s comprehensive treatment.



Preface xi

On Notation

I use a convention, common among physicist, for labeling states in multi-qubit kets
that differs from that used in many QCI texts. Given ket |abc), I refer to the entry ¢ as
the first qubit, b the second, and a the third qubit. For the corresponding bra vectors,
that order (from right to left) is inverted. This convention also leads to a notational
adjustment in wire diagrams. With the convention used in this monograph (in
alignment with Mermin’s text), the first qubit c is placed on the lowest rung of a wire
diagram, with the second and third, etc. qubit states stacked on it. I employ arrow
notation to label vector quantities and use boldface for most operators. For common,
such as the Pauli, operators where there is little chance of misunderstanding I use
regular typeface. In most QCI literature operators are synonymous with their matrix
representations, and so I make little effort to distinguish them. However, in some
instances where there is a possibility for ambiguity, I explicitly use an under-bar
notation to stress the matrix character of an operator.

Las Vegas, NV, USA Bernard Zygelman
February 2018



Acknowledgments

I would like to thank Mellisa Fearon at Springer for her encouragement and
continued guidance in this project. I also thank my colleagues, Len Zane, William
Clark, Eunja Kim, Pushkin Kachroo, Tao Pang, Stephen Lepp, and Dave Shelton,
for many enlightening discussions of all things quantum. I am especially indebted
to Greg Colarch, Len Zane, William Clark, Joshua Adams, David Goldberger, and
Zachary Fussell in proofreading excerpts from the manuscript. A large part of this
book was written while in residence near the village of Alpbach in the Austrian
Alps. I thank Gabi and Christian Hinterholzer for their moral support and hospitality
during this sojourn. I thank Michelina Ginobbi for correcting a Latin phrase in the
text. Some of the circuit diagrams were drawn using the QPIC package written by
Thomas Draper and Samuel Kutin.

Foremost, I would like to thank my wife, Judi, for her constant support and
encouragement throughout my career. In addition to her editorial contributions, this
book would not have been possible without her at my side.

xiii



Contents

3.2.3 Deutsch-Josza Algorithm

1 A Quantum Mechanic’s Toolbox .........................................

1.1 Bitsand QUDItS ......oooiiiiiiiii e e

1.1.1 Binary Arithmetic.............cooviiiiiiiiiiiiiiiiiiieeeeeenns

1.2 A Short Introduction to Linear Vector Spaces .................c.ee....

1.3 Hilbert SPace ...oovvvviiiiiii i e

1.3.1 Dirac’s Bra-Ket Notation ...............oovvviiiiiiiieeeennn...

1.3.2  Outer Products and Operators............c.ccovvvveeieennnnnnn..

1.3.3 Direct and Kronecker Products ......................ooeeeennn.

ProbIems .. ..ottt e

RETEIENCES ..ttt e

2 Apples and Oranges: Matrix Representations............................

2.1 Matrix Representations .........oovvvveiieiiiiiiiiiiiieieinnnnnnnnnnnnn.

2.1.1 MatriX Operations .......oovveeeeeeeieeeeeneeeeeeeeeeeeeeeennnn.

2.1.2 TheBloch Sphere................ooooiiiiiiiii

2.2 ThePauli MatriCes .......oovviiiiiiiiiiii e

2.3 Polarization of Light: A Classical Qubit.....................cooennnn.

2.3.1 AQubitParable............coooiiiiiiiii

N 3 )+
2.4.1 Non-commuting Observables and the

Uncertainty Principle ...,

2.5 Direct ProductS......oooiiiiiiiii i

Problems .. .o

Reference ......oooiiiiiiii

3 Circuit Model of Computation ..............................eeeeeL L.

3.1 Boole’sLogicTables.........ooovviiiiiiiiiiiii e

31,1 Gates as Mappings....ovveeeeiieeiiiiiiiiiieiiiiieeeeeaaeaannnn,

3.2 Our First Quantum Circuit...........oovieeiiiiiiiiineeeeiiiiiaaeaaanns

3.2.1 Multi-Qubit Gates .........oveeieiiiiiiieeeeiiiiiiaeeaaeaannns

3.2.2 Deutsch’s Algorithm....................oe L,

N W = = =

XV



XVi

Contents
3.3 Hamiltonian Evolution....................ooooiiiii 70
ProbDICMIS .. v ettt 72
REfEIENCE ...ttt e 75
Quantum Killer Apps: Quantum Fourier Transform and Search
Algorithms ... s 77
4.1 INrodUCHON ...vvvititttittt e eeeees 77
4.2 FOUIIET SETICS. ...ttt eeeeeeeeeeeeeeeeees 77
4.2.1 Nyquist-Shannon Sampling ..............ccooeiiiiiiiiiiinan. 79
4.2.2 Discrete Fourier Transform ............ccoooeiiiiiiiiiinnnnn 79
4.3  Quantum Fourier Transform.....................oooiiiiiii i, 82
4.3.1 QFT DiagrammatiCs .......vvvvrrrrrrrrerrereereeeeeeeeeeeeeeens 85
4.3.2 Period Finding with the QFT Gate ............................ 89
4.3.3 Shor’s Algorithm ..., 93
4.4 Grover’s Search Algorithm .........coooiiiiiiiiiiiiiiiiiiiiiienn. 96
ProbIems . ...ttt e 101
RETEIENCES ..ttt e 103
Quantum Mechanics According to Martians:
Density Matrix Theory ............coooiiiiiiiiiiiiiiiiiiiiiiiiiiiiiieees 105
5.1 Introduction .....oovviiiiiiiiii e 105
5.2 Density Operators and Matrices ...........oovveieiiiiiieeneneneennnn... 106
5.3 Pureand Mixed States ........oovviiiiiiiiiiiiiii e 111
5.4 Reduced Density Operators........covvveeeiiiieeeeieeeieeneeineennnnnn. 113
5.4.1 Entangled States ........ooviiiiiiiiiiiiiiiiiiiiiiiiiiieaa, 114
5.5 Schmidt Decomposition .........coovvviiiiiiiiiiiiiiiiiiiiieieeeaannn. 117
5.6 von Neumann Entropy ............oooviiiiiiiiii .., 120
Problems .. ..o 122
References ....oooviiiii 124
No-Cloning Theorem, Quantum Teleportation and Spooky
Correlations .......... ..ot e 125
6.1 Introduction .........oooiiiiiiiiiiiiii 125
6.2  On Quantum Measurements . ..........uueeeeeeerrrneeeererunineeeannns 126
6.3 The No-Cloning Theorem ...............oooviiiiiiiiiiiiiiiien., 126
6.4  Quantum Teleportation ............ovvviiiiiiiiiiiiiiiiiiiiiiineenan... 128
6.5 EPR and Bell Inequalities ..............oooviiiiiiiiiiiiiiiiiinnnnnnn, 132
6.5.1 Bertlmann’s SOCKS .....ovviiiiiiiiiiiiiiiiiiiiiiiiiiiiiee 135
6.5.2 Bell’'STheorem.........covviiiiiiiiiiiiiiiiiiiieenenns 138
6.6 APPLICALIONS ..ottt 140
6.6.1 BB84Protocol ........coiiiiiiiiiiiiiiiii e 141
6.6.2 Ekert Protocol........cooiiiiiiiiiiiiiiiiiiiiiiiiii 144
6.6.3 Quantum Dense Coding .........covvviiiiiiiiiiiiiiiiiiinnnnn.. 145
6.7 GHZEntaglements...........oovvviiiiiiiiiiiiiiiiiiiiiiiiiiiiaaaaaannn, 146
Problems .. ..o 147
References .....oooviiiiiii 147



Contents XVii

7 Quantum Hardware I: Ion Trap Qubits................................... 149
7.1 IntroduCtion .....ooviiiiiiiii i e 149
7.1.1 The DiVincenzo Criteria ...........ccovvvvviiiiiiiinininnnnnnn.. 149
7.2 Lagrangian and Hamiltonian Dynamics in a Nutshell................. 150
7.2.1 Dynamics of a Translating Rotor .....................oooie 151

7.3 Quantum Mechanics of a Free Rotor: A Poor Person’s Atomic
MOl ..ottt e 153
7.3.1 Rotor Dynamics and the Hadamard Gate...................... 157
732 Two-Qubit Gates.........ooiieiiiiiiiiie i 160
7.4 The Cirac-Zoller Mechanism...............coovvviiiiiiiinieinnnnnnn... 162
7.4.1 Quantum Theory of Simple Harmonic Motion................ 164
7.4.2 A Phonon-Qubit Pair Hamiltonian............................. 166
7.4.3 Light-Induced Rotor-Phonon Interactions..................... 167
7.5 Trapped Ion QUDILS. ....ooovittiiieiiiii e 173
7.5.1 Mglmer-Sgrenson Coupling...........cooeeveiiiiiiiieieennnn. 178
ProbBICMIS . .ottt 181
RETEIENCES ..ottt e 182
8 Quantum Hardware II: cQED and cirQED .............................. 183
8.1 INLrOAUCHION ...t 183
8.2 Cavity Quantum Electrodynamics (CQED) ...................cooeeae. 185
8.2.1 Eigenstates of the Jaynes-Cummings Hamiltonian ........... 190
8.3 Circuit QED (CirQED) ... ..ot 192
8.3.1 Quantum LC CirCuits .......cceieiiiiiiieeeeiiiiiiaaeeanennnnn. 192
8.3.2 Artificial AtOMS......oovviiiiiiii 197
8.3.3  Superconducting Qubits .............ooiiiiiiiiiiiiiii 198
ProbIemMIS ...ttt e 201
REfEIENCES ..ottt e 204
9 Computare Errare Est: Quantum Error Correction .................... 205
9.1 IntroduCtion .......cooiiiiiiiiiiiiii e 205
9.2 Quantum Error Correction ............uuiieeeeiiiiiiieeeeeiiiiiaaeaannns 207
9.2.1 Phase Flip Errors.......ccoovviiiiiiiiiiiiiiiiiiiiiiiiii e 211
9.3 TheShorCode .....cooviiiiiiiiiiii e 213
9.4 Stabilizers .....oooiiiiiiii 215
9.4.1 A Short Introduction to the Pauli Group....................... 217
9.4.2 Stabilizer Analysis of the Shor Code .......................... 221
9.5 Fault Tolerant Computing and the Threshold Theorem ............... 223
Problems .. .o 225
References .....oovviiiii 226
Appendix A Mathematica and Software Resources.......................... 227



	Foreword
	Preface
	Motivation
	Scope
	On Notation

	Acknowledgments
	Contents

