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Preface

This volume contains the papers presented at the 20th International Conference on
Descriptional Complexity of Formal Systems (DCFS 2018), which was held at Saint
Mary’s University in Halifax, Nova Scotia, Canada, during July 25–27, 2018. It was
jointly organized by the Working Group 1.02 on Descriptional Complexity of the
International Federation for Information Processing (IFIP) and by the Department of
Mathematics and Computing Science at Saint Mary’s University.

The DCFS conference series is an international venue for the dissemination of new
results related to all aspects of descriptional complexity including, but not limited to:

– Automata, grammars, languages, and other formal systems; various modes of
operations and complexity measures

– Succinctness of description of objects, state-explosion-like phenomena
– Circuit complexity of Boolean functions and related measures
– Size complexity of formal systems
– Structural complexity of formal systems
– Trade-offs between computational models and mode of operation
– Applications of formal systems – for instance in software and hardware testing, in

dialogue systems, in systems modelling or in modelling natural languages – and
their complexity constraints

– Co-operating formal systems
– Size or structural complexity of formal systems for modelling natural languages
– Complexity aspects related to the combinatorics of words
– Descriptional complexity in resource-bounded or structure-bounded environments
– Structural complexity as related to descriptional complexity
– Frontiers between decidability and undecidability
– Universality and reversibility
– Nature-motivated (bio-inspired) architectures and unconventional models of

computing
– Blum static (Kolmogorov/Chaitin) complexity, algorithmic information

DCFS became an IFIP working conference in 2016, continuing the former Work-
shop on Descriptional Complexity of Formal Systems, which was a merger in 2002 of
two other workshops: FDSR (Formal Descriptions and Software Reliability) and
DCAGRS (Descriptional Complexity of Automata, Grammars and Related Structures).
DCAGRS was previously held in Magdeburg (1999), London (2000), and Vienna
(2001). FDSR was previously held in Paderborn (1998), Boca Raton (1999), and San
Jose (2000). Since 2002, DCFS has been successively held in London, Ontario, Canada
(2002), Budapest, Hungary (2003), London, Ontario, Canada (2004), Como, Italy
(2005), Las Cruces, New Mexico, USA (2006), Nový Smokovec, High Tatras,
Slovakia (2007), Charlottetown, Prince Edward Island, Canada (2008), Magdeburg,
Germany (2009), Saskatoon, Canada (2010), Giessen, Germany (2011), Braga,



Portugal (2012), London, Ontario, Canada (2013), Turku, Finland (2014), Waterloo,
Ontario, Canada (2015), Bucharest, Romania (2016), and Milan, Italy (2017).

The submission and refereeing process was supported by the EasyChair conference
system. In total, 24 papers were submitted by authors in 14 different countries. Each
paper was reviewed by at least three Program Committee members. The Program
Committee selected 19 papers for presentation at the conference and publication in this
volume. There were three invited talks by:

– Jacques Sakarovitch, CNRS/Paris Diderot University and Telecom ParisTech,
France

– Peter Selinger, Dalhousie University, Halifax, Canada
– Ludwig Staiger, Martin-Luther-Universität, Halle, Germany

We are very thankful to all invited speakers, contributing authors, Program Com-
mittee members, and external referees for their valuable contributions towards the
realization of DCFS 2018.

We also thank Alfred Hofmann and Anna Kramer of Springer for their guidance
during the process of publishing this volume.

Finally, we are indebted to the Organizing Committee members Ms. Rose Daurie,
Dr. Paul Muir, Dr. Juraj Šebej, and the graduate students of the Department of
Mathematics and Computing Science at Saint Mary’s University, Halifax.

We look forward to the next DCFS in Košice, Slovakia.

July 2018 Stavros Konstantinidis
Giovanni Pighizzini
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The Complexity of Carry Propagation
for Successor Functions
(Extended Abstract)

Valérie Berthé1, Christiane Frougny1, Michel Rigo2,
and Jacques Sakarovitch3

1 IRIF - UMR 8243 - CNRS/Paris Diderot University, France
2 Université de Liège, Institut de Mathématiques, France
3 IRIF - UMR 8243 - CNRS/Paris Diderot University

and Telecom ParisTech, France

Carry propagation is the nightmare of school pupils and the headache of computer
engineers: not only can the addition of two digits give rise to a carry, but this carry
itself, when added to the next digits to the left1 may give rise to another carry, and so
on, and so forth, and this may happen for an arbitrarily long time. Since the beginnings
of computer science, the evaluation of the carry propagation length has been the subject
of many works and it is known that the average carry propagation length (or com-
plexity) for addition of two uniformly distributed n-digits binary numbers is
log2ðnÞþO 1ð Þ (see [5, 7, 10]).

We consider here the problem of carry propagation from amore theoretical perspective
and in an apparently elementary case. We investigate the amortized carry propagation
of the successor function in various numeration systems. The central case of integer base
numeration system allows us to describe quickly what we mean. Let us take an integer
p greater than 1 as a base. In the representations of the succession of the integers —
which is exactly what the successor function does— the least digit changes at every step,
the penultimate digit changes every p steps, the ante-penultimate digit changes every p2

steps, and so on and so forth … As a result, the average carry propagation of the
successor function, computed over the first N integers, should tend to the quantity

1þ 1
p
þ 1

p2
þ 1

p3
þ � � � ¼ p

p� 1
;

when N tends to infinity. It can be shown that it is indeed the case. Motivated by
various works on non-standard numeration systems, we investigate the questions of
evaluating and computing the amortized carry propagation in those systems. We thus
consider several such numeration systems different from the classical integer base
numeration systems: the greedy numeration systems and the beta-numeration systems,
see [6], which are a particular case of the former, the rational base numeration systems
[1] which are not greedy numeration systems, and the abstract numeration systems [8]
which are a generalization of the classical positional numeration systems.

1 We write numbers under MSDF (Most Significant Digit First) convention.



The approach of abstract numeration systems of [8], namely the study of a
numeration system via the properties of the set of expansions of the natural integers is
well-fit to this problem. Such systems consist of a totally ordered alphabet A of the
non-negative integers N and a language L of A�, ordered by the radix order deduced
from the ordering on A. The representation of an integer n is then the ðnþ 1Þ-th word of
L in the radix order. This definition is consistent with every classical standard and
non-standard numeration system.

Given a system defined by a language L ordered by radix order, we denote by
cpLðiÞ the carry propagation in the computation from the representation of i in L to that
of iþ 1. The (amortized) carry propagation of L, which we denote by CPL, is the limit,
if it exists, of the mean of the carry propagation at the first N words of L:

CPL ¼ lim
N!1

1
N

XN�1

i¼0

cpLðiÞ : ð1Þ

A further hypothesis is to consider prefix-closed and right-extensible languages,
called ‘PCE’ languages in the sequel: every left-factor of a word of L is a word of L and
every word of L is a left-factor of a longer word of L. Hence, L is the branch language
of an infinite labelled tree T L and, once again, every classical standard and
non-standard numeration system meets that hypothesis.

We first prove two easy properties of the carry propagation of PCE languages. First,
CPL does not depend upon the labelling of T L, but only on its ‘shape’ which is
completely defined by the infinite sequence of the degrees of the nodes visited in a
breadth-first traversal T L, and which is called signature of T L (or of L) in [9]. For
instance, the signature of the representation language in base p is the constant sequence
px. Second, we call local growth rate of a language L, and we denote by cL, the limit, if
it exists, of the ratio uLð‘þ 1Þ=uLð‘Þ, where uLð‘Þ is the number of words of L of length
‘. If CPL exists, then cL exists and it holds:

CPL ¼
cL

cL � 1
: ð2Þ

Examples show that cL may exist without CPL exist. By virtue of this equality, the
computation of CPL is usually not an issue, the problem lies in proving its existence.
We develop three different methods of existence proof, whose domains of application
are pairwise incomparable: combinatorial, algebraic, and ergodic, and which are built
upon very different mathematical backgrounds.

A combinatorial method shows that languages with eventually periodic signature
have a carry propagation. These languages are essentially the rational base numeration
systems (including the integer base numeration systems), possibly with non-canonical
alphabets of digits [9].

We next consider the rational abstract numeration systems, that is, those systems
which are defined by languages accepted by finite automata. Examples of such systems
are the Fibonacci numeration system, more generally, beta-numeration systems where
beta is a Parry number [6], and other systems different from beta-numeration. By means
of a property of rational power series with positive coefficients which is reminiscent of

X V. Berthé et al.



Perron-Frobenius Theorem, we prove that the carry propagation of a rational PCE

language L exists if L has a local growth rate and all its quotients also have a local
growth rate.

The definition of carry propagation (Eq. 1) inevitably reminds of Ergodic Theorem.
We then consider the greedy numeration systems. The language of greedy expansions
in such a system is embedded into a compact set, and the successor function is
extended as an action, called odometer, on that compactification. This gives a
dynamical system, but Ergodic Theorem does not directy apply as the odometer is not
continuous in general. Recently tools in ergodic theory [2] allow us to prove the
existence of the carry propagation for greedy systems with exponential growth, and
thus for beta-numeration in general.

This work was indeed motivated by a paper where the amortized (algorithmic) com-
plexity of the successor function for some beta-numeration systems was studied [3].
Whatever the chosen computation model, the (amortized) complexity is greater than the
(amortized) carry propagation, hence can be seen as the sum of two quantities: the carry
propagation itself and an overload. The study of carry propagation lead to quite unexpected
and winding developments that form a subject on its own, leaving the evaluation of the
overload to future works. A complete version of this present work [4] will appear soon.
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