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Abstract. In this paper we study a usage based lease contract for remanufac-

tured equipment as an implementation of product service system. Under this 

lease contract, the equipment is leased for a period of   with a maximum us-

age, U. If the usage of the equipment exceeds U at time  , then lessee will be 

charged some additional cost. Otherwise there will be no additional cost. The 

price of the lease contract for the remanufactured equipment is much cheaper 

than that of a new one. As a result, the lease contract for the remanufactured 

equipment would be a more attractive option to the lessee.  The decision prob-

lem for the lessee is to select the best option suitable to its requirement, and the 

decision problem for the lessor is find the optimal maintenance policy and the 

price for each length of periods offered. We provide numerical examples for il-

lustrating the optimal decisions for the lessee, and the lessor, which maximizes 

the expected profit for each party. 
 

Keywords: Remanufactured, lease, usage based service system, preventive 

maintenance, game theory. 

1 Introduction 

In recent global economy, a manufacturing company cannot just provide products 

alone to the customers, in order to remain competitive, but it needs to offer solutions 

for their businesses. An innovative way to achieve this is to offer a package of prod-

uct and services called as a product-service system (PSS). [1] defines PSS as ”an inte-

grated product and service offering that delivers value in use”. As a result, under PSS, 

there is a significant shift from a “traditional” product oriented model which provides 

products alone (or selling products) to a “service oriented” model (e.g. selling either 

product usage or performance) that will give the opportunity for the manufacturing 

company to gain competitive advantage [2)].  This shift also contributes to reducing 

associated environmental impacts (i.e. refurbishment, remanufacturing and recycling 

of durable products, which save more energy and reduce waste through the product’s 

life) and the volume of goods in the economy to the sufficiency strategies and estab-

lish long-term relations with customers.  The others effect of the PSS are reducing 
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lifecycle impacts of products and services through product servicing, remanufacturing 

and recycling [3]. Research of lease contracts in PSS have been studied by many re-

searchers (See [4], [5],[6], [7]). Since leasing equipment (rather than purchase it) 

becomes a common practice in company that functioning equipment as generating 

revenue. It also has many positive points i.e saving on initial investment, flexibility on 

equipment upgrading, and cost reduction in maintenance and inventory [8]. Moreover 

study lease contract (LC) that involves both lessee and lessor has been attracted by 

many researchers. A comprehensive review of LC from the lessor’s or lessee’s per-

spective can be found in  [9].  For the case where the study is done from the lessor 

and lessee point of views then a game theory formulation is needed to modelling the 

decision problems (See [10]).  

The LC for the new lease item, can be found in [8], [11] to name a few, whilst 

[12], [13] examined the lease contract for used items. Finally, [14] considered lease 

options which include a remanufactured equipment. When the equipment is used 

intensively (or with high usage) per unit of time, the usage experienced affects signif-

icantly the deterioration of the equipment. This indicates the need to consider age and 

usage in modelling the failure and also defining the lease contract which involves two 

parameters –i.e. age and usage limits (called a two dimensional lease contract). We 

are aware only the works by [15] and [16] belong to this group. In [15] the period of 

the contract is always the same with a maximum usage rate whilst [16] consider a two 

dimensional lease contract for maximum age or usage.  

In this paper, we study a usage based lease contract for remanufactured equipment 

as an implementation of product service system. We consider a multi-period LC in 

which each period has a time limit but no usage limit. However, if the usage exceeds 

the maximum usage allowed in the contract, then the lessee has to pay some addition-

al cost. In general, Original Equipment Manufacturer or OEM (as a lessor) offers not 

only a LC for a brand new equipment but also a LC for a remanufactured one. As the 

price of the LC for the remanufactured equipment is much lower than the price of a 

new one, and hence it would be a more attractive option to the companies. This paper 

deals with a multi period lease contract for a remanufactured equipment (such as 

dump trucks) in which the price scheme of LC gives some incentive for the lessee 

when the equipment is leased for more than one periods.  

The paper is organised as follows. In section 2 we give model formulation for the 

two dimensional lease contract studied. Sections 3 and 4 deal with model analysis and 

the optimal decisions for the lessor and the lessee. In section 5, we provide with a 

numerical example. Finally, we conclude with topics for further research in Section 6. 

2 Model Formulation 
In this section, we first define a new LC, describe failure model, formulate a preven-

tive maintenance policy and its effect on reliability, and then obtain the expected prof-

it for a lessor and a lessee.  

Notations: 

   0, 0,   
 

:Lease coverage region P  :Lease contract price  

N  :Number of PM during lease con-

tract  
bC  :Annual cost   
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rT  :The time to the first failure of the 

remanufactured   equipment  pC

 

:Preventive mainte-

nance cost  

y  :Usage rate  
rC

 

:Average repair cost  

( , );rF t  ( , )rf t   :Distribution function and density 

function for 
rT  

y  :Preventive mainte-

nance level 

( , )rt  , ( , )rt   :Hazard function and cumulative 

hazard function 
 yU

 

:Total usage in 

 0,m  

;yE  
  yE  

   
 

:Expected profit for a lessor, and for 

a lessee  
m

 

:Lease contract periods, 

0   and 

1,2,...m   

1( , ),yJ K  2 ( , )yJ K   :Expected preventive maintenance 

and minimal  repair cost 

  

2.1 Multi-Period Lease Contract   

A lessee will lease the equipment for one or more periods, and use with a constant 

usage rate over the LC periods. A different lessee may have a different usage rate. A 

LC studied for a remanufactured equipment for period of m ( 0  and 1,2,...m  ) 

with a maximum usage ( maxU ) (e.g. km travelled/ time period or machine-hours / 

time period). For a given lessee (or usage rate y ), if the total usage at the end of a 

lease period, yU  exceeds maxU  (See Fig.1), then the lessee (or customer) will be 

charged an additional cost which is proportional 

to    max max0, 0,yMax U U Max y U        for one period. This additional cost is 

viewed as a compensation to the lessor as larger usage rate max( )yU U  results in 

more failures under LC and hence higher maintenance cost.   

2.2 Modelling Failure 

In general, most products at the end of the first life or end-of-use have a low reliabil-

ity (or their reliability is below the threshold value of reliability R*). Remanufacturing 

involves disassembly, cleaning, and refurbishment or replacement of parts to improve 

the reliability of the equipment to a like-new one or it improve the reliability of the 

product to at least the same level of the threshold reliability. Let rT  be the time of the 

first failure the remanufactured product. ( )F t is the distribution function for
rT . If 

( )F t  is given by Weibull distribution function with ( / )
( , ) 1 rt

rF t e
 

  , then the 

reliability of the remanufactured product is ( / )
( , ) 1 ( , ) rt

r rR t F t e
  

   . As 

( , )rR t R  , then we have  */ ( lnr t R


   .  

We model failure of the remanufactured product as follows. It is considered that 

failure is not only influenced by age but also usage. Let Y be the constant usage rate 

for a given customer (e.g. y=120 km/day for a dump truck). For a given customer (or 

usage rate, y ), let ( )yr t be the conditional hazard function which is a non-decreasing 
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function of t (the age of the truck) and y. An accelerated failure time (AFT) model is 

proposed to model the effect of age and usage rate on degradation of the truck. In 

AFT model the distribution function for Ty is given by F(t, αy), with a scale parameter 

given by  0y ry y


  where 0y is a nominal usage rate, r  is the scale parameter 

when the truck is used in a normal mode. If the lessee uses the equipment with the 

usage rate exceeding the normal value,
0y y , then y r   or the equipment will 

deteriorate faster, otherwise when 
0y y then it goes slower.  Let Ty

 
be the time to 

first failure of the remanufactured product for a given lessee. The distribution function 

for Ty
 
 is given by ( )yF t . Let ( )yN t be the number of failures in (0, ]t  for a given 

y . If all failures under the LC are minimally repaired and repair times are very small 

relative to the mean time between failures, then ( )yN t is a non-homogeneous Poisson 

process with intensity function ( ).yr t  The cumulative hazard functions associated 

with ( )yr t  is given by 
0

( ) ( )
t

y yR t r x dx  . 

2.3 Modelling The Preventive Maintenance Effect 

For a given customer with Y y , PM is done periodically at ,  1,2,...yk k   where k  

is an integer value, and hence we have k disjoint intervals - [0, )y , …, 

[ ,( 1) )y yk k    . As in [16] and [17], we model the impact of PM through the 

reduction in the intensity function –i.e. the reduction is yj after PM at , 1jt j  , and 

yj y  . As any failure occurring between PM is minimally repaired, then the 

expected total number of minimal repairs over 0[0, ) or 1([ , ),1 )j jt t j k   is given 

by 
1

1

1

( ) .
j

j

k t

j
t

j

N r t dt






   

3 Analysis 
We carry out the analysis to obtain the expected profit for the lessor, and the lessee. 

3.1 Lessor’s Expected Profit  

The lessor’s expected total cost consists of preventive maintenance cost and correc-

tive maintenance cost . If 1( , )y yJ k  and 2( , )y yJ k   are the expected preventive mainte-

nance cost and the expected total repair cost over the LC period (0, ], 1,2,...m m 
 
for a 

given usage rate y , respectively, then the expected total cost the lessor for m period 

LC, ,y yk     is given by 
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0

Usage

Age

 
Fig. 1.  A lease contract with m periods  ( , 2m m  ) and the maximum usage (

maxU ) 

1 2

1
, , ; , ( , ) ( , )

m

y i y i y y yi
k k k J k J k    


                 (1) 

Preventive maintenance cost: 

Let ( )pm yC    and rC  be the cost of the j-th  PM and the cost of each minimal repair. If  

0( )pm y v yC C C    then the expected total PM cost over the LC period 

(0, ], 1,2,...m m   is given by 

1

0

1 1

( , ) ( )
k k

y y pm y v y

j j

J k C kC C  
 

     (2) 

      
Corrective maintenance  cost: 

If rC  is the cost of each minimal repair, then  

  2

1
( , , ) ( )

k

y y r y y yj
J k C R j   


     (3) 

 

After simplification  for m =1, we have the expected total cost of the lessor given by 

    0

1

, /
k

y r y r v r y y

j

k C R C C C j kC  


 
              

 
  

 
(4) 

Expected total revenue: 

The expected total revenue is the sum of the price of LC and some additional reve-

nues due to the total usage of the equipment is greater than maxU (the maximum us-

age).  The price of LC is dependent on the usage rate and the number of LC periods 

( )m  given by  

   ( 1)( ) m mP m P e e P e        (5) 

where 0 1   represents a discount parameter. This price function gives a discount 

price when 2m  . The additional revenues earned by the lessor is given by 

 max

1

( , ) 0, ( )

m

d

j

m y C Max y j jU



     

 
(6) 
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where dC is the additional cost charged (e.g. $/km or $/page copied). ( , )m y is 

viewed as some additional revenues for the lessor. As a result, the expected profit is 

given by 

( ) ( , ) , r

y y y bE P m m y k mC          
 (7) 

where
r

bC is the annual cost of the remanufactured equipment.   

3.2 Lessee’s Expected Profit  
The lessee’s expected profit is equal to the expected total revenue minus the total 

expected cost, that will be given as follows.  

  ( ) ( , )yE K m P m m y      
 (8) 

4 Optimization 
Case 1: [Joint Optimization]  

We consider that the lessee and lessor would like to work jointly to obtain a joint 

optimal profit. Then, the strategy set of the lessor and the lessee is given by 

  , , , , 0 1, 0, 0y y y y y y yQ k P m k        . Here the decision variables for the 

lessor are , , ,y y yk P  , and m is for the lessee.  Both players choose the set of strate-

gies 
*  y yq Q  that solves       max maxy y y

q q
E E E    where 

    and y yE E  are the total expected profit for the lessee and lessor. The coordina-

tion solution is obtained by solving the following problem. 

      
, ,

max max , , 0,
y y y

y y y y y y
k q

E E E , s.t. P and  k ,m>0 (integer)
 

        (9) 

Case 2: [Non Cooperative Nash Game Theory]  

Next, we consider a win-win decision situation for the lessee and lessor, and model 

using a Nash game theory formulation. In this scheme, the strategy set of the lessee 

and lessor are   , , , , 0 1, 0, 0nash
y y y y y y yQ k P m k        . If 

    and y yE E  are the total expected profit for the lessee and lessor, both players 

choose the set of strategies 
* nash

y yq Q  that solves    max maxy y
q q

E E  with the 

optimal values of the set of strategies 
* nash

y yq Q for the lessee and lessor by solving 

the following problem. 

   
, , , ,

max max , 0, 0, 0
y y y y y y

y y y y y
k k

E E s.t.   k   and   integer
   

        (10) 

5 Numerical Example 
The parameter values used are:R = 0.4, β = 1.5,  = 12 (months), U = 24 (1x104Km),   

(γ = U/  = 1), y0 = 1, ρ = 2 and 0.5v mC C , 0.75a rC C , = 12 (units) .  
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Table 1. Results for case 1 and case 2 with LC region 12 months(m=1) 

 Case 1: Joint Optimization Case 2: Non- Cooperative Nash Game 

Theory 

y
 

*;yk * ;y
 

*
y

 

;yE  
  yE  

   
510  

[Lessor]; [Les-

see]
 

yE     
510  

P

510
 

*;yk * ;y

*
y

 

y yE E       
 

510  

[Lessor]; [Les-

see] 

P  

510
 

2.0 17; 0.95; 

0.09
 [3.0]; [ 9.2] 13.2 

 

1.6
 

2; 3.09; 

0.19 

[5.36]; [5.36] 5.45 

2.5 24;  0.47; 

0.15
 [5.9]; [6.6]

 
14.3 

 

3.0 

 

4; 2.08; 

0.31 

[4.72]; [4.72] 4.82 

3.0 31;  0.37; 

0.25
 [10.0]; [2.46]

 
15.9 

 

5.2 

 

5; 1.78; 

0.49 

[3.77]; [3.77] 3.88 

3.2 34;  0.33; 

0.26
    [12.4]; [0.406]

 
16.8 

 

6.3 

 

6; 1.55; 

0.56 

[3.29]; [3.29] 3.41 

Table 1 shows optimal solutions for cases 1 and 2. In Case 1, as the usage rate in-

creases, the profit gained for the lessor [lessee] increases [decreases], and the profit 

for the lessee is less than that of lessor started at y=3.0 (as the additional cost charged 

to the customer is much bigger as y is larger (y>2.5)). In contrast, the profit resulting 

from the Nash bargaining solution (Case 2) is always the same for both the lessor and 

the lessee for each y, and it decreases as y increases. This is due to the total profit 

generated by both parties decreasing as y increases (or more failures occur and hence 

bigger downtimes as the usage is larger). The joint optimization is favor the lessor. 

This is expected as the bargaining strategy shares equally the total profit generated. 

Managerial implementation 

The results shows that implementation of the leasing concept connected to a product 

remanufactured can undoubtedly deliver economic benefits to the lessor and lessee. 

As it is not a new product, and hence  a thorough preparation of a special marketing 

strategy that results in a customer acceptance is required. This is agreed with [3]. 

6 Conclusion 
In this paper we have studied a usage based lease contract for remanufactured equip-

ment such as dump trucks. Under this lease contract, the equipment is leased for a 

period of   and a maximum usage, U. We find the optimal solution jointly (joint 

optimization) for both parties, and then seek the optimal decisions using a Nash game 

theory formulation.  One can model the decision problems for the lessor and the les-

see using a Stackelberg game theory formulation, and consider a subsequent of LC 

periods in which the usage pattern may change significantly from period to period 

(this is due to a different lessee leases the equipment).  These two topics are currently 

under investigation.  
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