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Abstract. This paper gives an algorithm for finding the minimum
weight tree having k£ edges in an edge weighted graph. The algorithm
combines a search and optimization technique based on pheromone with
a weight based greedy local optimization. Experimental results on a large
set of problem instances show that this algorithm matches or surpasses
other algorithms including an ant colony optimization algorithm, a tabu
search algorithm, an evolutionary algorithm and a greedy-based algo-
rithm on all but one of the 138 tested instances.

1 Introduction

Let G = (V, E) be a graph with vertex set V, edge set E and a weight function
w: E — RY assigning a weight for each edge of G. A k-cardinality tree of G is a
subgraph of G that is a tree having exactly k edges. The weight of a k-cardinality
tree T is the sum of the weights of all the edges in T. The k-cardinality tree
problem is defined as follows.

Input: Edge-weighted graph G = (V, F) with a weight function w : £ — R™
and an integer k, where 1 <k <|V|—1.
Output: The minimum weight k-cardinality tree of G.

The k-cardinality tree problem was first described by Hamacher, Jornsten
and Maffioli in [I2] who also proved this problem to be strongly NP-hard. It
remains NP-hard even if w : E — {1,2,3} [14]. However, it is solvable in
polynomial time if the range of w has cardinality 2 [14]. This problem arises
in various areas such as facility layout [9], graph partitioning [10], quorum cast
routing [5], telecommunications [L1], and matrix decomposition [4].

Several heuristic and meta-heuristic algorithms have been developed for this
problem. Under the heuristic category, an integer programming approach is given
in [§], and a Branch and Bound approach is given in [5]. These heuristic algo-
rithms are based on the greedy and dual greedy strategies in addition to dynamic
programming technique. Recent meta-heuristic approaches for this problem in-
clude ant colony optimization [2], evolutionary computation [3], tabu search [3],
and variable neighborhood search [13].

In this paper, we present an ant system algorithm for the k-cardinality tree
problem. We test the algorithm on a number of benchmark graphs and for a

K. Deb et al. (Eds.): GECCO 2004, LNCS 3102, pp. 36-E1] 2004.
(© Springer-Verlag Berlin Heidelberg 2004


Verwendete Distiller 5.0.x Joboptions
Dieser Report wurde automatisch mit Hilfe der Adobe Acrobat Distiller Erweiterung "Distiller Secrets v1.0.5" der IMPRESSED GmbH erstellt.
Sie koennen diese Startup-Datei für die Distiller Versionen 4.0.5 und 5.0.x kostenlos unter http://www.impressed.de herunterladen.

ALLGEMEIN ----------------------------------------
Dateioptionen:
     Kompatibilität: PDF 1.3
     Für schnelle Web-Anzeige optimieren: Nein
     Piktogramme einbetten: Nein
     Seiten automatisch drehen: Nein
     Seiten von: 1
     Seiten bis: Alle Seiten
     Bund: Links
     Auflösung: [ 2400 2400 ] dpi
     Papierformat: [ 595 842 ] Punkt

KOMPRIMIERUNG ----------------------------------------
Farbbilder:
     Downsampling: Ja
     Berechnungsmethode: Bikubische Neuberechnung
     Downsample-Auflösung: 300 dpi
     Downsampling für Bilder über: 450 dpi
     Komprimieren: Ja
     Automatische Bestimmung der Komprimierungsart: Ja
     JPEG-Qualität: Maximal
     Bitanzahl pro Pixel: Wie Original Bit
Graustufenbilder:
     Downsampling: Ja
     Berechnungsmethode: Bikubische Neuberechnung
     Downsample-Auflösung: 300 dpi
     Downsampling für Bilder über: 450 dpi
     Komprimieren: Ja
     Automatische Bestimmung der Komprimierungsart: Ja
     JPEG-Qualität: Maximal
     Bitanzahl pro Pixel: Wie Original Bit
Schwarzweiß-Bilder:
     Downsampling: Ja
     Berechnungsmethode: Bikubische Neuberechnung
     Downsample-Auflösung: 2400 dpi
     Downsampling für Bilder über: 24000 dpi
     Komprimieren: Ja
     Komprimierungsart: CCITT
     CCITT-Gruppe: 4
     Graustufen glätten: Nein

     Text und Vektorgrafiken komprimieren: Ja

SCHRIFTEN ----------------------------------------
     Alle Schriften einbetten: Ja
     Untergruppen aller eingebetteten Schriften: Nein
     Wenn Einbetten fehlschlägt: Warnen und weiter
Einbetten:
     Immer einbetten: [ /Courier-BoldOblique /Helvetica-BoldOblique /Courier /Helvetica-Bold /Times-Bold /Courier-Bold /Helvetica /Times-BoldItalic /Times-Roman /ZapfDingbats /Times-Italic /Helvetica-Oblique /Courier-Oblique /Symbol ]
     Nie einbetten: [ ]

FARBE(N) ----------------------------------------
Farbmanagement:
     Farbumrechnungsmethode: Farbe nicht ändern
     Methode: Standard
Geräteabhängige Daten:
     Einstellungen für Überdrucken beibehalten: Ja
     Unterfarbreduktion und Schwarzaufbau beibehalten: Ja
     Transferfunktionen: Anwenden
     Rastereinstellungen beibehalten: Ja

ERWEITERT ----------------------------------------
Optionen:
     Prolog/Epilog verwenden: Ja
     PostScript-Datei darf Einstellungen überschreiben: Ja
     Level 2 copypage-Semantik beibehalten: Ja
     Portable Job Ticket in PDF-Datei speichern: Nein
     Illustrator-Überdruckmodus: Ja
     Farbverläufe zu weichen Nuancen konvertieren: Ja
     ASCII-Format: Nein
Document Structuring Conventions (DSC):
     DSC-Kommentare verarbeiten: Ja
     DSC-Warnungen protokollieren: Nein
     Für EPS-Dateien Seitengröße ändern und Grafiken zentrieren: Ja
     EPS-Info von DSC beibehalten: Ja
     OPI-Kommentare beibehalten: Nein
     Dokumentinfo von DSC beibehalten: Ja

ANDERE ----------------------------------------
     Distiller-Kern Version: 5000
     ZIP-Komprimierung verwenden: Ja
     Optimierungen deaktivieren: Nein
     Bildspeicher: 524288 Byte
     Farbbilder glätten: Nein
     Graustufenbilder glätten: Nein
     Bilder (< 257 Farben) in indizierten Farbraum konvertieren: Ja
     sRGB ICC-Profil: sRGB IEC61966-2.1

ENDE DES REPORTS ----------------------------------------

IMPRESSED GmbH
Bahrenfelder Chaussee 49
22761 Hamburg, Germany
Tel. +49 40 897189-0
Fax +49 40 897189-71
Email: info@impressed.de
Web: www.impressed.de

Adobe Acrobat Distiller 5.0.x Joboption Datei
<<
     /ColorSettingsFile ()
     /AntiAliasMonoImages false
     /CannotEmbedFontPolicy /Warning
     /ParseDSCComments true
     /DoThumbnails false
     /CompressPages true
     /CalRGBProfile (sRGB IEC61966-2.1)
     /MaxSubsetPct 100
     /EncodeColorImages true
     /GrayImageFilter /DCTEncode
     /Optimize false
     /ParseDSCCommentsForDocInfo true
     /EmitDSCWarnings false
     /CalGrayProfile ()
     /NeverEmbed [ ]
     /GrayImageDownsampleThreshold 1.5
     /UsePrologue true
     /GrayImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>
     /AutoFilterColorImages true
     /sRGBProfile (sRGB IEC61966-2.1)
     /ColorImageDepth -1
     /PreserveOverprintSettings true
     /AutoRotatePages /None
     /UCRandBGInfo /Preserve
     /EmbedAllFonts true
     /CompatibilityLevel 1.3
     /StartPage 1
     /AntiAliasColorImages false
     /CreateJobTicket false
     /ConvertImagesToIndexed true
     /ColorImageDownsampleType /Bicubic
     /ColorImageDownsampleThreshold 1.5
     /MonoImageDownsampleType /Bicubic
     /DetectBlends true
     /GrayImageDownsampleType /Bicubic
     /PreserveEPSInfo true
     /GrayACSImageDict << /VSamples [ 1 1 1 1 ] /QFactor 0.15 /Blend 1 /HSamples [ 1 1 1 1 ] /ColorTransform 1 >>
     /ColorACSImageDict << /VSamples [ 1 1 1 1 ] /QFactor 0.15 /Blend 1 /HSamples [ 1 1 1 1 ] /ColorTransform 1 >>
     /PreserveCopyPage true
     /EncodeMonoImages true
     /ColorConversionStrategy /LeaveColorUnchanged
     /PreserveOPIComments false
     /AntiAliasGrayImages false
     /GrayImageDepth -1
     /ColorImageResolution 300
     /EndPage -1
     /AutoPositionEPSFiles true
     /MonoImageDepth -1
     /TransferFunctionInfo /Apply
     /EncodeGrayImages true
     /DownsampleGrayImages true
     /DownsampleMonoImages true
     /DownsampleColorImages true
     /MonoImageDownsampleThreshold 10.0
     /MonoImageDict << /K -1 >>
     /Binding /Left
     /CalCMYKProfile (U.S. Web Coated (SWOP) v2)
     /MonoImageResolution 2400
     /AutoFilterGrayImages true
     /AlwaysEmbed [ /Courier-BoldOblique /Helvetica-BoldOblique /Courier /Helvetica-Bold /Times-Bold /Courier-Bold /Helvetica /Times-BoldItalic /Times-Roman /ZapfDingbats /Times-Italic /Helvetica-Oblique /Courier-Oblique /Symbol ]
     /ImageMemory 524288
     /SubsetFonts false
     /DefaultRenderingIntent /Default
     /OPM 1
     /MonoImageFilter /CCITTFaxEncode
     /GrayImageResolution 300
     /ColorImageFilter /DCTEncode
     /PreserveHalftoneInfo true
     /ColorImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>
     /ASCII85EncodePages false
     /LockDistillerParams false
>> setdistillerparams
<<
     /PageSize [ 595.276 841.890 ]
     /HWResolution [ 2400 2400 ]
>> setpagedevice


Ant System for the k-Cardinality Tree Problem 37

large number of k values. We compare our results against a number of existing
heuristics including an ant colony optimization algorithm, an evolutionary algo-
rithm, a tabu search algorithm and a greedy-based algorithm. The experimental
results show that our algorithm performs very well against these algorithms,
matching or surpassing all of them in all but one of the 138 problem instances.
In fact, for more than half of the instances, our algorithm found solutions that
are better than the previously best known solutions.

The rest of the paper is organized as follows. Section[2 describes the algorithm
in detail. The experimental results comparing our algorithm against other known
algorithms are given in Section B and the conclusion is given in Section €l

2 Algorithm

The main idea for our algorithm is that a given edge in the input graph by
itself may not have a low enough weight to be considered for the solution tree,
but when combined with other neighboring edges without creating a cycle, this
set of connected edges may have the lowest total weight compared to other
equicardinality, acyclic, connected set of edges in its neighborhood. We use ants
to discover such connected acyclic sets of edges in the graph that can be combined
to obtain an optimal k-cardinality tree. In fact, it has been shown that the
connectivity requirement is the crux of the difficulty in this problem [7].

The algorithm, called ASECT and given in Figure [[l consists of two main
phases. The first phase has two stages: discovery and construction. In the di-
scovery stage ants are used to discover a potential set of edges from which a
small weight k-cardinality tree can be constructed. In the construction stage a
greedy algorithm similar to the Kruskal algorithm for finding the minimum cost
spanning tree is used to construct a k-cardinality tree of small weight from the
set of potential edges produced by the discovery stage. The greedy strategy used
in this construction stage is based on the pheromone left on the edges by the
ants in the discovery stage.

The second phase of the algorithm consists of a sequence of local optimization
stages designed to reduce the weight of the k-cardinality tree produced by the
first phase. In what follows, we describe each of the two phases in detail.

2.1 The Discovery Stage

In this stage, we let each ant, starting from a given vertex, to discover a path
consisting of more than one edge. We then let the ant move to the other end
vertex of the path while allowing the ant to deposit pheromone along the path.
We call such a move a step and number of edges in that move the step size. The
amount of pheromone deposited on each edge in the path is inversely proportio-
nal to the total weight of the edges in the path. The edges in these paths are
stored in the ant’s ‘memory’ so that they will not be rediscovered by the same
ant when it is trying to find the next best path from the other end vertex of
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ASKCT(G = (V,E), w) // w is the weight function

Phase 1.

for s = minStepSize to maxStepSize // s is the step size
CandidateEdges < Discover(G, w, s) // Discovery Stage
T < ConstructTree(CandidateEdges, G, w) // Construction Stage
if T is better than the current best tree T // Remember the best

T« T
end-step s
Phase 2.

T* <+ Optimize(T™)
return T~

Fig. 1. The ASkKCT algorithm

Discover(G = (V, E),w, s)) //w is the weight function, s is the step size
InitializePheromone ()
for i =1 to 50
distribute ants on the vertices
for each ant a
for step =1 to numSteps
find the best path of length s from the current vertex
without using the edges in a’s memory
apply pheromone on the s edges of this path
add these edges to a’s memory
move a to the other end of the path
end-step
end-ant
apply pheromone evaporation
clear ants’ memory
end-for

Fig. 2. The Discover Algorithm

the already discovered path and also to make sure that no cycle is created. This
stage is accomplished by the Discover algorithm given in Figure

The Discover algorithm starts by applying an initial amount of pheromone
on all the edges and distributing the ants randomly on the vertices. For our
experiment this initial amount of pheromone is set to 0.5, the pheromone eva-
poration rate is set to 0.01, and the number of ants is set to 20% of the number
of vertices in graph. The algorithm then runs through a number of iterations,
which is set to 50 for our experiment. At the end of each iteration, the memory
of each ant is cleared and each ant starts the next iteration from a randomly
chosen vertex. In each iteration, an ant takes numSteps steps. We set numSteps
to 2 in our current implementation.

2.2 The Tree Construction Stage

We use a modified version of the Kruskal algorithm [6] for constructing the
tree. A k-cardinality tree is extracted from the candidate edges based on the
pheromone left by the ants in the discovery stage.
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First, the edges are sorted into order of decreasing pheromone values. The
algorithm maintains a collection of disjoint sets as in the normal implementation
of the Kruskal algorithm, each disjoint set is a tree. Starting from the edge that
has the highest pheromone value, edges are added to the disjoint sets that contain
one of their end vertices. For any edge, if there is no disjoint set that has one of
its end vertices, a new disjoint set is created and the edge is added to that set. If
the end vertices of an edge are in two different disjoint sets, the sets are merged
into a single set and the edge is added to the merged set. If a disjoint set has
both the end vertices of an edge, the algorithm checks the loop that is formed
by the addition of this new edge. If the new edge is better in weight than any
other edge in the loop, that edge is replaced by the new edge. Once an edge is
added to a disjoint set, the sets are checked to see if any of them contain k or
more edges. If there is one, a k-cardinality tree is constructed out of these edges.
If the size is more than k, the leaf edges are trimmed off in a greedy manner
until there are only k edges left, i.e., higher weight leaf edges are removed first.
A leaf edge is an edge one of whose end point is a leaf. The newly constructed
tree is compared with the current best tree, and the smaller of the two is kept
as the current best tree. Once the tree is constructed from a disjoint set, the set
is marked as processed. New edges will be added to the set that is marked as
processed, but no new tree will be constructed from that disjoint set until it is
merged with another disjoint set. The tree obtained at the end is considered as
the best for that step-size. The algorithm is given in Figure Bl

ConstructTree(CandidateEdges, G = (V, E), w)
Sort the edges in CandidateEdges into decreasing pheromone values
for each edge e in the sorted order
Find the disjoint sets that contain the end vertices of e
if there is none
create a new set, add e to it, mark the set unprocessed
if there is only one set containing one of the end vertices of e
add e to it
if there is only one set containing both end vertices
try to replace an edge in the loop formed; otherwise discard e
if there are two different sets, each containing one end vertex of e
merge the two sets
add e to the merged set
mark the merged set unprocessed

for each disjoint set A
if A has k or more edges
extract a k-cardinality tree by trimming greedily if needed
if the new tree has a lower weight than the best known so far
discard the previous best and take the new tree as the best
mark A processed
end-disjoint-set
end-edge
return the best k-cardinality tree

Fig. 3. The ConstructTree Algorithm
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It can be noted from the ASkCT algorithm given in Figure [[l that the disco-
very and the tree construction stages are repeated for various step sizes, that is,
the step size is varied from minStepSize to maxStepSize. For our experiment
minStepSize is set to 2 and maxStepSize is set to 3. The algorithm then picks
the best tree out of these step sizes to pass on to the next phase to be optimized.

2.3 The Local Optimization Phase

In the local optimization phase, we apply a sequence of greedy algorithms to
reduce the weight of the k-cardinality tree produced by the previous phase.
Unlike the previous phase, the strategy used here is based on the weight of the
edges not the pheromone. The main idea here is to swap edges in and out of the
tree so that the tree weight is reduced. Specifically, this phase consists of four
stages: (i) the tree is grown first and then shrunk back, in a greedy manner, to
its original size, (ii) the tree is shrunk and then grown back, in a greedy manner,
to its original size, (iii) the tree is shrunk and then grown back, in a depth first
manner, to its original size, and (iv) the tree is split into two by removing the
highest weight edge, and the resulting trees are grown back until they meet or
one of them has k edges. The algorithm is given in Figure El

In these stages, when a tree is grown by ¢ edges in a greedy manner, we
select ¢ smallest weight edges among the edges that are connected to the tree by
one endpoint only, and add them to the tree. Similarly, when a tree is trimmed
by i leaf edges in a greedy manner, we select the ¢ highest weight edges among
the leaf edges of the tree and remove them. When a tree is grown by i edges in
a depth-first manner, we select by using a depth-first search the lowest weight
path of length ¢ that has one end connected to the tree and add the edges in the
path to the tree.

These stages were chosen so that the effect of the individual stages are com-
plementary to each other. In Stages 1-3, we try to replace the leaf edges, whereas
in Stage 4 we try to replace the non-leaf edges, beginning at the highest weight
edge. In order to achieve a balance between the quality of the results and the
overall running time of the algorithm, only 30% of the edges in the k-cardinality
tree were considered for replacement in each of these stages except Stage 3.

We observed that the k-cardinality tree problem is usually more difficult when
the cardinality %k is small but not too small. The local optimization algorithm
accounts for this in the third for loop with a variable number of iterations based
on the size of k. Specifically, the function «(k) in the third for loop in Figure [
is defined as follows.

6, if 0.05|V] < k < 0.35|V],
3, otherwise.

where V is the vertex set of the input graph.
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LocalOptimize(T) // T is a k-cardinality tree
Stage 1.
T « T
for i =1 to [3k/10]
grow T by adding % edges in a greedy manner
trim 7" by removing 7 leaf edges in a greedy manner
if w(T) < w(T")
T« T
end-for

Stage 2.

T+ T

for i =1 to [3k/10]
trim 7 by removing ¢ leaf edges in a greedy manner
grow T by adding % edges in a greedy manner
if w(T) < w(T")

T« T
end-for

Stage 3.

T+ T

for ¢ = a(k) downto 2
trim 7 by removing ¢ leaf edges in a greedy manner
find the lowest weight path of length ¢ with one end connected to T
add the edges of this path to T’
if w(T) < w(T")

T« T
end-for

Stage 4.
T+ T
sort the edges of T into decreasing order of weight
for i =1 to |3k/10]
remove the ith highest weight edge from 7' to obtain two
trees 717 and T»
grow 17 and T» independently in a greedy manner
until they meet or one of them has k edges
let 7’ be the resulting tree
if T’ has more than k edges,
trim off the excess leaf edges in a greedy manner
if w(T’) < w(T*)
T« T
end-for
return T

Fig. 4. The LocalOptimize algorithm

3 Experimental Results

In this section, we describe the results of running our algorithm on a collection of
benchmark graphs for this problem, and compare them against the current best
known results from four other algorithms: an ACO algorithm [2], an evolutionary
algorithm [3], a tabu search algorithm [I], and a greedy based algorithm [7].
Our algorithm was implemented in C++ and run on a PC with Pentium
IV 2.4GHz processor and 512MB of RAM. We tested our algorithm on three
different classes of graphs: random graphs, grid graphs and Steiner graphs. There
are four graphs in each class, for a total of twelve graphs. In order to be able
to compare the performance of our algorithm against others, we selected these
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graphs from KCTLIB, a library for the edge-weighted k-cardinality tree problem,
maintained by C. Blum and M. Blesa at http://iridia.ulb.ac.be/~cblum/ketlib/.
We also used the same set of values for k£ in each graph and the same number of
runs, which is 20, for each of these k values as used by the authors of KCTLIB.
Since the configuration of the system used to run the other algorithms was not
available, we could not compare the running time of our algorithm against others.

Of the 138 instances that we tested, our algorithm ASkCT matches the pre-
vious best known results in 61 cases. It provides better results than previously
known in 76 cases. ASKCT did not match the best known result for the one
remaining case. The difference in this case has an absolute difference of 7 or
0.46% of the best known value. The results shown in Tables [[]through [@] list the
best (wpest), the average (wqyg), the standard deviation (o), and the average
running time in seconds (tqy4) for our algorithm. These tables also include the
previous best-known values for each of the k values. It can be observed from
these tables that the standard deviations are very small for the most part. In
fact, the standard deviations for these results are no more than 3.5% of the best
known value. The results shown in Tables [7] through [T2] compare our best values
against the best values from other algorithms. It should be noted that the pre-
viously best known results were not achieved by any one single algorithm alone.
They were the bests obtained among the four algorithms. The data for these
four algorithms were obtained from KCTLIB.

From our experiments, we observed that the influence of the local optimiza-
tion phase on the final results were minimal. It improved the results by no more
than 5-10%. For many k values, we were able to obtain the same results without
the local optimization.

In our implementation, the values for minStepSize and maxStepSize in the
ASECT algorithm and the value for numSteps in the Discover algorithm were
chosen based on our experiments on two graphs. The same is true of the values
for (k) in the LocalOptimize algorithm.

Table 1. ASKCT solution quality on random graphs with 400 vertices

g400-4-01 (400 vertices, 800 edges) 400-4-05 (400 vertices, 800 edges)

Best tavg Best tavg
k |known|wpest| Wavg o |(sec)|| k |known|wyest| Wavg o | (sec)
2 8 8 8.00(0.00| 0.02 2 4 4 4.00(0.00| 0.02

40 563| 563 563.00(0.00( 3.99| 40 675| 673 673.00(0.00 3.95

80| 1304| 1304| 1304.85(0.36| 6.35|| 80| 1457| 1445| 1455.45|6.50| 6.30
120 2137| 2135| 2139.45(1.40|11.00{{120| 2295| 2293| 2303.05|5.75|11.88
160| 3066| 3062| 3065.95|1.91| 5.18(/160| 3197| 3193| 3203.70|5.75| 5.21
200 4105| 4086| 4086.00({0.00| 7.12(|200| 4169| 4156| 4165.75|3.83| 7.88
240| 5238| 5225 5228.80(0.87|15.87(|240| 5209| 5202| 5213.30|4.15|15.10
280| 6499| 6487| 6488.10(0.83|24.63(|280| 6372| 6350| 6361.15|0.00{21.83
320| 7888| 7882| 7882.00(0.00(22.52(|320| 7682| 7682| 7682.00|0.00{29.52
360| 9471| 9468| 9468.00(0.00|38.90(|360| 9250| 9249| 9249.00(0.00|38.82
398| 11433|11433|11433.00(0.00|35.20(|398| 11236|11236|11236.00|{0.00|{35.66
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Table 2. ASKCT solution quality on random graphs with 1000 vertices

£1000-4-01 (1000 vertices, 2000 edges) || g1000-4-05 (1000 vertices, 2000 edges)

Best tavg Best tavg
k |known|wpest| Wauvg o (sec) k |known|wpest| Wauvg o (sec)
2 6 6 6.00] 0.00| 0.07 2 7 7 7.00] 0.00| 0.07

100| 1528 1523| 1564.85(22.86| 8.51||100| 1654| 1653| 1665.00| 5.92| 5.06
200| 3341| 3329| 3367.10{10.49| 59.51||200| 3639| 3627| 3665.30{10.18| 26.13
300| 5334| 5333| 5367.30(17.38|109.96(|300| 5842| 5825| 5836.90| 5.38|122.01
400| 7609| 7581| 7595.65| 4.13| 75.94(|400| 8302| 8230| 8233.65| 1.06| 79.76
500| 10104|10052(10066.65| 6.89(157.73||500| 10893|10801|10810.85| 5.30|187.49
600| 12794|12708(12725.75| 5.51|316.03||600| 13725|13592|13606.75| 4.80|305.38
700| 15767|15675[15675.00| 0.00|581.87||700| 16803|16686|16688.15| 0.78|569.16
800| 19079|19037(19037.65| 0.48|685.38(|800| 20128|20078|20078.00| 0.00|756.91
900| 22838|22830(22830.00| 0.00(840.25(|900| 24035|24029|24029.00| 0.00|866.67
998| 27946|27946(27946.00| 0.00(825.71{|998| 29182|29182|29182.00| 0.00|834.94

Table 3. ASECT solution quality on grid graphs with 225 vertices

bb15x15_1 (225 vertices, 420 edges) || bb15x15_2 (225 vertices, 420 edges)

Best tavg Best tavg
k |known|wpest| Wavg o |(sec)|| k |known|wpest| Wauvg o |(sec)
2 2 2 2.00( 0.00] 0.01 2 6 6 6.00| 0.00| 0.01

20 257| 257| 258.00| 3.00| 0.17|| 20 253| 253| 253.00| 0.00| 0.16
40 642| 642| 644.40| 1.20| 0.39|| 40 585| 585| 624.10|20.54| 0.32
60 977| 977|1005.50| 9.38| 0.75|| 60 927| 927| 986.05|30.61| 0.61
80| 1335| 1335[1429.15(29.12| 0.95|| 80| 1290| 1290|1348.35(19.19| 1.26
100| 1762| 1762(1780.05[15.97| 1.63||{100| 1686| 1686|1726.25|11.88| 0.90
120 2235| 2235|2262.80| 9.40| 3.89({120| 2120| 2120|2143.55| 8.46| 2.81
140| 2781| 2781|2798.10| 6.46| 4.95||{140| 2634| 2634|2639.60| 4.07| 3.76
160| 3417| 3417|3423.00| 7.03| 3.37(|160| 3260| 3250(3272.75| 9.59| 3.33
180| 4158| 4158(4162.15| 3.71| 5.88||180| 3915| 3915|3915.00| 0.00| 4.94
200| 5040| 5040(5040.95| 0.22| 4.17(|200| 4718| 4718|4718.00| 0.00| 6.15
220| 6176| 6176(6176.00| 0.00| 7.37||220| 5862| 5862|5862.00| 0.00| 7.17
223| 6400| 6400|6400.00| 0.00| 7.30{|223| 6101| 6101|{6101.00| 0.00| 7.25

Table 4. ASkCT solution quality on grid graphs with 1089 vertices

bb33x33_1 (1089 vertices, 2112 edges) bb33x33_2 (1089 vertices, 2112 edges)

Best tavg Best tavg
k |known|wpest| Wavg o (sec) k |known|wpest| Wavg o (sec)
2 3 3 3.00| 0.00 0.08 2 3 3 3.00| 0.00 0.08

100 1587| 1587| 1594.60| 1.74| 12.48|| 100| 1524| 1531| 1568.65|15.43 6.27
200| 3386| 3366| 3466.35|35.55| 48.79|| 200| 3378| 3316| 3530.60|94.65| 35.63
300| 5235| 5235| 5320.45|31.39| 165.52|| 300| 5289| 5275| 5360.10{28.81| 116.51
400| 7192| 7166| 7224.80(14.77| 103.83|| 400| 7366| 7340| 7582.05|98.69| 75.56
500 9461| 9256| 9327.60|29.78| 200.01|| 500| 9626| 9514| 9624.70|55.98| 173.90
600| 11743|11579(11579.00| 0.00| 319.43|| 600| 12113|11879(11889.30| 2.45| 319.74
700| 14556|14309(14313.35| 0.78| 518.59|| 700| 14664 |14523|14523.00| 0.00| 552.12
800| 17606(17399|17399.00| 0.00| 716.44|| 800| 17667|17571|17571.00| 0.00| 723.64
900| 21057|20921(20921.00| 0.00| 776.63|| 900| 21037|21002(21002.00| 0.00| 774.41
1000| 25235(25199|25199.00| 0.00|1103.54|/1000| 25275|25274|25274.00| 0.00|1145.04
1087| 30417|30417|30417.00| 0.00/1026.62|/1087| 30326|30326|30326.00| 0.00|1044.47

4 Conclusion

In this paper, we gave an efficient ant system algorithm, called ASECT, for the
k-cardinality tree problem. The algorithm combines a search and optimization
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Table 5. ASECT solution quality on Steiner graphs with 500 vertices

steinch (500 vertices, 625 edges) steinclb (500 vertices, 2500 edges)
Best tavg Best tavg

k |known|wpest| Wauvg o |(sec)|| k |known|wpest| Wavg o | (sec)
2 5 5 5.00| 0.00| 0.02 2 2 2 2.00{/0.00 0.05

50 774\ 774 820.15/11.85| 2.09|| 50 208| 208| 208.00(0.00| 15.02
100| 1712| 1712| 1734.65| 6.92| 5.44||/100 481| 481| 488.45|1.77| 27.86
150 2871| 2865| 2888.15| 5.92|14.94|/150 802| 802| 809.70(3.15| 28.90
200| 4279| 4273| 4273.00| 0.00| 8.29||200| 1183| 1182|1185.80|0.87| 17.75
250| 5965| 5952| 5955.20| 4.26|15.67||250| 1628| 1628|1630.15|1.06| 24.01
300 7986| 7938| 7938.00| 0.00|24.67||300| 2150| 2148|2148.00|0.00| 46.89
350| 10292|10247|10248.20| 0.98]39.97(|350| 2798| 2796|2796.95|0.22| 44.00
400| 12992|12965(12965.00| 0.00{59.48|400| 3571| 3571|3571.00(0.00| 64.86
450| 16321|16321(16321.00| 0.00{32.62(|450| 4553| 4553|4553.00(0.00{134.63
498| 20485|20485|20485.00| 0.00{70.20(|498| 5973| 5973|5973.00(0.00({142.62

Table 6. ASKCT solution quality on Steiner graphs with 1000 vertices

steind5 (1000 vertices, 1250 edges) steind15 (1000 vertices, 5000 edges)

Best tavg Best tavg

k |known|wpest | Wavg o (sec) k |known|wpest | Wavg o (sec)
2 3 3 3.00] 0.00| 0.04 2 2 2 2.00(0.00 0.16

100| 1515| 1503| 1526.35| 7.79| 11.16(|100 455| 455 455.00(0.00f 80.15
200| 3469| 3452| 3456.50| 1.50| 51.92{|200| 1035| 1029| 1038.90|3.82| 129.54
300| 5897| 5829| 5873.45|16.03|139.64||300| 1691| 1680| 1680.00[0.00| 265.45
400| 8886| 8695| 8716.15| 7.48| 85.97||400| 2472| 2451| 2458.70(4.12| 165.50
500| 12172|12062(12085.70(13.09(184.10{|500| 3382| 3366| 3369.15|1.11| 343.72
600| 16091|15933(15933.00| 0.00(281.90(|600| 4434| 4423| 4424.05|0.97| 528.90
700| 20646(20520|20539.45|10.20(449.47||700| 5704| 5686| 5686.00|0.00| 994.40
800| 26103|26053|26053.00| 0.00{769.75(|800| 7241| 7236| 7236.00({0.00{1530.38
900| 32963|32963|32963.00| 0.00[{599.64(|900| 9256| 9248| 9248.00(0.00|1726.35
998| 41572|41572(41572.00| 0.00(631.28(/998| 12504|12504|12504.00|0.00|1658.98

Table 7. Results for all algorithms on random graphs with 400 vertices.

£400-4-01 (400 vertices, 800 edges £400-4-05 (400 vertices, 800 edges
Best |[ASECT|ACO| EC TS | KCP Best |[ASECT|ACO| EC TS | KCP
k |known| Best | Best | Best | Best | Best k |known| Best | Best | Best | Best | Best
2 8 8 8 8 8 8 2 4 4 4 4 4 4

40 563 563| 563| 563 563 592|| 40 675 673| 676 676 675 739
80| 1304| 1304|1304| 1305| 1307 1392|| 80| 1457| 1445| 1457| 1460 1466 1601
120 2137 2135| 2137| 2140 2140| 2285||120| 2295| 2293| 2295| 2314| 2318| 2451
160| 3066/ 3062| 3066| 3071| 3070 3198||160| 3197| 3193| 3197| 3217| 3217| 3389
200| 4105 4086| 4105| 4117| 4112| 4249(|200| 4169| 4156| 4169| 4171| 4171 4400
240| 5238| b5225| 5247| 5255| 5238| 5410(|240| 5209| 5202| 5209| 5217| 5216 5525
280| 6499| 6487| 6509| 6514 6499| 6666(|280| 6372| 6350| 6383| 6372| 6378| 6533
320| 7888| 7882| 7903| 7892 7888| 8048(|320| 7682| 7682| 7713| 7682| 7682| 7869
360| 9471 9468| 9494| 9472| 9471| 9553||360| 9250| 9249| 9295| 9256| 9250 9262
398| 11433| 11433|11454|11433|11433|11433||398| 11236 11236|11278/11236|11236|11236

based on pheromone with a weight based optimization. Extensive experimental
results show that ASKCT outperforms existing heuristics from different metho-
dologies. We note that the weight based local optimization algorithm can also
be used with other algorithms as an extra optimization. Possible future work
includes improving the quality of ASkCT even further, particularly, for the ca-
ses when k is small compared to the number of vertices in the graph and for
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£1000-4-01 (1000 vertices, 2000 edges)

g1000-4-05 (1000 vertices, 2000 edges)

Best
k |known

ASKCT
Best

ACO
Best

EC
Best

TS
Best

KCP
Best

Best
k |known

ASKCT
Best

ACO
Best

EC

Best

TS
Best

KCP
Best

2 6
100| 1528
200 3341
300| 5334
400| 7609
500| 10104
600| 12794
700| 15767
800| 19079
900| 22838
998| 27946

1523
3329
5333
7581
10052
12708
15675
19037
22830
27946

6

1528
3341
5334
7609
10114
12864
15806
19232
23022
28119

6

1558
3445
5500
7749
10104
12794
15772
19090
22839
27946

6

3438
5482

10125
12797
15767
19079
22838
27946

6
1567

7669

6
1684
3652
5828
8329

10837
13584
16223
19494
23076

27946

2 7
100| 1654
200| 3639
300| 5842
400| 8302
500| 10893
600| 13725
700| 16803
800| 20128
900| 24035
998| 29182

7
1653
3627
5825
8230

10801
13592
16686
20078
24029
29182

7
1654
3639
5842
8302

10922
13780
16924
20262
24226
29342

7 7
1657 1662
3680 3692
5875| 5923
8320| 8344

10893| 10956
13743| 13725
16803| 16805
20134 20128
24045| 24035
29182|29182|29182

7
1782
3994
6320
8875

11492
14392
17399
20576
24272

Table 9. Results for all algorithms on grid graphs with 225 vertices

bb15x15_1 (225 vertices, 420 edges) bb15x15_2 (225 vertices, 420 edges)
Best |[ASKCT|ACO| EC | TS |[KCP Best |[ASKCT|ACO| EC | TS |[KCP
k |known| Best |Best|Best |Best |Best|| k |known| Best | Best |Best|Best | Best
2 2 2 2 2 2 2 2 6 6 6 6 6 6
20 257 257| 257| 257| 257| 267|| 20 253 253| 253| 253| 253| 253
40 642 642| 642| 642| 642| 650 40 585 585| 585| 585| 592 620
60 977 977| 977| 988| 977| 1154|| 60 927 927 927| 929| 930| 1075
80| 1335 1335|1335| 1359| 1355| 1518|| 80| 1290 1290|1290 1315| 1324| 1471
100| 1762 1762|1762| 1764| 1764| 1998|[100| 1686 1686|1686| 1725| 1741| 1907
120 2235 2235|2235|2235(2235| 2554({120| 2120 2120(2120]| 2127 2155| 2342
140 2781| 2781 2783|2781 | 2783| 2956({140| 2634| 2634|2634| 2638| 2642| 2773
160| 3417 3417|3417(3417| 3435| 3475||160| 3260| 3250| 3260| 3278| 3268| 3289
180| 4158| 4158|4158(4158| 4167| 4216({180| 3915| 83915| 3922| 3922|3915| 3968
200| 5040 5040| 5059|5040| 5041| 5104||200| 4718| 4718|4722(4718|4718| 4867
220| 6176| 6176| 6183|6176(6176(6176(||220| 5862| 5862 5864|5862|5862(5862
223| 6400/ 6400| 6401/6400(6400(6400(|223| 6101| 6101|6105/6101{6101(6101

Table 10. Results for all algorithms on grid graphs with 1089 vertices

bb33x33_1 (1089 vertices, 2112 edges)

bb33x33_2 (1089 vertices, 2112 edges)

Best

k |known

ASKCT
Best

ACO
Best

TS
Best

KCP

Best

k |known| Best

ASECT

ACO

EC TS
Best | Best

KCP

30571

30417

12056
14775
17618
21072
25582| 25235| 25264
30417

3
1615
3537
5433
7415
9584

30417

30326(30326

30326

grid graphs. The grid graph bb33x33_2 with k£ = 100 is the only instance that
ASKCT did not match or surpass the best known value among the tested graphs.
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Table 11. Results for all algorithms on Steiner graphs with 500 vertices

steinch (500 vertices, 625 edges) steinclb (500 vertices, 2500 edges)
Best |[ASKCT|ACO | EC TS | KCP Best |[ASKCT|ACO| EC | TS |[KCP
k |known| Best | Best | Best | Best | Best k |known| Best |Best|Best | Best |Best
2 5 5 5 5 5 5 2 2 2 2 2 2 2

50 774 7TT4| T74 s 783 877|| 50 208 208| 208| 208| 208 229
100| 1712| 1712|1712 1714 1712| 1963|100 481 481| 482| 483| 481| 526
150 2871 2865| 2871| 2896 2892 3163||150 802 802| 802| 807| 815| 923
200| 4279| 4273| 4279| 4335 4318| 4552(|200| 1183| 1182| 1183| 1185| 1190| 1276
250 5965| 5952| 5983| 5992 5965| 6221(|250| 1628| 1628|1628| 1633| 1633| 1731
300| 7986| 7938| 8014| 8014| 7986| 8378(|300| 2150| 2148| 2150| 2158| 2153| 2227
350| 10292| 10247|10315| 10371| 10292| 10711||350| 2798| 2796| 2802| 2798| 2799| 2950
400| 12992| 12965|13060| 13023| 12992| 13475((400| 3571 3571| 3578|3571|3571| 3666
450| 16321| 16321|16359| 16334|16321| 16666|/450| 4553| 4553| 4575|4553| 4555| 4584
498| 20485| 20485|20495|20485|20485|20485((498| 5973| 5973| 5986|5973|5973|5973

Table 12. Results for all algorithms on Steiner graphs with 1000 vertices

steind5 (1000 vertices, 1250 edges) steind15 (1000 vertices, 5000 edges)
Best |[ASKCT|ACO | EC TS | KCP Best |[ASKCT|ACO | EC TS | KCP
k |known| Best | Best | Best | Best | Best k |known| Best | Best | Best | Best | Best
2 3 3 3 3 3 3 2 2 2 2 2 2 2

100{ 1515| 1503| 1515 1570 1587| 1790{|100 455 455| 455 457 457 491
200| 3469| 3452| 3469| 3539| 3596| 4135(|200| 1035| 1029| 1037| 1035| 1041] 1138
300| 5897| b5829| 5897| 6031| 6027| 6766(|300| 1691| 1680| 1696| 1691| 1708| 1857
400| 8886| 8695| 8886 8972| 8941| 9881((400| 2472 2451| 2552| 2487 2472| 2684
500| 12172| 12062|12267| 12216| 12172| 13830(|500| 3382| 3366| 3599| 3382| 3396 3607
600| 16091| 15933|16091| 16125| 16139| 17190(|600| 4434| 4423| 4797| 4434| 4437| 4670
700| 20646| 20520|20700| 20671| 20646| 21520(|700| 5704| 5686| 6034| 5704| 5707| 5889
800| 26103| 26053|26227| 26103| 26147| 27173||800| 7241| 7236| 7837| T241| 7245| 7407
900| 32963| 32963|33119| 33006{32963| 33579(|900| 9256| 9248| 9771| 9256| 9276| 9388
998| 41572| 41572|41637|41572|41572(|41572(|998| 12504| 12504(12759(12504|12504|12504
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