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Abstract. Geometric moments have been proven to be a very efficient tool for
description and recognition of binary shapes. Numerous methods for effective
calculation of image moments have been presented up to now. Recently, Sossa,
Yafiez and Diaz [Pattern Recognition, 34(2):271-276, 2001] proposed a new al-
gorithm based on a morphologic decomposition of the image into a set of closed
disks. Their algorithm yields approximative results. In this paper we propose a
refinement of their method that performs as fast as the original one but gives
exact results.

1 Introduction

Image moments and various types of moment-based invariants play a very important
role in object recognition and shape analysis [3], [1]. The (p+¢)th order Cartesian

geometric moment M, ” of a two-dimensional grey-level image [ (x, y) (for short 2-
D moment) is defined as

M, Ij v f(xe,y)dxdy  p,g=0]12,- (1)

In a binary image the characteristic function takes only the values 1 or 0, supposing
that for the interest region R holds f{x,y)= 1. Thus, the definition simplifies to the form

M, = ”x”y"dxdy, (2)
R

In the discrete case, the double integral must be replaced by a summation. The most
common way how to do that is to employ the rectangular (i.e. zero-order) method of
numeric integration. Then (1) turns to the well-known form

N N
=2 2. X"y fy 3)

x=1 y=l
where N is the size of the image and fz/ are the grey levels of individual pixels

(x,y)e Z*. Finally, for binary region R we get
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m, = D> x"y. @
(x,yER

Fast and exact computation of 2-D geometric moments of binary objects has been
considered as an important problem for its importance in numerous image-processing
applications.

Since direct calculation of discrete moments from eq. (4) is time-consuming (it re-
quires O(pgN?) operations), a large amount of effort has been spent in the last decade
to develop more effective algorithms.

Recently, Flusser [2] pointed out that the formula (4), commonly used in the litera-
ture for the calculation of the discrete moments of a rectangular block yields inaccu-
rate results. In the same paper, Flusser presented a correction of the method originally
proposed by Spiliotis and Mertzios [6].

In this paper we show that the recent method by Sossa et al. [5] also suffers by this
inaccuracy and we propose how to correct it. We use the same block-wise image
representation as Sossa et al. proposed in [5] but we present a different scheme to
calculate the block moments. We show that the new method yields more accurate
results than the original one.

2 Original Method by Sossa et al.

In [5], a novel approach to the calculation of geometric moments of binary image was
introduced. This method was based on morphologic erosion of the original shape.

The method performs in three basic steps:

1. Decompose the given image into a union of disjoint disks;

2. Compute the geometric moments for each of these disks;

3. Obtain the final moments as a sum of the moments computed for each disk.
Various metrics defined on a discrete plane can be employed in Step 1. The use of

different metrics leads to different image decompositions. Sossa et al. used dg "maxi-

mum" metric defined as

b

dg(Plon):maXﬂxl_xz J’1_y2‘} (%)

where P, is a point whose coordinates are (xi » Vs ) It should be noted that a circular
disk in dg metric is a square in Euclidean metric. The basic algorithm used by Sossa et

al. to obtain the desired decomposition of a binary region R C Z 2 iteratively erodes R
until the maximal disk completely contained in the original region R is obtained. Then
this disk is eliminated from the region R and the remaining shape is assigned to R.
The algorithm repeats this procedure until R becomes empty.

To calculate the moments of a disk D; of radius r with center (X C,YC) in

peZ : , Sossa et al. used eq. (4). The explicit formulae for the first ten geometric
moments of this disk in d; metric are:

2 _ _ _
my, = (27' + 1) My =mg X, My, =me,Y, my, =m,Y
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m,, = m?fo (3X2 + r(r+1)) my, = m300 (3Y2 +r(r+ 1))
my, =my,Y, my, =myX, ©)
ms, = mlo(Xc2 +r(r+1)) My; = mm(Ycz +’”(’”+1))

To obtain these expressions, Sossa et al. used the well-known formulae for sums of
integer powers:

Zk— (n+1), ZH n+1)2n+1 Zk3 B(nﬂ)}z.

For details on the Sossa et al. method we refer to [5].

3 Refined Method

In this Section, we present a refinement of Sossa et al. method, which uses different
formulae for calculation of disk moments. To explain the idea, we recall the original
definition of moments in the continuous domain:

M, j j v £ (x,y)dxdy 7

where f (x, y) is, in this case, the characteristic function of a disk. Clearly, eq. (4) is

is introduced due to the

only an approximation of eq. (7). An error ‘Mpq —mpq‘

zero-order approximation and numeric integration of x” ) over each pixel of the

disk. Below we show how to calculate the geometric moments of a disk exactly with-
out any approximation.

Given a closed disk D of radius r with center (x s YC) in pe Z* with corner
pixels centered in (Xc -r,Y, —r), (XL, +r,7Y, —I”), (Xc -rY, +r) and
(X LY+ r). The characteristic function of this disk is

1 if(x,y)e (X, —r—0.5,X,+r+0.5)x(Y, —r—0.5,Y, +r+0.5)
f(xy)=

0 otherwise.
According to eq. (7), the exact moments of the disk D; are given as

M, [ [ xrye e,y )y

1 +1 +1
= (X +r+05)" = (X, —r=05)"]  ®
p+1)(q+1)[ |
(Y. +7r+0.5)"" —(, —r—o.s)q“]
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The reader can easily see that the corrected set of expressions for the first ten mo-

ments of the closed disk D; becomes:

M00=(27”+1)2 M, =MyX, o =MyY, M, =M,Y

M c

» AéOO(3X2+rr+1)+025) My, = A§°°(3Y2+rr+1+025)
M
M

12 MOZX
=M, (V2 +r(r+1)+0.25)
©)

c

M
MZl MZOYC
My =M, (X7 +r(r+1)+0.25)

4 Comparison of the Two Methods

While eq. (8) provides exact results, eq. (4) calculates some moments with errors due
to the approximation. It can be shown that there is always M - =>m g > the error

M g — M, depends on the values of p and ¢g. Comparing eqs. (9) and (6), we can

evaluate this errors easily, for instance
1
M, —m, = g(6)(§r +3X2 4217 +3r7 +1.5r +0.25)2r +1)—

;(6Xfr+3Xf +21° 4377 +7)2r +1)

= ;(2r+1)(0.5r+0.25)
1
= Emoo.
Similarly,
M m 00 m 0 M, —m = "o
02 02 =y 20 30 > My 2170
m m

Mlz_mu:lilzoaMos_mm:%' (10)

On the other hand, for some moments both methods produce exact results:

My —my, =0, My —my, =0, M, —my; =0, M,, —m,, =0. (1)

5 Impact on the Values of the Invariants

In object recognition we rarely use directly the geometric moments as the features
because they are sensitive to particular position of the object in the image plane. In-
stead, we employ certain functions of moments, called moment invariants, that are
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invariant to expected intraclass variations of the objects. Typically, shift and rotation
invariance is required in many practical tasks. In this Section, we analyze how the

values of various moment invariants differ depending on if m , or M g are used.
Probably the most popular set of moment invariants was derived by Hu [3]. These

features are invariant to translation and rotation of the object. In continuous domain
the first two are defined as

@ =Myt Uy @ = (/uzo _/Uoz)2 —4u, (12)

where
oy = [ Ge=x, ) (y=2, ) f(x, y)dxdy (13)

is the central moment of the object f° (x,y) and (xt ,yt) are the coordinates of the

object centroid. Hu also showed that scaling invariance can be achieved via normali-
zation of each central moment by ,u(()g )2,

It can be easily observed that both algorithms give the same position of object cen-
troid:

and y, = Mo = %

my, M, my, My,

Thus, central moments are affected exactly in the same way as geometric moments.

my, _ M,

X

However, since (,, and U, equal zero by definition, the relations (10) simplify to
the form
m m
M —_ ﬂ = 2700 s M —_ ﬂ = 700 s
20 207 1y 02 27,

My = 3o =0, My, =1, =0, My, =1, =0, M3 = 43 =0
where (= denotes the central moments calculated by traditional method while
M pg Stands for the central moments calculated by the refined method.

Now we can observe an interesting fact: The only Hu's invariant whose values de-
pend on the method of calculation is the first one. Clearly,

) (Mpq)_¢1(/lpq):lu600'

@;., @,. @ and @, contains only 3rd-order moments, so they cannot be affected. ¢,

and @ stay also constant due to the error cancellation effect. The same observation

can be found in [4].

Another set of invariants called affine moment invariants (AMI's) was proposed by
Flusser and Suk [1]. They are more general than Hu's invariants because they are
invariant not only to rotation and scaling but to general affne transformation. Thanks
to this, they can be successfully used in object recognition on images deformed by
slant or anisotropic scaling. The first six AMI's are shown below.
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I, = (ﬂzo:uoz —Hy, )/:ugo

I,= (/1320/1023 = O30 Ly [y My + 4/130;“122 + 4/‘221#03 —3#22“[1122 )//Ué(o)

I, = c“zo (/1211u03 _ﬂlzz )_ M (/130/103 — Myl )+ Ho, (/‘30/‘12 _:Uzzl ))/ﬂgo

_ 302 2 2 2

I, = (oo phos=6s0 4y 1 Ho3=O50 Hop gy Moy + oo oo i
+ 12#20/‘121/‘21/103 + 650 1 o Mso Mos=1 8 ag by o oy iy
'8/1131/130/1()3’6ﬂ20ﬂ§2ﬂ30ﬂ12 + 9/120/“(?2/‘;1 + 12/‘121:“02:“30/‘12
'6ﬂ1|ﬂ32ﬂ30/‘21 +/u32:u320)/;u(]x1)

I = (/U40;U04 =4y + 3#222 )/ﬂgo

I, = (/l4oﬂ04ﬂ22 + 245 U 4 _/J401u123 —ﬂ04ﬂ321 _3,“222 )/ ,ngo

We can easily prove that, for the same reason as in the previous case, /, stays the

same irrespective of the calculation algorithm. However, other AMI's change if M pa

are used instead of £/, . We can observe that, for instance,

M )1 )= 2 a4 5

Similar (but more complicated) relations can be derived for other AMI's too.
Summarizing the above analysis, we can conclude that when using Hu's invariants,
one does not need to use the refined algorithm for moment calculation (with exception

of @, ). On the other hand, the AMI's should be computed using the refined method if
accurate values are required.

6 Numerical Experiments

In this Section, we experimentally demonstrate the difference between classical and
new formula for moment calculation. From the theoretical analysis given above im-
plies that some moments and moment invariants are identical regardless of the fact
whether eq. (4) or eq. (8) is used. In this experiment we show the differences between

second-order central moments, first Hu's invariant ¢1 and six affne moment invari-

ants /,,..., 1 for three binary images.

In Fig. 1, one can see our test objects called "Plane", "Duck”, and "Snake", respec-
tively. In Table 1, the relative errors of the moments and of the invariants are shown.

The errors we have investigated are defined as follows:
e = Mzo —Hy e = Moz —Hp e, = ¢1 (Moz)_¢1 (ﬂoz)
1= ) 2 > 3 = B
M20 M02 ¢] (MOZ )
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Fig. 1. Test objects used in the experiment: Plane(left), Duck(middle), and Snake(right).

Table 1. Relative differences between traditional and new formulae for moment calculation.
For simplicity, all values were multiplied by 10%.

e e, e e, [ € e, eg e
Plane 0.16 0.23 0.19 0.40 0 0.21 0.63 0.91 1.63
Duck 0.19 0.41 0.26 0.81 0 041 1.24 2.08 3.27
Snake 0.18 54.89 0.37 56.73 0 -6.52 2.02 2.21 145.07

The most important observation that is based on this experiment can be summa-
rized in the following way. For elongated objects (where elongation is parallel to one
of the axes) the relative errors can be high and might, in some cases, cause misclassi-

fication. An extreme case is a one-pixel thick horizontal line, for which f;, =0 but

M,, is proportional to its length. Relative errors of other objects are much smaller,

as can be seen in Table 1 when comparing Plane or Duck to Snake. Thus, when deal-
ing with elongated objects, it is recommended to use the refined formula (8) for mo-
ment calculation. On the other hand, for objects having "regular" shapes traditional
computation according to eq. (4) can be used without significant loss of accuracy.

7 Conclusion

In this paper, we presented a new method for calculating geometric moments and,
consequently, of moment invariants of binary objects. This method is a refinement of
Sossa et al. algorithm that was based on a decomposition of the object into disjoint
disks. In the original paper by Sossa et al., zero-order approximation was used for
numerical integration when calculating moments of the disks. In this paper we pro-
posed an exact formula with no approximation. We analyzed (both theoretically and
experimentally) the differences between these two formulae and the influence of the
refined method on the values of moment invariants. We demonstrated that for some
shapes the new method yields a significant increase in accuracy.
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