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Introduction

Verification of real-time systems is an important subject of research. This is
highly motivated by an increasing demand to verify safety critical systems,
i.e., time-dependent distributed systems, failure of which could cause dramatic
consequences for both people and hardware.

Temporal logic methods have been used for verification over the last twenty
years, proving their usefulness for such an application. Whereas infinite state
systems still require deductive proof methods, systems of finite abstract mod-
els can be verified using algorithmic approaches. This means that the veri-
fication process can be fully automated. One of the most promising sets of
techniques for verification is known as model checking. Essentially, in this for-
malism verifying that a property follows from a system specification amounts
to checking whether or not a temporal formula is valid on a model representing
all the possible computations of the system.

Several models of real-time systems are usually considered in the litera-
ture, but timed automata (TA) [10] and time Petri nets (TPNs) [106] be-
long to the most widely used. For these models, one is, usually, interested in
checking reachability or more involved temporal properties that are typically
expressed either in a standard temporal logic like LTL and CTL∗, or in a
timed extension of CTL, called TCTL [7]. Unfortunately, practical applica-
bility of model checking methods is strongly limited by the state explosion
problem, which makes models grow exponentially in the number of the con-
current processes of a system. For real-time systems, this problem occurs
with a particular strength, which follows from infinity of the dense time do-
main. Therefore, existing verification techniques frequently apply symbolic
representations of state spaces using either operations on Difference Bound
Matrices [68] or similar structures [32] for representing states of abstract mod-
els, or variations of Boolean Decision Diagrams like Clock Decision Diagrams
(CDDs) [24, 166], Numeric Decision Diagrams (NDDs) [18], Difference Deci-
sion Diagrams (DDDs) [107,108], or Clock Restriction Diagrams (CRDs) [168].

Quite recently, a new approach to verification of real time systems, based
on SAT-related algorithms, has been suggested. The reason for this is a dra-
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matic increase in efficiency of SAT-solvers over the last few years. The SAT-
based approach can exploit either a sequence of translations starting from
a timed system and a timed temporal property, going via (quantified) sep-
aration logic to quantified propositional logic and further to propositional
logic [20, 110, 140] or a direct translation from a timed system and a timed
temporal property to propositional logic [120,171,177].

Finite state models for timed systems, preserving properties to be checked,
are usually built using the detailed region graph approach or (possibly mini-
mal) abstract models, based on state classes or regions. Algorithms for gen-
erating such models have been defined for time Petri nets [32,35,73,102,111,
117,163,174], as well as for timed automata [7, 8, 41,66,125,159].

It seems that in spite of the same underlying timed structure, model check-
ing methods for time Petri nets and timed automata have been developed
independently of each other. However, several attempts to combine the two
approaches were made, concerning both a structural translation of one model
into the other [52, 60, 78, 89, 103, 124, 144] or an adaptation of existing verifi-
cation techniques [73,111,163].

The aim of this monograph is to present a recent progress in the devel-
opment of two model checking methods, based on either building abstract
state spaces or application of SAT-based symbolic techniques. The latter is
achieved indirectly for time Petri nets, namely via a translation to timed au-
tomata. Our special emphasis is put not only on the verification methods, but
also on specification languages and their semantics.

Structure of the book

Chapter 1 of this book introduces Petri nets, discusses their time extensions,
and provides a definition of time Petri nets. Our attention is focused on a spe-
cial kind of TPNs – distributed time Petri nets, which, in a sense, correspond
to networks of timed automata introduced in Chapter 2. Two main alterna-
tive approaches to the semantics of time Petri nets are considered. The first
of them consists in assigning clocks to various components of the net, i.e.,
the transitions, the places, or the processes, whereas the second exploits the
so-called firing intervals of the transitions. The chapter ends with comparing
the above semantics as well as their dense and discrete versions.

Chapter 2 considers timed automata, which were introduced by Alur
and Dill [10]. Timed automata are extensions of finite state automata. We give
semantics of timed automata and show how to define their product. Typically,
we consider networks of timed automata, consisting of several concurrent TA
running in parallel and communicating with each other. Concrete models are
defined and progressiveness is discussed.

Chapter 3 deals with various structural translations from TPNs to TA.
They enable an application of specific verification methods for timed automata
to time Petri nets. Several methods of translating time Petri nets to timed
automata have been already developed. However, in most cases translations
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produce automata which extend timed automata. We sketch some of the ex-
isting approaches, but focus mainly on the translations that correspond to the
semantics of time Petri nets, associating clocks with various components of
the nets, like the places, the transitions, or the processes.

Chapter 4 introduces temporal specification languages. We start our pre-
sentation with the standard branching time logic CTL∗, its extension modal µ-
calculus, and then discuss timed temporal logics: TCTL and timed µ-calculus.
It is important to mention that we consider two versions of syntax of TCTL
interpreted over either weakly or strongly monotonic runs.

Chapter 5 gives model abstraction methods based on state classes ap-
proaches for TPNs and on partition refinement for TA. For time Petri nets
we discuss different abstract models like state class graphs, geometric re-
gion graphs, atomic state class graphs, pseudo-atomic state class graphs, and
strong state class graphs. For timed automata we concentrate on detailed re-
gion graphs, (pseudo-)bisimulating models, (pseudo-)simulating models, and
forward-reachability graphs. The last section of this chapter gives an overview
of difference bound matrices (DBMs), which are used for representing states
of abstract models.

Chapter 6 deals with model checking methods for CTL. These methods
include a standard state labelling algorithm as well as an automata-theoretic
approach. Moreover, we show that model checking for TCTL over timed au-
tomata can be reduced to model checking for CTL.

Chapter 7 discusses SAT-based verification techniques, like bounded
(BMC) and unbounded model checking (UMC). The main idea behind BMC
[120,171] consists in translating the model checking problem for an existential
fragment of some branching-time temporal logic (like CTL or TCTL) on a
fraction of a model into a test of propositional satisfiability, for which refined
tools already exist [109]. Unlike BMC, UMC [105,140] deals with unrestricted
temporal logics checked on complete models at the price of a decrease in
efficiency.

Each chapter of our book is accompanied with pointers to the literature,
where descriptions of complementary methods or formalisms can be found.
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C state class
C0 initial state class
C� union of C�

X and C�
X+ , page 30

CA clock constraints appearing in enabling conditions and in-
variants of A, page 116

CX set of the clock constraints without clock differences (over
X ), page 29
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C�
X set of the clock constraints over X , page 29

C�
X+ set of the normalised clock constraints, page 30

C(T ) concrete state space of a system T , page 89
Cc(A) concrete dense state space of A, page 38
CF

c (N ) concrete state space in the firing interval semantics of N ,
page 16

CN
c (N ) concrete state space in the semantics assigning clocks to the

processes of N , page 14
CP

c (N ) concrete state space in the semantics assigning clocks to the
places of N , page 13

CR
dr

(N ) concrete (discrete) state space, page 22
CT

c (N ) concrete state space in the semantics assigning clocks to the
transitions of N , page 11

cc clock constraint, page 29
[[cc]] set of the clock valuations satisfying cc, page 30
cf(D) canonical form of DBM D, page 147
clockN function returning the time elapsed since the marked place

of the process became marked most recently in N , page 14
clockP function returning the time since a place became marked

most recently in N , page 12
clockT function returning the time elapsed since a transition be-

came enabled most recently in N , page 11
Closure page 151
CNF conjunctive normal form, page 218
toCNF (ψ) page 219
cor(w) core of the state w, page 91
cr(ϕ) ϕ translated to CTLr

−X, page 172
CTL Computation Tree Logic, page 68
CTL∗ Computation Tree Logic*, page 67
CTLz page 177
CTLr

−X modified CTL−X, page 172
dij element of difference bound matrix, page 147
d(η) degree of η, page 159
D set of degrees, page 159
D discretized clock space, page 183
[[D]] zone defined by DBM D, page 147
DBM difference bound matrix, page 147
DM(A) discretized (concrete) model for A, page 185
DMDRG(A) discretized region graph model for A, page 188
DMDRGb

(A) discretized boundary-distinguishing region graph model for
A, page 190

dom(A) domain of A, page 219
dpt auxiliary function in minimization algorithm for simulating

models, page 135
dpt(w) depth of state w, page 92



List of Symbols XXVII

DRG detailed region graph, page 118
DRG(A) detailed region graph for A (weakly monotonic semantics),

page 118
DRGb(A) boundary-distinguishing detailed region graph for A (DRG

for strongly monotonic semantics), page 119
DZ(nX ) set of all the detailed zones for X , page 117
e page 203
eδ page 203
ei

null page 203
E existential quantifier of CTL∗, page 67
E page 183
E transition relation of A, page 33
E′ transition relation of Aϕ, page 172
EN page 54, 57
EA condition EA, page 91
ECTL Existential Computation Tree Logic, page 68
ECTL∗ existential CTL∗, page 68
EE condition EE, page 90
EE1 condition EE1, page 90
EE2 condition EE2, page 90
Eft the earliest firing time function of N , page 8
en(m) set of the transitions enabled at m in P, page 5
encPL(l) page 209
extr(Z) extrapolation of zone Z, page 142
extrd(Z) extrapolation of zone Z (diagonal constraints case), page 144
fA(q) set of the progressive (weakly monotonic) q-runs of A,

page 39
f+
A (q) set of the (progressive) strongly monotonic q-runs of A,

page 39
fk function determining the number of k-paths of a submodel

sufficient to check a formula, page 194
fN (σ) set of the progressive weakly monotonic σ-runs of N , page 20
f+
N (σ) set of the progressive strongly monotonic σ-runs of N ,

page 20
F eventually operator of CTL∗, page 67
F flow function of P, page 3
F acceptance condition for A, page 160
fi firing interval in N , page 15
Fill page 151
frac(δ) fractional part of δ, page 116
free(l) condition to check deadlock-freedom of A, page 45
FV fixed-point variables of µ-calculus, page 71
Gϕ inequality graph for ϕ, page 213
G always operator of CTL∗, page 67
guardN page 54, 56, 60
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H(w,w′) page 197
HAA hesitant alternating automata, page 158
I location invariant of A, page 33
I set of inequalities, page 96
IA page 209
Im page 56, 57, 58
IN page 54, 56
Is(w) page 197
I1, . . . , Ir intervals in ϕ, page 172
invN page 56, 60
Iqs(V) set of all the inequalities over V, page 96
IqSets(V) set of all the subsets of Iqs(V), page 96
l0 initial location of A, page 33
lψ page 219
lb length of a vector of global state variable, page 196
L locations of A, page 33
Lµ modal µ-calculus, page 71
Lm page 56
LN page 54, 56
L−X logic L without the next-step operator X, page 68
L(A) language of A, page 163
L(k, h) page 205
Lj(k, h) page 197
Lft the latest firing time function of N , page 8
lit() page 196
loop page 192
LTL Linear-Time Temporal Logic, page 68
m marking of P, page 4
m0 initial marking of P, page 3
m[t〉 t enabled at m in P, page 5
M CTL model, page 69
Mk k-model, page 193
[M ]k page 205
| M | size of M , page 70
[Mψ,s0

]k conjunct of [M,ψ]k, page 195
[M,ψ]k propositional formula to be tested to check ψ over Mk,

page 195
Ma(T ) abstract model for T , page 89
Mc(A) concrete dense model for A, page 183
Mc(N ) concrete model of N , page 23
Mc(T ) concrete model of a given system T , page 89
MDRGb

(Aϕ) modified bd-region graph model for Aϕ, page 173
M ′

DRGb
(Aϕ) extended MDRGb

(Aϕ), page 174
IN set of natural numbers, page 3
N family of 1-safe sequential TPNs, page 9
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IN+ set of positive natural numbers, page 3
IN∗ set of all the finite sequences of natural numbers, page 159
newly en(m, t) set of the transitions newly enabled after firing t, page 5
O page 161
ox page 203
℘b page 173
℘yi∈Ii

new proposition for interval Ii, page 173
℘(w) page 197
P Petri net, page 3
P set of places of P, page 3
Pk set of all the k-paths of a discretized rg(b) model, page 192
Py set of all the pairs of states (s, s[y := 0]) of a discretized

rg(b) model, page 192
pAE condition pAE, page 92
parent(vt, C) variable for the parent of t in C, page 104
PL propositional logic, page 63
PostΠ(Y ) successors of Y in Π, page 123
postb(Y, Y ′) page 123
PreΠ(Y ) predecessors of Y in Π, page 123
preA(ψ) page 209
preb(Y, Y ′) page 123
pree(ψ) page 209
pU condition pU, page 92
PV propositional variables of PL, page 64
PV ′ extended PV , page 173
PVϕ set of the new propositions for intervals in ϕ, page 173
PVP set of the propositional variables corresponding to P of N ,

page 23
PV (ϕ) set of propositions occurring in ϕ, page 67
q0 inital state of A, page 160
q0 initial state of Cc(A), page 38
Q states of A, page 160
Q set of the concrete states of Cc(A), page 38
Q+ set of positive rational numbers, page 3
Q0+ set of non-negative rational numbers, page 3
QPL quantified propositional logic, page 65
QSL quantified separation logic, page 66
r run of A, page 161
r number of the intervals in ϕ, page 172
rY representative of the class Y of Π, page 130
R release operator of CTL∗, page 67
R bisimulation of concrete state spaces of TPNs, page 17
IR set of rational numbers, page 3
IR set of real numbers, page 3
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R region, page 123
IR+ set of positive real numbers, page 3
IR0+ set of non-negative real numbers, page 3
R(nX , L) set of the regions over X and L, page 123
R(w,w′) page 197
Rx(w,w′) page 197
R \ R′ difference of regions R,R′, page 123
ReachA set of the reachable states of A, page 39
Reach+

A set of the reachable states on the strongly monotonic q0-runs
of A, page 39

Reachdr

A reachable states on the discrete runs of A, page 40
ReachR

N set of the reachable states of N , page 19
Reach+R

N set of the states reachable on the strongly monotonic runs
of N (R ∈ {F, P,N, T} and corresponds to the semantics
considered), page 20

ReachRdr

N set of the reachable states on the discrete runs of N , page 21
Reach(T ) set of all the states reachable in a given concrete state space

C(T ) for T , page 89
Reach(U) set of all the reachable elements of the set family U , page 89
resetN page 54, 57, 60
restrict page 153
Rlx(C) page 113
RMN set of the reachable markings of N , page 19
RM+

N set of the reachable markings on the strongly monotonic runs
of N , page 20

RMkP
P set of all the reachable markings of P for the capacity kP ,

page 5
s0 initial state of M , page 69
s[y := 0] page 191
S set of states of M , page 69
S

D
set of the states of DM(A), page 185

| S | the number of states of M , page 70
SC specification clock variables, page 80
SF (ϕ) set of the subformulas of ϕ, page 69
SL separation logic or difference logic, page 65
sol(I) set of the solutions of I, page 96
Sps auxiliary function to split classes in minimization algorithm

for simulating models, page 133
Succa page 138
succ(s) page 166
t• postset of transition t, page 4
•t preset of transition t, page 4
T tree, page 159
T timed system, page 89
T set of transitions of P, page 3
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T ∗ set of all the finite sequences of transitions of T , page 103
Tr tree of a run r, page 161
Tµ timed µ-calculus, page 80
TCTL timed CTL, page 75
TCTLC alternative timed CTL, page 82
U Until operator of CTL∗, page 67
U condition U, page 91
U

nX valuations to represent detailed zones in discretized model,
page 183

v clock valuation, page 29
vt variable corresponding to transition t (state class approaches),

page 97
vj

t variable for j-th firing of t (state class methods)
v(i) value of clock xi in v, page 29
v(xi) value of clock xi in v, page 29
v[X := 0] valuation like v where the clocks of X are set to 0, page 29
V valuation function of PL, page 64
Vϕ function labelling states of MDRGb

(Aϕ) with propositions
from PVϕ and with ℘b, page 173

Va valuation function in Ma(T ), page 90
VA valuation function for A, page 41
Vc valuation function for a concrete state space of A, page 41
VC valuation function in Mc(T ), page 89
VD valuation function of DMDRG(A), page 188
VDc

valuation function in DM(A), page 185
VN valuation function for N , page 23
Vr valuation function of Tr, page 161
VT valuation function (a tree), page 159
V ′

a extended Va, page 173
VAN page 54, 57, 61
(V, v) model for (Q)SL, page 66
V [℘ ← b] substitution in QPL, page 65
var(I) set of the variables appearing in I, page 96
w abstract state
w global state variable (vector encoding a state), page 196
w0 initial state of abstract model, page 90
w[i] state variable, page 196
W states of abstract model, page 90
WAA weak alternating automata, page 158
x0 fictitious clock representing constant 0, page 30
X set of clocks, page 29
X next-step operator of CTL∗, page 67
X ′ set of clocks of Aϕ, page 172
X + set of clocks together with x0, page 30
Ryi

release operator of CTLr
−X, page 174
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Uyi
until operator of CTLr

−X, page 174
Xzi

next-step operator of CTLz, page 177
XN page 54, 56, 60
[X := 0]Z page 32
yi auxiliary clock in Aϕ, page 172
Y class of Π, page 122
z absolute time reference, page 203
ZZ set of integers, page 3
Z0 initial detailed zone, page 118
Z0 page 138
ZZ+ set of positive integers, page 3
Z ↗ page 31
Z ↙ page 32
ZZ0+ set of non-negative integers, page 3
Z(nX ) zones for X , page 31
Z ⇑ Z ′ page 32
Z[X := 0] page 32




