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Abstract

Sequencing by Hybridization (SBH) is a method for reconstructing an un-
known DNA string based on obtaining, through hybridization experiments, whether
certain short strings appear in the target string. Following Margaritis and Skiena [12],
we study the SBH in rounds problem: The goal is to reconstruct an unknown
string A (over a fixed alphabet) using queries of the form “does the string S ap-
pear in A?” for some query string S. The queries are performed in rounds, where
the queries in each round depend on the answers to the queries in the previous
rounds. We show that almost all strings of length n can be reconstructed in log* n
rounds with O(n) queries per round.

We also consider a variant of the problem in which for each substring query S,
the answer is whether S appears once in the string A, appears at least twice in A,
or does not appear in A. For this problem, we show that almost all strings can
be reconstructed in 2 rounds of O(n) queries. Our results improve the previous
results of Margaritis and Skiena [12] and Frieze and Halldérsson [8]. Moreover,
the second result is optimal.

Keywords: Sequencing by hybridization; Probabilistic analysis

1 Introduction

Sequencing by Hybridization (SBH) [2,11] is a method for sequencing of long DNA
molecules. In this method, the target string is hybridized to a chip containing known
strings. For each string in the chip, if its reverse complement appears in the target,
then the two strings will bind (or hybridize), and this hybridization can be detected.
Thus, SBH can be modeled as the problem of finding an unknown target string using
queries of the form “does S appear in the target string?” for some query string S.
Classical SBH consists of making queries for all the strings of length k for some fixed
k, and then constructing the target string using the answers to the queries.
Unfortunately, string reconstruction is often not unique: Other strings can have the
same set of k-long substrings as the target’s. For an alphabet of size o, only strings of
length O(O'%k) can be reconstructed reliably when using queries of length & [1,6,15,17].
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In other words, in order to reconstruct a string of length n, it is required to take
k = 2log, n + ©(1), and thus the number of queries is ©(n?). As this number is large
even for short strings, SBH is not considered competitive in comparison with standard
gel-based sequencing technologies.

Several methods for overcoming the limitations of SBH were proposed: alternative
chip designs [7,10,15,21], using analog spectra [16], using location information [3-5,9,
17], using a known homologous string [14], and using restriction enzymes [18].

Margaritis and Skiena [12] suggested asking the queries in several rounds, where the
queries in each round depend on the answers to the queries in the previous rounds. The
goal is to reconstruct the target strings using as few rounds as possible, where each round
contains as few queries as possible. Margaritis and Skiena [12] gave several results,
including an algorithm that reconstructs almost all strings of length n in O(logn)
rounds, where the number of queries in each round is O(n). They also showed that
every string of length n can be reconstructed in O(logn) rounds using n?/logn queries
in each round. Skiena and Sundaram [19] showed that every string can be reconstructed
in (o — 1)n + O(y/n) rounds with one query per round.

Frieze and Hallddrsson [8] studied a variant of the problem, in which for each sub-
string query, the answer is whether the string appears once in the target, appears at
least twice in the target, or does not appear in the target. We call this model the
ternary model, while the former model will be called the binary model. For the ternary
model, Frieze and Halld6rsson gave an algorithm that reconstruct almost all strings of
length n in 7 rounds with O(n) queries in each round.

There are several known lower bounds on the string reconstruction problem. First,
in order to reconstruct a constant fraction of all strings of length n, a total of (n)
queries are needed [7]. Moreover, if only one round of queries is performed, then Q(n?)
queries are needed [20]. These upper bound apply both to the binary and ternary
models.

In this paper, we investigate the string reconstruction problem when the number
of queries in each round is linear in the length of the target string. We improve the
results of [12] and [8] as follows: For the binary model, we show that almost all strings
of length n can be reconstructed in log) n rounds (using O(n) queries per round). For
the ternary model, we show that almost all strings of length n can be reconstructed in
2 rounds (using O(n) queries per round). The latter result is optimal due to the lower
bounds mentioned above.

We note that for obtaining our results, we use the algorithms from [8,12] with some
changes in the parameters of the algorithms. The contribution of this paper is a new
analysis which gives the reduction in the number of rounds.

The rest of this paper is organized as follows: Section 2 contains basic definitions
and top-level description of our algorithms. In Section 3 we give the algorithm for the
binary model, and in Section 4 we give the algorithm for the ternary model.



2 Preliminaries

For clarity, we shall assume for the rest of the paper that the alphabet of the strings is
Y ={A,C,G,T}. However, our results hold for any finite alphabet.

For a string A = a; - - - ay,, let Al denote the [-substring a;a;41 - - - a;4;_1. The binary
k-spectrum of a string A is a mapping SP’;’k: ¥* — {0,1} such that SP’;’k(B) = 1if
B is a substring of A, and SP3"*(B) = 0 otherwise. The ternary k-spectrum of A is
a mapping SPgA’k: ¥¥ — {0,1,2}, where SP?’k(B) = 0 if B is not a substring of A,
SP?’k(B) = 1 if B appears in A exactly once, and SP?’k(B) = 2 if B appears in A
twice or more. We shall omit the subscript when referring to a spectrum of unspecified
type, or when the type of the spectrum is clear from the context.

Let logn = log,n, log®™ n = logn and log® n = log(log® " n) for i > 1. Define
log® n to be the minimum integer ¢ such that log(i) n < 1.

As mentioned in the introduction, we are interested in algorithms that reconstruct
almost all strings of some length n. It is convenient to assume that the target string
is a random string of length n, and then bound the probability that some algorithm
reconstructs the target string. We will use A = a; - - - a,, denote the target string. In the
following, we say that an event happens with high probability (w.h.p.) if its probability
is 1 —n 00,

Our algorithms have the same basic structure:

1. k« k.

2. Let Q = X*. Ask the queries in @ and construct SP.
3. Fort=1,...,T do:

(a) SPARFR  Extend(SPAF, k).
(b) k — k+ k.

4. Reconstruct the string from SP**,

Procedure Extend uses SP** and one round of queries in order to build SPA*** (im-

plementations of Extend will be given in Sections 3 and 4). If at step 4 of the algorithm
the value of k£ is 2logn + s, then A will be reconstructed correctly with probability
1 —0(47°) [15]. In particular, if s = Q(logn) then A will be reconstructed correctly
with high probability. Our goal in the next sections is to design procedure Extend,
analyze its performance, and choose the parameters ko, ..., kp.

The following theorem will be used to bound the number of queries.

Theorem 1 (McDiarmid’s bound [13]). Let f: R® — R be a function such that |f(x)—
f@)| < ¢ if x and 2’ differ only on the i-th coordinate. Let Zy, ..., Z, be independent
random variables. Then,

Pf(Zy,....Z,) —E[f(Zy,...,Z,)] > t] < exp (%)



3 Binary model
In this section, we consider the binary model. Procedure Extend(SP4* A) is as follows:

1. Let Q4 be the set of all strings s; - - - S such that SPY*(s; - s;.5_1) = 1 for
alli € {1,...,A}.

2. Ask the queries in Q4.

3. For every string B of length k+ A, set SPA*T2(B) = 1 if B € Q4 and the answer
for B was ‘yes’, and set SPA*T2(B) = 0 otherwise.

We give a small example of procedure Extend: Let A = CGGATGAG, k=3, and A =
2. The set @ 4 contains all the substrings of A of length 5 (CGGAT, GGATG, GATGA,
and ATGAG). Furthermore, ()4 contains the string CGGAG as all its substrings of
length 3 (CGG, GGA, GAG) are substrings of A, and the strings ATGAT and TGATG.

The correctness of procedure Extend is trivial. We now estimate the number of
queries that are asks by the procedure. Clearly, the number of queries in )4 for which
the answer is ‘yes’ is at most n— (k+ A)+ 1. It remains to bound the number of queries
for which the answer is ‘no’. Denote this number by Y.

Lemma 2. If A < k then E[Y] = O((K2427F + (n/4")kP427F 4 (nA/4)en &4 ).

Proof. Let B be the set of all strings of length £+ A that do not appear in A. One can
compute E [Y] by computing Ppep [B € Q4] (note that the probability Ppeg [B € Q4]
is over both the random choice of A and the random choice of a string B from B),
and then multiplying this probability by |B|. This can be extended as follows: For a
partition of B into disjoint sets By, . .., Bj, we have that E [Y] = > |B|-Ppes, [B € Q4.
The advantage of the latter approach over the former one is that an appropriate choice
of the sets By, ..., B; can simplify the computation of the probabilities. Since we are
interested in an upper bound on E [Y], instead of a partition of B we will take subsets
By, ..., B, of B whose union is B. Then, E[Y] < > |B;| - Ppep, [B € Q4.

The subsets of B are defined as follows. First, note that if B € Q4 then the
prefix of B of length k is a substring of A. Therefore, defining B, to be the set of all
strings of length k + A whose prefixes of length k are not substrings of A, we have that
Ppes, [B € Qa] = 0. Every string in B\ By is of the form a; - - - asypa—s—1b1 - - - bs for
some 1 <s<Aandt<n-—k—A+s+1, where by # a1 x+a_s (We assume here that
an+1 is a special character that is not equal to a character in ). We thus define

Bs = {at te at—i—k—i—A—s—lbl te bs t<mn-— k—A+s+ 1a bl 7& a’t+k+A—s}-

Clearly, |B;] < n -3 -4 TFor the rest of the proof, we will give a bound on
Ppen, [B € Q4] for some fixed s.

Let B=a; - aiipin_s_1b1 - -bs be arandom string from B,. From the definition of
procedure Extend, we have that B € () 4 if and only if there are indices ra_sy9,...,7A11



such that Bf = AF for all i (note that we always have Bf = Ay, fori=1,... A —
s+ 1). Since A < k, we have that every substring Bf for i > A — s + 2 contains the
character by, and from the fact that b; # a;. x4 a_s we conclude that r; # ¢+ i — 1 for
allt > A — s+ 2.

Suppose we consider some fixed rA_si9,...,7a+1, and we want to compute the
probability that BF = Afl_ for all . These equality events may not be independent:
Example 1. if r;;y = r; + 1 then P [BZI‘Zrl = AF

Ti+1

B = A’:J —1/4.

Example 2. If r; = r; 1 = r;40 then P [szu = Al

Ti42

BE= Ak ABE, = A8 | =1/4.

Ti4+1

We can eliminate the dependencies of the type shown in Example 1 by grouping together
equality events. More precisely, we say that two indices r; and r; are adjacent if
ri —r; = j —i. For two adjacent indices r; and r; with ¢ < j, the events BF = Afl_
and Bf = Affj happen if and only if B/~ = AFHI=T (this follows from the fact that
j—1 < A—1<k—1). More generally, for each equivalence class of the adjacency
relation there is a corresponding equality event between a substring of A and a substring
of B. We can assume that the equivalence classes of the adjacency relation have simple
structure: We say that the indices ra_gio,...,7a41 are simple if there are integers
A+2—s=c; <cy <- - <€ < Cpy1 = A+2such that the indices re,, re, 41, - -5 Tepy -1
form an equivalence class for i =1,...,z.

Claim 3. B € (), if and only if there are simple indices ra_4y2,...,7a11 such that
BF = AF for all i.

Proof. Suppose that B € Qa, and let rao_si2,...,7a+1 be (not necessarily simple)
indices such that Bf = A% for all i. If r; and r; are adjacent indices, with i < j,
then BF = Af#l_i for every | = i,...,j. Therefore, for every | =7+ 1,...,7 — 1, if
r # r; + (I — i) we can change the value of r; to r; + (I — 7). By repeating this process,

we obtain the desired simple indices.

The other direction of the claim is trivial. [ |
To compute (or bound) Pgep, [B € Q 4], consider some fixed simple indices 7a—sy2, ..., TA+1-
We want to compute the probability that Bf = Afl_ for all 7, or equivalently, the prob-
ability that BE 'teni—e — Afc_ip’ci“_ci for i = 1,...,2. Each string Afc_iprc”l_ci is

called a block and will be denoted by L;. We also define block L to be the string A¥+2.
The starting position in A of block L; is r.,, and the starting position of L; in B is c;.
Two blocks L; and L; overlap if their occurrences in A have common letters (in other
words, for i < j, L; and L; overlap if [re,, 7c, + |Li| — 1] 0 [re,, e, 4 [Lj] — 1] # 0).

We consider three cases. The first case is when there are no overlapping blocks. In
this case, the events { B "7 = Afc_z Fei=eile  are independent, so the probabil-

ity that these events happen for fixed ra 9 s, ..., a1 18

xT

I 1 o
1:! Qk—1+cit1—c; - 4271 (k=1+cip1—c;) - Jk=1)z+s"



For fixed x, the number of ways to choose simple indices raoyo s, ..., ra+1 which have x
equivalence classes is bounded by (s 1) n®. Therefore, the contribution of the first case
to Ppeg, [B € Q4] is at most

" [s—1 n® n " [s—1 n \z-1
Z (x _ 1) 4k—Dzts  gk—1+s Z (x _ 1) <4k—1)
=1

=1
n n \51 n k-1
- n . nl(s—1)/4
= h—1+s (1 BT 1) S s © '

In the next two cases, assume that there are overlapping blocks, and let L; and L;
be two blocks that overlap with ¢ < j. If ¢ > 0 then consider the events B(’fi = A,’fc, and

B('fj = Afc_. These two events are independent (see the proof of Lemma 6 in the next
J

section), so the probability that these events happen (for fixed ¢;, ¢;, 7, and r,) is
1/4?%. The number of ways to choose ¢; and ¢; is (;) < A?%/2, and the number of ways
to choose 7., and r.; is at most 2(k+A)n (as |r,, —r¢;|< k+ A —1), so the contribution
of the second case to Ppep, [B € Q4] is bounded by (k + A)A?n/4%% < 2k3n /4%F,

The last case is when ¢+ = 0. The event Bk = Ak ~is composed of k equalities
between the c; + I-th letter of B and the r., + l th letter of Aforl =0,...,k— 1.
Each such equality adds a requirement that elther two letters of A are equal (1f i +7 <
k+A—s), or aletter in by - - - by is equal to a letter in A. In either case, the probability
that such equality happens given that the previous equalities happen is exactly 1/4, as
at least one of the two letters of the equality is not restricted by the previous equalities.
Therefore, for fixed ¢; and r.;, the probability that Bﬁj = Aﬁcj is 1/4%. The number of

ways to choose ¢; is s < A, and the number of ways to choose r; is at most 2(k + A).
Thus, the contribution of the first case to Ppep, [B € Q4] is at most 4k2 /4%,
Combining the three cases, we obtain that

4k*  2k3n n N

PBeBs [B S QA] < @ + 42k + Ak—14s

Therefore,

n-3-451. Ppep, [B € Q]

M

E]Y] <

(41{24A—’f 2 (55) K42+ 3 (Zf) e"M’“) . .

Lemma 4. If k > logn, k = O(logn), and A < 0.48 - logn, then w.h.p., Y =
O((nA/45)e /¥ - n) + o(n).
Proof. By Lemma 2,
E[Y] = O((log?n + (n/4%) - log®n) - 4705218m . o (nA /4F)em /4 p)
= O((nA/4M)e"™* ™ ) + o(n).

@
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The random variable Y is a function of the random variables aq,...,a,. A change in
one letter a; changes k substrings of A of length k. For a single k-substring of A, the
number of strings of length k + A that contain it is at most (A + 1)42. Therefore, a
change in one letter of A changes the value of Y by at most k(A+1)4* = O(n°*log® n).
Using Theorem 1,

2099 o e
PY —E[Y]>n""] <exp S | = e logtn)
n-O (n04 log® n)

and the lemma follows. ]

We are now ready to present our first algorithm, which will be called algorithm A.
We first define f; to be a tower of fours of height i (i.e., fi = 4 and f; = 4/ for
i > 1). Algorithm A is based on the algorithm given in Section 2 with procedure
Extend described in the beginning of this section, and with the following parameters:
T =log"n —1, kg = [logn], and k; = min(f;y3,0.48 -logn) fort =1,...,T.

Theorem 5. With high probability, algorithm A reconstructs a random string of length
n and uses O(n) queries in each round.

Proof. Since fiog*n—1 > 0.48logn, we get that kr = kr_1 = kpr_2 = 0.48 - logn.
Thus, Ztho k; > 2.1 - logn, so the algorithm reconstructs the target string with high
probability.

The number of queries in the first round is 40 < 4n. Let [, = Zz;é k; and L, =
nky/ 4%=1 We claim that L, < L, for all t > 2. The proof of this claim is simple as

nk n4ki—1 n
t < L ;.

Lt = 4lt—1 S 4lt—1 = 4lt71—1 -

By Lemma 4, w.h.p., the number of queries in round ¢ is n + O(L;_1el*=1 - n) + o(n).
Since L; < Ly < nfy /4%~ = O(1), it follows that the number of queries in each round
is O(n). |

4 Ternary model

For the ternary model, we use a procedure called Extend,, that is based on the algorithm
of Frieze and Halldérsson [8]:

1. Let Q4 be the set of all strings s - - - s of length &/ € {k +1,...,k+ A} such
that SPA’k(Sl cet Sk) Z 1, SPA’k(Sk/_]H_l ce Sk) Z 1, and SPA’k(Si ce si—i-k—l) =2
fori=2,..., kK —k.

2. Ask the queries in Q4 and construct SPAFT4,

The correctness of procedure Extend follows from [8].

7



Lemma 6. If £ > logn + 2 and A < k, the expected number of queries asked by
Extendy (SPY* A) is O(n).

Proof. The proof is similar to the proof of Lemma 2. We first bound the number of
‘no’ queries. For this purpose, define B to be the set of all strings of lengths between
k+ 1 and k + A that do not appear in A. We define subsets of B as follows: First, let
By to be the set of all strings in B whose prefixes of length k are not substrings of A.
Next, for s € {1,...,;A} and [ € {0,..., A — s}, let

Bsy=A{a - arppri—abr--bs:t <m—k—14+1,b0 # arrpni},

and we have |B,,| <n-3-4°7'. Fix some s and [, and let B = a; - - - ay1x41-1b1 - - - bs be
a random string from B .

Claim 7. B € Q4 if and only if there are indices r},,,...,7},,; and 73, ..., r7  such
that

1. BF = Afj_- for all 7 and j.

2. 7] #t+i—1foralliand j.
3. v} #r? for all i.

We say that the indices 7o, ..., 7} 1,73, . .., 77, are simple if each equivalence classes

of the adjacency relation is of the form 77,77 AT rJ, (recall that two indices 7/ and rg,,
are adjacent if rf —rf,/ = ¢—1'). Similarly to the proof of Claim 3, if B € ()4 then we can
obtain indices that satisfy properties 1-3 of Claim 7 and are “almost” simple, where
“almost” means that all the equivalence classes are of the form 77,77 P PIR 1), except

perhaps the class that contains 7}, ;. By ignoring 7}, ,, we obtain the following:

Claim 8. If B € )4 then there are simple indices r}.,,..., 70,73, ..., 7., that satisfy
properties 1-3 of Claim 7.

Our goal is to give an upper bound on the probability that B € ) 4. Using Claim 8, we
look at some fixed simple indices 7},,, ..., 7}, 73,..., 77, that satisfy properties 2-3

of Claim 7, and we will bound the probability that BY = Afj for all < and 5. We denote

this event by £.

Denote Ry = {r},5,...,7},,} and Ry = {r3,... v, }. Let Lj,..., L} be the blocks
corresponding to the indices in Ry, and let L?,. .., Lf@ be the blocks corresponding to
the indices in Ry. As before, we define block L} to be the string A2 We say that two
blocks are far if the distance between their starting positions in A is at least 6k. An
important property of this definition is that for a set £ of pairwise far blocks, a block
(not in £) can overlap with at most one block from £. Moreover, two blocks that each
overlaps with a distinct block in £ cannot overlap with each other.

To help with the proof of the lemma, we build a simple bipartite graph G = (V, E).
The set of vertices V' contains vertices vy, ..., v, that correspond to the n characters
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U1 V2 U3 Vg Us Ve U7 Vg0 Va1 Vg2 U3 Ugg Uso Usi  Usg2  Usg

Figure 1: Example of the graph G for the case when the blocks are pairwise far (case 1).
In this example k = 4, [ = 1, and s = 3. The indices are r} = 40, r} = 41, r3 = 2,
r2 = 3, and r§ = 80. The equivalence classes are {ri,ri}, {r2 r3}, and {r3}. All the
edges of the graph are shown, except for the special edges.

of A, and vertices wy, ..., wy;+s that correspond to the k + [ + s characters of B.
Each equality event BF = A':j consists of k letters equalities. The graph G contains
k edges (w;,v,i),. .., (wHk_l,ZquJrk_l) that correspond to these equalities. Addition-
ally, G contain special edges (wll,vt), oo oy (Wi, Virkyi—1)- The set of special edges is
denoted by E. See Figure 1 for an example. The probability that event £ happens is
[Teeoco —(€1=e@)=1) | where CC(G) is the set of connected component of G, |C| is
number of vertices in the connected component C, and é(C') is the number of special
edges in C'. In particular, if G has no cycles, then P [£] = 4-IE\E| Moreover, for every
set of edges E' with & C E' C E such that the graph (V, E’) has no cycle, we have
P [£] < 471EN\EI,
We consider several cases:

Case 1 The blocks are pairwise far. Since the graph G does not contain cycles in this
case (see Figure 1), the probability that event £ happens is 1/4(F—1@i+e2)++25=2  Fop
fixed 1 and x2, the number of ways to choose the indices 7},,, ..., 7}, r3, ... 7 is at

most ((5;1_)1_1) ((H;z__lf_l)nxl*”. Therefore, the contribution of this case to Ppep,, [B € Q4]
is bounded by

S (s Us—1) =1\ . .0 1
Z Z x; —1 T9 — 1 n A(k=1)(z1+z2)+l+25—2

x1=1 x2=1

B n? <~ [s—2 no\e-1U S s —2 n o\l
T 42(k—1)+1+25—2 Z r — 1 <4k—1> Z | (4k—1>

r1=1 xro=1

2 I+2s—4 2
_ n n _ n 2(I+s)n/4k1
C A2kH+25—4 (1 T 4k~ 1) =0 (42k+l+2s €

1 2(1+s)n/4k—1
=0 <4l+25 "€ )

where the last equality follows from the fact that k& > logn + 2.

9
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U1 U2 U3 Uy Us Vg U7 Va0 Vg1 Vg2 V43 Usg  Vss U

Figure 2: Example of the graph G in case 2.

We now assume that there are near blocks. We define a linear order < on the blocks
Ly, Ly,.... L. L3, ..., L2 according to their starting positions in B with equalities

broken arbitrarily (L} is the first block in the order). Let L, be the block such that
1. L!, is near to a block that appears before L!, in the order <.
2. L, is the first block in < among all the blocks that satisfy 1.

Let Li, be the block such that

1. LJV', is near to either L,, a block that appears before L?, in <, or a block that
appear after LJV‘, in <.

2. Li, is the last block in < among all the blocks that satisfy 1.

Denote @« = o — 1 and v = x; — 7. Let 8 be the number of indices from R; that
correspond to the blocks Li, ..., L, and let 6 be the number of indices from R; that

Y )

correspond to the blocks L7, ,,..., L] .

Case 2 The blocks L!, and L]v" are the same block. This implies that in every pair of
near blocks, one of the blocks is L?, and the other block is a block that appears before
L, in <. Since the blocks that appear before L!, are pairwise far, it follows that there
is at most on pair of overlapping blocks. It is easy to verify that in this case, the graph
G has no cycles (see Figure 2). Thus, for fixed r}\,,...,r},, 73, ..., 77, the probability
of event &£ is the same as in case 1. The upper bound on the number of ways to choose
Tlioy - s Ths:T5y .., Thys for case 1 is also an upper bound on the number of ways to
choose these indices for both case 1 and case 2. Therefore, contribution of case 2 to

Ppep,, [B € Q4] is accounted in case 1.
For the next cases assume that Lé, and L]v' are different blocks.

Case 3 i=1,a >0 and v > 0. Consider the following sets of edges in G:

1. E; = edges that correspond to the first § indices from Ry, first [ + § indices from
R», last ¢ indices from Ry, and last ¢ indices from R,.

10



2. E, = edges that correspond to 77, 5.
3. E3 = edges that correspond to rlj+8_5.

Note that r{,,, 5 is the first index that corresponds to the block L?,, and 7] 4s_s 18 the

last index that corresponds to the block LJV‘, +1- The first 3 indices from R; form «
equivalence classes (corresponding to the blocks L}, ... Ll). Let ay be the number of
equivalence classes in the first [ + 3 indices from R,. Similarly, the last ¢ indices from
R; form 7 equivalence classes, and define 7, to be the number of equivalence classes in
the last 0 indices from Rj_;.

Let Wy = {wiy 42, .-y Witi+ 541} (resp., Wy = {wi1s—s, .., Weyirs—s-1}) be the set
of vertices among wy, ..., wg+s Which are incident with an edge of Fy (resp., E3).
Define E} to be the set of edges from Ej that are incident with a vertex from Ws\ W,

Claim 9. The graph G' = (V EUE UE,U E!) has no cycles.

Proof. Let £ be the set of blocks that appear before L, or after Li, in <. The blocks
in £ are pairwise far. Therefore, the blocks L!, and Lfy, can each overlap with at most
one block in £. Thus, the subgraphs Gy = (V, EU E1 U Ey) and G3 = (V, EU Ey U Ej)
have no cycles. Assume first that Lfy, does not overlap with a block that appears after

Lfy, in <. For each vertex from W3 \ W5, all its neighbors in G5 have degree 1 (in G3).
Hence, adding the edges in Ej to G5 cannot creates cycles, and we conclude that G’
has no cycles.

Now assume that Li, overlaps with a block that appears after Li, in <. From the
definition of near blocks, we have 3 possible cases:

1. L', overlaps with LJV‘,, and does not overlap with any of the blocks in L.

2. L!, overlaps with with one block from £ (that appear before L, in <), and does
not overlap with L7,.

3. L!, does not overlap with Lf/, and does not overlap with any of the blocks in L.

In the first case we have that for each vertex from W5, all its neighbors in G3 have
degree 1. It follows that G’ has no cycles. In the last two cases, we have that a
connected component of G’ that contains an edge from E) cannot contain an edge from
E5. Therefore, G’ has no cycles. [

Since G’ has no cycles, P [€] < 1/4IP+1E2+IE] - We have
|Ei| = ((k = Da+B) + ((k = Doz +1+3) + (k= 1)y +9) + ((k = 1)z +9),
|E2‘ =k,

and
|Es|=s—0—0—1.
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For fixed «, as, B, v, 72, and 9, the number of ways to choose the indices that
correspond to the edges of F; is at most (a 1) (l;’f__ll) (ij) (g__ll)no‘“@“ﬂ? There are
at most (a+ay+1)-8k < 16k ways to choose /5 5 (since the block of 7}, ,, 5 must be
near one of the blocks L, Ly, ..., Ly, L, ..., L2)), and at most (a+as+y+72+2)-8k <
32k? ways to choose rljﬂ_é. Therefore, the contribution of this case to Ppep,_, [B € Q4]

is bounded by

s1okt 2087 1 K1\ ne 4B -1\ ne
Qk—1+1+s Z 48+6 Z a—1) 4k Z oy — 1 4(k—1)axz
B=1 =1 a=1 an=1
i<5-1) n 26: (5—1) n
’ — (k=1)v — (k=1)y
=\ 1/4 o\ 1/4 2
s—3 s—[3—2
< 512k'n’ Z 1 p(+23+20)n/4k=1
= 45(k—=1)+l+s 4B+6
B=1 =1
512kt g i e\ SR e\
= D) tits © Z Z
B=1 5=1

]{2472,4 l k—1 ]474 k—1
_ n/4 _ In/4
=0 (45k+l+se ) =0 <4k+l+s€ )

(for the last two equalities we use the fact that k > logn + 2).

The analysis of the remaining cases is similar, and we omit it. Table 1 summarizes
the different cases and their contribution to Ppep,, [B € Q4.

Summing all cases, we have

1 _ k5 B
PBGBS,I [B € QA] =0 (—62(l+s)”/4k ! + 76ln/4k 1) :

Al+2s Ak++s
and

A A-s
SZ n-3~4s_1~PB€BSJ [BGQA]

s=1 =0

2n/4k 1 SA 2n/4k 1 l ]{;5 A A TL/4k 1 !
o[ () 2 () ()
s=1 =0 s=1 1=0
=0(1).
Using similar argument, the expected number of ‘yes’ queries is O(n). [

Algorithm B uses the following parameters: T' = 1, kg = [logn]+ 10, and k; = [logn].
By Lemma 6 and Markov’s inequality, we obtain the following theorem.

Theorem 10. With probability of at least 0.99, algorithm B reconstructs a random
string of length n and uses O(n) queries in each round.

12



Case Contribution

No near blocks or L, = Lf{, O (3= e2(l+s)n/4k=1
i=1,a>0,y>0o0ri=2,8>La>0~v>0 O 4k%jﬂeln/ﬂi’“l
i=lLa=0,y>00ri=2,8>La=0,vy>0 O ﬁ;seln/ﬁtkfl
t=1L,a>0vy=0o0rt=2,>L,a>0,vy=0 O Mﬁ%el"/‘lk*l
j=La=0,vy=00ri=2,8>0l,a=0,7y=0 O %eln/ﬂx’“l)
i=2,a>0v>0 10 4kﬁi+sel"/4k’l)
i=2,8<la=0,v>0 O (g
1=2,0<l,a>0,v=0 19) ﬁiseln/zxkﬂ)
1=2,0<l,a=0,7v=0 O leﬁ%)

Table 1: Contribution of all cases to Ppep,, [B € Q4]

5 Concluding remarks and open problems

For the string reconstruction problem with linear sized rounds, we have shown an
log? n rounds algorithm for the binary model, and a 2 rounds algorithm for the ternary
model. While our result for the ternary model is optimal, it remains an open problem
to determine the minimum number of rounds required in the binary model.
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