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Abstract. This paper addresses the problem of transporting objects with multiple
mobile robots using the concept of object closure. In contrast to other manipulation
techniques that are typically derived from form or force closure constraints, object
closure requires the less stringent condition that the object be trapped or caged by
the robots. Our basic goal in this paper is to develop decentralized control policies
for a group of robots to achieve a condition of object closure, and then, move toward
a goal position while maintaining this condition. We present experimental results
that show car-like robots controlled using visual feedback, transporting an object
in an obstacle free environment toward a prescribed goal.

1 Introduction

Object manipulation with mobile robots have been extensively dis-
cussed in the literature. Most approaches use the notions of force and
form closure to perform the manipulation of relative large objects [1—
4]. Force closure is a condition that implies that the grasp can resist
any external force applied to the object [5]. Form closure can be viewed
as the condition guaranteeing force closure, without requiring the con-
tacts to be frictional. In general, robots are the agents that induce
contacts with the object, and are the only source of grasp forces. But,
when external forces acting on the object, such as gravity and friction,
are used together with contact forces to produce force closure, we have
a situation of conditional force closure. Several research groups have
used conditional closure to transport an object by pushing it from an
initial position to a goal [6,7].

In contrast to these approaches, as shown in Fig. 1, object clo-
sure requires the less stringent condition that the object be trapped
or caged by the robots. (Our use of the concept of caging is slightly
different from the definition in [8], and hence the object closure.) In
other words, although the object may have some freedom to move,
it cannot be completely removed [9,10]. Because a caging operation
requires a relatively low degree of precision in relative positions and
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Fig. 1. Four technics of manipulation: (a) force closure (robots pressing the object);
(b) form closure; (c) conditional closure (robots pushing the object up); (d) object
closure or caging.

orientations, manipulation strategies based on caging operations are
potentially more robust than, for example, approaches relying on force
closure.

Caging was first introduced by Rimon and Blake in [8] for non-
convex objects and two fingered gripers. Other papers addressing vari-
ation on this basic theme are [9-13]. Broadly speaking, our work may
be considered closest to the work by Sudsang and Ponce [13]. They
develop a centralized algorithm for moving three robots with circular
geometry in an object manipulation task.

Our basic goal in this paper is to develop decentralized control
policies for a group of robots to achieve a condition of object closure,
and then, move toward a goal position while maintaining the object
closure condition. Unlike previous work [13,10], we do not require the
robots to be circular. However, we do introduce a number of simplifying
assumptions to enable real-time implementation. Further, our interest
is in transporting the object from an initial position toward a goal
position in R%2. We do not address the problem of precisely positioning
and orienting the object in the plane.

The remaining of this paper is organized as follows. We first dis-
cuss the mathematical modeling of the object and the robots. Section 3
presents our definition of object closure, and several key necessary con-
ditions for establishing and maintaining object closure. Section 4 de-
scribes our approach to cooperative control. We briefly present results
from experiments in Section 6. Finally, the main points of the paper
and directions for future work are presented in Section 7.

2 Mathematical Modeling

Consider a planar world, W = R?, occupied by a convex, polygonal
object O, and a group of n convex, polygonal robots. The i** robot
R; is described by the convex set A;(¢;) € W, where ¢; = (x4, 9, 6;)
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denotes the configuration of R;. The configuration of the object is
described by the coordinates ¢ = (x,y,6). We will use Cgr, to denote
the configuration space of a robot, while C will denote the configuration
space for the object O.

Convex robots and objects are represented by an intersection of
m half planes derived from the equations for each edge. The edge
from (z,9;) to (z41,y;+1)" is given by f;(z,y) = ajz + bjy + ¢; and
fj(x,y) <0 for all points in the interior of the polygon.

If robot positions and orientations are held fixed, the region in the
configuration space that corresponds to an interpenetration between
the object O and the robot 1 is:

Cobji = {q € C | interior(Ai(g:;) N O(q) # D)}, (1)

where O(q) is the representation of O in the configuration q.

3 Object Closure

3.1 Definition

Before we proceed further, we will make three assumptions in this
section.

Assumption A1. All robots are holonomic and identical in terms of ge-
ometry, and in terms of capabilities and constraints related to sensing,
control, and mobility.

Assumption A2. All robots are point robots — A;(q;) = ¢i = (x4, yi).

Assumption A8. The manipulated object cannot rotate — the coordi-
nates of the object are given by ¢ = (z,y) and C C R2.

Assumptions A2 and A8 make it easier to explain the basic ideas
and will be relaxed in the next sections.

Figure 2 shows the boundary of Cu;; for a five-sided polygonal
object and the point robot, R;.

The union of Cpj; for 1 < i < n determines the region in C which
cannot be occupied by the object. Then,

Cobj = U Cobji - (2)
i1

1 j 41 is replaced by 1 for j =m and j — 1 by m for j = 1.
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R; Object

Fig. 2. Copj; for a point robot R; consid-
Y Cob i o X, ering only object translations. By sliding
/ the object around the robot, the origin, o,
» of the object-fixed reference frame traces

X x Xw  out the boundaries of Cobjii-

Let the complement of Cy; in C be @Obj. When @Obj consists of two
(or more) disjoint sets, we use the term object closure to refer to the
condition when one of these sets is compact and contains the object
configuration, ¢. This is shown for four robots in Fig. 3, where the
compact set, which we refer to as the closure configuration space and
denote by C.s, is shown shaded. Observe that the object is trapped or
caged (in the terminology of [8]) when its origin is in C.s.

We can easily relax Assumption A3 to accommodate the more gen-
eral case with translations and rotations. In this case, (2) remains the
same, but Cop; ; in (1) is a three-dimensional solid whose cross-section,
for a given angular orientation, is similar to the picture in Fig. 2, and
the compact subset C.;s consists of one or more three dimensional solids
whose cross-section (slice) is similar to the one shown in Fig. 3 [10].

We now define a non essential robot with the help of Fig. 4. In
contrast to Fig. 3 in which all four C,y; ; (and therefore all four robots)
are essential to construct the boundary for the closure configuration
space, R3 is not essential for object closure in Fig. 4. In a group of
robots maintaining object closure, a non essential robot, R, is a robot
whose removal (and consequently the absence of the constraint due to
Cobj_z) does not violate the state of object closure.

We now introduce a fourth assumption:

Assumption A4. We will only consider groups of robots with no non
essential robots.

Fig.3. Object closure: The interior
(shaded gray) represents the closure con-
figuration space, C.s, for a team of 4
robots. The dashed polygon represents the
object. Notice that the origin of the ob-

ject’s reference frame is inside C;s, a com-
pact set, indicating a condition of object
closure.
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Fig. 4. Essential Robots: Even with the re-
moval of R3 the closure properties of the
group is preserved and so, Rz is a non es-
sential robot.

3.2 A Test for Object Closure

Checking the object closure condition involves two steps: (a) Establish-
ing the existence of C.s; and (b) Verifying ¢ € C.s. Step (a) requires
obtaining state information from all robots and Step (b) requires ob-
taining position (pose, in the more general case) of the object.

The key idea comes from Figure 3 where robots are numbered Ry
through R, in a counter clockwise fashion. A necessary condition for
object closure with non essential robots is that the i*” robot’s position
satisfies: Cobj_i—l N Cobj_i %+ @; and Cobj_i N Cobj_i—l—l #* (). This condition
is not sufficient. The sufficient condition involves verifying g € C.s.
However, this condition is necessary and sufficient for the existence of
Cas (step (a) above), and for maintaining object closure. Hence we can
state the following:

Proposition 1. If an object is in a state of object closure with a group
of robots with no non essential robots, a sufficient condition for main-
taining object closure is Copj i—1 N Cobji 7 0; and Copj i N Cobjiv1 7 0.

We now explain how to derive the algebraic equations for object
closure. Define 7; to be a set of the robots configuration space that
represents the intersection between Cepj ; and Copj :

Zi = {ar € Cr, | Cobj_i(q) N Covji(aqr) # 0},

Note that Copj.i(q;) and Copj 1(gr) are identical polygons, which intro-
duces a symmetry in the form of Z;.
It can be observed that:

Cobj i NCobj i V< (qr €Li Nqi € Ty,) .

Thus, the object closure conditions for each robot, which can be rewrit-
ten as q; € Z;—1 and ¢; € Z;+1 (see Fig. 5(a)) are represented as a set
of inequality constraints of the form g¢;(gi—1,¢;) < 0 or g;(¢i, gi+1) <0,



6 G.A.S. Pereira, V. Kumar, and M.F.M. Campos

d Ailr

Fig. 5. Object closure is achieved if each robot i is inside I;. The shaded areas
represent (a) Z1 and (b) I7.

where g; are the functions that delimit Z;, 1 or Z; 1 respectively. Z;_1
(Z;+1) is a 2m-sided polygon defined by 2m algebraic constraints , each
linear in ¢;—1 and ¢; (¢; and g;+1). Since each polygon has up to 2m
sides, the number of constraints for each robot is 4m. For the situation
we are considering, where the robots are points and the object cannot
rotate, the boundary of Cy; ; is formed by the same edges of O but
ordered in a different way (see Fig. 2). Then, each Z;, which depends
on Copj i—1 and Copj i+1, is bounded by two sets of the object’s edges
(refer to the algorithm presented in [14] for proofs). Consequently,
Z;—1 is given by functions g;(gi—1,¢;), while Z;1; is given by another
set of functions g;(¢;, gi+1). Each function is directed derived from the
functions f;(z,y) used to describe the object.
We can now rewrite Proposition 1 as follows:

Proposition 2. If an object is in a state of object closure with a group
of robots with no non essential robots, a sufficient condition for main-
taining object closure is q; € I, where Iy =7, 1 NZj1.

Note I3 is bounded by a subset of the constraints g;(g;) <0, 1 <
Jj <4m. A example of I; can be seen in Fig. 5(b).

3.3 Introducing Rotations

Thus far, we have ignored rotations. In reality, since the robots will
collide with and bump against the object, the object can rotate. Even
if object closure is guaranteed for a given object orientation, a small
rotation followed by a translation may cause the object to escape from
the robot formation.

Our approach to incorporate rotations is to establish guarantees
for object closure under the worst case rotation. Because the object
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Fig. 6. Closure region for a maximum ro-
—— tation of 20°.

has no actuators, its maximum velocity is limited by the maximum
velocity of the robots. Thus, if the object orientation at any instant
is estimated to be 6,, the orientation in the ensuing interval AT must
be in the interval, [min, Omaz], Where Opin = 0o — AT wiaz, Omaz =
0o + AT Winaz, and Wpqy is the (estimated) maximum object’s angular
velocity. Let J; be defined as:

emaz

Ji= ) Z0),

0=0mmin

where Z;(0) is Z; computed for an object orientation . Following the
previous methodology, the conditions that guarantee object closure for
all 0 € [Omin, Omaz] are: ¢; € Ji—1 and q; € Jit1.

Since Cop; ; is represented by the same polygon for every robot, the
shape of Z;(6) is independent of the object orientation. As 6 changes,
Z;(0) is obtained by simply rotating Z;(6,) around R;. The intersec-
tion set J;, can be constructed as shown in Fig. 6. The shaded area
represents the configuration space where g; must be in order to guar-
antee object closure for object orientations between 0,,;, and 0,q:.
It is bounded by circular arcs and the sides of Z;(0in) and Z;(0maz)-
Notice that we continue with a set of inequalities constraints but now
two of them are nonlinear. The set 7; is still convex. From a practical
standpoint, this set-valued approach for modeling the uncertainty in
orientation allows us to be robust to errors in pose estimation.

3.4 Working with Polygonal Robots

The main difficulty of working with polygonal robots is the compu-
tation of Cppj; in real time. Although an efficient algorithm exists, it
must run every time step since changes in robot orientation alters not
only the orientation but also the shape of Cy; ;. Furthermore, differ-
ences on the shapes of Cpj ; and its neighbors make the form of closure



8 G.A.S. Pereira, V. Kumar, and M.F.M. Campos

Fig. 7. Robot i checks closure (a) using the imaginary point robots, R; and R;_1
(left) (b) using a different set of point robots, R; and R;;+1 (right). The dotted
polygons are the actual object configuration space.

constraints very complicated. However, since Cy; ; can be constructed
by the union of the C; ; of the points in the convex polygon that form
the robot, we can easily establish a sufficient condition that guarantees
closure. If the intersection between Cop; ; of two virtual point robots
located at the closest pair of points between robot k& and robot k + 1
is non zero, Copj i N Cobj k+1 7 0. Since Cpp; ; of a point robot can be
computed off-line, the online computation is limited to the translation
of this set to the location of the virtual point robots. This computation
is illustrated in Fig 7.

For each slice of the configuration space (a specific orientation), the
object configuration space for the polygonal robot k£ can be written as:

CoBsk = Ar(ar) ® Cop;i(0) ,

where Cp; ;(0) is the the object configuration space for the point
robot located in the origin of the world reference frame and @ is the
Minkowski sum operator. We can observe also that:

Cobj_i(q) = {q} © Cop;j_i(0) .
Thus, it is not too hard to verify:

Proposition 3. If Copji(qa) N Cobji(qp) # 0, and qo € Ar(qr) and
a» € Ai(q)) are the closest pair of points between the two convex robots,
then:

(Ar(qr) © Cobj_i(0)) N (Ai(@) @ Copji(0)) # 0.

Thus, using the closest pair of points as reference for our compu-
tations leads us to a conservative but simple test for object closure for
polygonal robots.
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Maintain GoToGoal
Closure

Fig. 8. The switched control system with 3 modes for multirobot manipulation. &1
and J2 are thresholds for activating the transition between modes.

4 Control

Our control system is decentralized and implemented using a set of
reactive controllers. Each robot switches between the controllers as
shown in Fig. 8. The switches are governed by the activation of con-
straints that depend on the relative positioning of a robot with respect
to its neighbors and the robots’ estimate of the object orientation.

Recall from Proposition 2, that object closure constraints for R;
are defined by inequalities, g;(gi—1,¢;) < 0 or g;(gi,qi+1) < 0. We
consider the j* constraint to be active when g; = 01, where 01 is
a small negative number that can be thought of as a threshold. In
addition to ensuring ¢; € I3, it is also necessary to ensure the robots
do not try to cluster together thus crushing the object. From a practical
standpoint, although the object may be rigid and immune to damage,
this will cause large contact forces and jamming due to friction. To
avoid this, we introduce a new set of constraints that prevent the robot
from being very close of its neighbors: g; > d2, where do < 41 < 0.
This defines a “safe” configuration space for each ¢; where the object
is caged but jamming is avoided. Practically, the set of constraints
02 < gj < 01 define two polygons with the same shape as I but with
different sizes. The reactive controllers and the sequential composition
of these controllers are shown in Fig. 8.

We consider a simple kinematic model for each robot. For the it"
robot, the dynamical model is given by:

qi = Uj,

where ¢; = (24, v:).

We will denote the constraints due to R;_1, which have the form
9j(¢i—1,9) < 0, by gé and those due to R;y1, which have the form
95(¢i, gi+1) < 0 by g7. In the Enclose mode each robot tries to initially
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achieve object closure. The control input in this mode is:
u; = —ky |aVgj +bVgh| (3)

where Vg7 is the gradient of the constraint defined as 895? /04q;. Vgé- is
due to robot ¢ —1 and Vgj is due to robot ¢+ 1. We assume that these
vectors are normalized and are of unit length. The variables a and b
can each be —1, 0, or 1. When g; < d2 the value —1 is assigned. When
01 > g; > 02, the value 0 is assigned. And when g; > 01, the value 1 is
assigned.

In the MaintainClosure mode a robot tries to maintain object clo-
sure while navigating towards the goal. The control input for this state
is:

u; = —k1 |aVg; +bVg| + kaur, (4)

where up is a common input to the team of robots that leads them
to the goal. It can be, for example, a proportional control law that
is a function of the object position, ¢ — ggoq. Alternatively, ur can
be derived from a potential function that also serves as a Lyapunov
function. We will assume that

ur = _v¢(Q) ) (5)

where ¢(q) is a potential function with a single minimum at ggoq-
The GoToGoal mode has the following input:

U; = k‘Q ur . (6)

It is clear that we can always design ur in (5) to guarantee that
each robot will go to the specified target. Although, if one of the con-
straints g; > 01 or g; < do is violated, the controller switches to the
MaintainClosure mode in (4). We will now prove that this controller
guarantees that the condition of object closure is maintained.

Before we do that, we will need to make an important observation
about the constraints g;(g;, qx). Let us consider, for illustration pur-
poses, the special case of object translation. The set of constraints, I3,
for the point robot i can be subdivided in two sets of linear inequalities.
The equations of each set are of the form a;(x; +x)+b;(yi+yi)+c; <
0, where k = i — 1 (robot on the left) for the first set and k = ¢ 4 1
(robot on the right) for the second set. Observe that each constraint
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Fig. 9. An active constraint for robot
i (98(qi,qx) = 0) indicates the acti-
vation of a identical constraint with
opposite sign for one of its neighbors
(g4 (i, qx) = 0). In this picture, §; = 0.
Notice that the normal vector of the
active constraint for robot i, m%, is
equal to —n%, the negative of the nor-
mal vector of the active constraint for
robot k.

describes a line in the world reference frame translated by the position
of one of the neighbors. Since Z; has the same form for all robots, when
one constraint, g;(gi,qx), is active for one robot, there is an identical
constraint with opposite sign, —g;(gi, qx), active for one of its neigh-
bors. Figure 9 shows a typical situation when one constraint is active
for the i*" robot and a identical constraint, with opposite sign, is active
for one of its neighbors. This is also the case when g;(g¢;, i) is not a
linear function (as is the case when rotations are considered). In other
words,

0g; dg;
- — _ 297 (7)

dqr ~ Ogi
We use this observation to prove that, once the robots have captured
the object, the controller (4) guarantees object closure is maintained.

Proposition 4. Once the robots achieve a situation of object closure
the switched control system shown in Fig. 8 guarantees object closure.

Proof. We need to prove that every time a generic constraint, g;(g;, qx) <
01, is active the control input makes §;(g;, ¢x) < 0. The time derivative

of g;(gi, qx) is given by:

og; . 0g; .
I g+ 91, 8)

95 (i, qr) = 94; Ba.

Denote dg;/0q; by Vg;-C (induced by Ry), and Jg;/0q; by Vg}.
Because of (7), ng- = —Vg;?. Assuming that for the i*" robot 95 (ai, ar),
whose gradient is ng, is active, then for the k" robot, g,(q;, qx), whose
gradient is Vg;) = —Vg;-“, is also active. If, for example, Ry, is the left
neighbor of R; then, in (4), Vgé = ng for R; and Vgi = Vg; = —ng
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for Rj. Substituting ¢; and ¢ in (8) by the control inputs in (4) (call
Vga the constraint induced by the other neighbor of R; and Vgg the
constraint induced by the other neighbor of Rj) we rewrite the time
derivative of g;(g;, qi) as:

6i(ai-a) = — k1 [VghVgh +aVgiVga] + kaVfur+
— kit [(=Vg}) (= Vg}) + b(~ V) Vs +
+ ko (—ng)uT
=— k1 [Qngng + annga — ngngg]
= — ki 2]V} 2 + ||V} | [V gall cos bt
—b||V g1V gl cos b,
=—Fki[24+acosf, —bcost] <O0.

Since —1 < acosf <1, for all a € {—1,0,1}, ¢;(gi, qr) < 0. There-
fore, given the initial conditions, g;(gi,qx) < 0, for all 1 < i < n,
ke{g—1,g+1}and 1 < j <4dm. O

Using the same methodology presented above we can also prove
that when a constraint g;(g;, qx) = 02, the control law in the Main-
tainClosure mode maintains the condition g;(g;, gx) > 0. Thus, if the
robots are in the MaintainClosure mode, they either stay in this mode
while moving toward the goal (the up component guarantees this [16]),
or they switch to the GoToGoal mode.

It is more difficult to prove that the control law (3) in the En-
close mode leads to a condition of object closure. The main difficulties
come from the assumption related to non essential robots and the
book-keeping associated with numbering the robots. However, simple
potential field controllers, like the one presented in [15] have the at-
tractive property of symmetrically distributing the robots around the
object and producing initial conditions that are favorable for the Fn-
close mode.

It is also natural to ask if the kinematic model can be extended
to non-holonomic robots. For non-holonomic robots, u;, which is a
two dimensional vector, can be used as a set-point for controllers that
take in account the non-holonomic constraints. An example of such an
approach is shown in [16]. This is a direction of future research.
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5 Computational Complexity

Considering that Z; (or J; when rotations are considered) can be com-
puted off-line, the decentralized manipulation algorithm consists in (a)
determining the object orientation # and the two neighbors’ position;
(b) computing Z;(0) by rotating Z;; (c) translating Z;(6) to ¢;—; and
¢i+1 and computing Z; 1 and Z;4; respectively; (d) verifying if there
are active constraints; and (e) computing the control signals.

The estimation of 6, ¢;—1 and g;11 is not addressed here but it is
important to mention that in case of polygonal robots an O(l) [17]
algorithm needs to be used to determine the closest pair of points
between the robots. Since Z; (J;) is defined by up to 2m functions,
each robot needs to compute up to 2m rotations and 4m translations
in order to compute Z;_1 and Z; 1 (J;—1 and J;+1). The determination
of the active constraints, if there are any, can be done by evaluating the
4m inequalities that define I;. Observe however, that I; don’t need to
be computed explicitly since the cost of computing this region is higher
than evaluating all constraints for Z; 1 and Z; ;1. The computation of
the control laws can be done in constant time. Therefore, the cost of
the algorithm is O(m +1), and is independent of the number of robots
in the group.

6 Experiments

Our mobile robots are car-like robot equipped with an omnidirectional
camera as its only sensor. Although we have performed experiments
with teams of up to five mobile robots, we report here experiments
with three robots. The communication among the robots relies on
IEEE 802.11 networking. To facilitate the visual processing, each team
member and the goal position are marked with different colors. Because
each robot has only one camera we use communication between robots
and cooperative sensing for (a) localization with respect to each other;
and (b) estimating the pose of the object [18]. The communication
is essentially used for multi-eyed stereo algorithms but is not used for
control or decision making. Ground truth information is obtained from
a calibrated overhead camera.

Figure 10 illustrates the test for object closure performed by Robot 1
(R1). R; estimates the position of its neighbor Rs, as well as the ori-
entation of the object. It then computes Cyp; 1 and Cpp; 2 based on its
estimate of the pair of closest points, one on R; and one on Ro. As the
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R2

Ry

Fig.10. Three robots caging a triangular object. R1’s computation of Copj.1 and
Cobj_o for the imaginary point robots located at the closest pair of points are shown.
The overlap (left) indicates the object is constrained for this specific orientation,
and the lack of overlap (right) shows that object closure is not maintained for this
slice of the configuration space.

figure shows, the snapshot on the left shows overlap and therefore a
positive test for object closure. The snapshot on the right shows that
the object can actually escape. A similar test (not shown in the figure)
needs to be performed with robot Rg3 .

Data collected from the overhead camera for typical experimental
runs are shown in Figures 11 and 12. Robots R1, Rs, and R3 transport
a triangular box toward a goal position. Figure 11 shows a situation
where robots Ry and R3 change their control behaviors in order to
perform the task. In Fig. 12, the actual Cpopj; for the rectangular
robot geometry is overlaid on the experimental data. Note, however,
that the robots do not use the Cpops; for maintaining object closure,
but instead they work with the virtual point robots as explained in
Sect. 3.4. The object is caged in the three snap-shots shown.

7 Concluding Remarks

We presented algorithms for manipulating objects with multiple mo-
bile robots combining the paradigms of pushing and caging. We defined
the concept of object closure, a condition that ensures the objects are
caged during manipulation. The main contributions of the paper are:
(a) an algorithm that enable each robot to independently verify the
condition of object closure; and (b) a decentralized control algorithm
that enables each robot to move while maintaining object closure.
There are two main advantages of our approach. The decentralized
algorithms only rely on the robots’ ability to estimate the positions of
their neighbors. Because robots are easily instrumented (in our case,
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Fig.11. Object transportation: t; —
R> and R3 are in the Enclose mode
(see Fig. 8) trying to achieve ob-
ject closure; ta — Object closure con-
straints are satisfied, R2 and R3 are in
the MaintainClosure mode; ts — The
robots are in the GoToGoal mode. R1
-0.5 , : . : , is in the GoToGoal mode in all three

35 -1 -05 ) 05 1 15
X (m) snapshots.

0.5

this is done by tagging them with colored collars), this is relative easy
even in an unstructured environment. Therefore, our methodology is
potentially scalable for larger groups of robots operating in unstruc-
tured environments. Second, our algorithms do not rely on exact esti-
mates of the position and orientation of the manipulated object. There-
fore they are robust to errors in estimates of position and orientation
of the manipulated object.

The main limitations of the algorithms used here include (a) the
assumption of convex shapes; (b) the over approximation that is in-
volved in verifying object closure when rotations are present; and (c)
the use of the virtual point robots which result in sufficient conditions
for maintaining object closure. All these result in conservative results
with associated degradation in performance. For example, ensuring ob-
ject closure with concave objects is often simpler than than is the case
for convex objects. However, these assumptions and over approxima-
tions enable real-time performance and decentralized decision making
with guarantees, and are important from a practical standpoint.

There are important directions of future work. First, it is neces-
sary to explicitly model the nonholonomic behavior of the robots. The
work in [16] provides a starting point in this direction. Second, we
do not specifically consider algorithms for acquiring the object, es-
tablishing object closure (the Enclose mode) here. The papers [10,15]
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Fig.12. The actual Cops (dashed polygons) for each robot. The origin of the
object (o) is always inside C.s (the compact set delimited by the three Copj;)
indicating a object closure condition. (a) — initial and final configurations; (b) — an
intermediate configuration.

provide some approaches to this, with guarantees for small (3-4) teams
of robots. There are challenges in designing decentralized policies that
scale up to large numbers of robots. One of the key steps here is to
remove the assumption related to non essential robots. Finally, we do
not address the precise positioning and orienting of the object. By
varying the threshold do, we can get tighter tolerances on the object
position relative to the robots. However, it is also essential to plan
trajectories for the individual robots, instead of simply prescribing a
common feedforward control signal up. The work in [13] provides a
starting point in this direction.
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