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Abstract. In this paperwe introducea new algorithm for secondaryschool
timetabling,inspiredby theclassicabipartitegraphedgecolouringalgorithmfor
basicclass-teacheiimetabling. We give practicalmethodsfor generatindarge
setsof meetinggthat canbe timetabledto run simultaneouslyandfor building
actualtimetablesbasedon thesesets. We reportpromisingempiricalresultsfor
onereal-world instanceof the problem.

1 Introduction

This paperis concernedwith the problemof constructingtimetablesfor secondary
schoolsjn which groupsof studentsneetwith teacherin roomsattimeschosersothat
no studenfgroup,teacheror roomattendswo or moremeetingsimultaneously

Onefundamentatequiremenseparatesecondargchooltimetablingfrom univer
sity timetabling: every studentis requiredto be in classduring every teachingperiod.
This malesit infeasiblefor every studentto have anindividual timetablejnsteadthe
studentareplacedin groups.andit is thesegroupsthataretimetablednotindividual
students.

In secondargchoolsknown totheauthorstheprincipaltechniquaisedor offering
studentsomechoiceistheelective. Supposé¢hattherearel80studentsn oneyear(age
cohort),enoughto form six separatelasse®f 30 studentsach. Latein the previous
yearthestudentsvould beofferedalist of subjectareage.g.FrenchGermanpBiology,
History, EconomicsBusinesspndrequiredto selectexactly one. Dependingon their
responsesheschoolmanagemerdecidefiov mary classesf eachtypetooffer. These
classeshenrun simultaneouslyhefollowing year

Electivesgive riseto meetingscontainingmary resources Our exampleelectve
would containonestudengroup,six teachersandsix roomsall constrainedo beused
atthesamesetof times. A studentsweekisfilled completelywith amixtureof comput
sorysubjectandelectives. For Mathematicshestudentsretypicallygroupedoy ability,
andthisrequiresall the Mathematicglassesor a givenyearto run simultaneouslycre-
atingsomethingsimilarto anelective exceptthatall theclassesvithin it areMathemat
ics. Fortheothercompulsorysubjectdhegroupsof studentsvithin ayearmayoftenbe
timetabledndependently

It isnotpossibleo preassigrneacherso largeelectve meetingssincetheresulting
timetablingproblemwould be hopelesslyover-constrained.Only a few teacherslots
(typically in themostseniorclassesarepreassignedherestareassignedspartof the



timetablingprocessaftertimeshave beenassigned Naturally, thisteacheassignment
phasemustassigrEnglishteacherso Englishclassed-conomicgeacherso Economics
classesetc.,soeachteacheslotmustrecordthecateyoryof teacheit needs.Thesecat
egoriesor teacher typesarenotdisjoint: someteacherseachseveralsubjectspthersare
qualifiedto teachjunior subjectdut notseniorandsoon. Roomsamnustbeassignedoo,
andthey alsohave categyories: SciencdaboratoriesMusicstudiosprdinaryclassrooms,
andsoon.

Awayfrom electvesthemeetingsnaybemuchsmallerthenaturaiminimumbeing
a meetingcontainingthreeresourcesonepreassignedtudentgroup,oneteacherand
oneroom. Manualhigh schooltimetablingis usuallyaccomplishedby timetablingthe
largemeetingdirst, thenfitting thesmallonesaroundthem.

Althoughsoft constraintslo exist in this problem,concernedvith theevenspread
of classeghroughthe week, not overloadingary teacheron ary one day, etc.,the
problemis dominatedby the basichard constraintsalreadydescribed:finding times
andqualifiedteachersvhich avoid clashesandthereforealsokeepevery studentgroup
occupiedor everytime of theweek.

Earlier work on this problem[2, 4] hasbeensuccessfuin assigningtimes to
meetingsn sucha way that,at eachtime, resourcegresufficientto fill all theresource
slotsof meetingscheduledor thattime. Thiswould beacompletesolutionexceptfor
oneproblem.

The problemis the teacher constancy requirement, which statesthat, when a
meetingcontainsmultiple times,ary teacherassignedo it mustattendfor all of those
times. We do not want, say an Englishteacherslot to befilled by Smithfor thefirst
two times,Jonedor the next three,and Robinsonfor the lasttime. Violationsof this
requirementknown assplit assignments, have often beenunacceptablyrequentwhen
solvingthe problemusingthe cited earliermethods.The problemdoesnot arisewith
studentgroupslots,sincethey arepreassignedindis usuallyconsideredunimportant
for roomslots,exceptwhentimesareadjacent.

If every meetingcontainedhesamenumberof times,sayk, thenit would beeasy
toachieveteacheconstang. Replaceghek timeslotsin eachmeetingwith justonetime
slot,solve theresultingproblem thenduplicateeachmeetingk-fold. Thisis equivalent
to the method,often usedin North Americanuniversities,of definingcertainpatterns
of timesin adwance(e.g.Mondays9-10 plus Wednesday$8-10 plusFridays9-10)and
requiringall meetinggo chooseone patternratherthana setof times. Unfortunately
in Australiansecondaryschools(andelsavhere)the numberof timesin eachmeeting
dependsntheimportanceof thesubjectmatter EnglishandMathematicgachrequire
6 timeslots;othersubjectsnayhave 6,5,4, 3,2, or 1timesloteach. The‘time patterns’
approactcannotbeapplied.

It is desirableto assigntimesto meetingsin sucha way that pairsof meetings
eitheroverlapcompletelyin time or notatall. We saythattimetableswvith thisproperty
have good time coherence [4]. Good time coherencewill minimize the number of
pairsof clashingmeetingsand shouldminimize the forceswhich pushteachersnto
splitassignments.

In thispaperwe presentinew algorithmfor constructingsecondargchooltimeta
bles. Inspiredby the classicaledgecolouringalgorithmfor classteachertimetabling,
but designedo handlethegeneraproblemthisnew algorithmtriesto scheduleasmary



meetingsaspossiblanto thefirst timein theweek thenasmary of theremainingmeet
ingsaspossiblento thesecondandsoon. Thisapproactseemso becomparableavith
earlierwork in its ability to find suitabletimesfor all time slots,but, unlike earlierwork,
offersmuchbetterprospectgor makinghighly time coherentimetablesasSection2
will explain.

In addition to proposinga nev methodof constructingtimetables this paper
containsan initial empirical studywhich shows that the new methodis promisingin
practice.Asthereademwill find,thereareseveralpointswheredifferentmeansouldbe
usedto achierze thesameendsandwe areonly at the beginningof thetaskof exploring
thesealternatves.

Section2 introduceghe naew algorithm,and Section3 explainshow we cantest
whethera set of meetingscan run simultaneouslybeforeassigningresourcego the
meetings. Sections4 and 5 explore the two main phaseof the algorithmin detail.
Sectior6 presentsurresultssofar, andSection7 containur conclusiongndplansfor
furtherwork. A moredetailedexpositionof ourwork appearsn [1].

2 Generalizing the classical edge colouring algorithm

Our new algorithmis inspiredby the classicaledgecolouringalgorithmfor bipartite
graphsattributedto Kénig [9], andapparenthfirst appliedto class-teachdarmetabling
by Csima[6] (seealso[5, 7, 10]). We beginwith a brief recapitulatiorof thatalgorithm,
thenproceedo its generalization.

Theedgecolouringalgorithmappliesvheneachmeetingcontainsonepreassigned
teacherone preassignedtudentgroup,and ary numberof time slots. Timesareto
be assignedo theseslotsso that no teacheror studentgroup hasa clash;this is the
only constraint.

Build a bipartitegraphby creatingoneleft-handnodefor eachteacheroneright-
handnodefor eachstudentgroup,andoneedgefor eachtime slot. Eachtime slot lies
in ameetingcontainingoneteacheimndonestudenigroup,andthecorrespondingdge
connectgheverticescorrespondingo thesewo resourcesFor example thegraph

correspondso threeteachergAbel, Bell, and Cox) teachingthreestudentgroups(C1,
C2,andC3). AbeltakesC1twice,andCoxtakesC3twice.

An edge colouring is an assignmenbf colours,or equivalently integersi, 2, 3,
... to the edgesso that no two edgesadjacento ary vertex have the samecolour. If
we interpretthesecoloursastimes,then colouringthe edgescorrespondso finding a
timetableandtherule prohibitingtwo edgewith thesamecolourfrom touchingary one
vertex is equivalentto thetimetablingrequirementhatnoresourcéerequiredo attend
two meetingsatthesametime.

Thereisanohviouslowerboundonthenumberf coloursneededo solvethisprob



lem: themaximumvertex degree. Edgecolouringtheoryprovesthatthisboundcanal
waysbeachieved,by apolynomialtimealgorithmbasednrepeatedljindingmaximum
matchings.For example hereis our examplegraphwith a maximummatchingn bold:

Theseedgesare assignedhe first colour, which correspondsvith assigningthe first
availabletime to the correspondingime slots,thendeleted.Becausdhe edgesorm a
matchingnotwo of themareadjacentsonoteacheior studenigroupcanhave a clash
atthistime. A new matchingis foundandthe secondcolourassignedo its edgesand
soon until no edgesareleft. For minimality it turnsout to be necessaryo restrictthe
matchingalgorithmat eachstepto the verticesof maximumdegreeandthe edgesand
verticesadjacento them.

Edgecolouringis notusedn practicaltimetablingbecaus& modelgoorestrictive
aversionof theproblem. In practice meetingsnayhave mary morethantwo resources,
andthe resourcesrenot necessarilypreassignedCorversely someof thetime slots
may be preassigned.Thesegeneralizationsnake the problem NP-complete[3, 7].
Neverthelessf weinterprettheedgecolouringalgorithmin timetablingtermswe obtain
aninterestingdeafor analgorithmfor thegeneraproblem:

Timetableasmanymeetingaspossiblanto thefirsttimeof theweekconcen

trating on thosemeetingghat are hardestto timetable Deletethe assigned
timeslots deleteany meetingghat nowhaveno timeslots,and repeaton the

secondimeof theweekthenthethird,and soon.

Thisis thealgorithmwe studyin thispaper

To seewhy this algorithmis likely to deliver the time-coherencgromisedin
Sectionl, considethesetof meetingshoserduringthefirst stepto occupy thefirsttime
of theweek. If all of thesemeetingsontainmorethanonetimeslot,thisexactsameset
of meetingsnaybere-usedor thesecondime. In generalve cannotexpectthatall of
themeetingshosemwill have exactlythesamenumberof timeslots but by encouraging
thealgorithmto choosesetsof meetingswith a similarnumberof time slots,andtaking
careover whatto dowith leftoverfragment®f longermeetingsit shouldbe possibleo
produceaverytime-coherentimetable.

Clearly, the successf this algorithmwill partly dependon whetherlarge setsof
meetingsableto run simultaneoushcanbe found. We have pursuedan approachn
whichall suchsetsarecomputedn aninitial phaseandthisis thesubjectof Sections3
and4. After that,a secondohaseselectsaa combinationof setsfrom thefirst phasehat
togethercover all themeetings.This selectiorphasds thesubjectof Sectionb.



3 Testing setsof meetingsfor compatibility

Ourfirsttaskisto find anefficienttestwhich cantell uswhetheror nota setof meetings
Sis compatible thatis, whetheror notits meetingsanrun simultaneously

Meetingscontain time slots and resourceslots, which may be unconstrained,
someavhatconstrainedor completelyconstrainedi.e. preassigned).

Apart from a few preassignmentsime slotsin schooltimetablingproblemsare
effectively unconstrainedThereis oftena soft constrainthatthetimesof a meetingoe
spreadhroughtheweekin somedesirablgatternput thisdoesotaffectany meetings
ability to runatary particulartime.

Werestructuréhemeetingof Sto ensurghateachmeetingeithercontainsgxactly
onepreassignetime slot, or elseit containsoneor moreunconstrainetdime slots. We
dothisby repeatedlyinding ary preassignetime slotswhichis nottheonly time slot
in its meetingm, creatinga new meetingcontainings asits only time slot andcopiesof
all theresourceslotsof m, anddeletings from m. We thenmeige meetingsvhosetime
slotscontainthesamepreassignetime;thereis noneedto distinguishmeetingghatare
constrainedo run simultaneously lgnoringresourceconstraintsor the momenta set
of suchrestructuredneetingds compatiblef notwo partsof whatwasoriginally one
meetingareinvolved,andthemeetingstime slotsdo notincludepreassignments two
differenttimes. (Wedonotcurrentlyhaveacompletamplementatiorof thispartof our
test,but the numberof preassignetimesin our datais sosmallthatit doesnot matter
for presenpurposes.)

Resourceconstraintsare the main problem. We needto determinewhetherthe
supplyof resourcess sufficienttofill all theresourceslotsof thesetof meetingsS. This
problemhasbeensolvedbefore[2]; we briefly recapitulateéhatsolutionhere.

We assumehat all resourcesre available,unlessthe setof meetingscontainsa
preassignetime (therecanbeatmostone),in which casewe leave outresourceknowvn
to beunavailableatthattime.

In practicewe alwaysfind thateachresourceslot is constrainedndependenthpf
theothersto befilled by anelementof somefixed subsebf the availableresourcesit
may requirean Englishteacheror a Sciencdaboratoryandsoon. Preassignmens
includedin thismodel: thefixed subsetontaingust oneelement.

Build a bipartite graphwhoseleft nodesare all the resourceslotsin the set of
meetingss, andwhoseright nodesareall theavailableresourcesConneceachslotnode
toeveryresourcabletofill thatslot(thesemayform anarbitrarysubsebf theavailable
resources).The meetingsare compatibleif a matchingexists which touchesevery
resourceslot,for thismatchingrepresentanassignmentf resourceso all the slots.

For example,supposewe aretestingthree meetingsfor compatibility: English,
History, and Geograpk. Consideringteachersalone,the bipartite graphmight look
likethis:

English
History " Bell O

(Geograply < Cox O



Thereare enoughteachersthereis a qualified teacherfor every slot, but thereis no
matchingandthesemeetingsarenot compatible.

Althoughourtestfor compatibilityis reasonablefficientasdescribedye will be
callingit thousandsf times,sowe have implementedsomeoptimizations.We check
that no two slotsare preassigneavith the sameresourceand that for every defined
catgyory (e.g.EnglishteacherSciencdaboratory)thereareat leastasmary qualified
resourcessresourceslots. Only if the meetinggpassthesequick testsdo we take the
timeto build thebipartitegraphandcarryoutthefull test.

It is alsoimportantfor efficieng/ that we cantake a known compatibleset of
meetingdor which a matchinghasbeencreatedandstored aswell asthetotalsneeded
toimplemenburquicktestsandefficientlytestwhetherneextrameetingcanbeadded
withoutlosingcompatibility Thequicktestgustaddtothetotalsthey keepthestandard
bipartitealgorithmcanbuild on the existing matching,doingonly the relatively small
amountof work neededo addin nodescorrespondingo the resourceslotsfrom the
extra meeting. We updatethe matchingaswe addthe slots,makingfailed matchings
terminatdfasterandleaving lessto undo. Deletionof theextrameetingsnodesafterthe
test,if requiredjs alsoefficient.

4 Generating compatible setsof meetings

A compatiblesetof meetinganbetimetabledat ary time duringthe week,exceptin
therarecasesvhereit containsa preassignetime. Becausef this,wedecidedotry to
exhaustvely generatall compatiblesetsof meetingsn aninitial phasereasoninghat
we couldselectfrom this collectionover andover againto build thetimetable.

Findinglargecompatiblesetsof meetingss anNP-hardproblemsimilarto finding
independensetsn agraph. However, unlikeindependensetsa setof meetingsanbe
pairwisecompatibleyet not compatibleoverall.

Ouralgorithmfor generatingill compatiblesetsof meetingssadynamicprogram
ming algorithmbasednthematroidrecurrence

Every subset of a compatible set of meetingsis compatible.

We generatell compatiblesetsof meetingsof size (numberof meetings)i, thenall
compatiblesetsof meetingof size2, etc. Our dynamicprogrammingableholdsthe
setof all setsof compatiblemeeting®f sizei, structuredcasatree:

Sets stored Tree-structured table

{m, m, m}
{m, m,, m}
{m, m,, m}
{m, m, m}
{m, m, my}

Whenextendingaset{rql, mz, ,rq,} toalargerset{rql, mz, M, m 1}, by our
1 | I+



recurrencene only needto testfor compatlbllltythosemeetmgsrq for which all

i-elementsubsetof {”11 rqz rq rq } arein thetable(i.e. arecompatlble)and

thetreestructurehelpsto find thesetof aII suchrq_ . efficiently,. Wheneera new set
I+

is addedwe deleteall its propersubsetsensuringhatonly maximalcompatiblesetsof
meetingsarein thetableattheend. Se€[]] for moredetails.

Despitecarefuloptimizationof spaceandtime,we havefoundthatin practicehere
aretoomary maximalsetsof compatiblaneetinggor usto beableto computehemall,
sowe have beenforcedto leave out meetingswith threeor fewer resourceslots. Like
manuakimetablersye planto packthesesmallmeetingaroundhelargeonesn afinal
phasgSectionb).

5 Selecting compatible setsof meetings

At theendof thephasgustdescribedywe haveatablecontainingall maximalcompatible
setsof meetingsexcludingthesmallmeetingsvhichwe hadto leave out. If thereareT
timesin theweek,we now needto selectT of thesesetsensuringhateachmeetingm
appeari theselectedetsasmary timesastherearetime slotsin m. Repeatedelection
of thesamesetis allowed,andindeedpreferredsinceit leadsto time coherence.

Thisis astandardetcoveringproblemandmary methodsreavailablefor solving
it. Weuseatreesearchwith agreedyheuristidg] for selectinghesetof meetingdo try
next. We limit thebranchingactorat deeplevelsin thetree,anduseforwardcheckso
prunefutile subtrees.

Our greedyheuristicis to prefersetsof meetingswith largernumbersof resource
slots. The numberof meetingdn the setis irrelevant at this stage: what matterss to
utilize asmary resourcesspossible.

Two optimizationswell known in setcoveringareimplemented.If a meetingm
appearsn only oneset,that setis selectedmmediately And if every setcontaining
meetingm, alsocontainsm,, we malke surethatary setwe selectfor coveringm, also
coversm,, sincewe must cover m, eventuallyand at that time we will definitely be
coveringm, aswell, by assumption.

Whenwe selecta set,we reduceby onethe numberof time slotsof eachof its
meetingghatremainto be assigned Whenthis numbereache® for somemeetingm,
we deletemfrom all remainingcompatiblesetsof meetingsandif thiscausesry setS
to becomea propersubsebf anotherwe deleteS. Of coursejf we backtrackwe have
to undothesechanges.Theseoperationsareexpensve anddatastructurego optimize
themarerequiredput they payoff in reducingheamountof datahandledatthedeeper
levels of the treewheremosttime is spent,andin permittingforward checkswhich
would otherwisenot bebasedn currentinformation.

SomevaluabldorwardcheckareimplementedIf thereareM meetingsemaining
to betimetabledand T timesremainingto be usedthenoneof the remainingsetsof
meetingsmustcontainat least M/ T[] meetings- if not, we backtrackimmediately
Similarly, if the remainingresourceslotsof a particulartype (e.g.Sciencelaboratory
slots)total Stimes'worth of thattypeof slot,andthereareT timesremainingo beused,
thenoneof theremainingsetsof meetingsmustcontainatleast [$/ T Jof thoseslots.



6 Results

We have testedour new algorithmon BGHS98,an instanceof the secondaryschool
timetablingproblemtaken without simplificationfrom a schoolin Sydney, Australia.
BGHS98 contains40 times, 150 resourceg30 studentgroups,56 teachersand 64

rooms),and208meetings.The numberof time slotsper meetingvariesbetweerl and

6,averagingustunder3. Onaveragewe needto scheduld5.4meetingsnto eachtime

slot,andthe meetingsn eachtime slot mustcontain102.6resource®n average. This

is considerablyessthanthe 150resourcesotal, but somepartsof theresourcdoadare

very tight, notablythe studentgroups(which mustattendat every time) andthe scarce
Sciencdaboratoriegwhoseutilization mustbevirtually 100%).

Ourtestavererunonstandardardware. Whenwe omittedmeetingawvith threeor
fewerresourceslots,only 57 of the208meetinggemainedbut thesecontained’5%of
theresourcsslots. Findingall compatiblesetsof meetingamongthe57largemeetings
took only a few secondsalthoughaddingjust a few of the omitted meetingscaused
the programto fail to terminate(not surprisingly sincethesesmall meetingsscarcely
constrainreachotherandsocombinein exponentiallymary ways). Findinga cover for
the 57 meetingsalsotook just a few seconds All the partsof our algorithmdescribed
in Sectionb contritutedto thisefficieng, in thesensehatleaving ary oneoutproduced
no usefulresultin ary reasonabléime. For example without backtrackingpur greedy
heuristicwith forward checkingand optimizationsproduceda timetablerequiring42
times,two morethanthenumberof timesavailable.

Assignmentbf the remainingsmall meetingsn a final phasewasnot aseasyas
we hadhopedit would be. Many methodsareof coursepossibleatthisstage.Our first
attempta simpleheuristicassignmentyasunsuccessfugnda subsequertill-climber
madealmostno difference. So we tried meta-matchindg2] and this assignedimes
to all but five meetings.The leftoverswere Sciencemeetingsunableto find Science
laboratoriest thelimited timesthattheir studenigroupresourcesvereavailable.

7 Conclusion

We have presente@ new algorithmfor constructingsecondangchooltimetablesbased
ontheclassicakdgecolouringalgorithmfor class-teachdimetabling.

Oursucces timetablingall but five smallmeetingsn afew seconden standard
hardwareis very promising. However, thisis work in progressandthereis still alot of
work to do.

We needto do morework ontheassignmenof smallmeetings.A moreelaborate
final phasewith a backtrackingelementfor example,might be sufficient. If not, we
will needto integratethe smallermeetingsnto the mainassignmenphaseperhapsy
greedilyaugmentingheselecteccompatiblesetswith compatiblesmallmeetings.This
would allow the smallermeetinggo influencethe forward checkingandbacktracking,
andprovide a naturalwayto obtaintime coherencamongthe smallmeetings.

Thenwill comethetaskof evaluatingour solutionsfor time coherenceandtuning
ouralgorithmto enhancét. We mayneedto encouragéheselectiorof compatiblesets
of meetingswith similar numbersf time slots. Finally, we will needto try out some
resourceassignmenalgorithmsand verify thatimproved time coherenceeally does
leadto fewer split assignmentsaswe expect.
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