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Abstract

This paper presents various semantics in the branching-time spectrum of discrete-time and continuous-time
Markov chains (DTMCs and CTMCs). Strong and weak bisimulation equivalence and simulation pre-orders
are covered and are logically characterized in terms of the temporal logics Probabilistic Computation Tree
Logic (PCTL) and Continuous Stochastic Logic (CSL). Apart from presenting various existing branching-
time relations in a uniform manner, this paper presents the following new results: (i) strong simulation for
CTMCs, (ii) weak simulation for CTMCs and DTMC:s, (iii) logical characterizations thereof (including weak
bisimulation for DTMCs), (iv) a relation between weak bisimulation and weak simulation equivalence, and
(v) various connections between equivalences and pre-orders in the continuous- and discrete-time setting. The
results are summarized in a branching-time spectrum for DTMCs and CTMC:s elucidating their semantics
as well as their relationship.
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1. Introduction

To compare the stepwise behaviour of states in labeled transition systems, simulation (3) and
bisimulation relations (~) have been widely considered. Bisimulation relations are equivalences
requiring two bisimilar states to exhibit identical stepwise behaviour [52—54]. On the contrary, sim-
ulation relations are preorders on the state space requiring that whenever s 35" (“s” simulates s”)
state s’ can mimic all stepwise behaviour of s; the converse, i.e., s’ = s is not guaranteed, so state s’
may perform steps that cannot be matched by s. Thus, if s’ simulates s then every successor of s has a
corresponding, i.e., related successor of s’, but the reverse does not necessarily hold. Simulation can
be lifted to entire transition systems by comparing (according to ) their initial states. Simulation
relations are often used for verification purposes to show that one system correctly implements an-
other, more abstract system [1,44,36,51,53]. One of the interesting aspects of simulation relations is
that they allow a verification by “local” reasoning. The transitivity of =< allows a stepwise verifica-
tion in which the correctness is established via several intermediate systems. Simulation relations are
therefore used as a basis for abstraction techniques where the rough idea is to replace the model to
be verified by a smaller abstract model and to verify the latter instead of the original one. Typically,
strong and weak bisimulation and simulation relations are distinguished. Whereas in strong (bi)sim-
ulations, each individual step needs to be mimicked, in weak (bi)simulations this is only required
for observable steps but not for internal computations. Weak relations thus allow for stuttering.

A plethora of strong and weak (bi)simulations for labeled transition systems has been defined in
the literature, and their relationship has extensively been studied by process algebraists, most notably
by van Glabbeek [29,30]. These “comparative” semantics have been extended with logical charac-
terizations that are of importance for verification purposes. Here, bisimulation relations possess the
so-called strong preservation property, whereas simulation possesses weak preservation. Strong pres-
ervation means: if s ~ s/, then for all formulas @ it follows s = @ iff s’ = @. This property holds, for
instance, for CTL (and CTL*) and strong bisimulation [18]. The use of simulation relies on the pres-
ervation of certain classes of formulas, not of all formulas (such as for ~). For instance, if s < s” then
for all safety (or even VCTL* [20]) formulas @it follows thats’ = @ impliess = @. Note that the con-
verse, s’ = @, cannot be used to deduce that @ does not hold in the simulated state s; hence, the name
weak preservation. Similar characterization results hold for branching (bi)simulation with diver-
gence, a special type of weak (bi)simulation where typically the next operator is omitted, which is not
compatible with stuttering. As simulation equivalence—defined as mutual simulation of states—is
coarser than bisimulation equivalence it yields a “better abstraction,” i.e., a smaller quotient.

For probabilistic systems, the situation is similar. Based on the seminal works of Jonsson and
Larsen [45] and Larsen and Skou [50], notions of (bi)simulation (see e.g., [3,9,15,17,31,37,39,46,56,58,
60,62] for models with and without non-determinism have been defined during the last decade, and
various logics to reason about such systems have been proposed (see e.g., [2,5,13,35]). This holds
for both discrete probabilistic systems and variants thereof, as well as systems that describe con-
tinuous-time stochastic phenomena. In particular, in the discrete setting several slight variants of
(bi)simulations have been defined, and their logical characterizations studied, e.g., [4,24,27,28,58].
Although the relationship between (bi)simulations is fragmentarily known, a clear, concise classifi-
cation is lacking. To the best of our knowledge, simulation relations for the continuous-time setting
have not been studied. Moreover, continuous-time and discrete-time semantics have largely been
developed in isolation, and their connection has received scant attention, if at all.
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This paper studies the comparative semantics of branching-time relations for probabilistic sys-
tems that do not exhibit any non-determinism. In particular, time-abstract (or discrete-time) fully
probabilistic systems (DTMCs) and continuous-time Markov chains (CTMCs) are considered.
CTMC:s are an important class of stochastic processes that are widely used in practice to determine
system performance and dependability characteristics. Strong and weak (bi)simulation relations
are covered together with their characterization in terms of the temporal logics Probabilistic Com-
putation Tree Logic (PCTL [35]) and Continuous Stochastic Logic (CSL [5,13]) for the discrete and
continuous setting, respectively. PCTL is a discrete-probabilistic variant of CTL in which existential
and universal path quantification have been replaced by a probabilistic path operator. PCTL allows
one to specify properties like “the probability to reach a set of goal states via a restricted set of states
is atleast 0.74,” and is supported by efficient model-checking algorithms. CSL is a continuous prob-
abilistic variant of CTL and includes means to express both transient and steady-state performance
measures. For instance, it allows one to stipulate that the probability of reaching a certain set of goal-
states within a specified real-valued time bound, provided that all paths to these states obey certain
properties, is at least/at most some probability value. Model-checking algorithms for CSL have been
presented in [8], and prototypical software implementations are available: for instance, one based
on sparse matrices [38] and a symbolic tool based on multi-terminal binary decision diagrams [47].

Apart from presenting various existing branching-time relations and their connection in a uni-
form manner, this paper provides several new results:

e We propose a notion of weak simulation for CTMCs and show that this pre-order preserves
(among others) probabilities on timed reachability properties. More precisely, the preorder weak-
ly preserves a safe (live) fragment of CSL without next.

e As a side result, notions of strong simulation for CTMCs and weak simulation for DTMCs are
established. These notions are shown to strongly preserve a safe fragment of CSL and weakly
preserve a safe fragment of PCTL without next, respectively.

e Weak bisimulation [9] for DTMC:s is shown to coincide with equivalence for PCTL without next,
and weak bisimulation [17] for CTMCs is shown to coincide with equivalence for CSL without
next.

e Weak (bi)simulation on CTMCs is shown to be invariant under uniformization [33,41], and

e weak probabilistic bisimulation and weak simulation equivalence are shown to coincide, both
for CTMCs and DTMCs.

Finally, several new relations are established between pre-orders and equivalences in the continu-
ous-time and the discrete-time setting yielding a branching-time spectrum for CTMCs and DTMCs
in the style of van Glabbeek.

1.1. Organization of the paper

The paper is further organized as follows. Section 2 provides the necessary background on Mar-
kov chains. Section 3 defines strong and weak (bi)simulations. Section 4 introduces PCTL and
CSL and presents the logical characterizations. Section 5 summarizes the resulting branching-time
spectrum and concludes the paper.

This paper is an extended version of the conference papers [12] and [11].
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2. Markov chains

This section introduces the basic concepts of the Markov models considered within this paper;
for a more elaborate treatment on such model see e.g., the textbooks [34,48,49].

2.1. Discrete-time probabilistic systems

Let AP be a fixed, finite set of atomic propositions. A fully probabilistic system is a Kripke
structure where each transition is labeled with a discrete probability. Formally,

Definition 1. A fully probabilistic system (FPS) is a tuple D = (S, P, L) where:

e S is a countable set of states

e P : S5 x 8§ — [0,1]is a probability matrix satisfying ) ", ¢ P(s,s") € [0,1] foralls € §

o L:S — 24P jsalabeling function which assigns to each state s € S the set L(s) of atomic prop-
ositions that are (assumed to be) valid in s.

If ) oo gP(s,s") =1, state s is called stochastic; if this sum equals zero, i.e., if P (s,s") = 0 for all
s’, state s is called absorbing; otherwise, s is called sub-stochastic. A discrete-time Markov chain
(DTMQ) is an FPS such that for any state the sum of the probabilities of its emanating transitions
is either zero or one.

Definition 2. A (labeled) DTMC is an FPS where any state is either stochastic or absorbing, i.e.,
Y vesP(s,s) €{0,1}foralls e S.

For C € S8, P(s,C) = y.c P(s,5) denotes the probability for s to move to a state in C. For
technical reasons, P(s, 1) =1 — P(s,S). Intuitively, P (s, 1) denotes the probability to stay forever
in s without performing any transition; although 1 is not a “real” state (i.e., L ¢ S), it may be
regarded as a deadlock. In the context of simulation relations later on, L is treated as an auxiliary
state that is simulated by any other state. Let S| =S U { L }. Post(s) = {5’ | P(s,s") > 0} denotes
the set of direct successor states of s, and

Post, (s) ={s' €S, | P(s,s’) >0} = Post(s) U{L|P(s,L)>0}.

Note that the following statements hold:
s is stochastic iff 1 ¢ Post (s) iff P(s,L)=0 iff P(s,S) =1and
sisabsorbing iff Post;(s)={Ll} iff P(s,L)=1 iff P(,S) =0.

2.2. Continuous-time Markov chains

We consider FPSs and therefore also DTMCs as time-abstract models. The name DTMC has
historical reasons. A (discrete-)timed interpretation is appropriate in settings where all state changes
occur at equidistant time points. In contrast, CTMCs are considered as time-aware, as they have an
explicit reference to time, in the form of transition rates which determine the stochastic evolution
of the system in time.
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Definition 3. A (labeled) CTMC is a tuple C = (S,R, L) with S and L as before, and rate matrix
R:S xS — IR, suchthat ) ¢ R(s,s") converges. The value E(s) = ) g R(s,s) is called the
exit rate of state s.

As in the discrete case, Post(s) = {s' | R(s,s’) > 0} denotes the set of direct successor states of
s,and for C € §,R(s,C) = )", R(s,5") denotes the rate of moving from state s to a state in C via
a single transition. Note E(s) = R(s, S). State s in a CTMC is called absorbing if E(s) = 0.

Intuitively, the rates specify the average delays of the transitions. More precisely, the meaning
of R(s,s’) = A > 01is that with probability 1 — e * the transition s — s’ is enabled within the next
¢t time units provided that the current state is s. If R(s,s’) > 0 for more than one state s/, a race
between the outgoing transitions from s exists. The probability of s winning this race before time ¢
is determined as follows:

Pr{s — §" wins the race before time ¢ | the system is in state s at time 0}

t
= / R(s,s') - e ResHx 1_[ e R(ss")x dx
0 s Post(s)\ ('}

density function of
the distribution for s — s probability that the earliest time
at which s — s” can fire exceeds x
R(s,s")
E(s)

t
= / R(s, S/) . e—E(S)~x dx = (1 _ e—E(s)-t)'
0

With 1 — oo we get from the above calculations that R(s,s’)/E(s) denotes the probability that the
delay of going from s to s’ “finishes before” the delays of any other outgoing transition from s.
Summing over all states s’ € Post(s) (i.e., independent outcomes) we obtain:

Z R(S,s,) - e_E(S)_t) _ Eﬁ (1= e—E(s)-t) - 1= e—E(S)-t
E(s) E(s)

s'eS

is the probability to take an outgoing transition from state s within the next ¢ time units.!
The time-abstract probabilistic behaviour of CTMC C is described by its so-called embedded
DTMC:

Definition 4. The embedded DTMC of CTMC C = (S,R, L) is given by emb(C) = (S, P, L), where
P(s,s') = R(s,s")/E(s) if E(s) > 0 and P (s,s") = 0 otherwise.

Note that, by definition, the embedded DTMC emb(C) of any CTMC C does not contain sub-
stochastic states.

A CTMC is called uniformizedif all its states have the same exit rate, i.e., E(s) = E(s') for all states
s,5". The embedded DTMC of a uniformized CTMC does not contain absorbing states (except if
E =0). Each CTMC can be transformed into a uniformized CTMCs by adding self-loops [57]:

! This explains the notion “exit rate” E. However, as we allow for self-loops (i.e., states s with R(s,s) > 0) ase.g., in[57,8],
“leaving” state s includes that the self-loop s — s (if any) maybe taken.
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Definition 5. Let C = (S,R,L) be a CTMC and let (uniformization rate) £ be a real such that
E > maxses E(s). Then, unif (C) = (S,R , L) is a uniformized CTMC with R (s,s") =R (s,s") for
s#s,and R (s,s) =R (s,5) + E — E(s).

The minimal appropriate value of £ is determined by the state in C with the shortest mean res-
idence time. (Strictly speaking, we should write unifg(C) as the uniformization depends on E.) In
unif (C) all rates of self-loops are “normalized” with respect to E. As a result, state transitions occur
with an average “pace” of E, uniform for all states of the chain. We will later see that C and unif (C)
are related by weak bisimulation. Note that in the literature [33,41], uniformization is often defined
as a transformation of CTMC C into the DTMC emb(unif (C)). For technical convenience, we here
define uniformization as a CTMC-to-CTMC transformation (as e.g., in [57]) by basically adding
self-loops to “slower” states.

Example 6.
6 6 6
G 8 8 W
2 2 2

The figure just above illustratesa CTMC that models a queuing system with a buffer capacity of three
items and where the arrival and departure rate of items is 6 and 2, respectively. State s; represents
the configuration in which the queue contains i jobs (0 < i < 4). The shadings indicate the labeling
of states, e.g., we assume that AP = { empty, full } and that L(sg) = {empty }, L(s1) = L(s2) = &, and
L(s3) = { full}.

The embedded DTMC of this queuing system is:

3 3
1 4 4
1 1 1
4 4

For instance, for state s;, we have E(s;) = 6+2 = 8 and

P (s1,52) = R(s1,52)/E(s1) = 6/8 = 3/4,
P (s1,50) = R(s1,50)/E(s1) =2/8 =1/4.

For state s3, we have E(s3) = 2 and P (s3,52) = R(s3,52)/E(s3) =2/2 = 1.
The uniformized CTMC of the queuing system for E=8 is:

6 6 6
Godls 4 W 0L
2 2 2

As E(sg) < E and E(s3) < E, states sg and s3 in the original CTMC are left with a lower frequency
than %, and are therefore equipped with a self-loop. According to the same principle, states s; and
5o would be also equipped with a self-loop if £ > 8.
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3. Bisimulation and simulation

This section defines simulation pre-orders and bisimulation equivalences on FPSs and CTMCs,
presents several basic results of these relations, and characterizes their relation. Strong relations are
presented prior to their weak variants. We will use the subscript “d” to identify relations defined in
the discrete setting (FPSs or DTMCs), and “c” for the continuous setting (CTMCs).

3.1. Strong bisimulation

One of the most elementary equivalence relations on discrete-time probabilistic systems is proba-
bilistic bisimulation [50]. This variant of strong bisimulation for labeled transition systems considers
two states to be equivalent if the cumulative probability to move to any of the equivalence classes
that this relation induces is the same. We consider a slight variant of the original notion in which
we require in addition that equivalent states are equally labeled. This is exploited later to establish
logical characterizations.

Definition 7 (see [48,50,46,31]). Let D = (S,P, L) be a FPS and R an equivalence relation on S. R is
a strong bisimulation on D if for s1 R s7:

L(s)) = L(s3) and P(s,C) =P(sy,C) forall Cin S/R.
s1 and s7 in D are strongly bisimilar, denoted s; ~, s2, if there exists a strong bisimulation R on D
with s1 R s2.

Note that in any FPS we have: 51 ~4 s> implies P (s, 1) = P(s3, 1).

Example 8. States s; and s, of the FPS depicted just above (where equally shaded states are la-
beled with the same atomic propositions) are strongly bisimilar. To prove this, it suffices to show
that the equivalence R which identifies the two s-states, the three u-states, the three v-states and
the two w-states, satisfies the conditions in Definition 7. The labeling condition is obviously ful-
filled as R identifies equally labeled states. Furthermore, note that all u- and w-states are absorbing,
and hence, P (u;,C) =P (w;,C) =0 (for 0 <i < 3 and 0 < j < 2) for each R-equivalence class C.
For the s-states, we have: P (s, {uj, up,u3}) = % = P(sp, {u,up,uz}) and P(sy, {v,v0,03}) = % =
P (s2,{ v1,v2,v3}). Moreover, P (v;, { w,w2}) =1 (for 0 < i < 2). Thus, R is a strong bisimulation
containing (s1,s2), and hence s; ~g $3.
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Strong bisimulation for CTMCs, also known as ordinary lumpability, is a mild variant of the no-
tion for the discrete-time probabilistic setting where it is required that the cumulative rate (instead
of the discrete probability) for two equivalent states to move to any of the induced equivalence
classes is equal.

Definition 9 (see [19,39]). Let C = (S,R,L) be a CTMC and R an equivalence relation on S. R is a
strong bisimulation on C if for s R s>:

L(s)) = L(s2) and R(s;,C) = R(s2,C) forall Cin S/R.

s1 and s in C are strongly bisimilar, denoted s1 ~ s7, if there exists a strong bisimulation R on C
with s1 R s2.

Example 10. Consider the CTMC depicted below. The relation R identifying the two s-states, the
three u-states and the two v-states, is a strong bisimulation on CTMCs, as R(sy, {u,u2}) =4
= R(s2,{u3 }), R(s1,{v1,v2}) = 2 = R(sp,{v3}), the u-states are absorbing, and R(v;, { v1,v2,v3}) =
7 for 0 < i < 3.As (s1,52) € R, it follows 51 ~, s7.

AsR(s,C) =P(s,C) - E(s), the condition on the cumulative rates can be reformulated as
P(s;,C) =P(s2,C) forallC € S/R and E(s1) = E(s2).

Hence, ~. agrees with ~; in the embedded DTMC provided that the exit rates are treated as
additional atomic propositions. From these observations it directly follows:

Proposition 11. For CTMCC = (S,R,L):

1. s1 ~. sp implies s1 ~4 s2 in emb(C), for any state s1,s3 € S.
2. if C is uniformized then ~. coincides with ~4 in emb(C).

By the standard construction for bisimulation on labeled transition systems, it can be shown that
~q and ~, are the coarsest strong bisimulations.

3.2. Strong simulation

3.2.1. Weight functions
Definition 12. A distribution on set S is a function p : § — [0,1] with ) ¢ u(s) < 1.

We put (L) =1-73) ¢ u(s). Let Distr(S) denote the set of all distributions on S. Distribution
won S is called stochastic if u(L) = 0. For labeled transition systems, state s’ simulates state s if for
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each successor state 7 of s there is a one-step successor state ' of s’ that simulates z. Simulation of two
states is thus defined in terms of simulation of their successor states. (It is therefore sometimes called
forward simulation.) In the probabilistic setting, the target of a transition is in fact a probability
distribution, and thus, the simulation relation < needs to be lifted from states to distributions. In
fact, strong bisimulation on FPSs was defined as an equivalence on S such that all R-equivalent
states s and s, are equally labeled and

P(S])') =R P(S29 ')5
where =3 denotes the lifting of R on Distr(S) defined as:
w=gu iff w(C)=pu'(C)forallC € S/R.

(It is easy to see that = is an equivalence.) The rough idea behind the definition of simulation
relations is to replace the equivalence =y by a non-symmetric relation Tz which is obtained using
the concept of weight functions.

Definition 13 (see [43,45]). Let S be a set, R C S x S, and u, u’ € Distr(S). A weight function for u
and p’ with respect to R is a function 4 : S} x S, — [0,1] such that:

1. A(s,s’) > O impliessRs" ors = L,
2. u(s) = Zs/esl A(s,s") forany s € S .
3.4/ (s = ZSESL A(s,s") forany s’ € S .

We write © Eg ' (or simply C, if R is clear from the context) iff there exists a weight function for
w and p’ with respect to R. Cp is the lift of R to distributions.

Intuitively, 4 distributes a probability distribution over a set X to a distribution over a set ¥
such that the total probability assigned by 4 to y € Y equals the original probability u'(y) on Y.
In a similar way, the total probability mass of x € X that is assigned by 4 must coincide with the
probability (x) on X. 4 is a probability distribution on X x Y such that the probability to select
(x, y) with x R y is one. In addition, the probability to select an element in R whose first component
is x equals w(x), and the probability to select an element in R whose second component is y equals
w'(y). For any state y, 4 may assign a positive probability to L. Hence, the deadlock symbol L is
treated as a “bottom state” that is simulated by any other state (independent of the labeling).

Example 14. Let S = {s, ¢, u, v,w } with u(s) = %,;L(t) = %,and w () = %,;ﬂ(v) = g,M,(W) = %,and
u() = u'(-) = 0 for the remaining cases. Note that u and u are both sub-stochastic. Let

R = {(s,w),tu),v)}.

Wehave u Cp 1/, as, e.g., weight function 4 (see picture below where, for convenience, L is depicted
as a state) defined by A(s,u) = 3, A(t,u) = §, A(t,v) = §,4(L,w) = §,and A(L, L) = § satisfies the
constraints of Definition 13.
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2
_8__

2 L 1
9 9,7 3
1 5 .74 4 1
9 9 9

1
9
2
9 % _ 1
- 9
1
~_9

Note that A(s, 1) = 0 for all states s € S whereas A(L, 1) may be positive. Moreover:
w(S) = Y 3 Ass) =D D A < Yy Alss) = WS
seS s’'eS s'eS seS s'eSseS|

From this, it follows that whenever u is stochastic then so is «/, i.e., if £(S) = 1 then u/(S) =1 and
A(L,s") = 0foralls’ € S| .Hence, in this case 4 can be viewed as a stochastic distributionon § x S.
In particular, for stochastic distributions the concept of weight functions is symmetric, provided R
is symmetric. The same holds for distributions u, 1’ where u(S) = 1/(S) < 1. This yields the second
part of the following proposition. The proof of the third part can be provided with the help of flow
functions in networks [42,23,7]. The proof of the first part is straightforward.

Proposition 15 (see [45,6,23]). Let S be a set and R € S x S.

1. If R is reflexive (transitive) then so is Cp.
2. If R is symmetric and ., 1’ € Distr(S) with u(S) = /' (S) then
wCru iff w Crp.
3. If R is an equivalence on S and ju, ' € Distr(S) with u(S) = p'(S) then
w=rp iff wEru.
In particular, Cg as a binary relation on the set of stochastic distributions is an equivalence and
agrees with =p.

3.2.2. The discrete-time setting

Given the notion of weight functions, we now will present how such functions can be used to
define simulation relations. In the discrete-time setting, simulating states need to be equally labeled,
and a weight function must exist that relates their one-step probabilities. Formally,

Definition 16 (see [45]). Let D = (S,P,L) bea FPS and R C S x S. R is a strong simulation on D if
for all s1 R s7:

L(s)) =L(s2) and P(s1,-) 5r P(s2,-).

s2 strongly simulates s1 in D, denoted s1 3, 52, iff there exists a strong simulation R on D such that
ST RS2
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Example 17.

In the FPS depicted above, 51 =

~

452 as the relation

R = {(s1,52), (s,0), (t,), (£,v), (Wi, w2), (w1, w3) }
isa strong simulation. A weight function for the one-step successors of s; and s, w.r.t. R was presented
in Example 14.
From Proposition 15.1 it follows that 3, is a preorder.

Remark. It can be shown that =, is the coarsest strong simulation on D. In particular, if 51 3 52
then P (s1,-) C P (s2,-) where C denotes the lifting of =, to distributions. The same will hold for
the other simulation relations we define on FPSs and CTMCs. This will not be explicitly stated
anymore.

By Proposition 15.3 we directly obtain:
Proposition 18 (see [45]).

1. 51 ~q 52 implies 51 3 4 52.
2. For any DTMC without absorbing states, =3, is symmetric and coincides with ~ .

Note that 3, is non-symmetric for DTMCs that may have absorbing states, as, e.g, any ab-
sorbing state s; is strongly simulated by any state s, with L(s;) = L(s2) while the converse does not
hold. However, strong simulation equivalence (i.e., the kernel of 3,) agrees with ~,. This result
can be shown using an alternative characterization of strong simulations by means of the upward-
or downward closure of subsets of states. These closures are defined as follows.

Definition 19. Let S be a set, C C S,and R C S x S be a pre-order. Then:
Ctr={s €S |sRs forsomes € C},
Clr={s €S |5 Rsforsomes e C}.

C is R-downward-closed iff C = C|p, and C is R-upward-closed iff C = C*.

C1r denotes the R-upward closure of C, whereas C| p stands for the R-downward closure of C.
For C = {5}, we simply write st and s| 3. If R is understood from the context, we simply write C|,
and C4. Note that if R is an equivalence relation, then s = s| = [s]g, i.e., the equivalence class of
s under R.
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Proposition 20 (see [14,6,23]). For any FPS, 3, is the coarsest binary relation R on the state space S
such that for all s1Rs:

L(s)) = L(s2) and P(s1,Ctr) < P(s2,Ctr) forallC CS.
For C C S, C is downward-closed iff '\ C is upward-closed. Moreover,
P(,C) = P(s,S)—P(s,S\C) = 1—-P(s, L) —P(s, 5\ C).

Hence, the second conjunct in Proposition 20 may be replaced by P(s;, Clp U { L}) = P(s2,Clp U
{LYforallC CS.

Proposition 21 (see [6,23]). 3, N jgl coincides with ~ .

Proof. By Proposition 18.1, ~; contains 3; N j;l. We now show that 3; N j;l contains ~g.
Let 51 and 57 be two strong simulation equivalent states of FPS D = (S,P,L). Let B be the strong
simulation equivalence class of sj (and s;) and let C; = B1 < ; and C» = Cy\ B.Then, C and C; are
upward-closed w.r.t. 3;; hence, by Proposition 20, P (s, C1) = P (s2, C1) and P (s, C2) = P (s2, (7).
Moreover, P (s;, C1) = P (s;, C2) + P (s;, B) (for i=1,2). Hence, P (s1,B) = P(s2,B). So, 3,; N j;l is
a strong bisimulation and s; ~4 s2. O

3.2.3. The continuous-time setting

The intention of a simulation preorder on CTMC:s is to ensure that state sy simulates s; if and
only if (i) 57 is “faster than” s; and (ii) the time-abstract behaviour of s, simulates that of s;. Note
that compared to the discrete-time setting, the only extra requirement is the “faster than” constraint,
the other constraints are identical. It therefore directly follows that this notion is a pre-order. Its
formal definition is:

Definition 22. Let C = (S,R,L) be a CTMC and R C S x S. R is a strong simulation on C if for all
SIRs2:

L(s)) = L(s2), P(s1,-) Er P(s2,-), and E(s1) < E(s2).
s2 strongly simulates s1 in C, denoted s1 3, 52, iff there exists a strong simulation R on C such that
S1 R $2.

Example 23.
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The above picture illustrates a CTMC where s1 3,52 and s2 Z.s3. This can be seen by check-
ing the conditions of being a strong simulation. First, observe that these states are equally labeled
(as indicated by their shading). Consider s; and s,. The rate condition, i.e., the third condition of
Definition 22, is obviously fulfilled as E(s;) = 2 < 4 = E(s2). The weight function condition, i.e., the
second condition, is fulfilled as

R = {(s1,2), (u1,u2), (u,u3), (v1,02), (Wi, w2), (w1, w3)}

can be shown to be a strong simulation. For (s1,s2), an appropriate weight function is: A(uy, u)
= A(u,u3) = %, A(v, 1) = %, and 4(-) = 0 otherwise. Accordingly, s; 3. s2. Consider s7 and s3. The
rate condition for these states is fulfilled as E(sy) = 4 < 6 = E(s3), but the distribution to move to
the u- and v-states is different, e.g., P (s2, {up,u3 }) = % + % = P(s3,{us,us}). So, 52 2. s3.

@ig

In the above depicted CTMC we have s1 3,52 and s 3,53, but 52 2,51 and 53 Z.s2. (Note that
all states are equally labeled.) To see s1 3,52 note that E(s;) =0 < 1= E(s2), and the relation
R = { (s1,52) } with the weight function 4(L,w) = 1willdo.s> 2. s1asE(s2) € E(s1). Wehavess 3. 53
but sz Z,.s2asw 3,53 butsy Z.w.

Example 24.

Proposition 25. For any CTMCC:

1. s1 ~c s2 implies s1 3, s2, for any state s1,s3 € S.
2. 513,52 implies s1 3 452 in emb(C), for any state s1,s2 € S.

3. 2, 0 371 coincides with ~..
4. If C is uniformized then 3 is symmetric and coincides with ~..

Proof.

1. Similar to the proof of Proposition 18.

2. Straightforward.

3. Given the first part of this proposition, it remains to show that strong simulation equivalence
contains ~,.. This is done by showing that <. N j;l is a strong bisimulation. The labeling
condition is obviously fulfilled. Suppose s; and s, are strongly simulation equivalent. By the
same arguments as in the proof of Proposition 21, it follows P (s;, C) = P (s2, C) for any strong
simulation equivalence class C. By the rate condition for 3., we obtain that E(s;) = E(s7).
Thus,

R(s1,C) = E(s) - P(s51,C) = E(s2) - P(s52,C) = R(s2,0)

for all strong simulation equivalence classes C.
4. Follows by straightforward verification from Proposition 18.2. [
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Summarizing the results presented so far yields the two-dimensional spectrum of strong relations
on Markov chains depicted below.

,,,,,,,,,,,,,,,, ~d
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R —> R’ means that R is coarser than R’. The dashed arrows in the continuous setting refer to
uniformized CTMGCs, i.e., if there is a dashed arrow from R to R’, R contains R’ for uniformized
CTMC:s. In the discrete-time setting the dashed arrows refer to DTMCs without absorbing states.
Arrows connecting the continuous setting (on the left) with the discrete setting (on the right) relate
CTMC s and their embedded DTMCs. Note that for uniformized CTMC C we have that emb(C)
is a DTMC without absorbing states (except for the pathological case where all exit rates in the C
equal zero, in which case all depicted relations agree).

3.3. Weak bisimulation

We consider weak bisimulation which relies on branching bisimulation in the style of van Glab-
beek and Weijland [32]. Note that this is not a restriction: whereas for labeled transition systems
branching bisimulation is strictly finer than Milner’s observational equivalence, they agree for FPSs
[9], and thus for DTMC:s.

3.3.1. The discrete-time setting

Branching bisimulation [32] only abstracts from stutter-steps inside the equivalence classes, i.e.,
the only observable moves are those that change the equivalence class. For the probabilistic case
this works as follows. Let D = (S,P,L) be a DTMC and R € § x § an equivalence relation. Any
transition from s to s’ (i.e., P(s,s”) > 0) where s and s” are R-equivalent is considered an R-silent
move. Let Silentz denote the set of states s € S for which P (s, [s]gr) = 1, i.e., all stochastic states
that do not have a successor state outside their R-equivalence class. These states thus can only
perform R-silent moves. Stochastic states outside Silentz thus may leave their R-equivalence class
with positive probability by a single transition. Note, in particular, if s is a sub-stochastic state with
Post(s) = {s} or an absorbing state s (i.c., Post(s) = {s}) then s does not belong to Silentz. For
any state s ¢ Silentz, C C SwithC N [s]g = @

P(s,C)
1 - P(S: [S]R)

denotes the conditional probability to move from s to some state in C (which is outside [s]z) via a
single transition under the condition that from s no transition inside [s]g is taken.
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Definition 26 (see [9]). Let D = (S, P, L) be an FPS and R an equivalence relation on S. R is a weak
bisimulation on D if for all s1 R s7:

1. L(s1) = L(s2).
2. If P (s, [s;]g) < 1for i=1,2 then for all C € S/R, C # [s1]r = [s2]r:

P(s;,C)  P(s,0)
1= PGsp,Is1lr) 1 —P(sa,[s2]r)

3. 51 can reach a state outside [s]g iff 52 can reach a state outside [s2]z.
s1 and s3 in D are weakly bisimilar, denoted s; &4 52, iff there exists a weak bisimulation R on D
such that sy R s».

Weakly bisimilar states are equally labeled and their conditional probability to move to another
equivalence class (given that they do not stay in their own equivalence class) coincide. Furthermore,
by the third condition, for any R-equivalence class C, either all statesin C are R-silent (i.e., P(s,C) =1
for all s € C) or for all s € C there is a sequence of states s = 59,51, ...,5, with P(s;,s;11) > 0 that
ends in an equivalence class that differs from C (i.e., s, ¢ C).

Example 27.

Consider the FPS depicted above. The equivalence relation R with

S/R = { {s1,52,83,84}, {ur,u2,u3} }

is a weak bisimulation. This can be seen as follows. For C = {uj,uz,u3 } and s1,52,54 ¢ Silentz we
have:

P(s,C) 8 /A P03 P(s4,0)

1—PGyuIsi)  1-5/8  1=1/4  1-P(nlsn)) | 1— P (sq,[s4])

Note that s3 € Silentg. Since s3 can reach a state outside [s3] as s1,s2 and sy, it follows that s; ~4
S2 g 83 X4 S4.

Example 28. For the following DTMC, the reachability condition is needed to distinguish states s;
and s of the following picture from absorbing states with the same label.
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O O ORPE
It is not difficult to establish 51 ~4 s». Note that s is ~4-silent while s, is not. The reachability
condition for s; and s is obviously fulfilled. This condition is essential to establish s; ~; s> and

cannot be dropped: otherwise s; and s, would be weakly bisimilar to an equally labeled absorbing
state.

3.3.2. The continuous-time setting

The intuition behind weak bisimulation on CTMCs is that the time-abstract behaviour of equiv-
alent states is weakly bisimilar (in the sense of the first two conditions of &), and that the “relative
speed” of these states to move to another equivalence class is equal. The following result shows that
this formulation can be simplified considerably.

Proposition 29. Let C = (S,R,L) be a CTMC and R an equivalence relation on S with s1 R s>. The
statements 1 and 2 are equivalent:

1. If's1, s» ¢ Silentg then for all C € S/R, C +# [s1]g = [s2]r"

P(s;,C)  P(s,0)
1 —P(st,[s1]R) 1 — P(s2,[52]r)

2.R(s1,C) = R(s2,C) for all C € S/R with C # [s1]z = [52]x.

and R(s1,S\ [s1lr) = R(s2, 5\ [52]r).

Proof. By showing implication in both directions.

1. Assume that R is an equivalence relation satisfying condition 1. Let s; R sy and B = [s1]z = [s2]z.
We derive:
R(s1,C) = E(s1)-P(s1,C)
E(s1)-P (51,C)-P(s1,5 \ B)

P(s1,S\ B)
E(s1)-P(s2,C)-P (51,5 \ B)

P(52.5\B)
wr RGs1,S\ B)-P(52,C)

P(s2,5\ B)
1 R(s2,5\ B)-P(s2,C)

P(s2,S\ B)
E(s2)-P(s2,5\ B)-P(s2,C)

P(s2,5\ B)

[~

= R(s2,C).

We conclude that R is an equivalence relation satisfying condition 2.
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2. Assume that R is an equivalence relation satisfying condition 2. Let s; Rsy» and B = [s{]g =
[s2]r. As R satisfies condition 2 and siRs2, R(s;,C) = R(s2,C) for all C € S/R with C # B.
Hence,

Rs,S\B)= Y R@,00= ) R(2,0) =R(52,5\B8)

CeS/R.C+B CeS/R.C+B

and, in particular also E(s;) — R(s1, B) = E(s2) — R(s2, B) (*). If neither s; nor s, is R-silent, i.e.,
P(s;,B) < 1, for i=1,2, we derive for any C € S/R with C # B:

P(s,C)  EG)-P(1,0)  df R R(s1,0)
1—P(s;,B)  E(s)) — E(sy) - P(s1,B) E(s))—R(s1,B)
(02 R(s2,C) _ PO
E(s2)—R(s2, B) 1-P(s2,B)

We conclude that R is an equivalence relation satisfying condition 1. [
This result justifies the following definition of weak bisimulation on CTMCs.

Definition 30 (see [17]). Let C = (S, R, L) be a CTMC and R an equivalence relation on S. R is a weak
bisimulation on C if for all sy R s3:

L(s;) = L(s2) and R(s;,C) = R(sz, C) for all C in S/R with C # [s1]x.

s1 and s7 in C are weakly bisimilar, denoted s; &, s, iff there exists a weak bisimulation R on C such
that s; R s2.

Corollary 31. For CTMC C with s1,s2 € S :
s1 A 57 implies 51 ~24 52 in emb(C).

Proof. Follows directly from Proposition 29. [

Example 32.

\)




166 C. Baier et al. | Information and Computation 200 (2005) 149-214

The equivalence relation R with

S/R = { {s1,52.53,54,55,56}, {u1,u2,u3,u4,us} }

is a weak bisimulation on the CTMC depicted above. This can be seen as follows. For
C = {wu,up,u3,uq,us }, we have that all s-states enter C with rate 2. Note that the rates between
the s-states are not relevant.

Proposition 33. For any CTMCC:

1. ~ is strictly finer than ~..
2. If C is uniformized then ~. coincides with ~..
3. =, coincides with ~. in unif (C).

Proof.

1. This follows directly from the definitions of ~. and ~,.

2. For weak bisimulation relation R and siRsy we have R(s;,C) = R(s2,C) for all C € S/R,
C # [s1]r = [s2]r. Asthe CTMC is uniformized, E(s;) = E(s2). From these facts it directly follows
that R(sy, [s1]r) = R(s2, [s1]r), and thus s1 ~. s».

3. Follows directly from the fact that CTMC C and unif(C) only differ in the rates from a state to
itself. [

The last result can be strengthened as follows. Any state s in C is weakly bisimilar to s considered
as a state in unif (C). (For this, consider the disjoint union of C and unif (C) as a single CTMC.)

Remark. Proposition 11.2 states that for a uniformized CTMC, ~. coincides with ~; on the em-
bedded DTMC. The analogue for ~. does not hold, as, e.g., in the uniformized CTMC of Example
28 we have s1 ~4 s but 51 %, 52 as R(sy, [u]) # R(s2, [u]). Intuitively, although s; and sy have the
same time-abstract behaviour (up to stuttering) they have distinct timing behaviour. s1 is “slower
than” s, as it has to perform a stutter step prior to an observable step (from s> to «) while s> can
immediately perform the latter step. Note that by Propositions 33.2 and 11.2, ~, coincides with ~;
for uniformized CTMC:s.

3.4. Weak simulation

In this subsection, we define notions of weak simulation (denoted ) for CTMCs and FPSs
that can be considered as “one-sided” weak bisimulations. Roughly speaking, s < s> if the suc-
cessor states of 51 and s> can be grouped into subsets U; and ¥}, for i=1, 2 (assume, for simplicity,
U; N V; = @). All transitions from s; to V; are viewed as stutter-steps, i.e., internal transitions that
do not change the labeling and that respect 3. To that end, any state in /] is required to be simu-
lated by s7 and, symmetrically, any state in V5 simulates s1. Transitions from s; to U; are regarded
as visible steps. Accordingly, we require that the distributions for the conditional probabilities
u; — P(s1,u1) /K1 and up — P (s2,uz)/K> to move from s; to U; are related via a weight function
(as for 3,). K; denotes the total probability to move from s; to a state in U;—the states that are
not simulated by the other — in a single step. The following picture shows the situation for FPSs
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where in state s; (i=1,2) a transition to some state in ¥; is made with probability 1—K;. Note the
correspondence with ~; (cf. Definition 26), where [s1]g plays the role of 77, while the successors
outside [s1]g play the role of Uy, and the same for s2, V5, and Us.

For FPSs with sub-stochastic states, we have to consider the deadlock probabilities. This is done
as for the strong simulation relations where | was treated as a state which is simulated by any
other state. For technical reasons we allow L € U; and L € F;. The possibility of deadlock justifies
the need for a reachability condition as for ~4 (cf. condition 3 of Definition 26). In the continuous
setting later on, we deal with a stronger requirement than the reachability condition and require
that s, 1s faster than s; in the sense that the total rate for s» to move to a Us-state is at least the total
rate for s1 to move to a Uj-state.

3.4.1. The discrete-time setting

We start by defining weak simulation for FPSs. At first reading, consider §; as the characteristic
function of U;, and hence, U; N V; = @. Later on we explain why in fact we need to be more liberal
allow for the fragmentation of states, i.e., states that partly belong to U; and partly to V;.

Definition 34. Let D = (S,P,L) bea FPSand R C S x S. R is a weak simulation on D iff for s1 R s3:
L(s1) = L(s7) and there exist functions §; : S| — [0,1] and sets U;, V; € S, (i=1,2) with

U = {u; € POStJ_(Sl') | §;(u;) > 0} and V; = {v; € POStJ_(Sl') | §;(v;) <1}
such that:

L.(@)vyRsy forallvy e M\ {L},and (b)siRvy forallv, € 1h \ { L};

2. There exists a function 4 : §; x S| — [0,1] such that:
(a) A(uy,ur) > 0 implies u; € Uy, up € U and either uy Rup oru; = 1,
(b)if K; > 0 and K, > 0 then for all statesw € S :

Ki- Y Aw,uz) = 810)-P(s1,w), K- Y A, w) = 82(w)-P (s2,w),

upyeln u el

where K; = Zu,-eu,» 8;(u;) - P (s, up) for i=1,2.
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3.For uj € Up\ {L} there exists a path fragment® s>, wi,...,w,,us such that n >0, stRwj,
0 <j<nand u Ru.

57 weakly simulates 51 in D, denoted s1 <, 52, iff there exists a weak simulation R on D such that
S1R 2.

Example 35. In the following FPS we have 51 3, 52

First, observe that wi Z, wa since R = { (q1,¢2), (w1, w2) }is a weak simulation, as we may deal with

e §1, the characteristic function of U; = { ¢, L } (and, thus, /] = @ and K] = 1).
e &7, the characteristic function of Uy = {r,¢q2, L } (and 75 = @ and K3 = 1).

and the weight function A(g1,q2) = 4(L,q2) = L, A(L,r2) = A(L, L) = ]
To establish a weak simulation for (s1,s2) consider the relation:

= {(s51,52), (u,u2), (Wi, w2), (q1,92) }
and put V1 ={Ll,s1} and »h =@ while U; = {u;,w;, L} where §(L)=1/2, &) = 8§w;)
=38y(L) =1. Then, K| = % + % + % . % = %, Ky = % + }‘ + % = 1. This yields the following condi-
tional probabilities 8;(-)-P (s;, ) /K; for the U-successors of s; and s5:

SRS A SRS RN RSNV
1 w1.4, F 5 u2.4, w2.4, =%

Note that, e.g., W — L and 51(L)P(S1 L _

A(uy, up) = A(wy, wp) = 4, AL, 1) = 2, and A(-) = 0 for the remaining cases. Thus, according to
Definition 34, R is a weak simulation, and as s1 R s, it follows s1 3, 5.

u :

. Hence, an appropriate weight function is:

=

Remark. Definition 34 allows the case U; = @ (i.e., K1=0) or symmetrically U, = @ (i.e., K»=0). A
few remarks on these special cases are in order.

o If U; = @ then Post(s;) C $20 s i.e., all successors of s are weakly simulated by s». In this case, no
further requirements are made (i.c., condition 3 of Definition 34 is vacuously true). For condition

2 For a formal definition of a path fragment, see page 181.
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2 we may put A(L,up) = P(s2,up) foralluy € S, . In particular, any state sy with Post(s;) C {s}
is weakly simulated by any equally labeled state s5. This corresponds to the view that the self-loop
s1 — s1 1s invisible, i.e., a stutter step.

e Note that the reachability condition is redundant when U, # @. If U; = @ then this condi-
tion holds. Otherwise, if K; > 0 and K> > 0, the weight function conditions (cf. condition 2 of
Definition 34) ensure that any visible transition s; — u; € Uj is matched by a visible transition
52 — up € Up where A(ug,uz) > 0 (and hence, ujRu»).

o If U, = @ and U; # @ then the reachability condition (cf. condition 3 of Definition 34) ensures
that for any visible step s; — u; (with ] € Uj), s2 can reach a state u» that simulates #; via a path
fragment through states that simulate s1. The intuition behind this condition is that s; is able to
perform a visible move which has to be matched by path fragments that start with stutter-steps
so —> wp — -+ — wy, followed by a move w,, — u» which can be viewed as being visible and as
mimicking the transition s; — uj.

In the previous example, we have used the special case where §;(s) € {0,1} for any state s # L.
In this case, §; is the characteristic function of Uj;, and the sets U; and V; are disjoint. In general,
though, things are more complicated and we need to construct U; and V; using fragments of states.
That is, we deal with functions §; where 0 < §;(s) < 1 for state 5. Intuitively, the §;(s)-fragment of
state s belongs to U;, while the remaining part (the (1—6;(s))-part) of s belongs to ¥;. The use of
fragments of states is exemplified in the following example.

Example 36. In the following FPS, we have s1 < ;52 and 57 3 s3.

~d

To establish weak simulations for (s;,s2) and (s2,s3), we do not need to consider fragments of
states. For (s1,s2), we can deal with the partitioning Vll’2 = Vzl’2 = O, Kll 2 K;’z =1 and

1 1

Ap(up,up) = 5 Arp (Wi, wa) = Aip(wi, wh) = 1

and A412(-) = 0 otherwise. For (s,53) we may deal with 1/12’3 ={w}}, V22’3 =0, K" = % + }‘ = %
and K22 3 = 1 and the weight function

2 1
A23(uz,u3) = 3’ A23(wa2,w3) = 3

and 453(-) = 0 in all other cases.
If, however, we do not consider fragments of states, a weak simulation between s; and s3 can-

not be established: as s; £, w3, s3 — w3 cannot be considered a stutter step and, hence, w3 € Uzl’3
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(and Vzl’3 = ). For s1 there are two possible partitionings: (I) 1/11’3 = @ and Ull’3 = {u;,w; }, or (II)
Vll’3 = {w;} and Ull’3 = {u; }. For (I) we obtain the distribution 1/2-1/2 for the dark and white states,
while in case (II) we obtain the distribution 1-0 for the “visible” successors of s; and the distri-
bution 2/3-1/3 for the white and dark successors of s3. More precisely, in case (I) we have to deal
with Kll’3 = K;ﬁ =1 and 8}’3(.) =1, 812’3(-) = 1. But then, there are no weights A(uy,u3), A(wy, w3)
satisfying condition 2.(i1) which would require A(u1,u3) = P (s, u1) = % Awr,wi3) =P (s, wy) = %,
and A(uj,u3) = P(sp,up) = % Awr,wiz) = P(s;, wy) = % Similar arguments show the impossibility
of case (IT). In none of these cases, condition 2 of Definition 34 is satisfied.

By considering fragments of states (using §;), it is possible to “split” wy into two fragments: e.g.,

one half belonging to Vll’3 and the other half to U11’3, 1e.,
13 1 a3
o) = 5. o ) =1
while 51’3(u3) = 81’3(W3) = 1. Then, KB =1and kP =14+ 1.1 =3 With the weight function
2 2 2 1 2 22 4
A3 (ur,up) = % and 413w, w3) = % we establish s1 éd S3.

Remark. Due to the reachability condition (condition 3 in Definition 34), 3 ; is not symmetric, even
for DTMCs without absorbing states. The reason is that the reachability condition is one-sided and
treats s; and s; in a different way.

1@@ @—1»@@1

The above figure illustrates a DTMC without absorbing state where s1 <, 52 but so £, s1. Recall
that <, coincides with ~; for DTMCs without absorbing states. Due to the non-symmetry of <,
such result cannot be established for 3.

The proof of the next result shows that considering state-fragments is necessary in order to
establish the transitivity of 3.

Proposition 37. 3 ; is a preorder.

Proof. Reflexivity directly follows from Definition 34. Transitivity is proven as follows. Let R > and
R> 3 be weak simulations on FPS D = (S, P, L). We show that:

R = RipoRy3 = {(s1,53) | Is2 € S.(s1R1252 A s2R2383) }

is a weak simulation. Assume s1Rs3. Then there exists a state s, such that s; Ry s2 and s2 Ry 3 3.
We check the conditions of Definition 34 for R. Let 8%’2, 8%2, U11’2, U21’2, V11’2, V21’2, Kll ’2, Kzl’z, and
41 be the components as in Definition 34 for establishing s1 R; 2 s2. For the sake of simplicity, we
assume that each one-step successor state of s1 either belongs to Ull’2 or to Vll’2 but not to both,

1.e., the function 51’2 1s the characteristic function of Ull’z.3 Then, Kll’2 =P (sy, Ull’z). The same is

3 The justification for this simplification is as follows. For the proof of the general case we have to replace any occurrence
of P (st,uy) for uy € U{ by 877 (up) - P (sy, up) and, similarly, P (sy, vp) for vy € " by (1 - 8,7 (v1)) - P(s1, 0.
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assumed for states s, and s3, and we use the notations U12’3, U22’3, etc. with the obvious meaning. Let
Uy = Uy* N U and

U = {u e U11,2 | 412 (u1,u2) > 0 for some up € Uy },

U3 = {uz e U22’3 | 423(u2,u3) > 0 for some up € Uy }.

Note that u; € U; implies P (s;,u;) > 0 for i=1,3. For u; € Uj and u3 € Uz let:

K12
81(uy) = Z Mg, u) - ——,
1rels P (s1,u1)
23
K ]
83(u3) = My 3(up, u3) - —2—.
Z P (s3,u3)

ureln

Let $;(w) = 0if w € S\ Uy, 83(w) = 0if w € S\ Us, and:

Ki= Y &) -Plpu) = Y Ma(uru) - K},

urel ureUurel
2,3
Ky= Y 8u3)-Plszuz) = > M) K5~
uzelUs urelUr,uzelUs
Ky = Z P (s2,u2).
ureln

1 denotes the set of one-step successors vy € S| of sy such that §;(v;) < 1. V3 has the corresponding
meaning for state s3.

We check the conditions of Definition 34. We first show that 0 < §;(u;) < 1for all u; € S. The
fact that §;(u;) > 01s clear. §;(1;) < 1follows from:

1,2 1,2
D ) Kyt < Y Mpuw) K = Psiu)

u el uyeS

for any state u; € Uj. Note that Kll’2 . ZuleUl A1 (u,uz) < P(s1,u1) 1s possible because there might

be states u, € Uzl’2 \ U12 3 A similar observation holds for u3 € Us. We now check the conditions of
Definition 34.

1.(a) Let v € 1\ {L}. Distinguish two cases: (i) v & Ull’2 and (i) v € Ull’z. For case (i),
v € Vll’z, and by the fact that 51 J, 52, it follows vj Rj2 2. Since 57 Ry 353 it follows from
the definition of R that vy Rs3. Case (ii): let vy € M\ {L}N Ull’z. Note that v; € 7] implies
81(v1) < 1. Hence,

12
K™ Y Mao,un) < Plsi,on).
urels
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On the other hand,

12
P (s, o) = K7 - Z A12(v1,u2)

uzGUzl’z
1,2 1,2
=K1 : Z A1p(v1,u2) + Kl . Z A12(v1, u2).
uzeli neU\U,

Hence, there exists uy € Uzl’2 \ Uy with 412(v1,u2) > 0. Then, uy € Uzl’2 \ Ul2 3 and therefore
up € V12’3. We directly obtain from the fact that sy R s3 that v; R12 u2 R23 53, and, hence, v R s3.
(b) In a similar way, we obtain s Rvs forvs € M3\ { L }.

2. Assume Uy, Us #+ @. Hence, K; > 0 and min{K12’3,K;’2 } > K5 > 0. We will define a function
A such that with the above definitions of &1, 83, Ui, Us, 1, 13, K1, and K3, conditions 2.(1) and
2.(i1) of Definition 34 are satisfied. We first make the following two observations:

(a) K1 -Ky> = K7 Ky and K;3-K® = K3” - Ka.
For the first equation this can be seen as follows:

12 12 12
Ki-Ky™ = Z Z A (u,u2) - K™ - Ky,

ureUyurels
1,2 1,2 1,2 1,2
K\ Ky=K" ) Ploun) = K™ Y Y Aa(u,u) - Ky
urels urelr uely

(b) If 423(u2,u3) > 0 and up € U, then uz € Us. Hence, for any state up € Ua:

Y Msnuz) = Y Mys(uguz) = P (s2,u2)/K{”.

uzelUs uzes

Similarly, we have for all states uy € Us:

D Mpunu) = Y Mip(uuy) = P (s2,10)/K;”.

w el u es
These two observations provide us the means to check condition 2. of Definition 34:
(1) Let 4 : U; x U3 — [0,1] be given by:

1,2 2,3
Ky™ - K

A(uy,uz) = Moy, up) - Ay 3(up,u3) - —————
Z P(s2,u2) - K>

urels

@)

If A(uy,u3) > 0 then there exists some uy € S with
Mo (ur,uz) > 0and A23(uz,u3) > 0.

Hence, up € Uy and u; Ry uz and uz Ry 3 u3, and by definition of R, uj R u3.
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(i1) Using the definition of 4 (cf. Eq. (1)), we derive for state u; € Uy:
Ky - Z A(ur,u3)

uzelUs

=Ki- Y Y MaGu,u) - Ax3(u,uz) -

uzeUsz urels

Z A1 (u1, u2) -

urelh

K;,z -K12’3
P(s2,u2) - K>

K K
Z A2,3(u2, u3)
P(s2,10) - Kz useUs

=P(sp, uz)/Klz’3. see (b)

uy)

h,_/ ureln
—K1 ,su(a)

12
=K ) Mau,u)

uyeln

= 81(uy) - P(s1,up).

Similarly, we get K3 - ZuleUl A, uz) = 83(u3) - P(s3,u3).

3. Let u; € Uj. By definition of Uy, there exists uy € U, such that 415 (uj,uz) > 0. Condition 3 of
Definition 34 applied to s2 R» 3 s3 and the successor state uy € U12 -3 implies the existence of a
path fragment s3,wy,. .., wy,,u3 with n > 0 such that s Ry 3 w; (for 0 < j < n) and up Ry 3 u3.
Since 51 Ry 52, we obtain s; Rw; (for 0 < j < n). Because A2 (u1, u2) > 0, u1 Ry up and, hence,
by definition of R, uyy Ru3z. U

Proposition 38. For any FPS D:
51 ~q 82 implies s1 3482, and s\ 3452 implies s1 34 52.

Proof. As the second conjunct follows by easy verification (put ¥} = V5 = @ and let §; be the charac-
teristic function of U; = Post | (s;)) we concentrate on the proof of the first part. Let [s] = [s]~, and
s1 ~4 52 in D with B = [s1] = [s2]. We consider U; and ¥; given by §; as the characteristic function of
the set consisting of all successor states of s; outside B, i.e., U; = Post, (s;) \ B,and V; = Post, (s;) N
B.Then, K; = 1— P (s;, B). By Proposition 15 the existence of a weight function for the distributions

P (s1,u1) P (s2,u2)
——, U
1 —P(s1,B) 1 —P(s2,B)
(where P (s;, B) < 1) for the U;-states can be established. Distinguish two cases.
o If P(s1,B) = 1 then U; = Post (s1) \ B = @ and K; = 0. Thus, 51 5 52.

e IfP(s;,B) < land P (s»,B) = 1then K, = 0and Kj > 0 and by the reachability condition of /4, s>
canreachsomes’, € BwithP (s, B) < 1. Bythelastcondition of Definition 34itfollowss; <, s2. O
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3.4.2. The continuous-time setting

Definition 39. Let C = (S,R,L) bea CTMCand R C S x S.Ris a weak simulation on C iff for s; R s:
L(s1) = L(s3) and there exist §; : S — [0,1] and U;, ¥; C S (i=1, 2) satisfying conditions 1. and 2. of
Definition 34 (ignoring L) and the rate condition:

> 81w Rspu) < Y 82(u2) - Rsa,ua).

u el urelh

s weakly simulates s1 in C, denoted s1 . 52, iff there exists a weak simulation R on C such that
S1 R s2.

The rate condition which replaces the reachability condition in FPSs states that s, is “faster than”
s1 in the sense that the total rate to move from s, to (the §>-part of) the U-states is at least the
total rate to move from s to (the §;-part of) the Uj-states. s can thus carry out visible transitions at
least as fast as s can. Note that K; - E(s;) = Zu,-e v, Si(ug) - R (s;,u;). Hence, the rate condition can
be rewritten as Ki-E(s1) < K»>-E(s2). In particular, K» = 0 implies K1 = 0. Therefore, a reachability
condition as for weak simulation on FPSs is not needed here.

5 3
(B &
:
(59 ()
(1) (2)

Consider the three CTMCs depicted above. We have s1 < Si’ since there exists a relation

~c

Example 40.

3 = {(s1,8)), (53,55), (55, 53), (s2,5]) }

with U = {s3}, 1 = {s1,52}, 81(s3) = 1 and 0 otherwise, U = {5 }, V2 = @, 82(s5) = 1 and 0 oth-
erwise, and A(s3,55) = 4(s),s3) = 1 and 0 otherwise. It follows that Kj = é and K, = 1. It is not
difficult to check that indeed all constraints of Definition 39 are fulfilled, e.g., for the rate condition
we obtain %-9 < 1-2. Note that s1 Z,s2 if R(s2,s53) > 2 (rather than being equal to 2), since then
52 < 51 can no longer be established.

We further have 57 5 s{ since there exists a relation

3 ={(s],87), (51,55, (55,53), (53, 55), (s5,84), (s4,55) }
with Uy = {55}, 1 = @, K1 =1, and 81(s5) = 1 and 0 otherwise, Up = {57 }, V2 = {5}, 82(s5) =1

and 0 otherwise, Kp = % and A(s5,s5) = A(s),s%) = 1. It is straightforward to check that indeed all
constraints of Definition 39 are fulfilled.
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Example 41. The following figure illustrates a CTMC where s3 .52 <.s1 while s1 £.s2 and

52 Z. 83
100 1
(1) (52—~(2) (55)—(13)
1 1

1

The relation Ry = { (s2,51), (v2,51), (u2,u1) } 1s @ weak simulation as s, — v can be viewed as a
stutter step. The fact that s3 T, 52 follows from R3» = { (s3,52), (v3,2), (u3,u2) } being a weak (and
even strong) simulation. As s; is slower than s; and s3 is slower than s», intuitively, s; Z_.s> and
52 Z.s3. That this indeed is the case can be seen as follows.

1. For (s1,s2), a weak simulation cannot be established as (due to the labeling condition) the only
possibility would be to let vo € V5 and u € Uj. But then, the rate condition would be violated as
Ki-E(s)) =1> 0= Ky-E(s2).

2. To see why 5o Z_s3, assume that there is a weak simulation R containing (s2,s3). As in (1),
v2 Z.s3and hence, (12,53) € R, i.e., v cannot be put into /] and we have to deal with §;(v2) = 1,
Ui = {vy } and K; = 1. But then, the rate condition is invalidated: K - E(s3) = 1-100 < K5 - E(s3)
= K> € [0,1].

Remark. If one of the states s or so with s1 < s is absorbing, a simplified characterization of 3
can be obtained.

L. If 51 is absorbing then s1 3. s if and only if L(s;) = L(s2). The implication from right to left
immediately follows from the labeling condition (cf. condition 1 in Definition 39). For the other
direction, the choices U = V] = @, K} = 0, Uy = Post(s,), and 75 = & fulfill the conditions of
Definition 39.

2.If sy isabsorbing then s1 <. 52 if and only if all states (including s1) reachable from s; have the same
labeling as s>. The “only if” part can be seen as follows. When s; is absorbing and s1 3 s> then
U, = @. By the rate condition, we obtain that K1-E(s1) < K»-E(s2) = 0. Thus, K] = 0or E(s1) = 0.
If E(s;) = 0 then s is absorbing and the claim is obvious as s; is the only state reachable from s;
and L(s1) = L(s2). If E(s1) > 0 and K; = 0 then U} = @ and

Post(s) = 1 C s2lp € {5 €5 |L() =L}

All states reachable from s; thus have the same labeling as s».
Vice versa, if s5 is absorbing and L(s") = L(sy) for any state s’ reachable from s then the relation
R consisting of all pairs (s’,s7) is a weak simulation.

Proposition 42. 3 is a preorder.

Proof. The proof is the same as that of Proposition 37, except that we have to check the rate con-
dition instead of the reachability condition. Using the notations as in the proof of Proposition 37,
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we have:

Ky E(s2) = ) Plsa,u2) - E(s2)

ureln
23
= > MaGunuz) Ki7 - E(s)
urelr uzesS
= > > M) K K" E(s2)
uryely uzely
<K2 -E(s3)

< Z Z Ap3(uz,u3) - K37

urelh uzeUs

- E(s3)

= K3 - E(s3)
With the same arguments, we can show that Kj - E(sq)
Ki-E(s1) < Ka-E(s2) < K3-E(s3). 0
Proposition 43. For CTMC C and states s1,s2 € S:
1. 513, 52 implies s1 3 ;52 in emb(C).
2. 851 = 52 implies 51 3, 5.
3.3, coincides with 3. in unif (C).

Proof.

1. Easy verification.

< K> - E(s). This yields

2. Using Proposition 31, this proof goes along similar lines as the proof of ~4; C 3.

3. (=) Let S1
Let 81(s) = 81(s) if s # 51 and

R(s1,51)

81(s1) = 81(s1) - RGLs)

.52 in C and let R, §;, U;, V;, K; (for i=1,2) and 4 as in Deﬁmtlon 39. The same
components U,, V; and 4 can be used to show that R is a weak simulation on unif (C) =

(S,R,L).

and &, be defined similarly. We show that R is a weak simulation on unif(C) by checking the
conditions of Definition 39. It suffices to check conditions 2.(ii) and the rate condition; the other

constraints are clear.
2.(i1). Let

K = Z §i(uz) - P (si 1),

u,-eU,-
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where P (s;,u;) = R (s;,u;)/E are the transition probabilities from state s; in unif(C). For
u; € Up\ {s1}, we have:

_ E
Ki- ) Aw,u) = gl) Ki- Y Aw,u)
ureln urels
E
= (;1)-81(u1>-P(s1,u1)
R _ _
— Siu) % = ) - P (1),

For s; € U it follows by easy verification that:

R(s1,51)
E

K- ) Alsiun) = 8i(s1) -

urels

= 81(s1) - P (s1,51).

In the same way, condition 2.(i1) can be proven for state s;.
Rate condition. We have:

Ki-E= )" 8i(u)- R(s1,m)
u1el

RGsLs) —
= 3 81 - Resm) + Si6sn) % R (11

el 51,51)

uj#s1
=Y 81 Risp,up) + 81(s1) - Rsp.51)

ujel]

uj#s1
= Z S1(up) - R(sp,u)) = Ky - E(sy)

u el

By a similar argument it follows that K> - E = K> - E(s»). Since K - E(s1) < K> - E(s») we thus

have K; - E < K5 - E.

(<) The converse direction can be shown in a similar way. [J

Note that the proof of the last part of the previous proposition (as well as the proof for the
transitivity of ) relies on the fact that sets U; and V; may overlap. A few further remarks are in
order.

Although = and 3, coincide for uniformized CTMCs (as 3, agrees with ~, ~. agrees with
~4, and ~, agrees with ), this does not hold for £, and .. For example, in:
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CTMC embedded DTMC

52 Sz 51 in the embedded DTMC (on the right), butsy Z,. s1 in the uniformized CTMC (on the left),
as the rate condition in Definition 39 is violated: K>-E(s) = 2 £ 1 = K1-E(s1).

Second, note that the analogue of Proposition 43.3 (i.e., < in C and 3 in unif (C) coincide) does
not hold for the strong simulation preorder 3. This can be seen by considering the CTMC C and its
uniformized CTMC unif (C) in the picture below. Here, we have s; <52 in C, but s Z .52 in unif (C).

CTMC uniformized CTMC

Finally, we note that although for uniformized CTMCs, ~. and &, agree, a similar result for the
simulation preorders does not hold. An example CTMC for which s1 <52 but sy Z.s2 is:

The fact that s; Z_s2 follows from the weight function condition in Definition 22, e.g., the distri-
bution to move to the u- and v-states are different P (si,{u}) = % *+ % = P(sp,{u}). To see that
513, 52, consider the reflexive closure R of { (s1,52) } and the partitioning 1] = {s2}, > = {51} and
Uy = U = {u} for which the conditions of a weak simulation are fulfilled.

3.5. Weak simulation equivalence

For the strong relations on FPSs or CTMCs, simulation equivalence agrees with bisimulation
equivalence. For the equivalences 3, N I, and 3, N 3., also denoted by =, and =, respec-

tively, a similar relationship with ~; and =, can be established. Recall that due to the reachability
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(and rate) condition, the weak simulation preorder on FPSs (or DTMCs) and CTMCs is non-sym-
metric. In particular, 3, is strictly coarser than weak simulation equivalence =, and ~, where
* € {c,d}. The latter, however, coincide by the following theorem. We first consider the following
proposition:

Proposition 44. For CTMC C with s1 3, s2 and 52 3. s1:
(st.s2 ¢ U € Sand (U =Utor U =U\)) implies R(s;,U) = R(s2, U).
Here, =] < and t=*3, ie., U is downward- or upward-closed with respect to 3.

Proof. Assume U = U*. (The proof for U = U goes along the same lines.) In the sequel, we write
=, to denote the weak simulation equivalence, i.e., =, = J. N ;;1. Let sy, 50 € S\ U with 51 =, 7.
Note U N [s1]z, = @. We show that R(s;, U) < R(s2, U). By symmetry, R(s2, U) < R(s1,U), and
thus R(s;, U) = R(sp, U). In case Post(s)) C 52| (i.e., K| = 0) we have Post(s)) N U = &; otherwise
s € U1 = U which contradicts the assumption that s» € U. Hence, R(s;, U) =0 < R(s2,U). In
other cases, there exist §;, U;, V;, K;, A, as in Definition 39 where K > 0. Then, also K, > 0, since
Ki-E(s1) < K»-E(s3). Moreover, we have:

vEN = VRs) = v 50 — v ¢ U

because v € 11 N U would imply that s, € U = U4. Hence, Post(s)) NU < U; and §1(u) =1 for
all u € Post(s;) N U. We now derive:

R(s;,U) = E(s1) - )_,e P10
= E(Sl) : ZMEU Kl : ZMQES A(H, UZ)

=0.ifuy ¢ U

=E@) K- Y v 2per A u2)
= E(Sl) : Kl : Zung ZMGU A(M, u2)
< E(Sl) : Kl : ZMQGU ZuGS A(ua uZ)
P (s2,u2)
=E@s) - Ki - Y pep 8200) =2

<1

< GUIRSH Y Plsy,u)

* uelU
<E(s2)

=P (s2,U)
S E(s2) - P(s2,U) = R(s2,U). 0

Similarly, for FPS D we obtain: if 51 =452 and U C S is downward- or upward-closed w.r.t. <,
then

P(s,U)  P(,U)
1—P(s,B) 1—P(s2.B)
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where B = [s1]=~, = [s2]=,, and where we assume that P (s;, B) < 1for i=1, 2. In addition, the reach-
ability condition for 3, (cf. Definition 34) ensures that for any weak simulation equivalence class
B cither all states in B can reach a state outside B or none of them can.

Theorem 45.

1. For any FPS, weak simulation equivalence Z; N ;j;l coincides with ~; .
2. For any CTMC, weak simulation equivalence 3N é:l coincides with ~ .

Proof. We prove the latter statement; the proof of the first statement is conducted similarly. Let
C=(S,R,L) be a CTMC. As before, we write =, to denote the weak simulation equivalence, i.c.,

= =2.N g;l By Proposition 43.2, =, is coarser than ~.. It remains to prove the reverse, i.e., =,
is a weak bisimulation on C. Let 51 =, s5». Clearly, L(s1) = L(s2). We show:

R(s1,C) = R(s2,C) for all C € §/=, with C # [s1]=, = [s2]=..

Cc

Let B,C € §/=., B # C and B = [s1]=, = [s2]=,. Distinguish the following cases:

e C Z_.B,ie., no state in C is weakly simulated by some state in B. Then, s1,52 ¢ C* and s1,52 ¢
C1 \ C. We derive using Proposition 44:

R(s1,C1) —=R(s1,C) = R(s;,CH\ C) = R(s2,CT\ C) = R(52,C1) — R(s2,C).

As, by Proposition 44, R(s;, C1) = R(s2, C1), it follows R(s;, C) = R(s2,C).
e CZ B, ie., there do exist states in C that are weakly simulated by a state in B. Then C| N B = &,

as C N B = @. The proof of R(s;,C) = R(s2,C) is conducted as in the previous case using C|
rather than C1. 0O

Summarizing the results for the (bi)simulation equivalences and simulation preorders yields the
following spectrum for the continuous-time setting. For the discrete-time setting, a similar figure is
obtained.
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Recall that an arrow from relation R to R’ means that R is finer than R’ whereas a “negated”
arrow denotes that R’ is not finer than R. The dashed arrows refer to uniformized CTMCs; note
that for this special class of CTMCs all relations except 3. coincide.

4. Logical characterizations

In the previous section, strong and weak (bi) simulation relations have been introduced for the
discrete- and continuous-time setting, and their relationship has been studied. The focus of this
section is on establishing logical characterizations of these relations. This will be done using the
logics PCTL (Probabilistic CTL [35]) and CSL (Continuous Stochastic Logic [5,8]) for the discrete
and continuous case, respectively. PCTL and CSL are both extensions of the branching-time tem-
poral logic CTL (Computation Tree Logic). As these logics are widely used for model checking
of probabilistic systems, establishing logical characterizations of the (bi)simulation relations is of
particular interest. For instance, for the bisimulation relations it will be shown that they coincide
with logical equivalence on either PCTL or CSL (or a fragment thereof ). On the one hand, these
results can be exploited for model checking by reducing (according to the appropriate bisimulation
relation) the probabilistic models under consideration prior to carrying out the verification. This
may speed up the verification as (mostly) a smaller model needs to be checked. On the other hand,
this result allows for demonstrating that two probabilistic models are not bisimilar by providing a
single PCTL- or CSL-formula that holds for one of the models but not for the other. For simula-
tion relations, weak preservation results will be established that formalize the intuition that when
s’ simulates s, then s’ is more “safe” than s. The notion of more “safe” is defined by a preorder on a
(safe) fragment of the logic at hand. We start by defining some preliminary concepts that are needed
to establish these results.

4.1. Computation paths

Paths in FPSs. A path corresponds to an execution or run of the system. Intuitively, a path in
an FPS is a maximal sequence of states obtained by traversing the edge relation of the underly-
ing graph of the FPS. Maximality means that the path is either infinite or finite and ends in an
absorbing or sub-stochastic state. To distinguish the prefix sq, sy, ..., s, of a path that continues in
sub-stochastic state s, from the path that stays forever in state s,, any finite path is required to end
with the symbol L.

Definition 46. Let D = (S, P, L) be a FPS.

e An infinite path o in D is an infinite sequence sg, 51, 52, . . . of states such that P (s;,s;41) > 0 for all
i>0.

e A finite path o in D is a sequence so,S],...,8,, L such that P(s;,s;11) > 0 for 0 <i < n, and
P(s,, L) > 0.
e A path fragment is a (possibly non-maximal) portion of a path in D, i.e., a sequence sg, 51, . . . , Sy

such that s, € S, and P (s;,s;41) > 0for 0 <i < n.

Path(s) denotes the set of all (finite and infinite) paths that start in state s.
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Note that any path in a DTMC (i.e., FPS with only stochastic states) is infinite. Let |o| denote
the length of a path or path fragment o, i.e., |sg,51,...,8:| = [50,51,...,5:, L| =n and |o] = oo for
infinite 0. For i < |o|, o[i] = s; denotes the (i+1)-st state in o.

Any FPS D enriched with a start state s induces a probability space. The underlying sigma-al-
gebra is generated from the basic cylinders induced by the finite path fragments starting in 5. The
probability measure PrSD (briefly Pr) induced by (D, s) is the unique measure on this sigma-algebra
where

Pr{o € Path(s) | s = s0,51,...,sn isa prefix of o} = l—[ P (s;,5i11).

basic cylinder of the Osi<n
path fragment s, s1,. ..,
Observe that if s, = L, the basic cylinder induced by o = s, 51,. .., 5,1, 5, just consists of o.

Paths in CTMCs. A path in a CTMC is similar to a path in an FPS except that for each visited
state its residence time is recorded. Formally, paths in a CTMC are maximal alternating sequences
50, 10,51, 11,52, . . . that are either infinite or end in an absorbing state.

Definition 47. Let C = (S,R, L) be a CTMC.
e An infinite path o in C is an infinite sequence s¢ X S1 Y 52 2 .. with s; € Sand t; € IR such
that R(s;,s;41) > 0 forall i > 0.
I3

. . . [/ th—1 . .
e A finite path o in C is a sequence sg 251> 5,1 5 s, such that s, is absorbing, and R(s;, s;11) >
Ofor0<i<n.

The notations Path(s), o[i] and |o| are as for paths in FPSs. For infinite path o and i > 0, let
8(o,i) = t;, the time spentin s;. For # € IR and i the smallest index with ¢ < Z}:O tileto@t = olil,
the state in o occupied at time ¢. For finite o that ends in s,, o[i] and §(o, i) are only defined for
i < n; they are defined for i < » in the above way, and §(o,n) = co. For ¢ > Z;.’;(l) tjlet c@t = sp;
otherwise, c@t is as above.

Similar to the discrete-time case, basic cylinders, a sigma-algebra, and a unique probability mea-
sure over paths can be defined; for details, see [8]. In the sequel, Prf, or simply Pr, denotes the unique
probability measure on sets of paths in CTMC C (that start in a state s).

4.2. Probabilistic computation tree logic

Probabilistic CTL (PCTL) [35] is a probabilistic extension of CTL in which state-formulae are
interpreted over states of an FPS and path-formulae are interpreted over paths in an FPS. In
PCTL, the universal and existential path quantifiers of (fair) CTL are replaced by a single prob-
ability operator, denoted P, which allows to refer to the probability of the occurrence of par-
ticular paths. For example, for path-formula ¢, the state-formula P- ,(¢) holds in state s if and
only if the probability of all paths satisfying ¢ that start in s exceeds probability p. A P-for-
mula thus has three parameters: a path-formula characterizing the paths of interest, a proba-
bility, and a comparison operator. Path-formulae are constructed using the standard next- and
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until-operator. * To simplify the definition of a safe fragment of PCTL later on, we consid-
er here formulae in positive normal form, which means that negation only occurs on the level
of literals. To retain the power of PCTL with “full” negation, for the temporal operators X
(next step) and U (until), we insert the weak variants X (weak next step) and u (weak un-
til).

Syntax. Let probability p € [0,1] and < a binary comparison operator, i.e., < € { <, <,>,> }.
Recall that APdenotes a fixed, finite set of atomic propositions ranged over by a, b, c, . . . The syntax
of PCTL state-formulae (in positive normal form) is defined as follows:

B =t | a ‘ ~a ‘ b A D | bV b ‘ Pap(@),
where ¢ is a path-formula defined according to the following grammar:
pu=X0 ‘ Xo ) dU D ‘ PUD.

The propositional fragment of PCTL has the usual interpretation. P.,(¢) asserts that the prob-
ability measure of the paths satisfying ¢ meets the bound given by < p. The intuitive meaning of
X & is that ¢ will hold in the next state. X is its weak counterpart, and does not the existence of
a next step. For instance, P-.9(X a) states that with at least probability 0.9, either no next state is
reached or a next state not satisfying a is reached. Stated differently, with probability less than 0.1
the next state does satisfy a. Thus, P<g.9(X a) is equivalent to P~ 1(Xa). The path-formula oU ¥V
asserts that ¥ eventually holds and that at all preceding states @ holds (strong until). For instance,
the formula P .91(green U red) states that the probability to eventually reach a red state via a path
of green states is at least 0.91. U is its weak counterpart and does not require ¥ to eventually
become true. For instance, P~ .91(green U red) asserts that the probability of either staying green
forever, or reaching a red state via a green path, is at least 0.91. Stated differently, with probability
less than 0.09, a state is reached that is neither red nor green via a path that does not contain a red
state.
As for CTL, temporal operators like ¢ (eventually) and [J (always) can be derived, e.g.,

Pap(0 @) = Pap(ttt ) and Pap(0 @) = Pay(dU F),

where ff equals a A —a. For instance, if error is an atomic proposition that characterizes all states
where a system error has occurred then P go1(Qerror) asserts that the probability for a system
error to occur eventually is at most 1073.

Semantics. Let FPS D = (S,P,L). The semantics of PCTL is defined by a satisfaction relation,
denoted =, which is characterized as the least relation over the states in .S (paths in D, respectively)
and the state formulae (path formulae). The semantics of the propositional fragment is identical to
that for CTL. The meaning of the probabilistic operator is formalized as follows [35]. The semantics
of PCTL state-formulae thus is defined for path-formula ¢ as:

4 In this paper, the bounded until-operator [35] is omitted. Although the logical characterization results for the strong
(bi)simulation relations also hold when this operator is incorporated, for the weak relations this is not the case as these
relations allow for stuttering.
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s Ett sE® AViffs=dands =Y,
sEa iffaells) sEOPV VPiffsEdorsEY,
skE—aiffa g L(s) s = Pap(e) iff Pr(s,p)<p.

Here, Pr(s, ) = Pr{o € Path(s) | 0 = ¢ } denotes the probability of the set of paths satisfying ¢ that
start in s. The meaning of the path-operators is as for CTL. Let o be a path in D. The semantics of
the PCTL path-formulae is defined as:

cE=X®  iff|o] > 1ando[l] = &,

ok X® iffeither o] < 1oro[l] = @,

cEQUY iffo[ilE®,i=0,1,...,n—1,and o[n] = ¥ for some n < |o|,
= OU Y iff either o EoUYoroli] = @foralli < |o|.

Recall that in FPSs, paths are either infinite or of the form o = s, s1, .. .,ss, L. In the latter case,
lo| =n and o = @U VP iff either there exists j < n such that s; = ¥ and s; = @ for 0 <i < j, or
siE®@for0<i<n

The next (until)-operator and the weak next (until)-operator are closely related. This follows
from the following equations where for the sake of comparison we allow arbitrary state-formula to
be negated. For any state s and all PCTL-formulae @ and ¥ we have:

Pr(s,X®) =1 — Pr(s, X =), )
Pr(s, X &) =1 — Pr(s,X—9), (3)
Pr(s, U ¥) =1 — Pr(s,(~P)U ~(d V V), (4)

Pr(s,0U ¥) =1 — Pr(s,(=P)U =(® V ¥)). (5)

Hence, the following pairs of formulae are equivalent:

Pop(XB) = Poy_p(X =),
Pop(X B) = Peyp(X—),
Pop(@U W) = Py (=) U~(@ V P)),
Pop(m@U—=P) =Py, (YU (@ A P)).

In particular, these equivalences show how any PCTL-formula (with “full” negation) can be trans-
formed into positive normal form.

4.3. Continuous stochastic logic

Continuous stochastic logic (CSL) [8] is a variant of the (identically named) logic by Aziz et al. [5]
and extends PCTL by path operators that reflect the real-time nature of CTMCs: a time-bounded
next- and until-operator. To be able to reason about the equilibrium behaviour of a CTMC, a
steady-state operator S is introduced.” For example, for state-formula @, S ,(®) holds in state s

5 In a similar way, PCTL could be extended with a long-run operator that allows the specification of properties about
the long-run behaviour of FPSs.
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if and only if the probability to be in the long run in some ®-state when started in s exceeds p. We
focus here on a fragment of CSL where the time bounds of (weak) until are of the form “< ¢”; other
time bounds can be handled by mappings on this case [§].

Syntax. Let p and < as before. The syntax of CSL state-formulae (in positive normal form) is
defined as follows.

@ =t ‘ a ’ —a ‘ b A D ’ oV D ‘ S.p(®) ’ Pap(9),

where ¢ is a path-formula defined, for # a non-negative real number or oo, according to the following
grammar:

pu=Xo ‘ X<o ‘ U @ } DU .

Compared to PCTL, the next- and until-operators are equipped with a time bound. The intuitive
meaning of X <'@® is that @ holds in the next state and is reached within ¢ time units. Similarly, the
path-formula @U<S" ¥ asserts that ¥ is satisfied at some time instant before or equal to ¢ and that
at all preceding time instants @ holds. The connection between the until-operator and the weak
until-operator is as in PCTL. As for PCTL, temporal operators like ¢’ (eventually within time ¢)
and [J% can be derived.

Semantics. CSL state-formulas are interpreted over the states of a CTMC. Let C = (S, R, L) with
labels in AP, and Sat(®) = {s € S | s = @} the set of states satisfying the state-formula &. The
semantics of CSL state-formulae is defined for path-formula ¢ as:

s E=tt sE®PAYPifsEdands = P,
skEa iffacels) sEOV VPiffsEdors =Y,
sE—aiffa g L(s) 5= Sqp(P) iff n(s, Sat(P))<dp,

s = Pap(p) iff Pr(s,p)<dp.

Here, Pr(s,¢) is as defined for PCTL (referring to paths in C, of course), and n(s,S’) for S’ C §
denotes the steady-state probability [34,49,61] for S’ when starting in state s, i.e.,

(s, S) = tlim Pr{o € Path(s) | c@t € S"}.
— 00

For path ¢ in C, the satisfaction relation for CSL path-formulae is defined as:

ocE=XSP iff o[1] is defined and o[1] = @ and §(c,0) < ¢,

o= X<'¢  iffeither o] < 1oro[l] & ® or §(c,0) > ¢,

ok oUS'Y iffo@x = W forsomex < tand c@y = @ forall y < x,
o= OUSY iffeither o = U W or o@x = @ for all x < ¢

Note that @ ¥ can be interpreted as an abbreviation of @< V. The relationship between the
next (until)-operator and their weak counterparts is the same as for PCTL.
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4.4. Logical characterization of weak bisimulation

In both the discrete and the continuous setting, strong bisimulation (~4 and ~.) coincide with
logical equivalence (in PCTL and CSL, respectively). The latter are denoted =, and =, respec-
tively. That is, s =,c, 52 iff 51 and s satisfy exactly the same PCTL formulae. Similarly, s; =, s2
iff 51 and s satisfy exactly the same CSL formulae.

Theorem 48 (see [4]). For any FPS: ~4 coincides with =,.,,.

Note that [4] shows that ~; coincides with PCTL*-equivalence where PCTL* is a logic that
subsumes PCTL and allows for, for instance, the conjunction of path formulae and arbitrary com-
bination of modalities. In order to establish a logical characterization of ~, it turns out that a
fragment of PCTL without the until-operators is sufficient. Desharnais et al. [25] have shown that
even conjunction and probabilistic next suffice for that purpose.

Theorem 49 (see [8,28]). For any CTMC: ~. coincides with =,.

The paper [28] shows that ~. and =, not only coincide for CTMCs with a countable state space
but also for continuous-state processes.

In the rest of this section, we focus on establishing strong preservation results for weak bisim-
ulation and the fragments of the logics PCTL and CSL without next (and weak next). The next-
operators are omitted as they are not stutter-invariant, and thus it is impossible to establish a strong
preservation result for weak (bi)simulation in the presence of these operators. Let PCTL, y denote
the fragment of PCTL without the next-step and the weak next-step operator; similarly, CSL\ x is
defined. PCTL\ x-equivalence, denoted =, ., and CSL\ x-equivalence, denoted =, , , are defined
in the obvious way.

Theorem 50. For any FPS: =4 coincides with =cry-

Proof. (Soundness). The fact that ~, implies =, is proven by structural induction on the syntax
of PCTL\ x-formulae. Let s ~, s’. The base cases tt, a and —a are straightforward: all states satisfy
tt (and thus s and s’), and a (—a) holds iff a € L(s) = L(s') (a € L(s) = L(s')). For conjunction (and
disjunction) the proof directly follows from the induction hypotheses on the conjuncts (disjuncts,
respectively). It remains to consider the until operator. The proof for the weak-until operator can
be conducted in a similar way as for until and is omitted. Let ¢ = @U V. For s ~; s we aim to
establish that Pr(s,¢) = Pr(s’,¢), and thus s = P4, (¢) iff s’ = P, (). By the induction hypothesis
it follows that both Sat(®) and Sat(¥) are a disjoint union of equivalence classes under ~;. Let
B = [s]~,. Then, BN Sat(®) = & or B C Sat(®) (and similar for ¥). Only the cases B C Sat(P)
and B N Sat(¥) = & are of interest; for all other cases, Pr(s, ¢) = Pr(s’,¢) € {0,1} and the theorem
directly follows. Let S’ be the set of states that can reach a ¥-state via a (non-empty) ®@-path, i.e.,
S" = {s|Pr(s,p) > 0}\ Sat(¥). As Sat(®) and Sat(¥) are disjoint unions of equivalence classes
under ~, §’ can be viewed as such a disjoint union too.

Fors ¢ 8',Pr(s,¢) € {0,1}. Fors € 8, the vector (Pr(s, ¢))
equation system:

xs = P(s, Sal(¥)) + Z P(s,s') - xy. (6)

s'es’

scg 18 the unique solution of the linear
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The first summand denotes the probability to go from state s to a ¥-state in one step, whereas the
second summand denotes the probability to go from s to a ¥-state via at least one @-state. For any
~ g -equivalence class B C S, select s € B such that P(sp,B) < 1, i.e., sp is a state via which B can
be directly left. Stated differently, sp ¢ Silent~,. Such state is guaranteed to exist, since if P (s, B)
would equal 1 for all states s € B then none of the B-states can reach a ¥-state, contradicting B C S’.
Now consider the unique solution (xg)ges/~,,8cs of the linear equation system:

xg = P(sg, Sat(¥)) + Z P(s3,C) - xc.

CeS/~y4
ccs

We now show that x; = xp for all states s € B. For this, we prove that the vector (yy)ses 1S a solution
to (6) where y; = xp if s € B and B ranges over all ~;-equivalence classes B C §'.

We first consider the case s € B and P (s, B) = 1 and show that Eq. (6) for state s holds for the
values yy rather than xy. As P (s,s”) = 0 for all states s’ € S\ B, the sum on the right-hand side of
Eq. (6) with yy rather than xy reduces to:

E P(s,s)- yy = xp- E P(s,s) = xp = s
~—

s'eB s'eB

—_———

—P(s,B)=I

=XB

Next we consider Eq. (6) for the states s € B where P (s, B) < 1. By definition of ~;, we have

P(s,C) _ P(s0)
1-P(s,B) 1—P(spB)

for all states s € B and equivalence classes C € S/ ~; with C # B. Hence:

P(s,C) = ﬂ~P(sB,C).
1 —P(ss,B)

As Sat(¥P) is the union of equivalence classes under /4, we obtain:

1—-P(s,B)
P(s, Sat(¥)) = —— - P(sp, Sat(P)).
1—P(sp,B)

Thus, the sum on the right-hand side of Eq. (6) with yy = x¢ for s’ € C rather than xy can be
rewritten as follows:

P (s, Sat(¥)) + > P(s,8) - yy

s'eS’

=P(s.Sa(¥) + Y P(s,0) - xc

CeS/~g
ccs’
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1-P(s,B 1-P(s,B
120D b suery + Y 2D i 0y xe + Ps,B) g
1—P(sp,B) ces~y 1= P(sB,B)
C#B,CCS'
1—P(s,B
= # P (sp, Sat(¥V)) + Z P(sp,C)-xc | + P(s,B) -xp
1 —P(sg,B) CeS/~y
C#B,CCS'
=xp—P(sp,B)-xp
1—P(s,B)

=———(xp—P(sp,B)-xg) + P(s,B) -xp
1 —P(sp,B)

=0—-P(,B)-xg + P(s,B) -xg = xp

Hence, y; = xp = xy = Pr(s,¢) for all states s € B and B € §/ ~,4. Consequently, s = Pap(p) iff
s" = Pap(e) for any state s’ € B = [s].

(Completeness). The fact that =,c,,, implies ~; is proven by using so-called master formulae
for the equivalence classes induced by Srery - These formulae are defined as follows. If the FPS is
finite-state then the state-formula

¢ = /\ cp
D#C

uniquely characterizes all C-states where @¢ p is defined by
C C Sat(dcp) and D N Sat(Pcp) =

for different equivalence classes C and D under ey - (For infinite-state FPSs, approximations of
master-formulae can be used [24]; for simplicity we consider the finite-state case only). Assume S
to be finite and that any equivalence class C under Srery is represented by a PCTL\ x-formula ®c.
We now check the conditions of =, (cf. Definition 26). Let 51 =pcri,y 52, and B = [s1] = [s2] under

EPCTL\ X

1. For set of atomic propositions 4 € AP consider the propositional PCTL, y-formula:

1= Nan \—b

aeAd b¢A

S1 Speryy 52 implies s1 = @4 iff s5 = @4, and, hence, by definition of @4, L(s1) = L(s2).
2.For PCTL\x equivalence class C with B # C, let ¢ = ®glU Pc. As 51 Spery 52, W have
Pr(s1, ) = Pr(s2, ¢). If P(s;,B) < 1for i=1, 2, then:

P(s:,0)

Pr(s,g) = — =)
" T I PeB)
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This is justified as follows. If Pr(s;, ¢) = 0, then P (s;, C) = 0. Otherwise, by instantiating the
equation system in (6) with S’ = B, &, = &, and @; = Pp, it can be verified that the vector

with the values x, = % (for s € B) is a solution.
—P (s,
3. s1 can reach a state outside B iff 51 = P~ (0—®p), which is equivalent — as s Seery 52 — 1O

52 = P-o(o—®@p), or equivalently, to the statement that s, can reach a state outside B.

Hence, we conclude that s; ~; sp. [

The next objective is to establish a strong preservation result for ~, and = ,. To that end, we
use the observation (cf. Proposition 52) that ~, in CTMCs C and unif(C) coincides. This allows for
replacing C by its uniformized counterpart. Using the facts that ~, and ~, coincide for uniformized
CTMC:s, and that ~, coincides with =, gives the desired result.

Proposition 51. For CTMCC, s in C, and CSL\ x-formula ®:
sE® iff sk ®inunif(C).

Proof. By induction on the syntax of @. For the propositional fragment the result is obvious. For the
S-and P-operator, we exploit the fact that steady-state and transient distributions in C and unif (C)
are identical (cf. [57]), and that the semantics of &' and US' agrees with transient distributions
8. O

Proposition 52. For any uniformized CTMC: =, coincides with =iy

Proof. The direction “="is obvious. We prove the other direction. Assume CTMCC is uniformized
and let sq, 57 be states in C. From Proposition 11.2 and the logical characterizations of ~, and ~ it
follows:

Sl =g S AF §1 ~c 50 UME 51 ~4 52 T 51 =pen S2.

By showing that =, implies =, (for uniformized CTMC) we thus obtain the desired result. This
is done by structural induction on the syntax of PCTL-formulae. Clearly, only the next step operator
is of interest (the proof for weak next goes along similar lines and is omitted here). As in the proof of
Theorem S0 weassumea finitestate space and thatany =csx -equivalenceclass C can be characterized
by CSL\x formula @¢. Consider PCTL-path formula ¢ = X ®. By induction hypothesis, Sat(®) is a
(countable) union of equivalence classes of =csiy- In the following, we establish for s; =iy 520

P (s1, Sat(®)) = P (52, Sat(®)) that is Pr(s;, X &) = Pr(s2, X ®).

Let B = [s1] = [52]ECSL\X- First observe that P (s;, B) = P (s, B); otherwise, if, e.g., P(s1,B) <

P (57, B) one would have Pr(s;, 0S'=®p) < Pr(ss, 0N =®p) for some sufficiently small ¢, contradict-
Ing s1 =y 52- Distinguish:

=csL\y

e P(s;,B) =P(s2,B) < 1. As 51 =csiy 52 and &gl @ is a CSL\y-path formula: Pr(s;, ®pU @) =
Pr(sy, ®p U @). Using the same arguments as in the proof of Theorem 50 we obtain:
P (s;, Sat(®))

Pr(s;, opU @) = 5
1—P(s;,B)

i=12.
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Since P (s1,B) = P (s, B), it follows P (s1, Sat(®)) = P (s, Sat(P)).

e P(s1,B) = P(s2,B) = 1. As Sat(®) is the union of equivalence classes under =cstyys the intersec-
tion with B is either empty or equals B. For i =1,2: P(s;, Sat(®)) = 1 if B C Sat(®) and 0 if
BN Sat(®) = @. Hence, P (s}, Sat(®)) = P (s, Sat(P)).

Thus, S1 =perL 2. O

Theorem 53. For any CTMC: ~. coincides with =csi e

Proof. We derive:

S1 %g )
. L~ unif(C) st
iff 51~ 52 (by Proposition 33.3)
: unif(C) fel
iff S1 ~e¢ 52 (by Proposition 33.2)
: :unif(C)
iff S| =cgp . $2 (by Theorem 49)
. __unif(C) e
iff s =CSLyy 52 (by Proposition 52)
iff s1 EESL\X ) (by Proposition 51) O

Remark. The proof of the preservation property for CSL\x and ~. seems to be simpler than for
the discrete setting (cf. Theorem 50). An alternative proof of Theorem 50 could, however, be giv-
en which uses roughly the same arguments that we applied for the continuous case. For this, the
concept of uniformization has to be adapted to FPSs (which amounts to just adding self-loops
while keeping the relative probabilities for the original transitions unchanged) such that ~; in the
original FPS agrees with ~; in the modified FPS. The remaining argumentation follows then as in
the continuous case.

4.5. Safe and live fragments of PCTL and CSL

For the logical characterizations of the simulation relations, we distinguish between safety
(“something bad never happens”) and liveness (“something good will eventually happen”) proper-
ties. In analogy to the universal and existential fragments of CTL, safe and live fragments of PCTL
and CSL are defined as follows.

Safe and live PCTL. We consider only a restricted class of probability bounds in the probabilistic
operator P. The syntax of PCTL-safety formulae is as follows:

d>::=tt‘a’—'a‘¢/\q§‘¢\/¢ )gp()?q&) (gp(@z]qﬁ).

A typical safety property is P~¢.99(C]— error) stating that with probability at least 0.99 the system
will never be subject to an error. Using the duality of weak and strong until, P g1 (Qerror) is also a
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safety-formula and expresses that with probability at most 103 the system will eventually be subject
to an error. Note that P ,(YU (® A V) = Pq_p(— PU — ¥); henceforth the latter formulae are
also safety properties.

PCTL-liveness formulae are defined as follows:

ou=tt|a|=a|ond|ove|P,0e) | P @Ud.

Note that the weak next- and weak until-operator as allowed in safety-formulae, are replace by the
traditional next- and until-operators. There is a duality between safety and liveness properties for
PCTL, i.e., for any safety formula & there is a liveness property equivalent to =&, and the same
applies to liveness property @. This can easily be verified using structural induction on the syntax
of safety PCTL-formulae.

Remark. In the context of safety formulae, next steps are viewed to be “dangerous” as they might
violate safety. For instance, the safety formula P-_.(X safe) (which is equivalent to P, (X — safe))
states that with sufficiently small probability the next state is unsafe. This is opposed to liveness
properties such as P-1_.(X good) stating that with large probability a “good” next state occurs.

Safe and live CSL. The syntax of CSL-safety formulae is defined similar to that of safe PCTL:
=1t ‘ a ‘ —a ‘ N ) OV D ‘ Pop(X <) | Pop(@U™ @).

A typical safety property is P-.99((019°= error) stating that with probability at least 0.99 the system
will not exhibit an error for the next 100 time units.
CSL-liveness formulae are defined as follows:

=1t ‘ a ‘ —a ‘ NK ) OV D ‘,P)p(th‘D) Pop(@US @).

There is a duality between safety and liveness properties for CSL like for PCTL.

Remark. The steady-state operator S, (®) cannot be part of a CSL-fragment that enables a weak
preservation result for .. This is shown by the following example where we have s1 <52 and

ur 3, u2.
(1) (52)
(u1) (u2)

The steady-state (or long-run) probabilities 7 (s, s1) and 7(sy, u1) are equal because the transitions
s1 — uy and u; — s1 have the same speed. On the other hand, s — u» is twice as fast as uy — s7,
hence, on the long run, the average time spent in u> is twice as that spent in s5. Concretely,

1 1
w(s1,s1) = w(sy,up) = 5 but 7(s2,5) = 3 and 7 (s2,u2) = 3
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As a consequence,

s1 = S=0.5(a), butsy = Sop.5(a),

where we assume that L(s;) = L(s2) = {a} and L(u;) = L(up) = @. Vice versa,

52 = S<0.5(—a), while s1 = S<o.5(—a).

This example shows that there is no chance to find a comparison operator <! such that a preser-
vation result for S-formulae and =, can be established. The fact that the steady-state operator is
not compatible with our simulation relation can be viewed as a specific instance of the well-known
phenomenon that CTMCs cannot be ordered according to their steady-state performance [59,16].

4.6. Logical characterization of simulation

For DTMC:s without absorbing states, =, equals ~4 [45], and hence, equals =,,. For FPS
where 3, is non-symmetric and strictly coarser than ~4, a logical characterization is obtained by
considering a fragment of PCTL in the sense that s 3, s iff all PCTL-safety properties that hold for
5" also hold for s. In this sense, 3, can be read as: s ;5" iff “s’ is safer than s.” For an action-labeled
version of PCTL (in fact, a simpler modal logic with conjunction, disjunction and a next-step oper-
ator), such result was first presented by Desharnais et al. [24,26]. A similar result can be established
for =X, and a safe fragment of CSL, as we will show below. The main results of this section are
the weak preservation property for 3 stating that if s < 5" then all PCTL, y-safety formulas that
hold for state s’ are also satisfied by s. A similar new result is obtained for the continuous case.

For convenience, we introduce the following notation: let s <)% ' if and only if for all PCTL-
safety formulae @: 5" = & implies s |= ®. Likewise, s 3,7 s" if and only if this implication holds
for all PCTL\ x-safety formulae. Let s 3, 5" if and only if for all PCTL-liveness formulae ®: s |= @

implies s = @. The preorder g;m%x is defined similarly, and the same applies for the preorders

corresponding to the safe and live fragments of CSL and CSL\ x.

Theorem 54. For any FPS: 3, coincides with 3% and with <)

~YPCTL ~YPCTL"®

Proof. The equivalence of = and <! follows from the duality of safety and liveness formulae.

~YPCTL ~YPCTL

We will now prove that 3, coincides with 3¢

~YPCTL"

L. (=). Let s Z;5". We prove that s 20 5" by showing that the sets Sat(®) for PCTL-live formula

~YPCTL

@ are upward-closed w.r.t. 3, 1.e., Sat(®) equals the set of states that simulate some @-state:
Sat(®) = Sat(®@) 1 = {s €S |s Zysforsomes’ € Sa(®P)}.

This is proven by structural induction on ®@. We only consider the until operator — the proofs for

the other cases are similar and simpler — and show that for PCTL-live formulae ¢ and ¥ with

Sat(®) = Sat(®)4 and Sat(¥V) = Sat(¥)1 then for all s, s’ € S:

§345 = Pr(s,@U V) < Pr(s’, oU V).



C. Baier et al. | Information and Computation 200 (2005) 149-214 193
From this it follows from the semantics of PCTL that
5348 = (SEPp@UY) = 5 E Pop(dU P)).
For convenience let p(s) abbreviate Pr(s, @1/ ¥). We have:
pls) = lim p(s,n),
n—>00

where p(s, n) for natural n denotes the probability for a path fragment of length at most #» which
leads from s via @-states to a ¥-state. Formally,

1 if s =7,

s = | 2 Pes)-psnsl) s = @A-¥andn >0,
s’ €Sat(P)USat(¥)
0 otherwise.

We now prove thats ;5" = p(s,n) < p(s',n) for all n,and consequently, p(s) < p(s). The proof

proceeds by induction on n. For the base step p(s,0) € {0,1}. p(s,0) = lif and only if s € Sat(V),

but as Sat(¥) is upward-closed w.r.t. 3, and s 3, it follows s’ € Sat(¥), and hence p(s’,0) =

1. The case p(s,0) = 0 follows in a similar way. Distinguish two cases for the induction step.

Letn > 0.

(a) s &= ¥.Then, p(s',n) =1 > p(s,n) for all n.

(b) s’ = V. As Sat(V) is upward-closed, s & V. If s & @ then by definition of p(s,n) we have
p(s,n) =0 < p(s',n), for all n. The interesting case is when s = @, and as Sat(®) is upward-
closed, s’ = @. Let 4 be a weight function w.r.t. <, for the distributions s” > P(s,s”)
and s” — P(s',s”). As Sat(®) and Sat(V) are upward-closed and A(u1,uz) =0 if uy £, u2
we have:

A(u,up) =0 if  wuy € Sat(®) U Sat(¥) and uy ¢ Sat(P) U Sat(P). 7N

We now derive:

pls,n+1)
- > P (s, u1) - p(ur, n) by definition of p(s, n)
weSat(ep)uSat(v)
= Z Z A(uy,uz) - pu, n) ass 3y

ueSat(e)uSat(w) u2€S

= Z A(uy,up) - p(uy, n) by (7)

U € Sat(¢>uSat(s»>
up 3qu2
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< Z Z A(uy,uz) - pluz,n) by induction hypothesis
weSat@)uSat(v) ueSat(@)uSat(v)

S ZuzeSat(qs)uSat(w) ZuleS A(ur, u) - puz, n)

= Z P (s2,u2) - p(ua, n) as A4 is a weight function
weSat(@)uSat(w)
= p(s2,n+1) by definition of p(s, n).

2. («<). We prove that 3 is a weak probabilistic simulation. From the alternative characteriza-

~YPCTL

tion of =, (cf. Proposition 20), it suffices to show that whenever s Zie 5" then P (s, C) < P(s/,C)

~YPCTL

for each C C § which is upward-closed w.r.t. =i . Let C be such an upward-closed set. For

~YPCTL"

ue S\ Candu € C,there exists a PCTL-live formula @/, that distinguishes « and ’ such that
u ¢ Sat(®,,) and u' € Sat(d, ).

Note that otherwise, we have u’ 3., u, and hence, u € C (as C is upward-closed and ' € C).
Distinguish two cases.

(a) S is finite. Let

(pC,u = \/ (pu/,u

u'eC
foru € S\ C. It directly follows:
C C Sat(dcy) and u ¢ Sat(Pcy).

Hence,

can be viewed as a master formula for C as Sat(®¢) = C. Now consider the PCTL-live
formulae ¥, = P-,(X ®¢) where

p=P(s, Sat(dc)) =P(s,C).

~YPCTL" 2

Then, we have: s = ¥, and if s 3, 5, 8" = ). Thus,
P(s',C) = P(s,Sat(®c)) > p = P(s,0).

(b) S is countable infinite. As S is countable, we may use enumerations uy,u,... of S\ C and
uj, uy, . .. of C and work with approximations of the above master formula (which cannot be
defined as above because infinite disjunctions and conjunctions are not allowed in the syntax
of PCTL). Let
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m _
Pou = \/ Pulu-

I<i<n

Then,

(nm) _ (n _

o= N ol = NN
I<j<m I<i<n 1<j<m

Let ™ = Sar(®@"™). Then,

c=J)c"m.

n=l m>1

As above, we obtain:
P(s,C"™) < P(s,C"™) ®)
for all naturals n, m > 1. Moreover, we have:

P(s,C) = lim lim P(s, C"™™)

n—>00 m—0o0

and similar for s’. By (8), we obtain P(s,C) < P(s/,C). O

Theorem 55. For any CTMC: =, coincides with 3% and with 3.,

~YCSL ~JCSL*

Proof. To a large extent, the proof of this result goes along similar lines as the proof of Theorem
54. Due to the duality of CSL-safe and live-formulae, =% and with 3': coincide, and, hence, it
suffices to show that 3. coincides with <7

~JCSL*®

L. («<). Assume s 3 s’. With the same arguments as in the proof of Theorem 54 we obtain

~JCSL

L(s) = L(s") and P(s,C) < P(s/,C) for each upward-closed C C § w.r.t. 2 . It remains (cf.

~vCSL*®

Definition 22) to prove E(s) < E(s"). Consider the CSL-liveness formulae
® = P.,(Xtt),

where p =1— e F@1 As Pr(s, X<'tt) = 1 — e £@" we have s |= @, and as s 3 s/, 5’ = ®.
Therefore 1 — e 260" > p = 1— e EO7 which yields E(s) < E(s'). Thus =™ is a strong
simulation.

2. (=). As for Theorem 54, the crux of the proof is to show that for CSL-live formula @, Sat(®P)
is upward-closed w.r.t. .. The main difference to the discrete setting is that p(s, n) is replaced
by p(s, n, 1), denoting the probability to fulfill the path formula ® /<’ ¥ via a path fragment of
length at most n:

1 ifs =Y,
pis,t,n) = {5 Ris,u) - fot e EOx . pu,t—x,n—1)dx ifsEPA-¥andn >0,
0 otherwise.
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The second clause is informally justified as follows. If s satisfies @ and —¥, the probability
of reaching a W-state from s within ¢ time units and » steps (n > 0) equals the probability of
reaching some direct successor u of s in x time units (x < ¢), multiplied by the probability of
reaching a ¥-state from u in the remaining time t—x (along a @-path) in n—1 steps.

Let @ and ¥ be CSL-formulae such that Sat(®) and Sat(¥') are upward-closed w.r.t. .. The
interesting case is s = @ and s = ¥ (and the same for ). As s 3.5, E(s) < E(s'). Now intro-
duce a fresh state § with no incoming transitions, and with the same probabilistic structure as
s, ie., P(s,w) = P(s,w) for all states w, but £(5) = E(s'). § can be viewed as a “fast” copy of s.
In particular, p(s,t,n) < p(s,t,n). We now prove p(s,t,n) < p(s’,t,n) along similar lines as the
proof of Theorem 54:

S, t,n+1)

t
N / > RG,u) - e 7% plun,t—x,n) dx
0 weSat(e)uSat(v)

t
- / Y SEW) - A e EO . pluy, —xm) d
0

ueSat(e)uSat(v) u2€S

t
N / ) E(s') - Aug,up) - e FO) plur, t—x,n) dx
0 ﬁ/_J
umyeSatwuSatr) < p(up, t—x, n), by ind. hypo.
INVRT)
t
<[ ¥ Y EE)- At e O pui—xm) d
0

weSat@)uSat(r) ueSate)uSat(r)

t
< / > D EG) - A, ug) - e FOX - pluy, t—x,n) dx
0

weSat(e)uSat(y) meS
t
= f Z R(S/, 1/[2) . e_E(S )-X : p(u2> [_'x’ n) dx
0 weSat(@)uSat(v)
= p(s', t,n+1).
With n — oo we obtain:

Pr(s, oUS' W) = lim p(s,t,n) < lim p(s',t,n) = Pr(s’,oUS'w). O
n—oQ n—oo

The following two main results provide a relationship between the weak simulation pre-order
and a pre-order on the safe (and live) fragments of PCTL\ y and CSL,\ x, respectively. As the proofs
of these facts are non-trivial and proceed in several steps, we first give the result, present (as a re-
mark) a first proof attempt, give a rough idea about the proof concept, and then the detailed proof.
We start with the continuous case and then deal with the discrete case.
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Theorem 56. For any CTMC: 3. € 3 and 3. € Zw

~CsL\x e — =osnxC

LetC = (S,R,L) be a CTMC. The aim is to show (as in the proof of Theorem 54) that Sat(®) for
CSL,\ y-live formula @ is upward-closed w.r.t. . This is done by structural induction on the syntax
of @. We concentrate on the time-bounded until operator, i.e., the proof obligation is to establish:

s 3.8 implies Pr(s, U ¥) < Pr(s/, oU" ), 9)

given that Sat(®) and Sat(¥) are upward-closed w.r.t. .. As in the proofs of Theorems 54 and 55
the interesting case is s,s" € Sat(®) and s,s" ¢ Sat('P).

Remark. The initial proofidea for establishing (9) is to resort to the embedded uniformized CTMC
of C, using the result that:

o0

Pl oUs ¥y = F1. )"

k=0

where D is the embedded DTMC of unif (C) and ® UK ¥ means that ¥ can be reached within at

most k& steps via a @-path (for natural k) [35]. The advantage of this approach would be that the
remaining proof obligation:

53, s implies PrP(s, 0UUF w) < PrP(s’, U~k w), for any k 11)

(E-D*

x Prl(s, o U W), (10)

could be verified by considering the discrete-time behaviour of the CTMC only. Whereas the proof
of Eq. (10) is rather straightforward, (11) turns out to be wrong. This is illustrated by the following
(uniformized) CTMC C:

/

where only the absorbing state is labeled by proposition &. It is not difficult to check that s, s'.
Indeed it follows that

PrC(s, 0¥ b) < Pré(s, O b)for any real time instant 7.

However, Prem(© (s, <k py = % =4 % = Prem(© (', o=k b) for k = 3. This contradicts (11). Thus, this
initial proof attempt fails and we have to consider an alternative route.

We prove (9) therefore in a different way. In some sense, our argumentation is similar to the proof
technique for the preservation for CSL\x and weak bisimulation (cf. Theorem 53). The rough idea
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is to replace C by a CTMC C’ which results from C by adding self-loops.® Given two states s; and s>
in C with 51 Z, s2 and a partitioning 81, Uy, 1, 82, Ua, V2, 4 as in Definition 39 we modify s; and s
by adding self-loops such that

e the probability ¢, for the additional self-loop at state s; equals the probability for s» to move to
a Ih-state,

e the probability ¢ for the additional self-loop at state s, equals the probability for s; to move to
a Vp-state,

e the probabilities for s; and s, to move to Uj resp. U, are the same (i.e. K| = K» = K for the
modified states),

e the total rate to move from sy to a Uj-state is at most the total rate to move from s, to a Us-state.

Thus, 51 and s2 are modified such that a CTMC is obtained with the following structure:

3y D

q K K 42
| - l

weight function

L. simulating s
condition & 51

simulated by ss

The underlying idea behind this transformation is that the stutter-transitions s, — v € V> can be
mimicked by the additional self-loop s; — s1, and vice versa, the self-loop sy — s> simulates the
stutter-steps s; — v] € V1. We then can continue similar to the proof of Theorem 55 and show by
inductive arguments that

P (s, oUS ¥) < PrC (50, 0US ).

On the other hand, adding a self-loop (with arbitrary rate) does not change the weak bisimulation
equivalence class, and hence, does not change the probabilities of the CSL\ y-path formulae (cf.
Theorem 53):

Prl(s, oUS' Y) = Pr(s, U )

6 This step can be seen as the analogue to the switch from C to unif(C). However, the definition of C’ is much more
complicated than unif (C).
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for all states s. Putting things together, we obtain
Pré(s;, oUS W) < Pré(sy, oU™ W).

These are the underlying proofideas. In fact, we have to work with several copies of the states and
work with transitions leading from a copy of s; to several copies of s; (instead of simply adding self-
loops). Before we present the details of these transformations, we make the following simplifying
assumptions:

(Al) As CSL\ x-satisfaction on C and on unif(C) agrees (cf. Proposition 51), we may assume that
the exit rate of any state in C equals E. For the sake of simplicity let

E =E(s) =1 forallstatess € S

in the sequel. (In particular, C does not have absorbing states.)

(A2) For technical reasons, we assume that CTMC C does not have any self-loops, i.e., R(s,s) = 0
for all states s. This assumption just simplifies the formulae for the rates in the modified CTMC
C’ and is not a real restriction: any self-loop s — s in C can be replaced by s — 5" and s’ — s
where s’ is a fresh copy of s. This transformation does not affect [s]~,.

(A3) For any pair (s}, s2) of states in C with s1 3, s2, we fix functions §; = 8§S1’S2>, 8 = (Sésl’”) and a
weight function 4 = A%152) a5 in Definition 39. Furthermore, Uy, Us, W, V5, K, Ko are as in
Definition 39. In particular, we have:

K1 <K

because C is uniformized.’

To simplify the formulae for the transition probabilities and rates in the modified CTMC
C’, we assume that §; is the characteristic function of U;. In particular, U; N V; = &. Again,
this is a harmless restriction because we may split any state w € U; N V; into two copies: one
copy wy belongs to U;, the other copy wy one to V;. Then, the incoming transition s; — w
has to be split into the transitions s; — wy with rate §;(w) - R(s;, w) and s; — wy with rate
(1 —8;(w)) - R(s;,w). This transformation does not affect [s;]~..

Let C = (S, R, L) be the original CTMC as before. We replace C by a “state-wise” weakly bisim-
ulation equivalent uniformized CTMC C" = (S’,R’,L’). The states of this transformed CTMC C’
are of the form (s1,s2,7) with i = 1,2 and s1 T, s2. Intuitively, the new state (s|,s2,i) is a copy of the
original state s; up to additional transitions inside [s;]~,. For technical reasons, also the original
states of C belong to C'. Thus, we define the state space S’ by:

S = {(SI,SZ) | s1,82 ES.Slécsz} x{1,2} U S

(where we assume that none of the states in S has the form (s1, 52, i) for i=1, 2). The labeling function
L' in C' labels state (sq, s, 1) with the same atomic propositions as s1, while the labeling of (sy, s>, 2)
agrees with the labeling of s»:

(s1,52) 7 7(s1,52)
U, U, s

7 The sets Uy, U, W, V5 as well as K], K> depend on (s}, s2). Thus, it would be more precise to write etc.

Because in the sequel, we only use these components for a fixed pair (sq,s7), we omit these parameters.
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L'((s1,52,0)) = L(s1) = L(s2), i=12.

The original states are unchanged, i.e., L' (s) = L(s) for all states s € S.
Below, the structure of the outgoing transitions from the states (s1, 52, 1) and {s1, 52, 2) is depicted:

_ states states _
<Sl7/0271> <0173272>

staltes stlates stelmtes staltes
<’U1752,1> <U1,U2,1> <U1,U2,2> <317/U272>

The total rate for the transitions of state (s1,s2,1) to the auxiliary copies of s1 for the V5-states
(i.e., the states (s1, v2,1)) is given by:

L {(Klz—l)-lq if Ky 2 0,

0 otherwise.

The total rate for the transitions from (s1,s2,2) to the states (v1,s2,2) is defined as:

" (Kil—l)-Kz if Kj % 0,
0 otherwise.

Here, K; = K~"""27 as in assumption (A3). Note that A = u = 0if Kj = 0.

The rates of the original states s € S are as in C, ie., R'(s,w) = R(s,w) for all s, w € S and
R'(s, (W, wa,i)) = 0 for all s € S and (wy,ws,i) € 8’ \ S. The rates of the outgoing transitions from
states (s1,52, 1) and (sq, 2, 2) are defined with the help of the components U;, V;, K;, A (cf. assumption
(A3)). The rates for state (s1,s2,2) are defined as follows:

e For K1 =0 (ie., U} = @), we depart from the informal explanations above and define (sq, s, 2)
to be a proper copy of s3, i.e., for all w € §”:

R'({s1,52,2),w) = R'(s2,w).
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e For Ky > 0(ie., Uy # @) letu; € U, v; € V;,i = 1,2, and:

R ((51,52,2), (1,2, 2) ) = Ko - AGur, ),
R/((S1,52,2),<S1,02,2)) = P(s2,02).

If K1 = 1then 7} = @ and there is no need to insert auxiliary transitions from state (sq,s2,2). For
0 <K <1, let?

' P (s1,v1)

, forv € .
1-K; ul !

R'({s1,52,2), (v1,52,2)) = u

In all remaining cases, let R’({s1,s2,2),w) = 0.
The rates for state {s1,s2,1) are defined as follows:
e ForK; > 0,u; € Uj,up € Up and 1) € 1 let:
R/((Sl,sz,l), (ul,uz,l)) = Ki - A(ur, u2).
R’ (51,52, 1), (w152, 1)) = Ps1,00).
IfKj>0and K < 1:

Pis2, 1)

, for vy € 1.
1-K, nehn

R/ ((s1,52,1), (s1,v2,1)) = A

Let R’({s1,52,1),w) = 0 in all cases not mentioned so far. For K, = 1 we have V5 = &, and hence,
no auxiliary stutter transitions from (s1,s2,1) are needed.
o IfK; =0, let

R'((s1,2,1), (,2,1)) = Psi,on)
for all vy € 71 and R’({s1,s2,1),w) = O for all other states w.

AsK; < Kp,thecasesKr =0 A K > 0and K» <1 A K| =1 are impossible. This explains the
asymmetry in the definition of the rate matrix of C'.
The following two lemmas determine the exit rates in C’, and the transition probabilities, respec-

tively.

Lemma 57. The exit-rates of states (s,s2,1) and (s1,s2,2) in C' are:

E'({s1,s2,1)) = 1+% < 1+u = E'({s1,52,2)

8 Note that only the following formula has to be modified if C contains self-loops: the rate for the self-loop s; — s if
v] = s1 needs to be added.
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Proof. If K| = 0 then, by definition of A and u, A = u = 0. In this case, the total rates of (s, s2,1)

agree: E(s1) = E(s2) = 1. (Recall that all states in C have the total rate £ = 1.) Assume K| > 0. For
K> < 1 we derive:

P 9
E'((st,s0,1) = ) p Dbz > Ki-A@u) + Y Plsi,o)

el 1- K2 weUurels vEN
=P (s1,Un=K, —P (s )=1-K)
1
e )\‘ - . P , v K 1 _ K
-5 Z (s2,02) + K1 + ( 1)
V€V,
D e ——
=P (s2,)2)=1-K;
1
=2 A=Ky + 1
e ( 2)
=)+ L

For K3 = 1 we immediately obtain that
E'((s1,50,1)) = P(s, U +P(s, ) =1 =144

as A = 0. Similarly, we get: E'((s1,52,2)) = 1+ u.
Because of the rate condition we have Kj < K3, and hence, 1/K, < 1/K7, if K1 > 0. Therefore

A= (i—l)- K < (Kil—l).Kz = u O

We now show that there is a state-wise correspondence between the successors of (s1,s2,1) and
(s1,82,2).
Lemma 58. For all states (s}, s2,i) and {(wy, wy, i) with i=1,2 in C' where K| = K1<Sl’32> >0:
P/ ((s1,52,1), (wi, w2, 1)) = P’ ({s1,52,2), (w1, w2,2)).

Proof. By assumption Kj > 0, and hence (as K1 < K3), K» > 0. We first consider the stutter-transi-
tions to the V-states. The total probability for (sq,s2,1) to move to (v1,s2,1) is:

P (s1,v1) P (s1,v1)
P’ 1 1) = =
({s1,52,1), (01,52, 1)) T I+ (/K> — DK,
Ky -P(si,v) Ky -Psg,on)

TK+10-K)K K +K—-K K
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This equals the probability for moving from (sy,s2,2) to (vy,s2,2),asfor0 < Kj < 1:

P(s,v) u P (s1,v1) (I - KpDK>
P’ ((s1,52,2), (v1,52,2)) = . = .
({s1,52,2), (v1,52,2)) - K 1+n —&  K+d-Kk
PGspo) K Ky -Pos,o)

TK+(-K)K,  Ki+K—K Ky

Note that the assumption v € V] implies ] # &, and hence, K| < 1. Similarly, the probability for
the auxiliary transition from (sy, s2, 1) to (s, v2, 1) coincides with the probability for (s1,s2,2) to move
to (s1,v2,2). Thus, for all v; € V] and v, € V5:

P’ ((s1,52,1), (v1,52,1)) = P’ ({s1,52,2), (v1,52,2)),

P’ ((s1,52,1), (51,02, 1)) = P"({51,52,2), (s1,12,2)).

Now consider the “visible” transitions to the U-states. The probability for (sq, s2,1) to move to state
(u1,uz,1) (Where u; € Uj;) is:
Ky - A(uy, u) Ky - A(uy, u2)
P/ b 91 9 b ’1 = = b
({s1,52,1), (w1, u2, 1)) T I+ (/K> — DK,
K- Ky A(u,up) Ky Ky - A(ug, up)
Ky + (1 — K»)Kj K+K —K - K

The probability for (s1,s2,2) to go to {(u,uz,2) (where u; € U and up € Uy) is:
_ Ky - A(uy, up) _ K> - A(uy,up)
1+ u 1+ (/K1 — DKy

KKy - A(u,up) Ky K - Aug, u)
Ki+(1—-KD)Ky K +K,—Ki-Ky

P'({s1,52,2), (u1,u2,2))

So, P’ ((s1,52, 1), (u1, u2,1)) = P’ ({s1,52,2), (u1,uz,2)). Note that implicitly U}, U, # & as we assumed
ur € Uyand up € Ur. Hence, K; > 0and K» > 0. [

According to the following result, the original CTMC C and its transformed variant C’ are weak
bisimilar (~.):

Lemma 59. For all s\, 52 in C with s13, 52 @ si ¢ (s1,82,1) for i=1,2.

Proof. Let R be the coarsest equivalence on S’ which identifies the states s; and (s1,s2,1). We show
that R is a weak bisimulation on C’. (Recall that C is a sub-CTMC of C.)

The labeling condition is clear. It remains to show the rate condition. For this, it suffices to prove
that for all equivalence classes C € S"/R:

(I) If s1, 52 € S with s; ¢ C and 513, 52 then R'(s1, C) = R/({s1,52,1),C).
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(I) If 51, 52 € S with s ¢ C and 513, s2 then R'(s2,C) = R'({s1,52,2), C).

We provide the proof of (I). (II) can be shown with similar arguments. As s; ¢ C and as R identifies
all states of the form (s1, w, 1) with s1, none of the states (s1, v, 1) belongs to C. Hence,

R'((s1,52,1),C)

= > Rsusal(uunl) + Y R((ss2.1), (v1,52,1)

ujeUupely v1EN
(uruz,1)eC (vis2.1)eC
= > Ki-Aww) + Y. P
ujeUpupely v1EN
(uruz,1)eC (v1.s2,1)eC
= Y Ki-Aw,w) + Y Psu)
ujeUINC nehnnc
uyels
= > K- Y Aw.w) + P(1VinC)
———— —
ureUiNC uyels
=R(s1,iNC)

=P (sp,un)=R(s,u1)

=R, UNC) + R, NC)

=R(s;,C) = R'(s1,0).

Recall that E(s;) = 1. Hence, R(s;,w) = P(s1,w). Moreover, R(s;,w) = R’(s;,w) for all states
weS. O

By the preservation result for CSL\x and ~ (cf. Theorem 53), the transformation from C to C’
leaves the probabilities for time-bounded until-formulae invariant:

Lemma 60. For all 51, s> in C with s1 3, 52
PrC(s;, 8US W) = PrC ((s1,50,1), BUS' ).
Due to this result, it suffices to establish
Pr (51,52, 1), U ) < Pr€ ((s1,5,2), U ),

in order to prove the obligation (9).

Remark. If K;~""27 > 0 for all 51,57 in C with s1 3, 52, we have (si,52,1) 3, (s1,52,2). This follows
from the observation that the relation

R = {((s1.2,1), (s1,52,2)) | s1,82 € S. 51, 52}
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is a strong simulation for C’ (provided that all K;’s are non-zero!). This can be seen as follows. The
labeling condition is obvious. A weight function for ({s1,s2, 1), {s1,52,2)) is obtained by

A((wr, wa, 1), (Wi, w2,2)) = P'({s1,52,1), (wi, w2, 1))

TP (1,52, 2), (w1, w2,2))

The rate condition was shown in Lemma 57. Hence, in this particular case, we may apply the pres-
ervation result for CSL-liveness formulae and strong simulation (cf. Theorem 55) to obtain that

PrC (51,2, 1), 0U ) < Pr€ ({51,52,2), 6U ).

However, as we allow for K;~"'"2” = 0, in general, state (s, s2, 1) does not strongly simulate (s, s2,2)

(we only have (s1,52,1) S, (s1,52,2)). Thus, we cannot simply apply Theorem 55 to prove the fol-
lowing lemma.

Lemma 61. For all sy, sy in C with s1 3, s2 and CSL\x-live formulae ® and ¥ such that Sat(®) and
Sat(¥) are upward-closed w.r.t. 3,

Pr% ((s1,52,1), BUS ¥) < PrC((s1,52,2), U ).

Proof. In essence, our argumentation is similar to the proof of Theorem 55. However, there are
some technical differences.

For s in C', let p(s,t,n) denotes the probability to reach a ¥-state via @-states within n (n > 0)
steps and time-bound ¢ from state s. And let

pls.t,00) = lim p(s,t,n) = Pré(s,oU~" ).
n— oo
Instead of proving p((s1,s2,1),2,1n) < p({(s1,s2,2),t,n) as in the proof of Theorem 55, we establish

pUs1,82,1),¢,n) < p((s1,52,2),t,00) (12)

for all states s, s in the original CTMC C with 513, s2. As in the proof of Theorem 55 the case
(s1,82,1) € Sat(P) \ Sat(¥) (for i=1,2) is of interest. The proof is by induction on x. The basis of
induction is clear, as

P(s1,52,1),2,0) = 0 < p({s1,52,2),1,00).
Consider the induction step n = n+1. We first consider the case where
Ky =K > 0.

Similar to the argumentation in the proof of Theorem 55, we first replace the faster state (s1,s2,2)
by a slower copy (s, 52,2, slow ) with total rate’

E'({s1,52,2,5low )) = E'({s1,52,1)) = 1+4

9 In the proof of Theorem 55 we did the converse and replaced the slower state by a faster copy, but this is not relevant.
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and, for all states w € S/,
P’ ((s1,52,2,slow),w) = P’'((s1,52,2),w).

As state (s1, 52, 2, slow) is slower than (sq, 52, 2) (but has the same transition probabilities), we obtain:
pl(s1,82,2,slow),t,00) < p({s1,52,2),t,00).

The induction hypothesis yields that

p(<S130251>5y5n) < p((S171)23 ) y’w))
p(<v15S291>5y,n) < p((UhSz: ) y’w))
put,uz, 1), y,n) < p({ur,u,2), y,00)

for any real number y > 0 andstatesv; € ¥1,v» € V> and all statesu; € Uy, upr € Up where A(uy, uz) >
0. Hence, we get:

p{s1,52,2),t,00)
> p({s1,52,2, slow), t, 00)

= Z E'((s1,52,2,slow)) ‘P’ ({s1,52,2),w) - f Y p, 1—x, 00) dx
wesS’ 1+)\.

= 3 A P ((s1,52,2), (01,52,2)) - / eI (01, 5,2), 1—x,00) dx

neli =P/ ({s1.52.1),(0152.1) Fpos e
£ Y 00 Pl 22 [ e o iro0) d
=14 —P/((s1.50.1).(s1.02.1)) > p({s1,02,1),t—x,n)

+ ) A+ 2 P ((51,52,2), (w1, u2,2)) - f eI p(ur,u, 2),1—x,00) dx

U
urel; =P/({s1.52.1),(u.02.1) >t )t —x)

> 37 (42 P (51521, (01,52, 1)) - f e~ p((01,55,1), 1—x,m) dx

viEN

3 A )P st 1), (o100, 1) - / eI (51,0, 1), —x,m) dx

Vel

t
+ Z (1 + )") N P/(<S15S2a 1): (M],Mz, 1)) ° / e_(1+)h)x . p((ula up, 1>3t_xa n) d-x

upely 0

u el

= p((s1,52, 1), t,n+1).
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It remains to discuss the case K| = KI(S"SZ) = 0. Then, we have A = 0, U; = @ and Post(s;) = .
Hence,

E'((s1,52,1)) = L (13)
Moreover, we obtain by the induction hypothesis and by Lemma 60:

ind. hypo.
p({v1,52,1),¢,n) < p((v,82,2),1,00)

Lemma 60
= p(s2,t,00).

Therefore:
p{s1,82,1),6,n+ 1)

13) (! Z
(:) f P/(<S15525 1)3 <UlaS251>) ‘ e_x : p((Ul,Sz, 1>,t,l’l) dx
N——

(U
ueh < p(sz,t,00), see above

t
< [ X Plusab. st e poat. o) dn
0

veN

vieN

t
= pls2,1,00) - P/((Sl,sz,l),(m,Sz,l))-/ e dx
L

— _ a—t
—=1,as ¥ = Post(s)) =1-e

= p(S23 [a OO) : (1 - e_t

< p(s2,t,00)

Lemma 60 o\ 55.2),1,00).

With n — oo in (12) we get the desired result. [
Combining Lemma 61 and Lemma 60 yields the claim (9):

Lemma 62. Let @ and ¥ be CSL\ x-formulae such that Sat(®) and Sat(¥) are upward-closed wrt. 3.
Then, for all sy and s> in C :

S13c 52 implies  Pr(s;, U™ W) < Pr(sz, U™ ¥).
Proof. Using the results above and defined transformations we derive:

PrC (s, oUS W)

Lemma 60 p ¢ (¢ o 1y, o U< w)
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Lemma 61 c <t
< Pr™ ((s1,52,2), U™ V)

Lemma 60 pc o pu<twy. O

Lemma 62 completes the proof of Theorem 56.

Theorem 63. For any FPS:3,; € 3 and 3; < 30

RIPCTL\ X ~pcrny

Proof. (Sketch). As for the continuous case, it suffices to show for sy, 57 in FPS D:
5134 s2 implies Pr(s;, @U V) < Pr(sy, @U V),

provided that @ and ¥ are PCTL, xy-formulae with upward-closed satisfaction sets w.r.t. .
Note that the approach for proving the correspondence between =, and .. (cf. Theorem 54)
does not work as — in analogy to Remark 4.6 — it is possible that

if 513, 52 then p(s1,n) > p(s2,n),

where p(s,n) denotes the probability for paths of length at most » starting in s that fulfill @/ .

Instead, we use an argument similar to that for establishing the relation between 3. and g@;’L\X.

More precisely, we modify D = (S, P, L) into the FPS D’ = (§',P’,L’) that is “state-wise” weakly
bisimilar to D such that for the copies s/, s, of the states s; and s; in D:

S134 52 implies pD/ (s}, n) < pD/ (s5, 7).
The transformation from D into D’ is similar to the transformation for CTMCs used before. Let
S = {(s1.s2,0) : sus2 €S, 513452, ) x (1,2} U S,

where (s1,52, i) can be viewed as a copy of s;. L' is defined as in the continuous case, i.e., L' ({s1,52,1)) =
L(s;). The probability matrix P’ of D’ is obtained as follows. Let s1,52 € D with 515, 2. Assume
that U;, V;, K;, A are the components as in Definition 34 with R =3,;. For K = 0, all successors of
s1 belong to ¥]. Hence, all states in Post(s;) are simulated by s». In this case, no real modification is
needed and we put

P'({s1,52,1), (v1,52,1)) = P(sp,v1) and P'({s1,52,2), (s1,w,2)) = P(s2,w)

for all states v; € 7] and w € Post(sy) and P’({s1,s2,i),-) = 0 in the remaining cases. The definition
for K = 0 is similar and omitted here.

Now consider K] > 0 and K7 > 0. As before, to simplify matters, let §; be the characteristic
function of U; (i.c., any successor state of s; either belongs to U; or to V;). Let
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K> K
H=(0-K) — d M =010-K) —
( 1) I an ( 2) %

and forvy € V5, v € and uy € U, up € Us:

P(s1,v1)
P/ ({s1,52,1), (v1,52,1)) = 1+1Ml ,
A(uy,up)
P’ 1 M=K - —
((s1,52, 1), (u1,u2, 1)) U
M P(s7,1v0)
P’ 1 1)) = . .
((s1,82, 1), (s1,02,1)) M 1-&

The transition probabilities for state (s, s2,2) are defined similarly. Then,

POLD nd Prsis2), 1) = D62

P’ ,1) = = .
((s1,852,1), L) Y T+

We now have:

P’ ((s1,52,1), (s1,02,1)) = P’ ({s1,52,2), (s1,02,2))
P'({s1,52,1), (v1,52,1)) = P’ ({s1,52,2), (v1,52,2))
nP’ ((s1,52,1), (w1, u2, 1)) = P’ ({s1,52,2), (u1,u2,2)).

Moreover, state s; is weakly bisimilar to state (sy,s2,7). Hence, by Theorem 50:
Prl(si, U Y) = Pr2 ((s1,52,1), dU P).

The rest of the argument is similar to the the proof of Theorem 56 and is omitted here. [

5. Summary and conclusions

This section summarizes the main results in this paper and concludes.

5.1. The branching-time spectrum

Summarizing the results obtained and summarized in this paper yields the three-dimensional
spectrum of branching-time relations for Markov chains as depicted as follows:
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=PCTL =PCTL\ x
- - P 7
=CSL . _Ll_l________ =0SIn%
~d [P
- sl e
~ec - ———_d oo ____C T e -
1 -1
‘ \ Sanz | RaNZq
Pl - -7
-1 - .~
/'5(3 m jc - - - - - - = — e - -~ ,_éc m éc
|
I Ja ;\,d
I -7 B
1 _ -7 - i
1 ‘ - - _ - -
jc - - - - - - - \V ————————— éc -
?
P o - -
JosL - - - Nommmmm - éCSL\X

All strong bisimulation relations are clearly contained within their weak variants, i.e., ~¢y C &4 and
~¢ C =,. The plane in the “front” (black arrows) represents the continuous-time setting, whereas
the plane in the “back” (light blue or gray arrows) represents the discrete-time setting. Arrows
connecting the two planes (red or dark gray) relate CTMCs and their embedded DTMCs.R —> R’
means that R is finer than R’, while R /— R’ means that R is not finer than R’. The dashed arrows
in the continuous setting refer to uniformized CTMCs, i.e., if there is a dashed arrow from R to
R’, R is finer than R’ for uniformized CTMCs. In the discrete-time setting the dashed arrows re-
fer to DTMCs without absorbing states. Note that these models are obtained as embeddings of
uniformized CTMC:s (except for the pathological CTMC where all exit rates are 0, in which case
all relations in the picture agree). If a solid arrow is labeled with a question mark, we claim the
result, but have no proof (yet). For negated dashed arrows with a question mark, we claim that the
implication does not hold even for uniformized CTMCs (respectively DTMCs without absorbing
states). The only difference between the discrete and continuous setting is that weak and strong
bisimulation equivalence agree for uniformized CTMCs, but not for DTMCs without absorbing
states.

Remark. The weak bisimulation proposed in [3] is strictly coarser than ~,4, and thus does not
preserve =pctL,y- The ordinary, non-probabilistic branching-time spectrum is more diverse, be-
cause there are many different weak bisimulation-style equivalences [30]. In the setting considered
here, the spectrum spanned by Milner-style observational equivalence and branching bisimula-
tion equivalence collapses to a single “weak bisimulation equivalence” [9]. Another difference
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is that for ordinary transition systems, simulation equivalence is strictly coarser than bisimula-
tion equivalence. Further, in this non-probabilistic setting weak relations have to be augmented
with aspects of divergence to obtain a logical characterization by CTL\ x [21]. In the probabilis-
tic setting, divergence occurs with probability 0 or 1, and does not need any distinguished treat-
ment.

Decision algorithms. For the sake of completeness, we briefly summarize the various decision
algorithms that exist for the (bi)simulation relations considered here. Checking strong bisimula-
tion on Markov chains can be done in time O(m-logn), where n is the number of states and m is
the number of transitions [22]. This algorithm can also be employed for ~. In the discrete-time
case, checking ~4 takes O(m-logn) time [40], whereas ~, take O(n’) time [9]. The computation
of =, can be reduced to a maximum flow problem [7] and has a worst case time complexity of
O((m-n®4m?-n)/ log n). The same technique can be applied for computing 2. A polynomial-time
algorithm for computing 3. (and ) of a finite-state Markov chain was recently presented in [10].
The crux of this algorithm is to consider the check whether a state weakly simulates another one as
a linear programming problem.

5.2. Concluding remarks

This paper has explored the spectrum of strong and weak (bi)simulation relations for countable
fully probabilistic systems as well as continuous-time Markov chains. Based on a cascade of defini-
tions in a uniform style, we have studied strong and weak (bi)simulations, and have provided logical
characterizations in terms of fragments of PCTL and CSL. The definitions of the (bi)simulation
relations have three ingredients: (1) a condition on the labeling of states with atomic propositions,
(2) a time-abstract condition on the probabilistic behaviour, and (3) a model-dependent condition:
a rate condition for CTMCs (on the exit rates in the strong case, and on the total rates of “visible”
moves in the weak case), and a reachability condition on the “visible” moves in the weak FPS case.
The strong FPS case does not require a third condition.

As the rate conditions imply the corresponding reachability condition, the “continuous” relations
are finer than their “discrete” counterparts, and the continuous-time setting excludes the possibility
to abstract from stuttering occurring with probability one.!® While weak bisimulation in CTMCs
(and FPSs) is a rather fine notion, it is the best abstraction preserving all properties that can be
specified in CSL (PCTL) without next.

Issues for future work are the extension of this comparative semantics study towards models that
exhibit both non-determinism and probabilities. As the models (and the (bi)simulation relations)
in this setting are more diverse, this is non-trivial. Initial attempts towards such comparative stud-
ies can be found in [55] that compare simple probabilistic automata and alternating probabilistic
transition systems. Another topic for future work is to complete the branching-time spectrum for

: : : : . _< : : : _<m/e _<li|:u
Markov chains by proving the following conjectures: 33, coincides with Srcri and Srcriy and
= . : . L safe —live
= coincides with Sestyy and Sesy

10 In process-algebraic terminology, the reachability condition guarantees the law 7.P = P for FPS. This law cannot
hold for CTMCs due to the advance of time while stuttering (performing ).
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