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ABSTRACT

Topological relationships between objects in space areedtgmportance in many
disciplines. Due to the lack of local topological infornmatibetween components,
i.e. faces, in the model of topological relationships b&meomplex regions, re-
cently, localized topological relationshiphave been defined for complex regions
based on the relationships between simple regions witrshblewever, unlike for
simple regions, topological relationships between simnmptgon with holes are not
widely implemented. Therefore, in this paper, we proposapproach to derive
topological relationships between simple regions withekdbased on well known
topological relationships between the simple regions as tomponents. This will
allow localized topological predicates between complegyames to be implemented
using only topological relationships between simple regid-urthermore, localized
topological predicates between complex regions can betosesplement topolog-
ical relationships between complex regions. Therefoiie Work allows topological
relationships between complex regions to be implementetyumnly topological
relationships between simple regions.

1 INTRODUCTION

The exploration of relationships between spatial objecamiimportant topic in fields
such as artificial intelligence, robotics, VLSI designgilinstics, CAD, and GIS. Ob-
ject relationships can be used not only to gain informatlmoua the objects involved
but also for inferring new, non-explicit information as Wat creating fast access
and indexing structures in spatial databases. Specifidajpplogical relationships
have been the focus of extensive research for a long time.rékearch includes the
design of models of topological relationships betweenyales of spatial objects as
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well as related topics like the exploration of topologiaahtionships as a reasoning
tool.

Models for topological relationships have predominantnsideredsimplespatial
data types. A simple point object is defined as a single paioofdinates, a simple
line object is given as a non self-intersecting connectede;land a simple region
object is represented as an areal object topologicallyvatpnt to a closed disc. A
well-known model that defines the topological relationshiptween simple spatial
objects is the 9-intersection model (9IM). The commonlywnaet of eight topolog-
ical relationships originally defined by the 9IM between gieregions includes the
relationshipsoverlap meet inside contains coveredBycovers equal anddisjoint.
This model was then extended to support topological redatigps betweenomplex
spatial types. Roughly, a complex point is defined by a setspbicit simple points.
A complex line is composed of a set of blocks of connected Enipes. A complex
region is defined as a set of one or more faces, each possiigicmg holes.

The application of the 9IM to complex spatial data types laésed awareness of the
global nature of the 9IM. That is, the 9IM considers the ilmeexterior, and bound-
ary point sets of the whole objects, and ignores the factahiaiplex spatial objects
are composed of individual and separate components. Asult,resal topologi-
cal information regarding the relationship between irdiil components from each
object is lost. Recently, this problem has been addresseddh the introduction of
localized topological relationshimodels, which are able to represent the topolog-
ical relationships between components of complex regianghybrid topological
relationshipmodels, which can represent both the global and local tgpcddrela-
tionships between complex regions (McKenney et al., 2Q8@)vever, these models
are based upon topological relationships betwsemple regions with holes data
type which is not typically implemented in spatial databsgstems. Furthermore,
the complete set of topological relationships between dexngegions is currently
not implemented in any commercial spatial database syskéuos, the integration
of local and hybrid topological relationship models, ashaslthe global topological
relationships cannot be fully utilized in spatial systernthas time.

Although the complete set of topological relationshipsatestn complex regions,
local topological predicates, and hybrid topological fcates are not fully imple-
mented in commercial systems, implementations of the weiln eight topological
relationships between simple regions are commonly availdtnerefore, the overall
goal of this paper is to develop a method by which the topclgiredicates between
complex regions can be characterized using only the eigitlégical predicates
between simple regions. It has been shown that topologétationships between
complex regions can be defined based on topological rekitipa between simple
regions with holes using the localized topological relasioip model. In this pa-
per, we achieve this goal by developing a method by whichltgpcal relationships
between simple regions with holes can be defined based ofotppal predicates
between simple regions. Such a method will allow localizggbtogical relation-
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ships between complex regions to be directly implementedpof any system that
provides the topological predicates between simple region

The remainder of this paper is structured as follows: SacZiantroduces related
work. Section 3 demonstrates our concept of identifyingotogical relationships
between simple regions with holes using topological reteghips between simple
regions. Finally, Section 4 gives conclusions and discufigere work.

2 RELATED WORK

In this section, we consider previous works on spatial dadaets including the
definition of different types of regions as well as the 9-ingetion model which
characterizes the topological relationships between them

exterior J
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Fig. 1. A simple region (a), a simple region with holes (b), and a clempegion (c).

As defined in Egenhofer and Franzosa (1991); Schneider ahd(Be06), a region

consists of the interior, the boundary and the exterior fpegts. Based on this defi-
nition, Figure 1 illustrates the differences between tipsat sets. A simple region
(e.g. Egenhofer et al., 1989) is an areal object topololyieguivalent to a closed
disk (Figure 1a). A simple region with holes (e.g. Egenhefieal., 1994) is made
up of an outer polygon denoting its outer boundary and zeronare hole polygons

representing its holes (Figure 1b). All holes must be cotepleontained within the

outer polygon and can share a finite number of boundary puwittitsthe outer cycle

and with other holes. A complex region (e.g. Schneider arid B206) is composed
of faces where each face is a simple region with holes (Figjcye

Topological relationships between spatial objects carefieed by the 9-intersection
model (e.g. Egenhofer and Franzosa, 1991; Egenhofer amohBler990) by evaluat-
ing the non-emptiness of the intersection between all coathins of the interior),
boundary §) and exterior () of the objects involved. A & 3 matrix with Boolean
value elements, as illustrated in Figure 2, describes theldgical relationship be-
tween each pair of spatial objects. Table 1 shows the 8 tgpmbrelationships
between simple regions.

Originally defined for simple regions, the 9IM has been edé&zhto handle simple
regions with holes (e.g. Egenhofer et al., 1994), and compleatial objects
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Table 1. The 8 topological relationships between simple regions.

(e.g. Clementini and Di Felice, 1996; Schneider and Beh0620The model in
Egenhofer et al. (1994) characterizes the topologicaltiogighips between two
simple regions with holes as the conjunction of topologre¢htionships between
their underlying simple regions (each of the outer cycles the holes is consid-
ered a simple region). For two simple regions with hofeand B with n andm
holes respectively, a matrix ¢h+ 1)(m+ 1) elements represents the topological
relationship betweer and B. This means that under this model, the number of
topological relationships between two simple regions \uittes is dependent on the
number of holes in each region, resulting in an arbitrary berrof relationships.
A similar approach between composite regions can be four@lémentini et al.
(1995). To avoid having an infinite set of valid topologicelationships, the finite
set of topological relationships between simple regiortk Woles based on the 9IM
that is independent of the number of holes in each object kas lentified in
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100 100 111 111 111 111
110 110 001 010 011 100
101 111 001 001 001 111
holeCoveredBy | coveredBy contains holeCovers covers insideOverfill
111 111 111 111 111 111
101 101 110 110 111 111
101 111 101 111 101 111
containsOverfill | insideContaing coversCoveredBy coversOverfill | coveredByOverfill  overlap

Table 2. The 18 topological predicates between simple regions vatbsh
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McKenney et al. (2007). This set consists of 18 topologietdtionships as shown
in Table 2. These relationships are used to define a modelptieservedocal
topological relationshipdbetween complex regions while still maintaining global
information. However, the approach assumes that an impitatien of topological
relationships between simple regions with holes existgirtis out that this is not
the case in many of today’s spatial database managemeetss/stherefore, in this
paper, we introduce a method for deriving the relationshigisveen simple regions
with holes from using only the relationships between thederlying simple regions.

ANB 4@ A°NB#A2 A°NB™ £
0ANB° £ @ 0ANOB# @ JANB™ £ o
A NB A0 A NIBLTA NB £0

Fig. 2. The 9-intersection matrix for topological relationships.

3 CONSTRUCTING TOPOLOGICAL RELATIONSHIPS
BETWEEN SIMPLE REGIONS WITH HOLES

As stated in Section 2, a simple region with holes is congdiof an outer cycle
and finitely many hole cycles. Each of these cycles definebdhadary of a simple
region. Our approach to deriving topological relationshigtween simple regions
with holesA andB is to discover the individual entries of the 9IM depicting th
topological relationship betweehandB by examining the interactions of the indi-
vidual cycles ofA with the cycles oB. We then show how such interactions can be
discovered using topological predicates between simg®mns. This allows us to
characterize a topological relationship between simgiéres with holes (Table 2)
using only topological predicates between simple regidable 1).

As a matter of notation, we indicate the 9IM representingdipelogical relationship
between two simple regions with holésandB asM ). Furthermore, we indicate
the matrix entry corresponding to whether or not the interiof the objects inter-
sect asM (s g)°°, the entry corresponding to whether or not the interioA@ind the
boundary oB intersect ad( g)°9, etc. We use the notationgA) andi (A) to indi-
cate the set of simple regions formed by the outer cycle ataldyzles of a simple
region with holesA, respectively. Note thab(A) is a singleton set since a simple
region with holes has a single outer cycle. Thesureof a simple region with holes
Ais denoted aé and is defined as the union of the boundary and interidx. of

Given two simple regions with holes andB, we must now show how to determine
the values for the entries iNl4 ). Here, we only need to characterize the value
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for entriesM(ag)°°, M(ag)°0, M(ag)° " M(aB)00, andMag)0~. This is because
Mg is always true and the ch_aracterlzatlon of enthkg g)0°, Map) °, _and
M(ag) 0is the same as that of entribka g)°0, M(ag)°, andMa g)0~ respectively
with A andB swapped. In order to determine the entried/of g), we make several
observations about the interactions of the components ofsimple regions with
holesA andB:

Observation 1 The interiors ofA andB intersect if the interiors of their outer cycles
intersect, unless one of the outer cycles is completelyaioed in a hole of the
opposing region. As an example, consider Figure 3. Thistilies the case when the
interiors of two simple regions with holes do not intersesgen though the interiors
of the simple regions defined by their outer cycles do intgrse

Observation 2 The interior ofA intersects the boundary & if the simple region
representing any hole or outer cycle fr@rintersects the interior of the outer cycle
of A and that region is not completely contained in a holé.of

Observation 3 The interior of A intersects the exterior d if the interior of the
outer cycle ofA intersects the exterior of the outer cycle®br the interior of the
simple region representing any hole cycleBff this hole of B is not completely
contained in a hole of\ (Note that the interior of the simple region representing a
hole cycle in a simple region with holes represents the mxtef the simple region
with holes).

Observation 4 The boundaries of two simple regions with holes interse¢hé
boundaries of any of their cycles intersect.

Observation 5 The boundary oA intersects the exterior & if the boundary of the
outer cycle ofA intersects the exterior of the outer cycleBfor if the boundary of
any cycle fromA intersects the interior of a simple region representingla bygcle
of B.

We state Observations 1 - 5 formally in Theorem 1.

Fig. 3. Two simple regions with holes.
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Theorem 1.Let A and B be two simple regions with holes. The values ofesnin
the 9IM describing their topological relationship can beitten as:
(i) Mg = (3c€ w(A),3d € w(B)[c°Nd° # @)
A =(Fce w(A),3he1(B)[cCh)
A =(3j €1(A),3d € w(B)|d C T])
(i) Map)°0=(Jce w(A),3d € w(B)UI(B)[c°Nnad # @)
A =(3hei(A),3d e w(B)|d C h°)
(iii) M(ap)°~ = (3c € w(A),3d € W(B)|c°Nd~ # 2)
V (Jce w(A),3j €1(B),Yhe(A)c°Nj°#a A JZh)
(iv) M(ap)00=3c € w(A)UL(A),3d € w(B)UI(B)|ocnad # @
(V) Mapg)0 = (Jce w(A)UI(A),3d € w(B)[dcnd™ # @)
V (3c € w(A)UI(A),Fh e 1(B)|ocnh® # &)

Proof.

(i) The interiors of two simple regions with holes can only istst if the sim-
ple regions represented by their outer cycles interseotveder, because holes are
allowed in simple regions with holes and the interior of ag®region representing
a hole is part of the exterior of the simple region with hotasn the interiors of two
simple regions with holes cannot intersect if one outereigtompletely contained
in a hole of the opposing region. This follows from the defaritof simple regions
with holes stating that a simple region with holes containy a single outer cycle.
Therefore, the interior of a hole is entirely part of the eixteof the simple region
with holes.

(ii) Note that the boundary of a simple region with holes consistee bound-
aries of both the outer cycle and the hole cycles. This is imrest to the interior of a
simple region with holes which consists of the differencthefinterior of the simple
region representing the outer cycle, and the interiorsldfimlple regions represent-
ing hole cycles. Therefore, if the boundary of a simple reg&presenting either an
outer or hole cycle fronB intersects the interior of the outer cycle Af then the
boundary oB intersects the interior &k unless one special case occurs. This special
case is whemB is a subset of the interior of a hole #& In other words, if the outer
cycle of B is completely contained in the interior of a simple regiopresenting a
hole in A, then the boundary d8 cannot intersecA. Note that it is impossible for
the intersection of the boundaryBfand the interior oA to be completely contained
in more than one hole & since this would either require two holes to meet along
a boundary, or for the holes to connect as to form a secondfageboth of which
are prohibited by the definition of simple regions with holes

(iii ) If the interior of the simple region defined by the outer cyafé intersects
the exterior of the simple region defined by the outer cyclB,dhen the boundary
of Alintersects the exterior &. This follows from the definition of simple regions.
Furthermore, the interior oA intersects the exterior d8. This follows from the
fact that if the boundary of a simple region with holes inéets the exterior of a
second simple region with holes, the interior of the first@d@nregion with holes
must also intersect the exterior of the second region witbsh@McKenney et al.,
2007). Alternatively, the interior of the simple region defil by the outer cycle &
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can intersect the interior of a hole Bf However, if that hole is completely contained
in a hole ofA, then the interior oA will not intersect the exterior dB.

(iv) The boundary of a simple region with holes consists of thendaues of all
the outer cycles and the hole cycles of the region. Thergifaitee boundary of any
cycle of a simple region with holes intersects the bound&ang cycle of a second
simple region with holes, then the boundaries of the twoargjintersect. There are
no special cases for boundaries of hole cycles or outergycle

(v) The boundary oA intersects the exterior & if the boundary of any cycle in
A intersects the exterior of the simple region defined by thterozycle ofB, or the
interior of the simple region defined by any hole cycleBofThis follows from the
fact that the exterior of a simple region with holes consi$thie exterior of the sim-
ple region defined by its outer cycle and the interiors ofiatide regions defined by
its hole cycles, and the fact that the boundary of a simpl®negith holes consists
of the boundaries of all cycles in the region. m|

At this point, we can determine the 9IM, and hence the topoldgelationship, be-
tween two simple regions with holes by examining the intéoas of the simple
regions defined by their outer and hole cycles. However, tda of this paper is to
characterize these topological relationships by usingltagical predicates between
simple regions. We now define a method to do this. By examiiingorem 1, it

is clear that we need to know all interactions between thelgimegions defined
by all cycles of two simple regions with holésandB in order to determine their
9IM. Therefore, we must represent the topological predi#tat hold between the
simple regions that define the outer cyclesfodind B, hole cycles ofA andB, the
outer cycle ofA and all hole cycles 0B, and the outer cycle d and all hole cycles

A. If this information is known, then (based on the 9IMs betwsanple regions)
we can directly determine the values for pdits (ii), (iv), and(v) from Theorem

1. This follows from the fact that each of these parts is defin@sed on the exis-
tence or non-existence of certain predicates holding betwmirs of components
from two simple regions with holes. However, knowing whiategicates hold be-
tween the above combinations is insufficient to determieevidue for pariii ) of
Theorem 1. This is because the second part of the conjuneeprires knowledge
of the existence of a certain topological configuration keswthree components of
simple regions with holes (namely that there exists a hotenm simple region with
holes that is contained in the interior of the outer cycle seaond simple region
with holes, and is not contained in a hole of the second simgg@n with holes).
Therefore, in order to determine the topological relatiopdetween two simple re-
gions with holesA andB based on topological predicates between simple regions,
we must discover all the topological predicates that hotaben the simple regions
representing the outer cycles fraandB, the outer cycle fronA and all hole cycles
from B, the outer cycle fronB and all hole cycles fromd, and all hole cycles from

A and all hole cycles fronB. Furthermore, we must indicate whether the special
situation in part(iii ) of Theorem 1 holds. Thus, we characterize a topologicat rela
tionship between two simple regions with holes asbaponent based topological
relationship(CBTR), which consists of four sets of topological predésatcontain-
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ing all topological predicates that exist between the otele of one region and the
outer cycle of the other, the outer cycle of one region antdda# cycles of the other,
etc, and two boolean values indicating whether the speitigdt®n for part(iii ) of
Theorem 1 holds between ea8randB and betwee andA. We formally define
the CBTR between two simple regions with holes as:

Definition 1. Let A and B be two simple regions with holes ang; Be the set of
topological predicates between simple regions. The CBaRdbscribes their topo-
logical relationship is a six-tuple CBTR (OO, OH,HO,HH, Byno,Bonn) defined

as:
OO0 = {pePsgice w(A),3d € w(B) : p(c,d)}
OH = {pe Psg3ce w(A),3j €1(B): p(c,j)}
HO={pePsrahe1(A),3d € w(B): p(h,d)}
HH = {pe Psg3he1(A),3j € 1(B): p(h,j)}
Bonn = (3 € 1(B),3h € 1(A),Ic € w(A) : (equalj,c)
V coveredByj,c) V insid€gj,c))
A —(equalj,h) v coveredByj,h),insidej,h)))
Buho = (3h e 1(A),3j €1(B),3d € w(B) : (equalh,d)
Vv coveredByh,d) V insidgh,d))
A =(equalh, j) v coveredByh, j),insideh, j)))

We are now able to compute a CBTR between any two simple regiith holes by
using only topological relationships between simple regid-urthermore, because
the topological relationships between simple regions am, it is clear that given
a CBTR between two simple regions with holes, we can derieeSiivl between
simple regions with holes from it based on Theorem 1. To ds thé need to con-
vert our characterizations in Theorem 1 such that each dadritrées is defined based
on topological relationships between simple regions. {sie 9IM of the 8 topo-
logical relationships between simple regions (Table 1) Hmebrem 1, we obtain the
following characterization of the 9IM entries for simpleyien with holes.

Corollary 1. Let A and B be two simple regions with holes. Let p be a topotbgi
relationship between simple regions. We denase (B, B), por(A,B), pro(A,B),
and pyn (A, B) as the topological relationship between the outer cycles ahd B,
the outer cycle of A and a hole of B, a hole of A and the outerecytB, and a hole
of A and a hole of B respectively. The values of the entridsar®tM describing the
topological relationship between A and B can now be written a
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(i) Map)°°= (equabo(A,B) V insideno(A,B) Vv coveredByo(A,B)
V containgo(A,B) Vv covergo(A,B) v overlapo(A, B))
A —equabn(A,B) A —insideon (A,B) A —coveredByn (A, B)
A —equako(A,B) A —containgio(A,B) A —coversio(A,B)
(i) M(ap)°0= ((containgo(A,B) Vv coverso(A,B) v overlapo(A,B))
A —equaho(A,B) A —containsio(A,B) A —coversio(A,B))
V ((containgH(A,B) V covergn(A,B) v overlapon(A,B))
A —equahn (A,B) A —containgiy (A,B) A —coversin (A, B))
(iii) M(ag)°~=disjointoo(A, B) V meebo(A,B) Vv containgo(A,B)
V covergo(A,B) Vv overlapo(A,B) V Bonn
(iv) M(ag)00= meebo(A,B) vV equabo(A,B) v coveredByo(A,B)
V covergo(A,B) v overlapo(A,B) V meepn (A, B)
Vv equabp(A,B) V coveredBygn(A,B) V coversy(A,B)
V overlapn(A,B) V meetio(A B) Vv equako(A,B)
V coveredBpo(A,B) V coversio(A,B) V overlapio(A,B)
V meetin (A,B) vV equahn (A,B) Vv coveredByn (A, B)
V coversiy (A,B) Vv overlapyn (A, B)
(V) M(ap)0~ = disjointoo(A,B) vV meepo(A,B) v containgo(A, B)
V covergo(A,B) Vv overlapo(A,B) V disjointyo(A,B)
V meetio(A,B) V containgio(A,B) V covergio(A,B)
Vv overlapio(A,B) V insideon(A,B) v coveredByy (A, B)
Vv overlapn(A,B) V insideyq (A,B) Vv coveredByn (A, B)
V overlapin (A, B)

Given any valid configuration of two simple regions with hol& and B, we
can compute their CBTR and determine the 9IM representirg rétationship
between them using Corollary 1. For example, consider twipkd regions with
holesA and B as shown in Figure 4B has a single hole covered Wy which
has no hole. The CBTR for this scene can be computed by usiggaeail-
able implementation of topological relationships betwesmple regions. We
obtain CBTRA,B) = ({inside}, {covers, o, o, true, false. By applying this
CBTR to Corollary 1, we obtaiiVia g)°°= true; Ma g)°0=true; M(ag)° = true;
Mag)0°=true; M g)00=true; Ma g)0~ = falsg M(pg) " °=true; M(a g, 9=true;
andMag)~ = true. The 9IM corresponding to the above value of these entries
is exactly the same as the 9IM fooversOverfillshown in Table 2. Therefore, the
topological relationship between simple regions with B#leandB is identified as

coversOverfill

Fig. 4. A simple region with one hole B (light) and a simple regiontwib hole A (dark) with
their shared part shaded the darkest.
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4 CONCLUSIONS

Although there has been a large amount of research in mgdelological relation-
ships between regions with holes and complex regions, tpéeementation of these
relationships is generally not as widely available as ttigpological relationships
between simple regions. In this paper, we have shown how wdedve topological
relationships between simple regions with holes using togplogical relationships
between simple regions. This opens up the possibility afgitie simpler and more
straight forward implementation of topological relatibis between simple regions
as the basis for implementing topological relationshipgs/een simple regions with
holes as well as more complex topological relationship$ saglocal and hybrid
topological relationships between complex regions.
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