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Abstract
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1 Introduction

Graphpartitioningis a vital pre-processingtepfor mary large-scaleapplicationghatare solved
on parallelcomputingplatforms. Over the yearsthe graphpartitioningproblemhasrecevedalot
of attention[3, 12, 5, 1, 2, 7,10, 11, 14, 1518, 19, 23,20]. Despitethe succes®f the existing
algorithms,recentadwvancesin scienceandtechnologydemandthat new issuesbe addressedh
orderfor the partitioningalgorithmsto be effective.

The Grid infrastructurg9, 4] seemso be a promisingviable solutionfor satisfyingthe everin-
creasingneedfor computationapower at an affordablecost. Metacomputingervironmentscom-
bine hostsfrom multiple administratve domainsvia transnationabndworld-wide networks into
a single computationakesource. Even thoughmessageassingis supportedwith someimple-
mentationof MPI [8], thereis no supportfor computationatlatapartitioningandload balancing.
Evenonasmallerscale clustersof PCshave becomea popularalternatve for runningdistributed
applications.Thecosteffectivenesof addingnewn, andmorepowerful nodego anexisting cluster
andthereforeincreasingthe clusterpotential,is an appealingsolutionto a lot of institutionsand
researchersWe canclearly seethat upcomingtechnologieshave introduceda totally new class
of architecturabystemghatarevery heterogeneous termsof computationapower andnetwork
connectvity.

Most of the graphpatrtitioningalgorithmsmentionedabove computea datapartitioningthatis
suitablefor homogeneougrvironmentsonly. Recentlytherehasbeensomework on partition-
ing for heterogeneouarchitecturesnamelyPaGrid [16, 24], JOSTLE[22], MiniMax [21], and
DRUM [6]. In [16] the multilevel paradigmis implementedanda quadraticassignmenproblem
is solved for theinitial partitioning, followed by a refinementhat aims at reducingthe commu-
nicationcostor the executiontime of the application. Following a differentdirection,in [24] the
initial partitioningis donearbitrarily, followed by a refinementthat aimsat reducingthe sum of
the executiontimes, over all the processorsJOSTLEdoesnot take into accountcomputational
heterogeneitylt solvesa quadraticassignmenproblemfor the initial partitioningandminimizes
somefunction of the total communicatiorcost, without balancingcommunicatiorcostsbetween
individual partitionsthough.MiniMax usesghemultilevel approachtrying to minimizethe execu-
tion time of the application.To accountfor communicationa modifiedfunction of thetraditional
edgecutmetric is used. For the initial partitioninga graphgrowing algorithmis used. Finally,
DRUM monitorsthe hardwareresourcesndencapsulateall theinformationabouta processom
a singlescalarform. This scalarcanbe givenasinputto ary of the traditionalgraphpartitioning
algorithmsto guideloadbalancing.

In the context of thewidely usedMEIS [17] library we have developedgraphpartitioningalgo-
rithmsfor partitioningmeshes/graphsnto heterogeneouarchitecturesOur algorithmsallow full
heterogeneityn both the computationaland the communicatiorresources.Unlike all the algo-
rithms describedn the previous paragraphye do not usethe notion of edgecutwhenestimating
our communication.Instead,we usea more accuratanodelto describethe communicationvol-
ume. We alsoavoid solving the expensve andunscalablegquadraticassignmenproblem,andwe
do notenforcea densgorocesscto-processocommunication.



Theremaindetrof this paperis organizedasfollows. Section2.1 discusseshe modelingof the
computationalherkloadgraph.In Section2.2 we describehe heterogeneouarchitecturesystem
model.In Section3 we describeour proposedalgorithms.Section4 presents setof experimental
resultsandcomparisonsFinally Section5 providessomeconcludingremarks.

2 Problem Modeling

The majority of multilevel graph partitioning problemformulationshave primarily focusedon
edgecubasedmodelsandhave tried to optimize edgecubasedobjectves. However, it is impor-
tantto notethatthe edgecuimetricis only anapproximationof the total communicatiorvolume
incurredby parallelprocessing13]. This is becausehe actualcommunicatiornvolume may be
lower thanthe edgecutFor exampleconsideithe casewheretwo or moreedgesof a singlevertex
areconnectedo differentverticesof anothersubdomainin this casethedataassociateavith that
vertex actuallywill be sentonly onceduringthe parallelapplication. However, with the edgecut
model,thisis not capturedandall the edgesaccountasmultiple communicatiormessagedn this
casethe correctmeasuref communicatiorvolumeis the numberof boundaryvertices.However,
this measures harderto optimizethanedgecu{13].

2.1 Computational Graph Modeling

The graphpartitioning problemcanbe definedasfollows: GivenagraphG = (V, E), whereV
is the setof vertices,n = |V is the numberof vertices,and E is the setof edgesin the graph,
partition the verticesto p setsV;, ..., V, suchthatV;NV; = 0 for i # j andUV; = V, for
1,7 = 1,...,p. Thisis calleda p—way partitioningandis denotedby P. Every oneof the subsets
V;, of theverticesof G, is calleda partitionor subdomain.P is representedtyy a partition vector
of length n, suchthatfor every vertex v € V, P[v] is anintegerbetweenl andp, indicatingthe
partitionwhich avertex v belongsto.

ThegraphG is aweightedgraphif every vertex v hastwo associateaveights:w(v) ande(v). If
no specificweightsareprovided,we canassumehatall vertices have uniformweights.Similarly
to the traditional problem, the first vertex weight w is assigneddependingon the amountof
work/computationperformedby a vertex. The secondsetof weights ¢ is assignedo reflectthe
amountof datathatneedso be sentbetweenprocessorsiueto eachverte, i.e., communication.
The Volume of a partitioningis the total communicatiorvolumerequiredby the partition.

For example,look at the two different partitioningspresentedn Figure 1 (a) and (b). Let’s
assumevertex u andverticesu, us, us, us areassignedo partition Py, while verticesuv,, vo, v3, v4
areassignedo partition P;. For simplicity we have notedthe communicationveightsof every
vertex in the squarebracletsin the figure. So, we assumahatc(u) = c(uy) = ... = c(uq) =
c(vy) = ... = c(vq) = 1. If theedgecutmodelwereto be used,theneachoneof the cutedges
would have anedgeweightof 2, aseachoneof theincidentverticesto theedgehascommunication
sizeof 1. Both of the presentegartitionings,in Figure 1(a) and Figure 1(b), would incur an
edgecutof 8. However, in Figure 1(a) the actualcommunicationvolumeis only 5. Indeed
processorP, will needto senda messagef sizel to P;, andprocesson will needto sendfour
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Figure 1: Comparison between the edgecut and volume models.

messagesf sizel to F,. An estimateof theedgecutannotdistinguishbetweerthesewo possible
scenariosOntheotherhandif thevolume models usedwe will have anaccurateestimateof the
actualcommunicatiorfor bothcases.

2.2 Architecture Graph Modeling

Partitioning for a heterogeneousrvironmentrequiresmodeling the underlying computational
architecture. The computationalervironmentis modeledthrougha weightedundirectedgraph
A = (P, L), thatwe call the Architectue Graph P is the setof graphvertices,andthey corre-
spondto the processorsn the system,P = {py,...,p,}, p = |P|. L isthesetof edgesin the
graph,andthey representommunicatioriinks betweerprocessorsTheweightsw*(-) associated
with the architecturegraphverticesrepresenthe processingcostper unit of computation.Each
communicatiorlink {(p;, p;) is associatedvith a graphedgeweighte*(p;, p;) thatrepresentshe
communicatiorcostperunit of communicatiorbetweerprocessorsp; and p;.

If two processorarenot "directly” connectedandthe communicatiorcostincurredbetween
themneedso be computedwe canjust sumthe weightsof the shortespathbetweernthem. For
thealgorithmpresentedn [22] it is shovn thatthis linear pathlength(LPL) doesnot performas
well asthe quadmtic pathlength(QPL). Quadraticpathlengthis the lengthwherethe squareof
theindividual pathlengthsareaddedup. Theinsightis thatthe LPL doesnot sufficiently penalize
for cutedgesacrossheavier links, i.e., links thatsuffer from slower communicatiorcapabilities.

1 4 8 12 16 20 24 28 3.

Figure 2: 1D Array Processor Graph: Arch32_1.

In this sectionwe presentsometypical architecturegraphsthatwill alsobe usedlaterfor the
evaluationof our algorithms. Figure 2 presentsa onedimensionalarray Eventhoughsuchma-
chinesarenot commonin practice,the conceptcanbe very usefulwith regardsto machineghat
incur a high communicationateng. Figure3 is atwo dimensionahrray Figure4 presentan 8-
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Figure 3: 2D Array Processor Graph: Arch32_2.

node,32—processocluster Eachnodehasfour tightly connectegrocessorsanda fastintercon-
nectionnetwork amongits 4 processorsCommunicatiorbetweendifferentnodesis slower, and
we thereforeusethicker linesto connectthe nodesin thefigure. Figure5 shavs a metacomputer
thatis madeup from two supercomputerthateachhas16 processorsAgain thecommunication
within the two computenodesis fasterthanthe oneacrossthe nodes. Finally, Figure6 shavs a
typical grid architecture Thetop andbottompartmay eachbe physically locatedin the samege-
ographicalocationandeachis a metacomputerThesetwo metacomputersanthenbe combined
to form a nev metacomputerThe interconnectiometwork betweenthe two partsis slowver than
theonethatis local for eachone.

For our modelwe assumehatcommunicationn eitherdirectionacrossagivenlink is thesame,
thereforee*(p;, p;) = e*(p;, pi), fori, j =1,...,p. We alsoassumehate*(p;, p;) = 0, asthecost
for arny givenprocessoto retrieve informationfrom itself is incorporatedn its computationatost
w*(p;)-

For the caseof the processographin Figure7, thatis a1 D arrayof 5 processorsf we assume
thatbetweemeighboringprocessorghelink weightis 1, thenthecommunicatiorcost,for a fully
connectedarchitectureggraphwill be:

B W~ O
W N = O =
N = O =N
— O = N W
O =N W
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Figure 4: Cluster of 8 compute nodes: Arch32_3.

Althoughtheexisting heterogeneoysgartitioningalgorithmsassume completeweightedarchi-
tecturegraph,just asthe one presentedborve for the 1D array we find that this approachs not
scalableandthereforeavoid it. We provide moredetailsin Section3.

2.3 Metrics Definition

Giventheproposednodelsfor the computationagraphandthearchitecturegraph,we now define
severalmetricsthatwill beusedin our partitioningalgorithms.

2.3.1 Computational Cost

Thefirst metricis the Computational Cogt, i.e. the costa processorp; will incurfor processing
avertex v assignedo it by agivenpartitioning. Thisis givenby

CompCost, = w*(p;) x w(v).

To find thetotal time processop; will needto performcomputationsover all its assignegortion
of verticesV; of thecomputationagjraph:

CompCostyt = w*(p;) x > w(v)
veV;

Again,thecomputationatostreflectsthetime neededy acertainprocessoto procesghevertices
assignedo it.
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Figure 5. Metacomputer: Arch32_4.

2.3.2 Communication Cost

Thesecondmetricis theCommunication Cogt, i.e. thecostaprocessorp; will incurfor commu-
nicating,sendingandreceving, the necessarynformationin orderto performthe parallelcompu-
tation. As Figure8 shaws, eachpartitioncandistinguishbetweerthreetypesof vertices:

1. Interior (local) vertices thosebeingadjacenbnly with local vertices,
2. Localinterfaceverticesthosebeingadjacenboth withlocalandnon—localvertices,and

3. Externalinterfacenodes thoseverticesthat belongto otherpartitionsbut are coupledwith
verticesthatareassignedo thelocal partition.

As amatterof fact,we do notneedto worry aboutverticesthatfall undercategory 1., asthey do
notaccounfor any communicationOntheotherhand verticeshatbelongto category 2. will need
to besentto the correspondingneighboringprocessorsandverticesbelongingto category 3. will
needto berecevedfrom their hostingprocessor/partitionAgain we would like to emphasizehe
factthatwe aretalking abouta vertex beingsentto neighboringpartitions,andnotto neighboring
verticesasthe edgecutmodel would erroneouslydo. More comple datastructuresneedto be
maintainedn orderto achieve this, but thuswe ensurethe validity of the model. The costthata
processorp; will incurfor communicatingary informationrelevantto avertex v assignedo it,
is the costto sendary informationplusthe costto receve ary information:

CommCost, = > e*(pi, P(w)) x c(v) + Y. e (pi, P(w)) x c(w),

P(w),weadj(v) weadj(v)

whereadj(v) indicatesthe verticesadjacento vertex v. To find thetotal time a processorp; will
spendon performingcommunicationye sumover all its assignegortionof theverticesV; of the
computationagraph:

C’ommC’ostg =



Figure 6. Metacomputer: Arch 32_5.

Figure 7: 1D Array Processor Graph.

> ( S epn P(w)) x c<v>> +3 ( S ¢ (pi Pw)) x c<w>> -
veV; \P(w),weadj(v) veV; \weadj(v)

In theabove equationpleasenotethatno communicatiorinks aredoublecounted.For example
look at Figure9 andmorespecificallyat vertex u,. us Will be sentto P; asit is connectedo vs.
Thereforeit will not be sentagain dueto its connectvity with v3. Similarly vertex v; will be
recevedby processot’; oncefor the connectiorwith ;. Thereforejt will notbereceved agin
dueto its connectiorto vertex us.

2.3.3 Processor Elapse Time

For every processop;, its elapsetime (EITime) is the time it spendson computationgplus the
time it spendson communications.Therefore by usingthe above definitions,the elapsetime of
processop; is givenby:

ElapseTime;/Z = C'ompCost;/j + C’ommCostX:
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Figure 8: A view of a partition’s vertices.

2.3.4 Processor Overall Elapse Time

By summingup the elapsetimesof all individual processorswe have an estimateof the overall
time (SUmEITime) thatall processorsvill beoccupied.

Total ElapseTime = Z ElapseT@'me;}/j

pi

2.3.5 Application Elapse Time

Theactualruntime of the parallelapplication(M axEITime) will be determinedy thatprocessor
thatneedghe mosttime to complete.Therefore no matterhow goodthe quality of a partitioning
is, its overall performances drivenby its "worst” partition.

ElapseTime = maw,, { ElapseTime,'}

3 Graph Partition Algorithm

Therearea variety of approacheshat canbe appliedhere. They areall basedon extendingthe
multilevel paradigmof MEIS [17] to accountfor the heterogeneityf the architecturanfrastruc-
ture.

In particular theclassicatoarsening/initiapartitioning/refinemengtagesareaugmentedothat
they take into accounthedifferentcommunicatiorcostsandcomputationatapabilities We try to
solve theproblemby decouplinghe computationafrom thecommunicatiomequirementsDuring
theinitial partitioningphasene computea partitioningthatbalanceshe overall computation.The
multilevel paradigmis usedandduringthe lastphasewhich is the refinemenphasewe balance
the partitionsbasedon the computationatapabilititesof the undelyingarchitecturealgorithm.

However, communicatioris still not addressedAfter the multilevel partitioningalgorithmhas

9
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completed,we augmentthe algorithm with an additionalrefinementstep. During this new re-
finementphasea differentmetric is optimizedso that the communicationvolumeis minimized.
Thereforeat this stage verticesare moved amongpartitionsandthe objectve functiontakeninto

considerations the volume of communicationncurred. A generalovervien of the approachis
shavn in Figurel0.

Compute a p-way partitioning that balances
Phase | the computation

Modify the initial partitioning to correct
Phase Il communication imbalances

Figure 10: Our two-phase approach.

The drawbackof the above algorithmis thatit is not easilyscalable.Indeedaswe move to a
largernumberof partitionsthe potentialrefinemenmovesbetweerprocessorsangetvery costly
to determine. A variation of this algorithm can be implemented. While refinementmoves are
performedamongpartitions,thesemoves are restrictedso that no nev communicatiorlinks are
createdpetweerpartitions/processotbatwerenot connectedhroughtheinitial partition. There-
fore we alsominimize the communication®verhead.In this fashionwe have kepta sparseorm
of thecommunicatiomrmatrix andthis doesnot limit our algorithmsfrom scalingto largernumber
of processors.

10



A differentapproachwe are consideringis changingthe objective function of the refinement
stage. Given a partitioning of the computationalgraphwe can estimatethe executiontime of
the parallelapplication,seeSection2.3. Therefore,it would make moresenseo performvertex
refinementmoves so thatthe maximumtime is minimized (andthereforethe overall time of the
application),andindividual processoelapseimesarebalanced.

Again a variation of this algorithm can be implementedso that the moves during the refine-
mentphaseareconsideredandperformedn a sparse€ashion,while the objectve functionof the
applicationelapseimeis used.

4 Experimental Results

We evaluatedthe performanceof our algorithmsusinga wide variety of graphsandarchitecture
topologies.Thedescriptiorandcharacteristicef thecomputatiorgraphsarepresentean Tablel.
Thesizeof thesegraphsrangedrom 14K to 1.1M vertices.

Name # Vertices | #Edges Description
144 144,649 | 1,074,393 Graphcorrespondingo a 3D FEM
meshof a parafoil
auto 448,695 | 3,314,611 Graphcorrespondingo a3D FEM
meshof GM’s Saturn
brack2 62,631 366, 559 Graphcorrespondingo a 3D FEM
meshof abraclet
cylinder93 | 45,594 1,786,725 Graphof a 3D stiffnessmatrix
f16 1,124,648 | 7,625,318 Graphcorrespondingo a 3D FEM
meshof anF16wing
f22 428,748 | 3,055,361 Graphcorrespondingo a 3D FEM
meshof anF22wing
7 | finan512 74,752 261,120 | Graphof astochastigprogrammingmatrix
for financialportofolio optimization
8 inprol 46,949 1,117,809 Graphcorrespondingo a 3D stiffness
matrix
9 mén 94,493 666, 569 Graphcorrespondingo a 3D FEM
meshof anM6 wing

Table 1: Characteristics of the test data sets.

The architecturegraphswe usedwere presentedn Section2.2. In particular we usedarchi-
tecturesArch32.1 asin Figure2, Arch32.2 asin Figure 3, Arch32.3 asin Figure4, andfinally
Arch325 asin Figure 6. In orderto explore full heterogeneityof our architecturemodel, the
weightson the computationainodes,as well asthe weightson the communicationlinks were
arbitrary

In therestof this sectionwe compareheresultsfor all of our four proposedalgorithms.Labels
\WOINS, WIS, EITNS,EITS correspondo our partitioning algorithmsas describedn Section3.
Wherever used Initial correspondso thegraphpartitioningalgorithmthatonly takesinto consid-
erationthe computationatapabilitiesof the underlyingarchitecture We usethesenamesso that

11



thefollowing figureswill beeasilyreadable.

4.1 Quality of the Results

For eachoneof our computatiorgraphsandarchitecturesnentionedabove we have assessefive
differentqualities. Theseare shavn respectrely in graphs(a), (b), (c), (d), and(e) of Figure11,
Figurel2, Figure13,andFigurel4 anddiscussedbelow.

4.1.1 Elapse Time Balance Assessment
We definethe elapsdime imbalanceof a p-way partitioning P as
ElapseTime maxy,, { ElapseTime;’ }

El Time(Im)bal P) = =
apseTime(Im)balance(P) Total ElapseTime/p (Zpi ElapseTimel‘)/;)/p’

whichis theratio of thetime theapplicationwill needto completeover the averagerun time of
all involvedprocessors.

Looking at the resultsin part (a) of the figureswe can seethat we are able to improve the
balanceof theresultingpartitioningsby performinga refinemenstratgy aftertheinitial partition
is computedhatonly takesinto accounthe computationatapabilities.

4.1.2 Elapse Time Assessment

As we have discussedearlierthe overall quality of a partitioning dependson the quality of the
worstpartition,i.e. the partition/processathatwill needthe mosttime to complete.Thereforefor
eachone of our experimentswe computedthe estimatedApplication ElapseTime, asdefinedin
Section2.3.5. This time variesa lot, dependingon the sizeandconnecwity of the computational
graph.Thus,in parts(b) of our figureswe presentherelative time comparedo thatof our Initial
partitioning.

From thesefigureswe caneasily seethat our algorithmsproducepartitionsof higher quality.
Sincetheratio is alwayssmallerthanone, the applicationsthat usethesenew partitioningalgo-
rithmswill runfaster We canalsoseethatour algorithmsthatperformrefinemenusingtheelapse
time objectie function performbetterthanthe onesthatusethe communicatiornvolumeobjectve
function.

4.1.3 Processor Overall Elapse Time Assessment

Onemoremeasurghatwe have evaluatedis the processooverall elapsetime, asit wasdefined
in Section2.3.4. Again we presenthe relative ratio betweenthe refinementalgorithmsand our

Initial partitioningalgorithm.As we seein figures(c), of all the 36 experimentgresentedior each
oneof our algorithms,only very few, producedpartitionsof higherprocessopoverall elapseime,

i.e. very few timesdid we crossabove the 1 ratio line. However, evenin thesefew casesthe

reasonve allowedthisto occur wasin orderto minimizetheapplicationelapseime only. Indeed,
if we look at Figure11(c),we seethatfor our sixth datasetthe third algorithmproducedslightly

higherprocessopverall times. At the sametime though,the samealgorithmwasableto reduce
theapplicationtime by 40% aswe seein Figure11(b).

12



4.1.4 Edgecut .vs. Volume Assessment

In figures(d) and(e) we presentthe relative partition edgecutand volume comparedo the one
of the Initial algorithm. As we canseein figures(d), for mostof our experimentsthe edgecut
of our partitionsis highercomparedo theinitial one. On the otherhandthoughwe canseethat

eventhoughthe edgecutis higher the actualcommunicationvolume, asshaown in figures(e), is

lower. Thisis a prooftowardsthe argumentthateventhougtthe edgecugivesanindicationof the

communicatiorvolume, it is by nomeansanaccurataneasuref it. Indeed by looking atfigures
(d) we would have beenmisledasto saythe our algorithmswould have highercommunication
needs.But whenthe actualcommunicatiorvolumesare estimatedwe seein (e) thatthe actual

communications decreased.

13
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Figure 11: Characteristics of the induced 32-way partitioning for Arch32_1.
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Figure 12: Characteristics of the induced 32-way partitioning for Arch32_2.
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Figure 13: Characteristics of the induced 32-way partitioning for Arch32_3.
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Figure 14. Characteristics of the induced 32-way partitioning for Arch32_5.
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4.2 Comparison between sparse and non-spar se algorithms

In this sectionwe are shaving the qualitatve differencesbetweenthe sparseandthe non-sparse
refinemen@approachesAs notedearlier oneof the main contributionsof this work is thatit also
proposesparsealgorithmsthataremorescalablecomparedo the non-sparseefinemenbnes.Of
coursetherelies a questionregardinghonv muchwe have sacrificedin quality in orderto achieve
this scalability

In Figure 15 we wantto comparethe sparsevolumerefinementalgorithmwith its non-sparse
counterpartandthe sparse elapseme refinementlgorithmwith the non-sparsene. To achiere
this comparisonwe have takentheratio of the applicationelapsetimesof the sparsealgorithms,
over the applicationelapseimesof the non-spars@nes.We have atotal of 72 comparisonsWe
canseethatin only 5 of the casesdid the sparsescalablealgorithmsproduceworseresults.In the
other67 casesthe qualitieswerecomparableandthereforewe did notseeary degradation.
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Figure 15. Comparison of the sparse and non sparse approaches.
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5 Conclusions

The field of heterogeneougraphpartitioningis a very new field andthereis a lot of room for
improvement. However the approacheslescribedabove represent scalablesolutionthat merits
furtherinvesticationanddevelopment.We wereableto producepartitionsof high quality thatcan
correctlymodelarchitecturecharacteristicend addresghe requirement®f upcomingtechnolo-
gies.
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