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Abstract. We survey several computational interpretations of classical linear
logic based on two-player one-move games. The moves of the games are higher-
order functionals in the language of finite types. All interpretations discussed treat
the exponential-free fragment of linear logic in a common way. They only differ
in how much advantage one of the players has in the exponentials games. We dis-
cuss how the several choices for the interpretation of the modalities correspond
to various well-known functional interpretations of intuitionistic logic, including
Godel’s Dialectica interpretation and Kreisel’s modified realizability.

1 Introduction

This article surveys several interpretations [3U16U17/18] of classical linear logic based
on one-move two-player (Eloise and Abelard) games. As we will see, these are related
to functional interpretations of intuitionistic logic such as Godel’s Dialectica interpre-
tations [11]] and Kreisel’s modified realizability [[14].

The intuition behind the interpretation is that each formula A defines an adjudication
relation between arguments pro (Eloise’s move) and against (Abelard’s move) the truth
of A. If the formula is in fact true, then Eloise should have no problem in winning the
game. The interpretation of each of the logical connectives, quantifiers and exponen-
tials corresponds to constructions that build new games out of given games. Given the
symmetry of the interpretation, the game corresponding to the linear negation of A is
simply the game A with the roles of the two players swapped. The simplest interpre-
tation of the exponential games view these as games where only one player needs to
make a move. For instance, in the game 7 A, only Abelard makes a move, and Eloise
will win in case she has a winning move for the game A with the given Abelard’s move.
A symmetric situation occurs in the case of the game ! A, only that Abelard now has the
advantage. The idea is that the exponentials ? and ! serve as trump cards for Eloise and
Abelard, respectively.

The paper is organised as follows. The basic interpretation of the exponential-free
fragment of classical linear logic is presented in Section 2] and soundness of the in-
terpretation is proved. Completeness of the interpretation is presented in Section 3l A
simple form of branching quantifier is used for the proof of completeness. In Section[d]
we discuss the various possibilities for the interpretation of the exponentials.
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For an introduction to modified realizability see chapter III of [20] or the book chap-
ter [21]]. Background on Godel’s Dialectica interpretation can be obtained in [[1]]. For an
introduction to linear logic see Girard’s original papers [9/10].

1.1 Classical Linear Logic LL”

We work with an extension of classical linear logic to the language of all finite types.
The set of finite types 7T is inductively defined as follows:

-o0€eT;
—ifpceT thenp -oe7T.

For simplicity, we deal with only one basic finite type o.

We assume that the terms of LL* contain all typed \-terms, i.e. variables x* for each
finite type p; A-abstractions (Az”.t%)?~7; and term applications (¢*—?s”)?. Note that
we work with the standard typed A-calculus, and not with a linear variant thereof. The
atomic formulas of LL” are A, Bat, ... and AaLt, Bi, . ... For simplicity, the standard
propositional constants 0, 1, L, T of linear logic have been omitted, since the realizabil-
ity interpretation of atomic formulas is trivial (see Definition [I).

Table 1. Structural rules

L A A A+ r
Aat, Agg (D) ————(cup) (per)
A m{I}
Formulas are built out of atomic formulas A,¢, Bat, . . . and Aj;, Bj;, ... viathe con-

nectives A 9 B (par), A ® B (tensor), A &, B (if-then-else), and quantifiers Vx A and
Jx A (exponentials are treated in Section H)). The linear negation A+ of an arbitrary
formula A is an abbreviation as follows:

(Aat)™ = Ag (A)" = Ax
(FzA)L =VzA* (VzA)L =324+

(A B)t = At @ B+ (A® B)t = At 9 B+
(Ao, B)t = A+ o, B,

So, (A+)* is syntactically equal to A.

The structural rules of linear logic (shown in Table[T)) do not contain the usual rules
of weakening and contraction. These are added separately, in a controlled manner via
the use of modalities (cf. Section ). The rules for the multiplicative connectives and
quantifiers are shown in Table 2] with the usual side condition in the rule (V) that the
variable z must not appear free in I'.

We will deviate from the standard formulation of linear logic, in the sense that
we will use the if-then-else logical constructor A <, B instead of standard additive
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Table 2. Rules for multiplicative connectives and quantifiers

A AB I A, B I A I, Alt/z]
(®) (%) v 3
I'AJA®B A% B IVzA I,3zA

conjunction and disjunctiorﬂ The logical rules for <, are shown in Table 3l where
(2)(v9,71) denotes a conditional A-term which reduces to either -, or vy, depending
on whether the boolean variable z reduces to true or false, respectively. The standard
additives can be defined as

ANB:=VYz(A<$,B)
AV B:=32(A<,. B)

with the help of quantification over booleans.

Table 3. Rules for if-then-else connective

F[’YOLA F[’hLB I, A I''B
<&

) (O) ————(©r)
I'(z)(7vg,71)], A<= B IA<$wB A< B

Notation. We use bold face variables f,g,...,x,y,... for tuples of variables, and
bold face terms a, b, ...,~,d, ... for tuples of terms. Given sequence of terms a and
b, by a(b), we mean the sequence of terms ag(b), . . ., a,(b). Similarly for a[b/x].

2 Basic Interpretation

To each formula A of the exponential-free fragment of linear logic we associate a
quantifier-free formula |A|$, where x,y are fresh-variables not appearing in A. The
variables « in the superscript are called the witnessing variables, while the subscript
variables y are called the challenge variables. Intuitively, the interpretation of a for-
mula A is a two-player (Eloise and Abelard) one-move game, where |A|$ is the adju-
dication relation. We want that Eloise has a winning move whenever A is provable in
LL“. Moreover, the linear logic proof of A will provide Eloise’s winning move a, i.e.
VylAlg.

Definition 1 (Basic interpretation). Assume we have already defined | Ay, and | B|y,,
we define

! See Girard’s comments in [9] (p13) and [10] (p73) on the relation between the additive con-
nectives and the if-then-else construct.



288 P. Oliva

|Aw BITE, = ALY % |BIEY
[A® Bl}y =|Al}, ®|Blg,
|A Oz Bly = Al ©z By,
[3zA(2)[3° = [A(2)]3.
VzA()l . = AR
The interpretation of atomic formulas are the atomic formulas themselves, i.e.
|Aat] = Aat
|AL] = AL
Notice that for atomic formulas the tuples of witnesses and challenges are both empty.

It is easy to see that [A+[% = (JA|Z):. We now prove the soundness of the basic inter-
pretation, i.e. we show how Eloise’s winning move in the game |A|§ can be extracted
from a proof of A in classical linear logic (exponentials treated in Section ).

Theorem 1 (Soundness). Let A, ..., A, be formulas of LL, with z as the only free-
variables. If

Ao(2),...,An(2)
is provable in LL* then from this proof terms ay, . . ., a,, can be extracted such that

[A0(2) g5, - -+ [ An ()5

x

is also provable in LL*, where FV (a;) € {z,xo, ..., 2o }\{x:i}.

Proof. The proof is by induction on the derivation of Ao, ..., A,. The only relevant
rule where free-variables matter is the universal quantifier rule. Therefore, for all the
other rules we will assume the tuple of parameters z is empty. The cases of the axiom,
permutation rule and if-then-else are trivial. The other rules are treated as follows:

Multiplicativies.
vlz] a 5[y] b
AR AR gy 14" 1Bly g P 4eld) (Bl
e %) o o Ly 1[5, [AlZ™, |Bly
|F|Z[f ]a |A|fb |A|w[g ]’ |B|ga ~ aly] b[z] (?)
5 asieal Tia 5 (®) I3, |AlZ™ % | By
|F|Z[f ]7|A|w[g ]7|A|fb® |B|ga ~ Ay.aly],A\z.b[x] (HID
TR A e gy AT AT
v T lw F.g
Cut. - -
AL,
T3, 142 = Aol jAte
PRl jAle T AR, (Alg )t
(cut)

re ] AR
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Note that the assumption that the tuple of variables x (respectively ) does not appear
free in a (respectively a™) is used crucially in the soundness of the cut rule in order
remove any circularity in the two simultaneous substitutions.

Quantifiers.
vlz] a
T gl P AR oy
|F|’Y[z] |VZA|>‘Z"1[Z] (D) |F|Z[gt]’ |A(t)|gt (D)
v o JARCANEETE]
This concludes the proof. O

3 Completeness

In this section we investigate the completeness of the interpretation given above. More
precisely, we ask the question: for which extension of classical linear logic LL* it is the

case that if there are terms aq, . . ., @, such that [Ag(2)|3°,...,[An(2)|g" is provable
in LL* then the sequence Ay, ..., A, is also provable in LL*? The idea that a formula

A is interpreted as a symmetric game |Alj between two players suggests that A is
equivalent to EV; |A|§, using a simple form of branching quantifier to ensure that no
player has an advantage over the other. This simple branching quantifier (we will refer
to these as simultaneous quantiﬁers@) can be axiomatised with the rule:

AO(a07yO)7 cee 7An(an7yn)

~ = (F)
ijo A0<£L‘0, y0)7 ey ijn An<$n, yn)

with the side-condition: y; may only appear free in the terms a;, for j # :. In particular,
we will have that each y, will not be free in the conclusion of the rule.

The standard quantifier rules can be obtained from this single rule. The rule (V)
can be obtained in the case when only the tuple y,, is non-empty. The rule (3) can be
obtained in the case when only the tuple x,, is non-empty. Hence, for the rest of this
section we will consider that standard quantifiers Vz A and 3z A are in fact abbreviations
for I, A and F/* A, respectively.

In terms of games, the new quantifier embodies the idea of the two players perform-
ing their moves simultaneously. The most interesting characteristic of this simultaneous
quantifier is with respect to linear negation, which is defined as

(FTA)E =HY AL

and corresponds precisely to the switch of roles between the players. Let us refer to the
extension of LL* with the new simultaneous quantifier by LL .

% According to Hyland [13] (footnote 18) “the identification of a sufficiently simple tensor as
a Henkin quantifier is a common feature of a number of interpretations of linear logic”. The
simultaneous quantifier can be viewed as a simplification of Henkin’s (branching) quantifier
[4112], in which no alternation of quantifiers is allowed on the two branches. See Bradfield [5]
as well, where this simple form of branching quantifier is also used.



290 P. Oliva

Theorem 2. Extend the interpretation (Definition[l)) to the system LL‘; by defining
| Ho A(v, w)|J 5 = |Av,w)|f3
Theorem[I holds for the extended system LLy .

Proof. The rule for the simultaneous quantifier is handled as follows:

IAo(ao,wo)IZ‘;,---,IAn(an,wn)IZ’j; g.a:
|Ao(a0, o) lgta0, -+ | An(@n, wn)lgra, >
Aol wo o Ao
where b;- is the sequence of terms b; after the substitutions g;a; /y;, for i # j. a

In fact, since the simultaneous quantifiers are eliminated, we obtain an interpretation of
LLg into LL*. Let us proceed now to define an extension of LL; which is complete with
respect to the interpretation of Section[2] First we need some simple facts about LL‘;.

Lemma 1. The following are derivable in LL;
Eb’izA(fz, y,z) —o V2, Az, y, z)
¥, A(y) @ F,, B(w) — T (A(fv) © B(g)).
Proof. These can be derived as
At (fzy,2), A(f2y.2)
Hfﬁ’ZAJ‘(fZ, y,2), Ty A, y, 2)
EV}"’ZAJ‘(fz, Y, 2), V2 Az, y, 2)

(V)

and
At (fv), A(fv) B~ (g=) B(gx)
At (fv), B~ (gz), A(fv) ® B(ga)
YA (y), ) B (w), H) (Alfv) © Blga))
T AL (y) 9 H B (w), 7 (A(fv) @ Blge))
respectively. O

The converse of the implications in LemmalIl however, require extra logical principles.
Consider the following principles for the simultaneous quantifier

ACs : VeF A(z,y,2) — EIJ’J_’ZA(fz,y,z)
AC, T (A(fv) ® B(gz)) — T Aly) ® F, B(w)

for quantifier-free formula A and B. We refer to these as the sequential choice AC, and
parallel choice AC,,. For those familiar with the modified realizability of intuitionistic
logic, the principle AC; corresponds to the standard (intentional) axiom of choice, while
AC, is a generalisation of the independence of premise principle (case when tuples x, v
and w are empty).
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Lemma 2. The principles AC,; and AC,, are sound for our interpretation, i.e. for any
instance P of these principles, there are terms t such that | P |§l is derivable in LL”.
Proof. Consider an instance of AC,

VZEIJ’;A(:B, Y,z) —o WJ,ZA<f27 Y, 2).

Since A is quantifier-free, it is easy to see that premise and conclusion have the same
interpretation, namely

V2 Az, y, 2)lf . = A(fz,y,2)
A2 .2l . = A2y, 2).
The same is true for the premise and conclusion of AC,,. O

Let us denote by LL;, the extension of LL; with these two extra schemata AC, and
AC,. The next lemma shows that, in fact, these extra principles are all one needs to
show the equivalence between A and its interpretation ;7| A[7.

Lemma 3. The equivalence between A and 3, | A[y can be derived in the system LLy.

Proof. By induction on the logical structure of A. Consider for instance the case of

A® B.
A0 W oAz o e, WY yeo(ge o B
® e y| |y® w| |w A f.a (| |fv®| |g:c)
The other cases are treated similarly. O

Theorem 3. Let A be a formula in the language of LL”. Then A is derivable in LL:’ i
if and only if | Al}, is derivable in LL*, for some sequence of terms t.

Proof. The forward direction can be obtained with an extension of Theorem[T] given by
Lemmal2l The converse follows from Lemma[3| O

4 Possible Interpretations of Exponentials

The exponential-free fragment of LL*, despite its nice properties, bears little relation
to the standard logical systems of classical and intuitionistic logic. In order to recover
the full strength of classical logic, we need to add back contraction and weakening.
These are recovered in linear logic in a controlled manner, with the help of modalities
(exponentials) ?A and ! A (cf. Tabled). The exponentials are dual to each other, i.e.

(7A)L =14+ (1A)L =74+,

Girard’s points out in several places (cf. [10] (p84)) that these modalities, contrary
to the other connectives, are not canonical. More precisely, if we add new modalities
?” A and ! A with the same rules as shown in Tabled], we will not be able to derive the
equivalences 74 < ?’A and !A < ! A. This is reflected in the flexibility with which
we can interpret these modalities discussed below.
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Table 4. Rules for the exponentials

A I A I'7A,7A r
! ? (con) (wkn)
1A I,7A r,7A I,7A

5 !

4.1 Interpretation 1: Kreisel’s Modified Realizability

The first alternative for the interpretation of the exponentials we consider is one in
which the game 7 A gives maximal advantage to Eloise, and game !A gives maximal
advantage to Abelard. The maximal advantage corresponds to the player in question
not needing to make any move, with their best possible move being played for them.
More precisely, the interpretation is defined as:

['A[* = IVy|Aly
|?A|y = ?Em|A|$.

It is easy to see that Theorem[T]still holds when Definition[T]is extended in this way.
For instance, the soundness of the rules (!) and (con) are obtained as:

"o, [ 4]y Yoyl |2 ?
e (V) (L[5, [P Ay, [7Aly,

71|, Yyl Al e vi]
— 2 ¥ ||yl 17Al,,|?4],, Yo' Ui
|7F|mwy|A|Z ol (con)
NN TR, 24,

We have shown [16] that when combined with the embedding of intuitionistic logic
into linear logic, this choice for the interpretation of the exponentials corresponds to
Kreisel’s modified realizability interpretation [[14]] of intuitionistic logic.

Note that given this interpretation for the exponentials the relation |A|$ is no longer
quantifier-free. It is the case, however, that formulas in the image of the interpretation
(we call these fixed formulas) are also in the kernel of the interpretation. More, precisely,
if A is in the kernel of the interpretation then |A| = A. The completeness result of
Section [3 needs to be calibrated, as the schemata AC, and AC,, need to be taken for
all fixed-formulas (and not just quantifier-free formulas). Moreover, we need an extra
principle

TA 1A — JxlvyA
called trump advantage, for fixed-formulas A, in order to obtain the equivalences in-
volving exponentials, i.e. equivalence between !EV; A and Jz!lVyA.
4.2 Interpretation 2: Diller-Nahm Interpretation

Another possibility for the interpretation is to give the player in question a restricted
advantage by simply allowing the player to see the opponent’s move, and then select
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a finite set of moves. If any of these is a good move the player wins. This leads to the
following interpretation of the exponentials:

I'AlF = Vyefz Al
[7A[f =73z e fy|AJZ.

Again, an extension of Definition[T]in this direction would also make the Soundness
Theorem [I] valid for the full classical linear logic. For instance, the soundness of the
contraction rule is obtained as:

|T[ylvownl 2480 |2 A|5
|T|7vovil 232 € agy,|Al5°, 731 € ary, |AfS!

|F|Z[y’y],?3m €(apy) U (aly)|A|$,
||ty |?A|2y((aoy)u(a1y))

(def)

Yy Y
[y()"!h]

(con)

while the rules (!) is dealt with as follows:

23, | Al

Uy riaio) (TG10) a7 (V)
|?F|‘Uy€f( ) Y[y Vye flalv]) |A|y[ ] '
|?F|21’~Uyef(a[u])(’ﬂva) |!A|t;[v] )

Itis clear in this case that enough term construction needs to be added to the verifying
system in order to deal with finite sets of arbitrary type. This choice for the treatment
of the exponentials corresponds to a variant of Godel’s Dialectica interpretation due to
Diller and Nahm [6].

4.3 Interpretation 3: Stein’s Interpretation

A hybrid interpretation between options 1 and 2 can also be given for each parameter
n € N. The natural number n dictates from which type level we should use option 2
(Diller-Nahm), and up to which level we should choose option 1 (modified realizabil-
ity). The slogan is “only higher-type objects are witnessed”. Given a tuple of variable
x, we will denote by x the sub-tuple containing the variables in & which have type level
> n, whereas T denotes the sub-tuple of the variables in « which have type level < n.
For each fixed type level n € N we can define an interpretation of the exponentials as:

|!A|? :
|7A[]

Yy erng(fx)vVy |Alg
Az emg(fy)IT|Al5.

where Vy € mg (b~ ~P) A[y] and Jy € rg(b" ) ~P) A[y] are used as an abbrevia-
tion for Vi"~1 A[bi] and 3i" ! A[bi], respectively (n — 1 is the pure type of type level
n—1).

This choice corresponds to Stein’s interpretation [19], and again leads to a sound
interpretation of full classical linear logic.
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4.4 Interpretation 4: Bounded Dialectica Interpretation

In [718]], a “bounded” variant of Godel’s Dialectica interpretation was developed in order
to deal with strong analytical principles in classical feasible analysis. The interpretation
makes use of Howard-Bezem’s strong majorizabilty relation <* between functionals
(cf. [2]]). Using the majorizability relation, we can define well-behaved bounded sets
which can be used as moves in the treatment of the exponential games. More precisely,
the interpretation of the exponentials can also be given as:

1A} = Wy < fo|A
[7A[f =73z <* fy |AJZ.

As argued in [15], in this case we must first perform a relativisation of the quanti-
fiers to Bezem’s model M of strongly majorizable functionals. After that, all candidate
witnesses and challenges are monotone, and the soundness of the contraction rule can
be derived as

|[FI3owd 2450, |74

|C)YWoovil 2320 <* agy, | A[Z°, 73@, <* ary,|A|Z (def)
v ) PAT0 S AYg | Ay s FFT1IS A1y yl[il]
|7 ¥ 732 <* max(aoy, a1y)| A2, Yo' ¥

(con)

|F|;v[y,y]7 |?A|1>)y. max(aoy,a1y)

where max(z”, y”) is the pointwise maximum.

Besides being sound for the principles AC,, AC, of Section[3] and the principle TA of
Section[.1] the Dialectica interpretation of LL* will also interpret the linear counterpart
of the bounded Markov principle

MPp : VzlWx<*z A — VxA

for bounded formulas A. The completeness for the bounded interpretation can then be
extended to deal with the exponentials as

A LL L
T,y A JxlVyA  davzlVy<zA HiWWy<*fzA
LY MP AC,

MP g in particular implies the majorizability axiom by taking A(z,y) = (z = y).
In fact, the principles AC,, AC,,, TA, MP g can be viewed as refinements of the (linear
logic versions of) the extra principles used in the bounded functional interpretation [7].
For instance, the bounded Markov principle translates into linear logic as

(WyA — B) — 3b(IVy<*b A — B)

for bounded formulas A and B. This can be derived as: By TA we get from VyA — B
to VbIVy <*b A — B. Then by AC, we get Ib(IVy<*b A — B).
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4.5 Interpretation 5: Godel’s Dialectica Interpretation

The most restricted interpretation is the one in which the player’s advantage in the ex-
ponential game is minimal. The only head-start will be to be able to see the opponents
move. Based on the opponent’s move the player will then have to make a single move.
This leads to an extension of the interpretation given in Definition [I] with the interpre-
tation of the exponentials as

|!A|§ = !|A|§z
|?A|£ = ?|A|5y.
Note that in this case the target of the interpretation is again a quantifier-free calcu-
lus (as in the basic interpretation of Section [2)). For the soundness, however, we must

assume that quantifier-free formulas are decidable (a usual requirement for Dialectica
interpretations) in order to satisfy the contraction rule

Tl 12420 24|21

|[|3Wo vl 2| A|%0¥0 7| A|21%: (def)
v > Yo - Y1 [l l]
Yo' Y1

[Pl 2| Ay,

— (con)
|y, |2 A)9

where

ay = apy if 7|Alg0Y
’ a1y otherwise.

The soundness of the weakening rule, and the rules (!) and (?) is trivial. This in-
terpretation corresponds to Godel’s Dialectica interpretation [11]] intuitionistic logic,
used in connection to a partial realisation of Hilbert’s consistency program (the consis-
tency of classical first-order arithmetic relative to the consistence of the quantifier-free
calculus T).

Besides being sound for the principles AC,, AC,, (Section [3) and the principle TA
(Section [4.T)) the Dialectica interpretation of LL* will also be sound for the following
principle

MPp : Va!lA —olvVzA

for quantifier-free formulas A. This is the linear logic counterpart of the (semi) intu-
itionistic Markov principle. In fact, these are all the extra principles needed to show the
equivalence between A and its Dialectica interpretation EIJ’;c | Aly. For instance, in the
case of the exponentials we have

TA LL¥ LLe
— > >
I3, A Jx!Vy A Jxvy!A A fx/y
~— < <
LY MP AC,

Acknowledgements. The interpretations presented here come from work of de Paiva
[L7], Blass [3], Shirahata [18]] and recent work of the author [[16]. The author gratefully
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