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Abstract—In order to more effectively cope with I. INTRODUCTION

the real-world problems of vaguenessfuzzy discrete
event system@DESs) were proposed recently, and the A discrete event systeqDES) is a dynamical
supervisory control theory of FDESs was developed. System whose state space is discrete and whose
In view of the importance of failure diagnosis, in this States can only change as a result of asynchronous
paper, we present an approach of the failure diagnosis occurrence of instantaneous events over time. Up to
in the framework of FDESs. More specifically: (1) We now, DESs have been Successfu”y apphed to many
formalize the definition of diagnosability for FDESs, engineering fields [4]. In most of engineering appli-
in which the observable set and failure set of events cations, the states of a DES are crisp. However, this is
are fuzzy that is, each event has certain degree to . . .

not the case in many other applications in complex

be observable and unobservable, and, also, each event ) ) )
. - , , systems such as biomedical systems and economic
may possess different possibility of failure occurring.

(2) Through the construction of observability-based systems. For example, it is vague when a man's
diagnosers of FDESs, we investigate its some basiccondition of the body is said to be “good”. Moreover,
properties. In particular, we present a necessary and it iS imprecise to say at what point exactly a man has
sufficient condition for diagnosability of FDESs. (3) changed from state “good” to state “poor”. Therefore,
Some examples serving to illuminate the applications of | in and Ying [18,19] initiated significantly the study
the diagnosability of FDESs are described. To conclude, of fuzzy discrete event systerfRDESs) by com-
some related issues are raised for further consideration. bining fuzzy set theory with crisp DESs. Notably,
FDESs have been applied to biomedical control for
Index Terms— Discrete event systems, failure detec- HIV/AIDS treatment planning [20,21]. And R. Hug
tion, fault diagnosis, fuzzy finite automata. et al have presented a novel intelligent sensory infor-
mation processing using FDESs for robotic control
recently [10, 11].
As Lin and Ying [19] pointed out, a comprehensive
theory of FDESs still needs to be set up, including
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developed FDESs. As a continuation, this paper is &agnosability for FDESs is presented. In Section 1V,
deal with the failure diagnosis for FDESSs. we construct the observability-based diagnosers of

It is well known that the issues of diagnosabilitf-DESs, and some main properties of the diagnosers
for DESs are of practical and theoretical importancére investigated. In particular, we present a necessary
and have received extensive attention in recent ye&Rd sufficient condition for diagnosability of FDESs.
[5-9,12,13,15-17,23-27,29-39]. However, the obser¥inally, some examples are provided to illustrate the
ability and the failure set of events in the literaturéondition of diagnosability for FDESs in Section V.
are usuallycrisp. Motivated by the fuzziness of To conclude, in Section VI, we summarize the main
observability for some events in real-life situation, ifiesults of the paper and address some related issues.
this paper, the observable set and failure set of events
are fuzzy That is, each event has certain degree to
be observable and unobservable, and, also, each eveff this section, we briefly recall some preliminar-
may possess different possibility of failure occurrind®S regarding fuzzy finite automata. For a detailed
We formalize the definition of diagnosability forintroduction, we may refer to [18, 19, 28].

FDESs using the fuzzy observable set and the fuzzy!n the setting of FDESs, a fuzzy state is repre-
failure set of events. sented as a vectdu,,ag, - - -, a,], Which stands for

Generally speaking, a fuzzy language generatedw possibility distributions over crisp states, that is,

a fuzzy finite automaton is said to be diagnosable it € [0,1] represents the possibility that the system

based on the degree of observability and the pos.?l—in the th crisp state, i(= 1,2,---,n). Similarly,

bility of failure occurring on events, the occurrencé fuzzy event is denoted by a mgt.rloﬁ& (] xn,
of failures can be always detected within a finit@"dai; € [0,1] means the possibility for the system

delay according to the observed information of tht@ transfer from theith crisp state to theith crisp

traces. Through the construction of observabilit state when event occurs, and: is the number of all

based diagnosers of FDESs, we investigate sor‘?\%SSible crisp states. Hence, a fuzzy finite automaton
basic properties concerning the diagnosers. In part|§—deIneOI as follows.

- ... Definition 1 [28]: A fuzzy finite automatois a
ular, we present a necessary and sufficient condition
for diagnosability of FDESS, that is, a fuzzy IanguagféJZZy system
is F;-diagnosable if and only if there are nb;- G=(Q,%,0,q),

indeterminate cycles in the diagnoser with r?Speva%ereQ is the set of some state vectors (fuzzy states)
to each event. Our results may better deal with tk(\)e

ver crisp state sety, is the initial fuzzy statek is

problems of fuzziness, impreciseness and subjectivm/e set of matrices (fuzzy events): O x X — Q is
in the failure diagnosis, and, generalize the 'mportagttransition function which is defined by(q, o) —

consequences in classical DESs introduced by Saq

, _ _ m@) o for g € Q ando € X, where® denotes the
path et al in their seminal works [31, 32]. In order , L
max-minoperation in fuzzy set theory [14].

to illustrate the applications of the diagnosability of Remark 1-The transition functiors can be natu-

FDESs, some examples are provided to iIIumina];(glIIy extended ta x 3* in the following manner:

the results derived.

This paper is organized as follows. Section II 0(g.€) =g, d(g50) = 0(3(g; 8), 7),
recalls some preliminaries and notations concernimdhereX* is the Kleene closure of, ¢ denotes the
FDESs. In Section Ill, an approach to defining diempty string,q € @, 0 € ¥ ands € ¥*. Moreover,

Il. PRELIMINARIES
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d can be regarded as a partial transition functidret £ (q) is the set of all traces that originate from
in practice. In biomedical engineering [20], for exfuzzy stateq. Denote
ample, although many treatments (fuzzy events) are

P oh many (fuzzy eVents) 816 1 (1.0) —faexnLelo):

available for a patient, but in fact, only one or a (a6 o) v [io(a) - io(a)]} (4)

few treatments are adopted by doctors according to ’

the patient's conditions (fuzzy states). We can seer, (4. 5) = {ua € La(q): (| ul/>1)

Example 2 later for details. AZo(0) > My(u)] Ala € L1(g,0)]},
The fuzzy languages generated®@ys denoted by (5)

L or L for simplicity [28], which is a function from where || « || denotes the length of string, and
$* to [0, 1]. Let s € £*. The postlanguage of after M, (u) = max{%,(c) : o € u}. Intuitively, £1(q, o)
s is the set of continuations of in all physically collects all of single fuzzy event whose degree of
possible traces, i.e., observability is either the greatest amongr greater
than ¥, (o). And £y(q, o) consists of the stringsa
L/s ={t X" (3 € Q)00 5t) = arL{st) > O]} containing at least two fuzzy events, in which the
From [18, 19, 28], we know that each fuzzy everfiegree of observability for any eventofis less than
is associated with a degree of controllability, so, th@ equal to that ot anda € £(g, o). We denote
uncontrollable se®,. and con.trolllable sebl,. zire £(g.0) = £1(q,0) U La(q, o), ®)
two fuzzy subsets oE, and satisfy: for any € ¥,

iuc(O') + ic(O') = 1. ﬁa(%a) = {S € ﬁ(%a) CSfF= CL}, (7)

Analogously, we think that each fuzzy event is ass¥/Nere La(¢, o) represents those strings ifi(q, o)

ciated with a degree of observability. For instanc&at end with evend.

for some treatments (fuzzy events) in biomedical

systems modelled by a fuzzy finite automaton, son- A PPROACHES TODEFINING DIAGNOSABILITY

effects are observable (headache disappears, for ex- FORFDESs

ample), but some are unobservable (for instance,n this section, we will give a definition of the

some potential side effects of treatment). Thereforgiagnosability for FDESs using the fuzzy observable

the unobservable sét,,, and observable sét, are setS, and the fuzzy failure sex;.

two fuzzy subsets of, too, and safisfy: for any  As mentioned above, in biomedical systems mod-

o€s, _ N elled by a fuzzy finite automaton, some effects are
Yuo(0) + (o) = 1. (1) observable, but some are unobservable, even some

effects are undesired failures (for example, some

potential side effects). Therefore, in the setting of

So(s) = min{%,(0;) :i=1,2,...,m} (2) FDESs, the failure set of events, as a subset of the

unobservable seb,,, is also regarded as a fuzzy

for s=o0109...0,, € 2% bset of. We denote it oSS df h
. . . et of. We den a%;, and, for eac
We define the maximal observable 3&},,, which subs ~ enote | / © (_e o uzzy
evento € ¥, ¥(0) represents the possibility of the

is composed of the events that have the greatest
failure occurring one. Since diagnosis is generally
degree of observability amony, i.e.,

based on the unobservable failures [31,32,36], with-
Ymo = {0 €X: (Va € X)[E,(0) > 2,(a)]}. (3) outloss of generality, we can assume thatCy,,,

Furthermore, we defing,(¢) = 0, and
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that is,if(o—) < S.0(0) for anys € ¥, which means definition of o-projection P, since it is impossible

that failures are always unobservable. to diagnose the failure using a diagnoser with a null
Usually, the failure seE; is partitioned into a set €vent set.
of failure typesfi, fa, ..., fm, i.€., For the sake of simplicity, we make the following
_ . two assumptions about the fuzzy automatgrwhich
Ef:Ef]UEfZU...UEfm (8)

are similar to those in [31, 32, 36].
whereU is Zadeh fuzzy OR operator [14], that is,  (Al): Languagel is live. This means that system
if(a) e {ifi (0):i=1.2,... 7m} cannot reach a state without transitions. |
(A2): For anys € X and state; € @, there exists
for anyo € ¥*. Let s, denote the final fuzzy event,,, ¢ v such that|| ¢ || < n for everyt € £(q, o).

of s € £*. We define Intuitively, assumptionA1) indicates that there is
U,(3p) ={s€2*: (g€ Q)d(q,s) = q a transition defined at each state, aW®)(means
AIL(s) > 0] A [ifi(sf) > f‘,fi(a)]}. that for any event € ¥, before generating an event

B )  whose observability degree is the greatest aming
Intuitively, ¥, (3y,) is the set of all physically possi- o greater thait, (o), G does not generate arbitrarily
ble traces that end in a event on which theNpossibiIi%ng sequences in which each events degree of
of failure of typef; occurring is not less thad, (o). observability is less thal, (o).
When a string of events occurs in a system, the, o qer to compare diagnosability for FDESs
events sequence is filtered by a projection based @iy, that for classical DESs, we recall the definition

their degrees of observability. of diagnosability for classical DESs presented by
Definition 2: For o € X, the o-projection Py gampattet al [31].

X* — X" is defined as: For any € X ands € 2¥, Definition 3 [31]: A languageL are said to be

P, (a) = a, if a € X, or io(a) > io(a), diagnosablewith respect to the projectio® and the
7 €, otherwise, partition II; on X, if the following holds:
(10)
and P,(¢) = ¢, P,(sa) = P,(s)P,(a). (Vi € IIf)(3n; € N)[Vs € U(Zy,)] (11)
The inverse projection operator is given by: (Vt € L/s)[|| t |= n; = D)
Pily) ={se¥*:(IqcQ) where the diagnosability condition functidn is

[0(q0, s) = q] A[L(s) > O] A [Fo(s) = yl}-

The purpose of-projection is to erase the events
whose degree of observability is not greater than The objective of diagnosis for classical DESs is to
io(a) in a string. Especially, when a deterministicletect the unobservable failures from the record of
or nondeterministic finite automaton is regarded astlae observed events. As mentioned above, in FDESs,
special form of fuzzy finite automaton, then alt the failures may occur on every fuzzy event, only
projections are equal, and, all of them degeneratettweir possibilities of failure occurring are different.
projection P : ¥* — ¥ in the usual manner, whichTherefore, the purpose of diagnosis for FDESSs is to
simply erases the unobservable events [31, 32]. detect the failures from the sequence of the observed

Remark 2:In order to avoid the case that thesvents, based on the degree of observability and the
event set of the diagnoser constructed later is nytipssibility of failure occurring. Now let us give the
we introduce the maximal observable 8&t, in the definition of diagnosability for FDESSs.

w€ P P(st)] = Ty, € w. (12)
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Definition 4: Let £ be a language generated by & = {«a, 8,7, 7,60} is defined as follows:
fuzzy finite automatorG = (Q, X, 9, qp) ando € X.

o . ) , [ 0.8 0.4 | 04 08
L is said to beF;-diagnosable with respect to, if o= 04 08 | 8= 0.8 06
there existsy; € N such that for any € \Ilg(ifi) - 0'4 0'4 : 0.6 0'4
and anyt € L/s where|| ¢ ||> n;, the following v = 0'4 0'4 , T= [ 0.8 0'6 ]
holds: L I ’ ’
09 0.2
_ _ 0 =
S1.(0) <min {p (W) 1w e P (Po(st) ) (13) | 0.2 0.9 |
b 5 _ i f Note thaté is defined withmax-minoperation, we
enote 2yai, = {U < si(o) > O} " can calculate the other fuzzy states:= [0.8, 0.4],

eacho € Y4, L is Fi-diagnosable with respect

to o, thenL s said to bef;-diagnosable Suppose that the degree of observability and the

Intuitively, £ being F;-diagnosable with respect
possibility of failure occurring on each fuzzy event
to o means that, for any physically possible trace
are defined as follows:

s where the possibility that failure of typg occurs
on s is not less than that om, any sufficiently long Sola) = 0.8, S(8) =0.5, S,(v) = 0.3,
continuationt of s, and any tracev, if w produces ~ ~ ~
the same record by the-projection as the tracet, Yo(0) = 0.7, Eo(1) =0.3; Xp(a) =02,
then the possibility that failure of typg occurs onw %1,(B) = 0.4, ifl (y) = 0.3, ifl (6) = 0.3,
must be not less than that en too. In other words, B B
if the failure typef; has occurred on event, then 25 (7) = 0.6; Xp,(a) =0.1, Xy, (8) = 0.3,
fi: must also occur on every tracewhose observed S (v) = 0.4, S 6) = 0.2, S (7) = 0.5,
record is the same as. & & 2
Remark 3:If the observability and possibility of In the following, we will use Definition 4 to verify
failure occurring of each event are crisp, iE,(c), two conclusions: (1) the languagegenerated by~
3, () € {0,1}, then the definition of diagnosabilityis not F-diagnosable with respect tg but (2) £ is
for FDESs reduces to Definition 3, the diagnosabilitj>-diagnosable with respect 0.
for classical DESs presented by Sampettal [31].  In fact, wheno = 7, for Vn; € N, we take
We present an example to explain the definition of = af7, t = 0™, and takew = afy9™ "'
diagnosability for FDESs, and the real-world appliObviously, w € P;1(Py(st)), but Sy, (o) = 0.6,
cation example will be given in Example 2 later. While Xy, (w) = 0.4. Therefore, Ineq.(13) does not
Example 1.Consider the fuzzy automato@ = hold, soL is not Fi-diagnosable with respect ta
(Q,%,6,q0) represented in Fig 1, W~r1ena = 3, we taken; = 2, then for anys €
U, (X4,), (i.e.s = aB, aBB, aft, or afy), and any

@)= ‘ ‘ @' 0 t € L/s, where|| t ||> n;, we have

PN (Py(st)) = {apr0", aBBOk, apyb* : k > 1}.

9 Due to each element inP, (P, (st)) containing

3, therefore, for anyw € P;'(P,(st)), we have
Fig.1. The fuzzy automaton of Example 1. ifz (o) < ifz (w), that is, £ is F,-diagnosable with
where @ = {qo,41,-.-,q94}, g0 = [0.8,0.2], and respect tos.

= [0.4,0.8], g3 = [0.8,0.6], andqy = [0.4,0.4].
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IV. NECESSARY ANDSUFFICIENT CONDITION OF The state spac€,; C @, x A is composed of the
DIAGNOSABILITY FOR FDESs states reachable fromy underd,. A statey of Qq

In this section, through the construction of of the form

observability-based diagnosers of FDESs, we in- = {(g,41), (g2,02),- .., (qn, ln)} (17)
vestigate some main properties of the diagnosers.

In particular, we present a necessary and sufficieffére ¢ € Q- andf; € A, ie., {; is the form
condition for diagnosability of FDESs. Our resultdi = {N}, or &i = {F,, Fj,,..., Fi,}. And 44 is
not only generalize the significant consequencesqﬁe partial transition function of the diagnoser, which
classical DESs introduced by Sampatral [31], but Wil be constructed in Definition 7.

also may better deal with the problems of vaguenessPéfinition 6: The label propagation functior. P :

in real-world situation. Example 2 in Section Vo X & x X" — A is defined as follows: Foy €

verifies this view to a certain degree. Qo,l € A, ands € L(q,0),
LP(q,t,s)
A. Construction of the Diagnosers B { {N},if £ = {J\i} and Vzlifi(s) < %;(0)],
We firstly present the construction of the {F’ Eelvals) 22y, (U)} , Otherwise.

18
observability-based diagnoser, which is a finite au- ] o (18) ]
. - The label propagation function is due to describe
tomaton built on fuzzy finite automatad. )
. . the changes of label from one state of diagnoser to
Denote the set of possible failure labels As= _ ,
A A another. Obviously, labeF; is added whenever the
{N}u22s, whereN stands for “normal”, an@~+ . , _ _
possibility of theith type failure occurring on the
denotes the power set @k = {Fy,---, F,,} [31]. _ ) ~ ,
_ string s is not less thark, (o), and once this label
Foro € X, we define a subset @ as ) ) ! )
is appended, it cannot be removed in the successor
Qs ={e0}U{¢eQ: (3¢ €Q)(FaeX) states of the diagnoser.
[0(q,a) =qNac€ Li(q,o)]} Definition 7: The transition functionof the diag-

(14) noserd, : Qg x Xgq — Qg is defined as
i.e., Q, is composed of the initial stat@, and the

states reachable from one event whose degreedefx.a) = |J U {(6(a,s), LP(qi, li, 9))} -
observability is either the greatest amdngr greater (g:,6)€x 5€La(g:,0) (19)
than X, (o).

(0 For examplegdy(xo, @) = {(q1,{N}), (¢5, {F1})}
Definition 5: Let G = (Q,%,d,q0) be a fuzzy ;, Fig. 4 of Example 2.

finite automaton and < X;,;,. The diagnoser with

respect too is the finite automaton _ _
B. Some Properties of the Diagnosers

Ga = (Qa, ¥a; 04, X0), (15) In this subsection, we present some main proper-
ties of the diagnoser, which will be used to prove the
condition of the diagnosability for FDESs.
Property 1:Let G = (Q, X, 4, qo) be a fuzzy finite
automaton, and letGy; = (Qg4,%4,94, x0) be the
Yy = {a €Y :(a€Smo) V [So(a) > io(a)]} . diagnoser with respect to, whereo € Xy,;,. For
(16) x1,x2 € Qa, s € X%, if (q1,41) € x1, (q2,£2) € X2,

where the initial statecg = {(qo, {IN})}, means that
the automatorG is normal to start with. The set of
events of the diagnoser is
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6(q1,8) = qa, da(x1,Ps(s)) = x2, then F; € 4
implies F; € /5.
Proof: It can be directly verified from Defini-

tions 6 and Definitions 7. |

Property 2:If x € Qq, then (q1,¢1), (go,%2) €
x If and only if there exists;,ss € X* such
that (s1)f = (s2)f € Xa, Ps(s1) = Ps(s2),
da(x0, Pr(s1)) = x, and fork = 1,2, L(sx) > 0,

5(qo, 5k) = qr, LP(qo,{N},sk) = L.

Proof: Necessitylf x € Qg then there are
ai,...,a; € Xg andxi,...,x;j-1 € Qq, such that
da(Xi» @it1) = Xi+1, Where0 <i < j—1 andy;
x. From the assumption thdt, 1), (¢2,¢2) € X,
there exis(q}, ¢¥) € x;j_1, andtf € Lo, (¢, 0) (k =
1,2) such that fork =1, 2,

ar = 0(q5, 1Y), b, = LP(q}, 05, th).

Similarly, note thatég(x;—2,a;-1) = x;j—1, hence,

there argqh, (%) € xj_o, andts € Lo, ,(¢5,0) (k =
1,2) satisfying fork = 1, 2,

at = 0(qb,15), ¢f = LP(g5,05,5).

With the analogous process, there &g |, /% ) €
X1, t5 € L4,(q0,0) (k = 1,2) such that fork = 1,2,

¥ = (g0, %), €, = LP(qo, {N},t5).
We take

sp=thth btk (k=1,2). (20)

ObViOUSIya 5d(X0>P0(31)) = Xs (S1)f = (82)f =
aj € ¥q and fork = 1,2, we haveL(s;) > 0,
5(qo, k) = qr, LP(qo,{N},sk) = k. Moreover

P,(s1) = a1az...a; = Py(s2).

Sufficiency:Assume that there exist, so € X*
satisfying £(s1) > 0, L(s2) > 0 and P,(s1) =
P,(s3). Fromd,(xo, Py(s1)) = x, we denote

P,(s1) = a1as...a;,

then can obtain a state sequence
X1,X2,---5Xj—1 € Qg such thatdy(x:,ait1) =
Xi+1, where0 <14 < j—1 andy; = x. Furthermore,
from &(qo, sk) = ar, and LP(qo, {N},sx) = L,

(k = 1,2), we have that(qi, ¢1), (gq2,¢2) € x by
Definition 7. [ |

Remark 4:In the proof of Necessity, it is possible
that (¢f, ¢}) is the same agq?, ¢3) for someh, but
it does not concern the proof.

Definition 8: Let Gy = (Qg4, 24,94, X0) be the
diagnoser with respect te. A statex € @ is said
to be Fj-certain if either F; € ¢ for all (¢,¢) € x,
or F; ¢ ¢ for all (¢,¢) € x. And x is said to be
F;-uncertain, if there are(q1,¢1), (g2, ¢2) € x such
that F; € {1 and F; & (5.

For example,x1 = {(q1,{F2}), (g5, {F1, F2})}

and - {(g2,{F2}), (g6, {F1, F2})} in Fig.8 are
both F,-certain andF;-uncertain states.

Property 3: Let G4 = (Q4,X4,04, Xx0) be the
diagnoser with respect te and d,(xo,u) = x. If
X is Fj-certain, then eitheE,(s) > %y, (o) for all
s € Pyl (u), orXy (s) < Xy,(0) for all s € Pyt (u),
wheres; € Y.
Proof: By contradiction, suppose there exist
51,89 € Pyl (u) such that

we

ifi(sl) > ifl(O') > ifi(SQ)
where(s1)¢, (s2) s € 34. Denote
LP(qo,{N},s1) =4t1, LP(qo,{N},s2)=la,

then from Definition 6, we know thaF; € ¢;, but
F; & ¢5. By Property 2, we havég, (1), (go2,¢2) €
X, whered(qo, s1) = q1 andd(qo, s2) = qo. That is,
x is F;-uncertain. [ |

Property 4: Let Gy (Qa, 24,04, X0) be the
diagnoser with respect te and d4(xo,u) = ¥x.
If y is Fj-uncertain, then there exist, sy € X*
such that(sl)f = (Sg)f € Xy, PU(Sl) = PU(SQ),
da(x0, P (s1)) = x, and

5,(s1) 2 £5,(0) > £ (s2).

(21)
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Proof: It is straight obtained by Property 3
Property 5: Let Gy = (Q4,X%4,04,x0) be the
diagnoser with respect te. If the set of states in

8

Intuitively, an F;-indeterminate cycle inG; is a
cycle composed off;-uncertain states where, cor-
responding to this cycle, there exist two sequences

Qg forms a cycle inGg4, then all states in the cycle{x?} and {y}“} forming cycles ofG, in which one

have the same failure label.

carries and the other does not carry failure labgl

Proof: It is easy to prove since any two states Now we can present a necessary and sufficient
in a cycle of G, are reachable from each other, andondition of the diagnosability for FDEs.
once a failure label is appended, it cannot be removedTheorem 1:A fuzzy languagel generated by a

in all successors. [ ]

fuzzy finite automatonz is F;-diagnosable if and
only if for any o € X4,i,, the diagnoselG, with

C. Necessary and Sufficient Condition of Diagnoespect tor satisfies the condition: There are hp-

ability for FDESs

In this subsection, we present an approach

failure diagnosis in the framework of FDESs, an
a necessary and sufficient condition of the diagno

ability for FDESs is obtained.

We may define arF;-indeterminate cycle in diag-
nosers for FDESS, just as for classical DESs.

Definition 9: Let Gy = (Qqg, %4, 04, x0) be the
diagnoser with respect te. A set of F;-uncertain
statesxi, x2,---, Xt € Qg is said to form anfF;-
indeterminate cycléf

(1) x1, x2,-- -, xx form a cycle inGy, i.e., there is
o; € Xg such thatdg(x;,0j) = X(j+1) mod k» Where
j=1,... k.

(23 (), 1), (y5,d5) € x; (G € [1,k]; h € [1,m];
r € [1,n]) such that

1) F; € £ but F; & d7 for all j, h,r;

2) The sequences of stat%s;?} and {y;”} form

cycles respectively itz with

o(aff, shos) = allir, (€ [Lk = 1]k € [1,m]),
S(xl, shoy) = 2t (h e [1,m — 1)),

andd(z, s o) = 1;

0(yj.tjo5) = yj1. (U € L,k =17 € [1,n]),

Sk thow) = yit, (r € [Ln— 1)),

andd(y, thor) = yi,
wheres"o; € L(z!,0), tfo; € L(y},0).

indeterminate cycles iG,.

of Proof: NecessityWe prove it by contradiction.
@ssume thatC is F;-diagnosable, and there is &t
ig_determinate cycleyy, xa2, ..., x% in diagnoserGy
with respect tos, whereo € Xy,;,. By Definition
9, the corresponding sequences of sta{te%} and
{y;‘} form two cycles inG, and the corresponding
strings s?aj and t%o; satisfy condition 2) of Defi-
nition 9, where(z”, ("), (y5,d}) € x;, and F; € %
but F; ¢ d; forall j = 1,---, ki h = 1,---,m;
r=1,---,n.

Since (x1,4), (y1,dl) € xi1, from Property 2,
there existsg,typ € ¥* such thatP,(sg) = P, (to),
§(qo,s0) = xi, and 6(qo,t0) = yi. Notice that
F, e/l andF, ¢ d; for all j,r. Therefore, we have
Efi(to) < Efi(a), and

Sr(s0) > 8y (0) > Splthoy).  (22)

Let [ be arbitrarily large. We consider the follow-
ing two traces

(23)
(24)

w1 = 80(8%0'1 v S,lka v Sqnal ‘e Szno,k)ln’
wy = to(tioy ... thoy ... thoy ... thay)!™.
ThenL(w;) > 0, L(w2) > 0 and
Py(w1) = Py(w2) = Py(s0)(0102... 03)™". (25)

Because&;, (so) > Xy, (o), there is a prefix of sq
such thats € ¥, (3;,). Taket € £/s wherew; = st,
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then from (25), we knoww, € P, '(P,(st)). But sequences of #-states” and of §-states” forming

from Inegs.(22), and cycles inG. The following will prove that this case
S (w2) = is impossible. In fact, there is anc-state”go of xo
maX{iﬁ(tO)’iﬂ(t;%) ci=1, ke = 1’“.’n}’such thatg, is a successor aof; sincegq; is an “z-
state” of x1. Similarly, there is an #-state” g3 of x3

we haveX; (wy) < Xy (o). That is, £ is not Fj-

] ) ] ] such thalgs is a successor afs. .... So, we obtain
diagnosable, which contradicts the assumption.

a sequencdqi, g2, - -} of “z-states” which forms

Sufficiency: Assume that there are ndF;- _ _
_ _ . , cycles in G. With the analogous process, we can
indeterminate cycles in diagnos@y; with respect to . ; A
obtain a sequence ofy“states” which forms cycles

, wh Y fai;- Th f of suffici il be . . o ,
7, WNETET € & ail, _ © proot ot suinciency will be in G, too. That is, Case (ii) is impossible.
completed by following two steps: (1) can reach

. - " Above inference indicates thaty, must reach an
an F;-certain state after a finite number of transmons}% ain state within a finite st denctedrh
. . . .-certain state within a finite steps (denote
(2) L is F;-diagnosable with respect to. ! ps ( )

(1) Firstly, we verify thaty, can reach anf- of :ransmons, no matter whethen is Fj-certain or
certain state after a finite number of transitions. not.

F; ¢ (', we shall denotey as “z-state” of y andq’ W,(3y,) and anyt € £/s where| ¢ > ni, xo must
as “y-state” of y, respectively. Let ¢ \I’g(ifi) ang 'ead to anE-—.certaln state. That~|s, Whenfzvere
5(qo,s) = q. From Assumption (A2), there existsl s (Po(s1)), it always holds thakly, (o) < Xy (w).
no € N such that]| 1 < no for any 1 € £(g, o). Therefore,L is F;-diagnosable with respect to m

Denote 8(qo, st1) = q1, da(x0. Pr(st1)) = x1, From the proof of Theorem 1, we know that
then ¢, is an “z-state” sinces € \I/o-(ifi) implies Theorem 1 can be precisely described as follows.
iﬁ_(stl) > ifi(ff)- Theorem 2:A fuzzy languagel generated by a

The desired result is obtained ¥ is Fi-certain. fuzzy finite automatonG is F;—diagnosable with
So the following is to prove the desired result unddgsSPect too € Xyq;, if and only if the diagnoser
the assumption that; is Fj-uncertain. Since there Ga With respect too satisfies the condition: There
are no Fj-indeterminate cycles irG,, one of the are noF;— indeterminate cycles idg.
following is true: (i) there are no cycles aof}- Proof: It has been shown in the proof of
uncertain states i7;, or (i) there is one or more Theorem 1. u
cycles of F;-uncertain states itv; but corresponding
to such cycle, there do not exist two sequencescef *
states” and of {-states” forming cycles irt.

Case (i): Suppose that there are no cyclesrf In this section, we will give some examples to
uncertain states inG;, which meansF;-uncertain illustrate the process of testing the necessary and
states will reach arf;-certain state by Assumptionsufficient condition for the diagnosability of FDESs
(A1) and Property 1. Therefore, there is sufficientlpresented above, which may be viewed as an ap-
long t2 € Li(¢q1) such thatdy(xo, Py (stite)) is an plicable background of diagnosability for FDESs.

V. EXAMPLES OF DIAGNOSABILITY FOR FDESs

F;-certain state. Examples 2 and 3 are diagnosability for FDESs with
Case (ii): Suppose that there is a cycle éf- single failure type: one is diagnosable but the other
uncertain statesyi, x2,...,xx in Gy, but corre- is not diagnosable. Example 4 is considered as an

spondingly to such cycle, there do not exist tw&DES with multiple failure types. For simplicity, the
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fuzzy events (matrices) used are all upper or lower o

triangular matrices. m
Example 2.Let us use a fuzzy automatal = —’—’

(Q,X%,6,q0) to model a patient’s body condition. For

simplicity, we consider patient’s condition roughly

to be three cases, i.e., “poor” , “fair”, and “excel- 8 _Oé,a

lent”. Suppose that patient’s initial condition (initial Fig.2. The fuzzy automaton of Example 2.

fuzzy state) isgo = [0.9, 0.1, 0], which means that , _ . _ _
y _ ), Sq,o 09, X ] L Fig.2 means that, if the patient obtains the first
the patient is in a state with possibility of 0.9 for

treatment beingx or 3, then his (or her) state changes
“poor”, 0.1 for “fair” and 0 for “excellent”. Suppose g o3 ( ) g

into g1 or g4. After treatments in conditionqy, the
that there are three treatments to choose for doctor,, = = ¥ £

. . state will change frona; to ¢». And then, the patient
denoted asy, 5 and~y, which are defined as follows: . . g M 10 g2 P
will turn into stategs after treatmenty. If treatment

a is adopted in stateys, then the patient returns

(01

04 09 04 0.4 0 0 . . . .
0 04 04 .8 09 04 0 to conditiong;. Similarly, when the patient obtains
a= . . ,p= . . , . .
treatmenta in ¢4, the state will turn tags. And the
0 0 0.4 04 04 04 N .. . .
patient’s condition will be unchanged if he or she
obtains treatmend in gs.
09 09 04 As mentioned above, for each treatment (fuzzy
v=| 0 04 04 event), some effects are observable, but some are
0 0 04 unobservable, even if some are undesired failures

(for example, some potential side effects). Therefore,
- . N ..._each fuzzy event has certain degrees of observable
In general, it is possible that patient’s condition
. and unobservable, and, also, each fuzzy event may

turns better or worse after each treatment, which may _ e _ _
ssess different possibility of failure occurring.

be evaluated by means of experience and medigecﬁ -
. Assume that the degree of observability and the
theory. For instance, fuzzy eveatmeans that, after

. S ) ossibility of failure occurring for each fuzzy event
this treatment, the possibilities that patient’s statlljos v g y

. are defined:
changes from “poor” to “poor”, “fair” and “excellent” B _
are 0.4, 0.9 and 0.4; the possibilities from “fair’ to  Zo(a) = 0.6,  Zo(8) = 0.4, 2o(y) = 0.7;

“poor”, “fair” and “excellent” are 0, 0.4 and 0.4; and >, (@) =0.1, T4, (8) =02, 3p(7) =0.3.

the possibilities from “excellent” to “poor”, “fair” Now, in order to detect the occurrence of failure, we
and “excellent” are 0, 0 and 0.4, respectively. FUzzypnstruct the diagnosers with respect to eack
eventsg and~ have similar interpretations. S fait,» WhereS roa, = {a, 8,7}

Assume that doctor’s strategy for patient's treat- (1). Wheno = «, the o-projection P, is deter-
ment is described by Fig.2. Frogg = [0.9, 0.1, 0], mined by P,(a) = P,(8) = ¢, P,(y) = v, and
we can calculate the other fuzzy states using thige set of events for the diagnoser Xy = {7}.

transition functions as:q; = [0.4, 0.9, 0.4], According to Definition 5, the diagnoseF,; with
respect tax is constructed in Fig.3. Obviously, there
g2 =[0.9, 0.4, 0.4], ¢3=1[0.9, 0.9, 0.4], are noF-indeterminate cycles id:,;. Therefore, by

qs =[0.4, 0.1, 0], q¢5=1[0.4, 0.4, 0.4]. Theorem 2,£ is F;-diagnosable with respect to.
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In fact, due toifl(a) being the smallest among )/0‘\

{2f,(a) : a € B}, Ineq.(13) naturally holds with B gl

n; = 0. a
a

¥ J——fwh] ) N 0 T
Fig.3. The diagnosefr; w.r.t o in Example 2. _>

Fig.6. The fuzzy automaton of Example 3.
(2). Wheno = 3, we haveP,(a) = «a, P,(5) = ¢,

P,(y) =~y andX,; = {a,v}. And the diagnosef:,
with respect ta3 is constructed in Fig.4. Obviously,

The set of fuzzy event¥ = {7, a, 3,7}, where
T,a, 3, are defined as follows:

L is Fj-diagnosable with respect t8 for no Fi- 05 0 0 04 09 04
indeterminate cycles i,. In fact, Ineq.(13) holds 7 — | 01 01 0 j,a=1 0 04 04,
with 7 = 1. 0.1 0.1 0.1 | i 0 0 04 |
(3). Wheno = v, we haveP,(a) = P,(8) = e, 04 0 0 | (0.9 09 04 ]
P,(y) =~y and%; = {v}. For no Fy-indeterminate g=| 09 04 0 |,y=| 0 04 04
cycles in the diagnoset,; with respect toy con- 04 04 04 0 0 04
structed in Fig.5,£ is Fj-diagnosable with respect - - _
0 Suppose thak, andX, are defined as follows:

So(7) =03, So(a) =05, ,(8) =04,
2o(7) =06, Ep(1) =04, Zp(a)=0.1,
Efl (5) = 0.2, Efl (’y) =0.3.
‘qON }—O‘-{qlN%Fl}L-{ g F Oa We can verify that the languagé is not Fj-
iagnosable. In fact, whem = 7, for arbitrary
~ di ble. In f h f bi
n; € N, we takes = 7, t = a(fya)™, and

«
w = aBya)™, and thenw € P;Y(P,(st)), but

Fig.4. The diagnoset; w.r.t 3 in Example 2.

Therefore L is Fi-diagnosable. That is, the occur-
rence of failure can be detected within finite delay.

Y (0) =04 >03 >3 (W)

Therefore, by Definition 4, we know thatis not £ -

o {w] ) oo |
diagnosable with respect to. Of course, the result
Fig.5. The diagnosets w.r.t v in Example 2. can also be obtained by the diagnoSgrwith respect

to 7, which is constructed in Fig.7, since there does

Example 3.Consider the fuzzy automato@ = _ ' _ :
exist anFi-indeterminate cycle irt,.

(Q,%,0,q0) represented in Fig.6, wher€) =

{q0,q1,...,q7} is defined as: e
«
N
o B

qo = [0.9, 0.1, O], Q= [0'4’ 0.9, 0‘4]7 0 14V45L71 2N g1

g2 =1[0.9, 0.4, 0.4], ¢3=10.9, 0.9, 0.4], Fig.7. The diagnose@q w.r.t 7 in Example 3.

g2 =105, 0.1, 0],  ¢5=1[04, 0.5, 0.4], The following is an example of diagnosability for

[ [ ]

g6 = [0.5, 0.4, 0.4], ¢7 =1[0.5, 0.5, 0.4]. an FDES with multiple failure types.
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Example 4.Consider the fuzzy automato@ = (3). If 0 =B, thenP,(7) = P,(B) =€, Py(a) =
(@,%,6,q0) described in Example 3. The definitionn, P,(y) = v, andXy = {«,~}. There do not exist
of 3, is the same as that in Example 3, till} = Fj-indeterminate cycles oF;-indeterminate cycles
34,0%y,, which is defined as follows: in the diagnoser with respect t6, which is con-

if (r) =04 gf (@) = 0.1 if (8) = 0.2 structed as Fig.10, s6 is both F;-diagnosable and
gf () = 0.3; gf (1) = 0.1 gf (@) = 0.2 F»-diagnosable with respect 0. In fact, Ineq.(13)

§f2 (8) = 0.3, §f2 (7) = 0.4. holds for failure typesf; and fo with n; = 1.
The following is to verify thatL is not Fi- @ FiFaqs L Fy
diagnosable buk;-diagnosable through constructing g o

the diagnosers.
). fo - 7, then Py(1) = ¢, Py(a) = o, [N Vo i [T B i

P,(B) = B, Py(y) = v and Xy = {«, 3,7}. Note Fig.10. The diagnosef; w.r.t 5 in Example 4.

that in the diagnose,; with respect tor constructed  (4). If o = v, then P, (1) = P,(a) = P,(8) = ¢,

as Fig.8, there exists af;-indeterminate cycle but P,(v) = v, andX,; = {v}. Since there do not exist

there do not existy-indeterminate cycles. Therefore F; -indeterminate cycles df, — indeterminate cycles

L is not Fi-diagnosable butF,-diagnosable with in the diagnoser with respect t9 constructed in

respect tor. Of course, this result can be verifiedrig.11,£ is both F; -diagnosable and,-diagnosable

by Definition 4, too. For failure typef;, we take with respect toy. In fact, Ineq.(13) holds for failure

s =71, t = afye)" andw = a(Bfya)™, then type f; with n; = 3 and for f5 with n; = 0.

w € P;Y(P,(st)), but Therefore, by Theorem 1, we know thétis not

Fy-diagnosable buf;-diagnosable.

31 (0) =0.4>03 >3y (W)

For failure typefs, sinceXy, (7) is the least among ‘ qN p»‘ng1F2q7F1F2 O v
{3},(a) : a € £}, Ineq.(13) holds with; = 0.

Fig.11. The diagnose,; w.r.t v in Example 4.

N q3FoqrF1Fy
o 3 Iy VI. CONCLUDING REMARKS

‘quH%FZ%FlFZHQQFZ%FlFZ‘ In this paper, we dealt with the diagnosability

Fig.8. The diagnose; w.r.t 7 in Example 4. in the framework of FDESs. We formalized the

(2). If 0 = o, thenP,(7) = P,(a) = P,(B) = ¢, definition of diagnosability for FDESs, in which
P,(y) = v andX; = {~}. Note that there do notthe observable set and the failure set of events are
exist I -indeterminate cycles oF;— indeterminate fuzzy. Then we constructed the observability-based
cycles in the diagnoser with respectdaconstructed diagnosers and investigated its some basic properties.
in Fig.9, and £ is both Fj-diagnosable andr,- In particular, we presented a necessary and sufficient

diagnosable with respect ta In fact, Ineq.(13) holds condition for diagnosability of FDESs. Our results
for failure type f; with n;, = 0 and for fo with generalized the important consequences in classical

n; = 2. DESs introduced by Sampatt al [30,31]. More-

N Y sy Pogn L Q v over, the approach proposed in 'this pa'per méy better
deal with the problems of fuzziness, impreciseness

Fig.9. The diagnosetq w.r.t a in Example 4. and subjectivity in the failure diagnosis. As well,
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some examples serving to illuminate the applicationd®] E. Garcia, F. Morant, R. Blasco-Giminez, A. Correcher,

of the diagnosability of FDESs were described.

As pointed out above, FDESs have been applied to

biomedical control for HIV/AIDS treatment planning

by Lin et al [20,21] and also to intelligent sensory [10]

information processing for robotics by R. Heq al

recently [10, 11]. The potential of applications of the
results in this paper may be used in those systemidi]
Moreover, with the results obtained in this paper,

a further issue worthy of consideration is the

diagnosability and thel A-diagnosability of FDESs, [12]
as those investigated in the frameworks of DESs [30]
and stochastic DESs [36]. Another important issue is
how to detect the failures in decentralized FDESS[13]
Furthermore, FDESs modeled by fuzzy Petri nets

[22] still have not been dealt with. We would like

to consider them in subsequent work.
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