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Abstract

We study sincere-strategy preference-based approvalgz¢BP-AV), a system proposed
by Brams and Sanver [BS06], with respect to procedural obntrin such control sce-
narios, an external agent seeks to change the outcome ofeationl via actions such as
adding/deleting/partitioning either candidates or vateBP-AV combines the voters’ prefer-
ence rankings with their approvals of candidates, and wetatlaere so as to keep its useful
features with respect to approval strategies even in thgepce of control actions. We prove
that this system is computationally resistant (i.e., theesponding control problems are NP-
hard) to 19 out of 22 types of constructive and destructiveroh Thus, SP-AV has more re-
sistances to control, by three, than is currently known fgr @ther natural voting system with
a polynomial-time winner problem. In particular, SP-AV &ftér Copeland voting, see Fal-
iszewski et al.[[FHHRO0B8]) the second natural voting systdth an easy winner-determination
procedure that is known to have full resistance to constrictontrol, and unlike Copeland
voting it in addition displays broad resistance to destveatontrol.

arXiv:0806.0535v4 [cs.GT] 26 Sep 2008

1 Introduction

Voting provides a particularly useful method for prefereraggregation and collective decision-
making. While voting systems were originally used in poétiscience, economics, and operations
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research, they are now also of central importance in vai@oeas of computer science, such as ar-
tificial intelligence (in particular, within multiagent stems). In automated, large-scale computer
settings, voting systems have been applied, e.qg., for plgf&R93] and similarity search [FKSD3],
and have also been used in the design of recommender sys&Wid399] and ranking algo-
rithms [DKNSO1] (where they help to lessen the spam in metaeh web-page rankings). For
such applications, it is crucial to explore the computal@roperties of voting systems and, in par-
ticular, to study the complexity of problems related to mgt{see, e.g., the survey by Faliszewski et
al. [FHHRY)).

The study of voting systems from a complexity-theoreticspective was initiated by Bartholdi,
Tovey, and Trick’s series of seminal papers about the coxitplef winner determination [BTT89b],
manipulation [BTT89a], and procedural control [BTT92] ileeions. This paper contributes to
the study of electoral control, where an external agentditicmally calledthe chair—seeks to
influence the outcome of an election via procedural chamgé#setelection’s structure, namely via
adding/deleting/partitioning either candidates or wtgee Sectioh 2.2 for the formal definitions
of our control problems). We consider batbnstructivecontrol (introduced by Bartholdi, Tovey,
and Trick [BTT92]), where the chair’'s goal is to make a givemdidate the unique winner, and
destructivecontrol (introduced by Hemaspaandra, Hemaspaandra, atiek RHRO7a]), where
the chair’s goal is to prevent a given candidate from beingigue winner.

We investigate the same twenty types of constructive antiwidise control that were stud-
ied for approval voting[[HHRO7a] and two additional conttgbes introduced by Faliszewski et
al. [FHHRQT], and we do so for a voting system that was progp&isseBrams and Sanver [BS06] as
a combination of preference-based and approval votingrévgh voting was introduced by Brams
and Fishburn ([BE7E, BE83], see also [BFF02]) as follows: rgvweoter either approves or disap-
proves of each candidate, and every candidate with thestangenber of approvals is a winner. One
of the simplest preference-based voting systems is piyralil voters report their preference rank-
ings of the candidates, and the winners are the candidadégri ranked first-place by the largest
number of voters. The purpose of this paper is to show thanBrand Sanver's combined system
(adapted here so as to keep its useful features even in tbenme of control actions) combines the
strengths, in terms of computational resistance to carafglurality and approval voting.

Some voting systems amamuneto certain types of control in the sense that it is never jpessi
for the chair to reach his or her goal via the correspondingrobaction. Of course, immunity to
any type of control is most desirable, as it unconditionalyelds the voting system against this
particular control type. Unfortunately, like most votingsteems approval voting isusceptibldi.e.,
not immune) to many types of control, and plurality votingissceptible to all types of contl.
However, and this was Bartholdi, Tovey, and Trick’s britliansight [BTT92], even for systems
susceptible to control, the chair’s task of controlling 2egi election may be too hard computation-
ally (namely, NP-hard) for him or her to succeed. The votiystam is then said to besistantto
this control type. If a voting system is susceptible to soype tof control, but the chair’s task can

1A related line of research has shown that, in principle, atliral voting systems can be manipulated by strategic
voters. Most notable among such results is the classicdt wfoGibbard [Gib73] and Satterthwaite [Sat75]. The study
of strategy-proofness is still an extremely active andragBng area in social choice theory (see, e.g., Duggan and
Schwartz[[DS00]) and in artificial intelligence (see, ekyeraere et al [EKMQ7]).



| Number of || Condorcet Approval | Llull | Copeland| Plurality | SP-AV |

resistances 3 4 14 15 16 19
immunities 4 9 0 0 0 0
vulnerabilities| 7 9 8 7 6 3

References [BTT92, | [BTT92, | [FHHRO7, [FHHRO7, [BTT92, | [HHRO7a]
HHRO74] | HHRO7a] | FHHRO8] | FHHRO8] | HHRO7&, | and this
FHHROT] | paper

Table 1: Number of resistances, immunities, and vulnetigsilto our 22 control types.

be solved in polynomial time, the system is said tosbimerableto this control type.

The quest for a natural voting system with an easy winnegrd@hation procedure that is uni-
versally resistant to control has lasted for more than 15sygaw. Among the voting systems that
have been studied with respect to control are plurality,doocet, approval, cumulative, Llull, and
(variants of) Copeland voting [BTT92, HHRO7a, HHRO7b, PRZBHHRO7, FHHR(O8, BUQS].
Among these systems, plurality and Copeland voting (deh@epelan8® in [FHHROS]) dis-
play the broadest resistance to control, yet even they areimiversally control-resistant. The
only system currently known to be fully resistant—to the 20ets of constructive and destructive
control studied in[[HHRO7&, HHROYb]—is a highly artificiayséem constructed via hybridiza-
tion [HHRO7bB]. (We mention that this system was not desigferddirect, real-world use as a
“natural” system but rather was intended to rule out theterise of a certain impossibility theo-
rem [HHRO7b].)

While approval voting nicely distinguishes between eactenv® acceptable and inacceptable
candidates, it ignores the preference rankings the votagsirave about their approved (or disap-
proved) candidates. This shortcoming motivated Brams ames$ [BS06] to introduce a voting
system that combines approval and preference-based yatitgthey defined the related notions
of sincere and admissible approval strategies, which ate gatural requirements. We adapt their
sincere-strategy preference-based approval votingraystea natural way such that, for elections
with at least two candidates, admissibility of approvadtggies (see Definitidn 2.1) can be ensured
even in the presence of control actions such as deletingdated and partitioning candidates or
votersd The purpose of this paper is to study if, and to what extems, ligbrid system (where
“hybrid” is not meant in the sense of [HHRO7b] but refers tontining preference-based with ap-
proval voting in the sense of Brams and Sanver [ESO06]) iténie control resistances of plurality
(which is perhaps the simplest preference-based systatrg@proval voting. Denoting this system
by SP-AV, we show that SP-AV does combine all the resistanteturality and approval voting.

More specifically, we prove that sincere-strategy prefesdmased approval voting is resistant
to 19 and vulnerable to only three of the 22 types of controlsatered here. For comparison,
Table[1 shows the number of resistances, immunities, amerabbilities to our 22 control types
that are known for each of Condor&aﬁ,pproval, Llull, plurality, and Copeland voting (sée [BT2[/9

2Note that in control by partition of voters (see Secfionl 22)run-off may have a reduced number of candidates.
3As in [HHRO74], we consider two types of control by partitiohcandidates (namely, with and without run-off)
and one type of control by partition of voters, and for eactiifian case we use the rules TE (“ties eliminate”) and TP



HHRO7a, FHHRO/Z, FHHRO08]), and for SP-AV (see Theofenh 3.1aate[2 in Sectiof 3]1).

This paper is organized as follows. In Sectidn 2, we definees@istrategy preference-based
approval voting, the types of control studied in this papad the notions of immunity, susceptibil-
ity, vulnerability, and resistance. In Section 3, we proue @sults on SP-AV. Finally, in Sectian 4
we give our conclusions and state some open problems.

2 Preliminaries

2.1 Preference-Based Approval Voting

An electionE = (C,V) is specified by a finite s& of candidates and a finite collectidhof voters
who express their preferences over the candidat€ imhere distinct voters may of course have
the same preferences. How the voter preferences are refgésgepends on the voting system
used. In approval voting (AV, for short), every voter drawiga between his or her acceptable and
inacceptable candidates (by specifying a 0-1 approvabveshere 0 represents disapproval and 1
represents approval), yet does not rank them. In contrasty mther important voting systems (e.g.,
Condorcet voting, Copeland voting, all scoring protocoisluding plurality, Borda count, veto,
etc.) are based on voter preferences that are specifiedfasdinear orderings of the candidates.
As is most common in the literature, votes will here be regmésd nonsuccinctly: one ballot per
voter. Note that some papers (e.qg., [FHHO06, FHHRO7, FHHRARJo consider succinct input
representations for elections where multiplicities ofeg#re given in binary.

Brams and Sanver [BSD6] introduced a voting system that cwalapproval and preference-
based voting. To distinguish this system from other systimatthese authors introduced with the
same purpose of combining approval and preference-basid) yBS], we call the variant consid-
ered here (including the conventions and rules to be exgdlalielow)sincere-strategy preference-
based approval votingSP-AV, for short).

Definition 2.1 ([BSO€]). Let (C,V) be an election, where the voters both indicate ap-
provals/disapprovals of the candidates and provide arge-finear ordering of all candidates. For
each voter \e V, anAV strategy ofv is a subset SC C such that v approves of all candidates in S
and disapproves of all candidates in-CS,. The list of AV strategies for all voters in V is called an
AV strategy profile for{C,V). (We sometimes also speak d§ YV strategy profile forC.) For each
ceC, letscorgeyy(c) = [{veV|ce S} denote the number of ¢'s approvals. Every candidate ¢
with the largest scorg v (c) is a winner of electiorfC,V ).

An AV strategy of a voter ve V is said to beadmissibleif S, contains v's most preferred
candidate and does not contain v's least preferred candid® is said to besincereif for each
c € C, if v approves of ¢ then v also approves of each candidatkedigher than c (i.e., there

(“ties promote”) for handling ties that may occur in the esponding subelections (see Secfiod 2.2). However, since
Condorcet winners are always unique when they exist, thendi®n between TE and TP is not made for the partition
cases within Condorcet voting. Note further that the twoittmithl control types in Sectidn 2.2.1 (namely, constnti
and destructive control by adding a limited number of caatid [FHHRO[]) have not been considered for Condorcet
voting [BTT92,[HHRO74a]. That is why Tablé 1 lists only 14 ieatl of 22 types of control for Condorcet.



are no gaps allowed in sincere approval strategies). An Astey profile for(C,V) is admissible
(respectivelysincerg if the AV strategies of all voters inV are admissible (respely, sincere).

Admissibility and sincerity are quite natural requirentern particular, requiring the voters to
be sincere ensures that their preference rankings andabiovals/disapprovals are not contradic-
tory. Note further that admissible AV strategies are not mhated in a game-theoretic sense [BF78],
and that sincere strategies for at least two candidatedwagsadmissible if voters are neither al-
lowed to approve of everybody nor to disapprove of everyb@ay, if we require voters to have
only AV strategiesS, with 0 £ S, # C), a convention adopted by Brams and Sanver [BS06] and
also adopted he@.Henceforth, we will tacitly assume that only sincere AV &gy profiles are
considered (which by the above convention, whenever threratdeast two candidatgs)ecessarily
are admissible), i.e., a vote with an insincere strategiheilconsidered void.

Preferences are represented by a left-to-right rankinga(séed by a space) of the candidates
(e.g.,a b o, with the leftmost candidate being the most preferred ame, approval strategies
are denoted by inserting a straight line into such a rankivitggre all candidates left of this line
are approved and all candidates right of this line are disaepl (e.g., & | b ¢ means thata
is approved, while both andc are disapproved). In our constructions, we sometimes akserti
a subseB C C into such approval rankings, where we assume some arbifiaegl order of the
candidates iB (e.g., ‘a | B ¢’ means that is approved, while alb € B andc are disapproved).

2.2 Control Problems for Preference-Based Approval Voting

The control problems considered here were introduced bthBlaii, Tovey, and Trick [BTT92] for
constructive control and by Hemaspaandra, HemaspaamiitaRethe [HHRO7a] for destructive
control. In constructive control scenarios the chair'slge@o make a favorite candidate win, and
in destructive control scenarios the chair’'s goal is to em$iiat a despised candidate does not win.
As is common, the chair is assumed to have complete knowleidfpe voters’ preference rankings
and approval strategies (sée [HHRO7a] for a detailed dssou®f this assumption), and as in most
papers on electoral control (exceptions are, €.g., [PREAAHRO08]) we define the control problems
in the unique-winner model, i.e., in this model the chairkse®, via the control action, either
make a designated candidate the unique winner (in the catise case) or to prevent a designated
candidate from being a unique winner (in the destructiveas

To achieve his or her goal, the chair modifies the structureaofjiven election via
adding/deleting/partitioning either candidates or v@teBuch control actions—specifically, those
with respect to control via deleting or partitioning caratik or via partitioning voters—may have

4Brams and Sanver [BSD6] actually preclude only the &se C for votersv. However, an AV strategy that disap-
proves of all candidates obviously is sincere, yet not asiivlis, which is why we also exclude the caseSpt= 0.

SNote that an AV strategy is never admissible for less thandamdidates. We mention in passing that a precursor
of this paper[[ENRQOB8] specifically required for single-catade elections that each voter must approve of this catelida
In this version of the paper, we drop this requirement for teasons. First, it in fact is not needed because the one
candidate in a single-candidate election will always wirverewith zero approvals (i.e., SP-AV is a “voiced” voting
system). Second, it is very well comprehensible that a yatken given just a single candidate (think, for example, of
an “election” in the Eastern bloc before 1989), can get samisfaction from denying this candidate his or her approval
even if he or she knows that this disapproval won't preveatddindidate from winning.



an undesirable impact on the resulting election in that thgght violate our conventions about ad-
missible AV strategies. That is why we define the followintertinat preserves (or re-enforces) our
conventions under such control actions:

Whenever during or after a control action it happens that btaip an electior{C,V)
with ||C|| > 2 and for some voter eV we haveS, = 0 or S, = C, then each such voter’s
AV strategy is changed to approve of his or her top candidateta disapprove of his
or her bottom candidate. This rule re-enforces 8, = C for eachv e V.

We now formally define our control problems, where each mwbls defined by stating the
problem instance together with two questions, one for thesttactive and one for the destructive
case. These control problems are tailored to sinceresgirgireference-based approval voting by
requiring every election occuring in these control proldgfime it before, during, or after a control
action—so, in particular, this also applies to the subgastin the partitioning cases) to have a
sincere AV strategy profile and to satisfy the above coneestiand rules. In particular, this means
that when the number of candidates is reduced (due to dglegindidates or partitioning candidates
or voters), approval lines may have to be moved in accordatitbethe above rules.

2.2.1 Control by Adding Candidates

In this control scenario, the chair seeks to reach his or b&rlgy adding to the election, which orig-
inally involves only “qualified” candidates, some new catades who are chosen from a given pool
of spoiler candidates. In their study of control for apptoxating, Hemaspaandra, Hemaspaandra,
and Rothe[[HHRO7a] considered only the case of addingrdimitednumber of spoiler candidates
(which is the original variant of this problem as defined bytBaldi, Tovey, and Trick[[BTT92]).
We consider the same variant of this problem here to makeesults comparable with those es-
tablished in[[HHRO7a], but for completeness we in additionsider the case of addinglimited
number of spoiler candidates, where the prespecified lsnftairt of the problem instance. This
variant of this problem was introduced by Faliszewski ef@HHRO7, FHHRO8] in analogy with
the definitions of control by deleting candidates and of iy adding or deleting voters. They
showed that, for the election system Copefatiiey investigate, the complexity of these two prob-
lems can drastically change depending on the parametsee [FHHROS].

We first define the unlimited variant of control by adding ddates.

Name: Control by Adding an Unlimited Number of Candidates.

Instance: An election(CUD,V) and a designated candidatec C, where the se€ of qualified
candidates and the dBtof spoiler candidates are disjoint.

Question (constructive): Is it possible to choose a sub$#tC D such that is the unigque winner
of election(CUD',V)?

Question (destructive): Is it possible to choose a sub$2tC D such that is not a unique winner
of election(CUD',V)?

The problem Control by Adding a Limited Number of Candidatedefined analogously, with
the only difference being that the chair seeks to reach hieeoigoal by adding at mosgtspoiler
candidates, wheréis part of the problem instance.
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2.2.2 Control by Deleting Candidates

In this control scenario, the chair seeks to reach his or baf lgy deleting (up to a given number
of) candidates. Here it may happen that our conventionsialated by the control action, but will
be re-enforced by the above rules (namely, by moving thebeteveen some voter's acceptable
and inacceptable candidates to behind the top candidabebefdre the bottom candidate whenever
necessary).

Name: Control by Deleting Candidates.

Instance: An election(C,V), a designated candidate= C, and a nonnegative integér

Question (constructive): Is it possible to delete up tbcandidates fron@ such that is the unique
winner of the resulting election?

Question (destructive): Is it possible to delete up tbcandidates (other thar) from C such that
is not a unique winner of the resulting election?

2.2.3 Control by Partition and Run-Off Partition of Candida tes

There are two partition-of-candidates control scenarindoth scenarios, the chair seeks to reach
his or her goal by partitioning the candidate €einto two subsetsC;, andC,, after which the
election is conducted in two stages. In control by partitidrcandidates, the election’s first stage
is hold within only one group, sa§;, and this group’s winners that survive the tie-handlinge rul
used (see the next paragraph) run against all membé&sinfthe second and final stage. In control
by run-off partition of candidates, the election’s firstggas hold separately within both grouf,
andC,, and the winners of both subelections that survive thedisdhing rule used run against each
other in the second and final stage.

We use the two tie-handling rules proposed by Hemaspaamtkmaspaandra, and Rothe
[HHRQ7a]: ties-promote (TP) and ties-eliminate (TE). le fhiP model, all the first-stage winners
of a subelection(C;,V) or (Cy,V), are promoted to the final round. In the TE model, a first-stage
winner of a subelection(Cy,V) or (C,,V), is promoted to the final round exactly if he or she is that
subelection’s unigque winner.

Note that partitioning the candidate €einto C; andC; is, in some sense, similar to deleti@g
from C to obtain subelectioC;,V) and to deletingc; from C to obtain subelectioiCy,,V). Also,
depending on the tie-handling rule used, the final stageeoékiction may have a reduced number
of candidates. So, in the partitioning cases, it may agaopéia that our conventions are violated
by the control action, but will be re-enforced by the aboventioned rules.

Name: Control by Partition of Candidates.

Instance: An election(C,V) and a designated candidate C.

Question (constructive): Is it possible to partitiol€ into C; andC, such that is the unique winner
of the final stage of the two-stage election in which the wisre subelectionCy,V) that
survive the tie-handling rule run against all candidateS,ifwith respect to the votes M)?

Question (destructive): Is it possible to partitiorC into C; andC, such thatc is not a unique
winner of the final stage of the two-stage election in whiaghwhnners of subelectiofC;,V)



that survive the tie-handling rule run against all candidahC, (with respect to the votes
inV)?

Name: Control by Run-Off Partition of Candidates.

Instance: An election(C,V) and a designated candidate C.

Question (constructive): Is it possible to partitiorC into C,; andC, such that is the unique win-
ner of the final stage of the two-stage election in which theners of subelectiofCy,V)
that survive the tie-handling rule run (with respect to tl#eg inV) against the winners of
subelection(Cy,V) that survive the tie-handling rule?

Question (destructive): Is it possible to partitiorC into C; andC, such thatc is not a unigue
winner of the final stage of the two-stage election in whighlinners of subelectiofC,,V)
that survive the tie-handling rule run (with respect to tlo#eg inV) against the winners of
subelection(C,,V) that survive the tie-handling rule?

2.2.4 Control by Adding Voters

In this control scenario, the chair seeks to reach his or baf lgy introducing new voters into a

given election. These additional voters are chosen fronvengpool of voters whose preferences
and approval strategies over the candidates from the atiglaction are known. Again, the number
of voters that can be added is prespecified.

Name: Control by Adding Voters.

Instance: An election(C,V), a collectionW of additional voters with known preferences and ap-
proval strategies oveZ, a designated candidate= C, and a nonnegative integér

Question (constructive): Is it possible to choose a sub¥et C W with |W'|| < ¢ such that is the
unique winner of electioriC,V UW’)?

Question (destructive): Is it possible to choose a sub&®t C W with ||W’'|| < ¢ such that is not
a unique winner of electiofC,vV UW')?

2.2.5 Control by Deleting Voters

The chair here seeks to reach his or her goal by suppressirtg éuprespecified number of) voters.

Name: Control by Deleting Voters.

Instance: An election(C,V), a designated candidate= C, and a nonnegative integér

Question (constructive): Is it possible to delete up tb voters fromV such thafc is the unique
winner of the resulting election?

Question (destructive): Is it possible to delete up tbvoters fromV such thaftc is not a unique
winner of the resulting election?

2.2.6 Control by Partition of Voters

In this scenario, the election again is conducted in twoestagnd the chair now seeks to reach his
or her goal by partitioning the voteks into two subcommittees/; andVs,. In the first stage, the
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subelectiongC,V;) and(C,V-) are held separately in parallel, and the winners of eachlesttizn
who survive the tie-handling rule move forward to the secaind final stage in which they compete
against each other.

Name: Control by Partition of \Voters.

Instance: An election(C,V) and a designated candidate C.

Question (constructive): Is it possible to partitiory into V; andV, such that is the unique win-
ner of the final stage of the two-stage election in which theners of subelectioiiC,V;)
that survive the tie-handling rule run (with respect to tl¢eg inV) against the winners of
subelection(C,V,) that survive the tie-handling rule?

Question (destructive): Is it possible to partitiorV into Vi andV, such thatc is not a unique
winner of the final stage of the two-stage election in whiaghwhnners of subelectiofC, V1)
that survive the tie-handling rule run (with respect to tl¢eg inV) against the winners of
subelection(C,V,) that survive the tie-handling rule?

2.3 Immunity, Susceptibility, Vulnerability, and Resistance

The following notions—which are due to Bartholdi, Toveydarrick [BTT92]—will be central to
our complexity analysis of the control problems for prefe-based approval voting.

Definition 2.2. Let& be an election system and tetbe some given type of control.
1. & is said to bammune to®-control if

(a) ®is a constructive control type and it is never possible fer¢hair to turn a designated
candidate from being not a unique winner into being the uaiginner via exertingb-
control, or

(b) @ is a destructive control type and it is never possible fordhair to turn a designated
candidate from being the unique winner into being not a uaigtinner via exerting
®-control.

2. & is said to besusceptible tab-controlif it is not immune tab-control.

3. & is said to berulnerable tab-controlif & is susceptible té-control and the control problem
associated withb is solvable in polynomial time.

4. & is said to beresistant tab-controlif & is susceptible ta-control and the control problem
associated with is NP-hard.

For example, approval voting is known to be immune to eightheftwelve types of candidate
control considered in_ [HHRQOYa]. The proofs of these restidtgially employ the links between
immunity/susceptibility for various control types shown|[HHRO7a] and the fact that approval
voting satisfies the unique version of the Weak Axiom of Riag:&reference (denoted by Unique-
WARP, see[[HHRO7a, BTT92]): If a candidates the unique winner in a s& of candidates, then



cis the unique winner in every subset@that include<. In contrast with approval voting, sincere-
strategy preference-based approval voting does not\satisfiue-WARP, and we will see later in
Sectior 3.2 that it indeed is susceptible to each type ofreboonsidered here.

Proposition 2.3. Sincere-strategy preference-based approval voting doesatisfy Unique-WARP.

Proof. Consider the electiofC,V) with candidate se€ = {a,b,c,d} and voter collectioV =
{v1,V2,Vv3,V4}. Removing candidatd changes the profile as follows according to the SP-AV rules:

vi: bcald bc| a
vw: c|ladb is changed to c|lab
v3: abc| d (by removingd): ab|c
va: bac|d bal|c

Note that the approval/disapproval line has been movedtgrse, vs, andv,. Althoughc was
the unique winner i(C,V), cis not a winner in({a,b,c},V) (in fact, b is the unique winner in
({a,b,c},V)). Thus, SP-AV does not satisfy Unique-WARP. O

3 Results for Sincere-Strategy Preference-Based Approvaboting

3.1 Overview

Theoren 3.1 below (see also Table 2) shows the complexitytsesgarding control of elections
for SP-AV. As mentioned in the introduction, with 19 resiatas and only three vulnerabilities, this
system has more resistances and fewer vulnerabilitiesrtwatdfor our 22 control types) than is
currently known for any other natural voting system with &pomial-time winner problem.

Theorem 3.1. Sincere-strategy preference-based approval voting istas and vulnerable to the
22 types of control defined in Sectibn12.2 as shown in Table 2.

3.2 Susceptibility

By definition, all resistance and vulnerability results arcular require susceptibility. To avoid a
tedious proof covering each of the 22 types of control seépltave will use the general suscepti-
bility results and links between susceptibility caseshdsthed by Hemaspaandra, Hemaspaandra,
and Rothe [HHROTﬁ.Theoren@ provides such results for “voiced” voting syste A voting
system is said to beoicedif in every one-candidate election, this candidate wins.

Theorem 3.2(][HHRO7&]) 1. If a voiced voting system is susceptible to destructiverabby
partition of voters (in model TE or TP), then it is suscemit destructive control by deleting
voters.

6Although [HHRO74] does not consider the case of control tirgla limited number of candidates explicitly, it is
immediate that all proofs for the “unlimited” case in [HHR{}Zvork also for this “limited” case.
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Plurality SP-AV AV

Control by Constr. | Destr. || Constr.| Destr. || Constr.| Destr.
Adding an Unlimited Number of Candidatgs R R R R I \%
Adding a Limited Number of Candidates R R R R I \%
Deleting Candidates R R R R \% I
Partition of Candidates TE:R | TE:R || TE:R | TE:R || TE:V | TE:I

TP:R | TP:R || TP:R | TP:R || TP: 1 TP:
Run-off Partition of Candidates TE:R | TE:R || TE:R | TE:R || TE:V | TE:I

TP:R | TP:R || TP:R | TP:R || TP: 1 TP:
Adding Voters \% \% R \% R \%
Deleting Voters \% \% R \% R \%
Partition of Voters TE:V TE:V || TE:R | TE:V || TE:R | TE:V

TP:R | TP:R || TP:R | TP:R || TP:R | TP:V

Table 2: Overview of results. Key: | means immune, R mearistee®, V means vulnerable, TE
means ties-eliminate, and TP means ties-promote. ResultSH-AV are new; their proofs are
either new or draw on proofs from [HHRO7a]. Results for plitysand AV, stated here to allow
comparison, are due to Bartholdi, Tovey, and Trick [BTT92fl &0 Hemaspaandra, Hemaspaandra,
and Rothe/[HHRO7a]. (The results for control by adding atithiinumber of candidates for plurality
and approval voting, though not stated explicitly [in [BTT$2HR074], follow immediately from
the proofs of the corresponding results for the “unlimitedtiant of the problem.)

2. Each voiced voting system is susceptible to constructwérol by deleting candidates.
3. Each voiced voting system is susceptible to destructiméal by adding candidates.

Theorem 3.3([HHRO7&]) 1. A voting system is susceptible to constructive contradiing
candidates if and only if it is susceptible to destructivatoa by deleting candidates.

2. A voting system is susceptible to constructive contralddgting candidates if and only if it
is susceptible to destructive control by adding candidates

3. A voting system is susceptible to constructive controadiging voters if and only if it is
susceptible to destructive control by deleting voters.

4. A voting system is susceptible to constructive contraliddgting voters if and only if it is
susceptible to destructive control by adding voters.

Theorem 3.4(][HHRO7a]) 1. If a voting system is susceptible to constructive comityoparti-
tion of voters (in model TE or TP), then it is susceptible tastouctive control by deleting
candidates.

2. If a voting system is susceptible to constructive coriyopartition or run-off partition of
candidates (in model TE or TP), then it is susceptible to ttantve control by deleting
candidates.

3. If a voting system is susceptible to constructive coriyopartition of voters in model TE,
then it is susceptible to constructive control by deletinteys.
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4. If a voting system is susceptible to destructive contyopartition or run-off partition of
candidates (in model TE or TP), then it is susceptible tordeste control by deleting can-
didates.

In the following two lemmas, we apply Theoremsl|8.2] 3.3,[adlt@ prove that sincere-strategy
preference-based approval voting is susceptible to thg@tof control defined in Sectién 2.2.
We start with susceptibility to candidate control.

Lemma 3.5. SP-AV is susceptible to constructive and destructive obhyradding candidates (in
both the “limited” and the “unlimited” variant of the problm), by deleting candidates, and by
partition of candidates (with or without run-off and for éam both tie-handling models, TE and
TP).

Proof. From Theoreni_3]2 and the obvious fact that SP-AV is a voicdthgasystem, it im-
mediately follows that SP-AV is susceptible to construetoontrol by deleting candidates and to
destructive control by adding candidates (in both the ‘tiui and the “unlimited” variant of the
problem).

Now, consider the electiofC,V) with candidate se€ = {a,b,c,d,e, f} and voter collection
V ={vi,vs,...,Vs} and the following partition o€ into C; = {a,c,d} andC, = {b,e, f }:

(C,V) is partitioned into  (C1,V) and (Cp,V)
vi: abc|def ac|d b|ef
v: bc| adef c|ad b|ef
v3: ac| bdef ac|d b|ef
va: bac|def ac|d b|ef
vs: abdec]|f ad| c belf
Ve: abdfc|e ad]| c bfl|e

With six approvalsg is the unique winner ofC,V). However,a is the unique winner ofC;,V),
which implies that is not promoted to the final stage, regardless of whether eéhesTE or TP tie-
handling rule and regardless of whether we employ a partdaf@andidates with or without run-off.
Thus, SP-AV is susceptible to destructive control by partibf candidates (with or without run-off
and for each in both tie-handling models, TE and TP). By Teeh8.4, SP-AV is also susceptible
to destructive control by deleting candidates. By ThedreBnr8turn, SP-AV is also susceptible to
constructive control by adding candidates (in both the ittai’ and the “unlimited” variant of the
problem).

Finally, we modify the above election as follows. L@&,V’) be identical to(C,V), except
thatV’ = {v1,v,...,Vs,v7} andvy has the sincere approval strategy e d f c| b. Note that
a is not the unique winner ofC,V’), asa loses toc by 5 to 6. However, if we partitiol€ into
Cy={a,c,d} andC, = {b,e, f}, thenais the unique winner ifiCy,V’) andb is the unique winner
in (C2,V’). Since both subelections have a unique winner, it does ntiemahether the TE rule
or the TP rule is applied. The final-stage electior{ig,b},V’) in the case of run-off partition of
candidates, and it i§{a,b,e, f},V’) in the case of partition of candidates. Siro&ins againsbin
the former case by 4 to 2 and in the latter case by 5 to 4 ¢aartt f do even worse thah in this
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case)a is the unique winner in both cases. Thus, SP-AV is susceptibtonstructive control by
partition of candidates (with or without run-off and for &dn both models, TE and TP). O

We now turn to susceptibility to voter control.

Lemma 3.6. SP-AV is susceptible to constructive and destructive obhyradding voters, by delet-
ing voters, and by partition of voters in both tie-handlingatels, TE and TP.

Proof. Consider the electiofC,V) with candidate se€ = {a,b,c,d,e, f} and voter collection
V = {v1,Vo,...,vg} and partitionV into V; = {vi,vp,v3,v4} andV, = {vs,V6,V7,vg}. Thus, we
change:

(C,V) into (C,Vh) and (C, V)
vi: abc| def abc|def
V,: ac| bdef ac|lbdef
v3: cbad|ef cbad|ef
vs: ab|decf abl|decf
vs: adc| bef adc|bef
Ve: ebcd| af ebcd|af
vv: decf|ba decf|ba
vg: d f | bace df|bace

With six approvalsg is the unique winner ofC,V ). However,a is the unique winner ofC,V;) and
d is the unique winner ofC,V,), which implies that is not promoted to the final stage, regardless
of whether we use the TE or TP tie-handling rule. (In the fstalge electiori{a,d},V), d wins by
5to 3.) Thus, SP-AV is susceptible to destructive controphstition of voters in models TE and
TP. By Theoreni 3]2 and since SP-AV is a voiced system, SP-AlNsis susceptible to destructive
control by deleting voters. Finally, by Theorém]3.3, SP-A\lso susceptible to constructive control
by adding voters.

Now, if we leta andc change their roles in the above election and argument, wihae&P-AV
is also susceptible to constructive control by partitiorvoters in models TE and TP. By Theo-
rem[3.4, susceptibility to constructive control by pastitiof voters in model TE implies suscepti-
bility to constructive control by deleting voters. Agairy, Bheoreni 3.3, SP-AV is also susceptible
to destructive control by adding voters. O

3.3 Candidate Control

Theorems$_3]7 arld 3.110 below show that sincere-strateggrprafe-based approval voting is fully
resistant to candidate control. This result should be estd#d with that of Hemaspaandra, Hema-
spaandra, and Rothe [HHR07a], who proved immunity and vability for all cases of candidate
control within approval voting (see Talilé 2). In fact, SP-A&s the same resistances to candidate
control as plurality, and we will show that the constructimasented i [HHRQ7a] to prove plurality
resistant also works for sincere-strategy preferenceebapproval voting in all cases of candidate
control except one—namely, except for constructive cdityadeleting candidates. Theorém 3.10
establishes resistance for this one missing case.
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All resistance results in this section follow via a redustivsom the NP-complete problem
Hitting Set (see, e.g., Garey and Johnson [GJ79]): Givert 8 se{b;,by,...,bn}, a collection
< =1{9,S,...,S} of subsetss C B, and a positive integet < m, does.” have a hitting set of
size at mosk, i.e., is there a sé@®’ C B with ||B|| < k such that for each S N B’ # 0?

Note that some of our proofs for SP-AV are based on constmepresented in [HHROFa] to
prove the corresponding results for approval voting oraglity; whereas some other of our results
require new insights to make the proof work for SP-AV. For pteteness, we will present each
construction here (even if the modification of a previousstarction is rather straightforward),
noting the differences to the related previous constrastio

Theorem 3.7. SP-AV is resistant to all types of constructive and destraatandidate control de-
fined in Section 212 except for constructive control by dedetandidates.

Resistance of SP-AV to constructive control by deletingdidates, which is the missing case
in Theoreni 3.I7, will be shown as Theorém 3.10 below.

The proof of Theorem 3l7 is based on a construction for ptyral [HHRO74d], except that
only the arguments fadestructivecandidate control are given there (simply because plyraiés
shown resistant to all cases of constructive candidateraoatready by Bartholdi, Tovey, and
Trick [BTT92] via different constructions). We now provideshort proof sketch of Theorem B.7
and the construction from [HHRO7a] (slightly modified so a®é formally conform with the SP-
AV voter representation) in order to (i) show that the samestoiction can be used to establish
all but one resistances of SP-AV tonstructivecandidate control, and (ii) explain why construc-
tive control by deleting candidates (which is missing in diteen[3.7) doesot follow from this
construction.

Proof Sketch of Theorem3.¥. Susceptibility holds by Lemnia 3.5 in each case. The registan
proofs are based on a reduction from Hitting Set and emplays@octior 3.B below, slightly mod-
ified so as to be formally conform with the SP-AV voter repraaton.

Construction 3.8 ((HHRO7a]) Let (B,.#,k) be a given instance of Hitting Set, where=B
{b1,by,...,bn} is a set,.¥ = {S,S,...,S} is a collection of subsets; & B, and k< m is a
positive integer. Define the electid@,V), where C= BU {c,w} is the candidate set and where V
consists of the following voters:

1. There ar&(m—Kk) 4+ 2n(k+ 1) + 4 voters of the form: ¢ w B.

2. There ar&n(k+ 1) 4 5 voters of the form: w| ¢ B.

3. Foreachil <i <n, there are2(k+ 1) voters of the form: S| ¢ w (B—9).
4. For each j,1 < j <m, there are two voters of the form:; b w ¢ (B— {b;}).

Sincescorgcw; v)(C) — SCOr@cwy vy (W) = 2k(n— 1) +2n— 1 is positive (because of > 1),
c is the unique winner of electiof{c,w},V). The key observation is the following proposition,
which can be proven as in [HHRO7a].
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Proposition 3.9(J[HHRO74]) 1. If . has a hitting set Bof size k, then w is the unique SP-AV
winner of electionB'U {c,w},V).

2. Let DC BU{w}. If c is not the unique SP-AV winner of electifb U {c},V), then there
exists a set BC B such that

(@) D=BU{w},
(b) wis the unique SP-AV winner of electit®l U {c,w},V), and
(c) Bis a hitting set of of size less than or equal to k.

As an example, the resistance of SP-AV to constructive asttwigive control by adding candi-
dates (both in the limited and the unlimited version of thebem) now follows immediately from
Propositior 3.9, via mapping the Hitting Set instariBe.”, k) to the set{c,w} of qualified candi-
dates and the s&of spoiler candidates, to the voter collectddnand by having be the designated
candidate in the destructive case and by hawinge the designated candidate in the constructive
case.

The other cases of Theorém13.7 can be proven similarly. O Theoreni3J7

Turning now to the missing case mentioned in Thedrem 3.7eabéhy does Constructidn 3.8
not work for constructive control by deleting candidates#oidmally put, the reason is thatis
the only serious rival ofv in the election(C,V) of Constructiori 3.8, so by simply deletirmgthe
chair could makev the unique SP-AV winner, regardless of whetl#rhas a hitting set of sizk.
However, via a different construction, we can prove resstaalso in this case.

Theorem 3.10. SP-AV is resistant to constructive control by deleting cdates.

Proof.  Susceptibility holds by Lemnmla_3.5. To prove resistance, veeige a reduction from
Hitting Set. Let(B,.”,k) be a given instance of Hitting Set, wheBe= {b1,by,...,by} is a set,
< =1{5,9,...,S} is a collection of subset§ C B, andk < mis a positive intege.

Define the electioriC,V), whereC = BU {w} is the candidate set and is the collection of
voters. We assume that the candidate8 iare in an arbitrary but fixed order, and for each voter
below, this order is also used in each subseB.ofFor example, ifB = {bs,by,bs,bs} and some
subset§ = {by, bz} of B occurs in some voter then this voter prefergo bs, and so does any other
voter whose preference list contai§s

V consists of the following A(k+ 1) + 4m— 2k + 3 voters:

1. For each, 1<i <n, there are &+ 1) voters of the form: § | (B—S) w.
2. For each, 1<i <n, there are &+ 1) voters of the form: (B—§) w | S.
3. Foreachj, 1< j <m, there are two voters of the formb; | w (B— {b;}).

4. There are @n— k) voters of the form: B | w.

"Note that ifk = mthenB is always a hitting set of size at mds{provided that¥ contains only nonempty sets—a
requirement that doesn't affect the NP-completeness gbthielem), and we thus may require tlkat m.
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5. There are three voters of the fornw | B.

Since for eaclb; < B, the difference
scorgc ) (W) — scorgcy) (bj) = 2n(k+ 1) +3— (2n(k+ 1) +2+2(m—K)) = 1—2(m—Kk)

is negative (due t& < m), w loses to each member Bfand so does not win electid,V ).

We claim thats has a hitting seB’ of sizek if and only if w can be made the unique SP-AV
winner by deleting at mosh— k candidates.

From left to right: Suppose” has a hitting seB’ of sizek. Then, for eaclb; € B,

SCOrg w},v) (W) —SCOrgwy vy (b)) = 2n(k+1) +2(m—K) +3— (2n(k+1) +2+2(m—K)) = 1,

since the approval line is moved fofr2— k) voters of the third group, thus transferring their ap-
provals from members d@ — B’ to w. Sow is the unique SP-AV winner of electia8’ U {w},V).
SinceB'U{w} =C— (B—B'), it follows from ||B|| = mand||B'|| = k that deletingn— k candidates
from C makesw the unique SP-AV winner.

From right to left: LetD C B be any set such thdiD|| < m—k andw is the unique SP-AV
winner of election(C—D,V). LetB = (C—D)— {w}. Note thatB’ C B and that we have the
following scores iNB' U {w},V):

scorggqwyv)(W) = 2(n—£)(k+1)+2(m—|[|B'||) +3,
scorggqwyvy(bj) < 2n(k+1)+2(k+1)/+2+2(m—k) for eachb; € B/,

where/ is the number of set§ € .7 that are not hit byB/, i.e.,B'NS = 0. Recall that for each
1<i<n,allofthe 2k+1) voters of theformS§ | (B—S) w in the first voter group have ranked
the candidates in the same order. Thus, for @athk< i < n, wheneveB'N'S = 0 one and the same
candidate irB’ benefits from moving the approval line, namely the candidatairring first in our
fixed ordering of8’. Call this candidat® and note that

scoreguwy vy () = 2n(k+1) +2(k+ 1)+ 2+ 2(m—kK).

Sincew is the unique SP-AV winner dB’' U {w},V), w has more approvals than any candidate in
B’ and in particular more tham Thus, we have

scorepqwy v) (W) — Scorggygw v) ()
= 2(n—{)(k+1)+2(m—||B)+3—2n(k+1) — 2/(k+ 1) — 2—2(m—k)
= 1+2(k—||B)—4/(k+1) > 0.
Solving this inequality fo¥, we obtain
1+2(k—|B)) 4+ 4k
4(k+1) 4(k+1)

Thus? = 0. It follows that 1+ 2(k— ||B'||) > 0, which implies||B|| < k. Thus,B'’ is a hitting set of
size at mosk. O

0</i< =1
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3.4 \oter Control

Turning now to control by adding and by deleting voters, knewn from [HHRO7a] that approval
voting is resistant to constructive control and is vulnéab destructive control (see Talﬂé@).
Their proofs can be modified so as to also apply to sinceatesly preference-based approval vot-

ing.

Theorem 3.11. SP-AV is resistant to constructive control by adding voterd by deleting voters
and is vulnerable to destructive control by adding voterd by deleting voters.

Proof.  Susceptibility holds by Lemnia_3.6 in all cases. To provestasice to constructive con-
trol by adding voters (respectively, by deleting voterkg tonstruction of_ [HHRO7a, Thm. 4.43]
(respectively, of [HHRO7a, Thm. 4.44]) works, modified obly specifying voter preferences con-
sistently with the voters’ approval strategies (and, indeketing-voters case, by adding a dummy
candidate who is disapproved and ranked last by every votdrel construction to ensure an ad-
missible AV strategy profile). These constructions providdynomial-time reductions from the
NP-complete problem Exact Cover by Three-Sets (denoted 3%y; >$ee, e.g., Garey and John-
son [GJ79]), which is defined as follows: Given aBet {by,by,...,bsn}, m> 1, and a collection
S ={S,S,...,S} of subsetss C B with ||S|| = 3 for eachi, does” have an exact cover f,
i.e., is there a subcollectior’ C . such that every element 8foccurs in exactly one set itr’?

We now give proof sketches for these two resistance reslitboth cases, we start from an
X3C instancgB,.”’) as described above.

In the case of constructive control by adding voters, foegi{B,.”) we define the election
(C,V), with candidate se€ = BU {w} and withV consisting ofm— 2 registered voters each of
the formB | w. Further, we defin®V to consist of the following unregistered voters: For eagh
1 <i <n, thereis one voter of the form § | (B—9).

We claim that¥” has an exact cover f@if and only if w can be made the unique SP-AV winner
by adding at mosin voters.

From left to right: Suppose” contains an exact cover f@. Add them voters ofW corre-
sponding to this exact cover 6. LetW’' C W be the set of unregistered voters thus added. Then
scorgcyuw (W) = mandscorge yow (b)) = m—1 for all 1 <i < 3m, sow is the unique winner.

From right to left: LetW’ be any subset & such that|W’|| < mandw is the unique winner of
the election(C,V UW’). It follows that||W’|| = m, and eaclb; € B can gain only one point. Thus,
themvoters inW’ correspond to an exact cover f8r

In the case of constructive control by deleting voters, defire value/; = || {S € . |b; € S}
for eachj, 1 < j <3m. Define the electioriC,V ), whereC = BU {w,d} is the set of candidates;
is the distinguished candidate, avids the following collection of @ voters:

1. For each, 1 <i <n, there is one voter of the formS | (B—S) w d.

8Procaccia, Rosenschein, and Zohar [PRZ07] proved in thirdsting “multi-winner” model (which generalizes
Bartholdi, Tovey, and Trick’s model [BTT92] by adding a ittil function and some other parameters) that approval
voting is resistant to constructive control by adding vetéccording to Footnote 13 df [HHRQ7a], this resistanceltes
immediately follows from the corresponding resistanceltés [HHROS,[HHRO7&a], essentially due to the fact that lowe
bounds in more flexible models are inherited from more retbtd models.

17



2. Foreach, 1<i <n, there is one voter of the formw B | (B—B;) d, whereB; = {b; €
Bli< n—ﬁj}.

Note thatscorgcy/)(w) = nandscorgcy)(bj) = nfor all bj € B.

We claim that¥” has an exact cover f@ if and only if w can be made the unique SP-AV winner
by deleting at mosin voters.

From left to right: Suppose” contains an exact cover f&. Delete them voters correspond-
ing to this exact cover. Leét’ C V be the set of voters thus deleted. Themorgey vy (W) = n,
scorgcy v (d) < n, andscorgcy_yr)(bj) = n—1forallb; € B. Thusw is the unique winner.

From right to left: LetV’ be any subset df such thaf|V’|| < mandw is the unique winner
of the election(C,V —V’). We can assume that the voters corresponding twave disapproved of
the distinguished candidate Since each candidatg € B must lose at least one point and by our
assumption that only voters from the first group have beegtele| it follows that the deleted voters
correspond to a cover. Since the number of deleted votetsniestm, they correspond to an exact
cover forB.

The polynomial-time algorithms showing that approval ngtis vulnerable to destructive con-
trol by adding voters and by deleting voters [HHRO7a, ThrB4#ican be straightforwardly adapted
to also work for sincere-strategy preference-based appnmting, since no approval lines are
moved in these control scenarios. For completeness, wédertvese proofs.

In the case of destructive control by adding voters, thetiniputhe algorithm is an election
(C,V), acollectionW of additional voters (where each votein V UW has a sincere AV stratedy,
with 0 # S, # C), a distinguished candidatec C, and a nonnegative integér The output will be
either a subsa&tv’ C W of voters such thatW’|| < ¢ and adding the voters &%’ toV ensures that
cis not a unique winner, or it will be “control impossible” ibrsuch subset exists. @ = {c} then
output “control impossible” and halt, since one candidatalivays the unique winner independent
of the number of voters. IfC|| > 1 andc is already not the unique SP-AV winner of the election
(C,V) then outputW’ = 0 and halt. Otherwise, for each candidate: ¢ definesurplugc,d) =
scorgc) — scorgd). Among all candidates+ c such that there existurplusc v (c,i) voters inW
who approve of and who disapprove df, let j be one such candidate for Whishrplus<c_v)(c, i)
is minimum. Output thesurplu§c7v)(c, j) voters fromwW who approve of] and disapprove df. If
there is no such candidajethen output “control impossible” and halt.

In the case of destructive control by deleting voters, thmuirio the algorithm is an election
(C,V) (where each votev € V has a sincere AV strated§, with 0 # S, # C), a distinguished
candidatec € C, and a nonnegative integér The output will be either a subseét C V of voters
such that||V’|| < ¢ and deleting the voters &f’ from V ensures that is not a unique winner,
or it will be “control impossible” if no such subset existd. @ = {c} then again output “control
impossible” and halt. IfiC|| > 1 andc already is not a unique SP-AV winner of the electi@V),
then outputv’ = 0 and halt. Otherwise, lgt# c be the candidate for whomsurpluseyy (¢, j) is
minimum. Ifsurplu§c7v)(c, j) > ¢ then output “control impossible” and halt. Otherwise, atine
surplusc.y)(c, j) voters fromV who approve ot and disapprove of. O

We now prove that, just like plurality, sincere-strateggfprence-based approval voting is resis-
tant to constructive and destructive control by partitibraiers in model TP. In fact, the proof pre-
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sented in[HHRO7a] for plurality in these two cases also wddk SP-AV with minor modifications.
In contrast, approval voting is vulnerable to the destuwactiariant of this control type [HHROVa].

Theorem 3.12. SP-AV is resistant to constructive and destructive cortiyopartition of voters in
model TP.

Proof Sketch of Theorenm3.12. The proof is again based on Construction 3.8, but the restucti
is now from Restricted Hitting Set, which is defined just atinly Set (see Sectidn 3.3) except that
n(k+1)+1 < m-—Kkis required in addition. Restricted Hitting Set is also Nitaplete [HHRO7a].
Now, the key observation is the following proposition, whitan be proven as ih [HHRO7a].

Proposition 3.13([HHRO7a]) Let(B,.”,k) be a given Restricted Hitting Set instance, where B
{b1,by,...,bn} is a set,. = {S,S,...,S} is a collection of subsets; & B, and k< m is a
positive integer such thatk+ 1) +1 < m—k. If (C,V) is the election resulting frortB,.~, k) via
Constructiori 3.8, then the following three statements gréwvalent:

1. . has a hitting set of size less than or equal to k.
2. V can be partitioned such that w is the unique SP-AV wirmenadel TP.
3. V can be partitioned such that c is not the unique SP-AV evirmmodel TP.

The theorem now follows immediately from Proposition 3.13. a Theorem 3.12

Finally, we turn to control by partition of voters in model TEor this control type, Hema-
spaandra et al. [HHROa] proved approval voting resistatihé constructive case and vulnerable
in the destructive case. We have the same results for sist@tegy preference-based approval
voting. Our resistance proof in the constructive case (seetoof of Theorerh 3.14) is similar to
the corresponding proof of resistancelin [HHRO07a]. Howewdile our polynomial-time algorithm
showing vulnerability for SP-AV in the destructive caseg(see proof of Theorern 3.15) is based
on the corresponding polynomial-time algorithm for ap@doxoting in [HHRO74], it extends their
algorithm in a nontrivial way.

Theorem 3.14. SP-AV is resistant to constructive control by partition ofers in model TE.

Proof Sketch of Theorem3.14. Susceptibility holds by Lemma 3.6. The proof of resistarge i

based on the construction 6f [HHRO07a, Thm. 4.46] with onlponichanges. Let an X3C instance

(B,.7) be given, wher® = {by,by,...,bsn}, m>1,isasetand” ={S,,S,...,S} is a collection

of subsetsS C B with ||S|| = 3 for eachi. Without loss of generality, we may assume that m.

Define the valu€; = ||{S € .| b; € S}|| for eachj, 1 < j < 3mas in the proof of Theorem 3.]11.
Define the electioriC,V ), whereC = BU{w,x,y} UZ is the candidate set with the distinguished

candidatew, Z = {z,2,...,2z,}, and wheré/ is defined to consist of the following+ mvoters:

1. For each, 1<i <n, there is one voter of the formy § | w (B—S)U{x}uZz).

2. Foreach, 1 <i <n, there is one voter of the formy z | w (BU{Xx}U(Z—{z})).
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3. For each, 1 <i <n, there is one voter of the formw (Z—{z}) Bi | x y 3 (B—B),
whereB; = {b; € B|i <n—¢;}.

4. There aren+ myvoters of the form: x | y (BU{w}UZ).

Since the above construction is only slightly modified frdra proof of [HHRO7&, Thm. 4.46],
so as to be formally conform with the SP-AV voter represembatthe same argument as in that
proof shows that” has an exact cover f@ if and only if w can be made the unique SP-AV winner
by partition of voters in model TE. Note that, in the presemitmol scenario, approval voting and
SP-AV can differ only in the run-off, but the constructionseres that they don't differ there.

From left to right, if.” has an exact cover fd then partition the set of voters as followg;
consists of thenvoters of the formry § | w ((B—S§) U {x} UZ) that correspond to the sets in the
exact cover, of tha+ mvoters who approve of only, and of then voters who approve of andz,
1<i<n. LetV, =V —V;. Itfollows thatw is the unique SP-AV winner of both subelecti@® \V-)
and the run-off, simply because no candidate proceeds toutheff from the other subelection,
(C,V1), in whichx andy tie for winner with a score afi-+meach.

From right to left, supposw can be made the uniqgue SP-AV winner by partition of voters in
model TE. Let(V4,V2) be a partition ofV such thatw is the unique SP-AV winner of the run-
off. According to model TEw must also be the unique SP-AV winner of one subelection, $ay o
(C,V1). Note that each voter of the formz | w (BU{x}U(Z—{z})) has to be irv> (other-
wise, we would havecorec,) (W) = scorecy,)(z) for at least one, and sow would not be the
unique SP-AV winner ofC,V;) anymore). However, if there were more tharvoters of the form
y S| w((B-§)U{x}uUZ)inV;thenscorgcy, (y) > n+m, and soy would be the unique SP-
AV winner of the other subelectiorfC,V,). But then, also in the SP-AV mode},would win the
run-off againstv becausescorg y,, v)(y) = 3n+m > n = scorgyy; v) (W), which contradicts the
assumption thatv has been made the unique SP-AV winner by the partifianV,). Hence, there
are at mosmvoters of the forny § | w ((B—S)U{x}UZ)inV,, and thesenvoters correspond
to an exact cover dB. O

Theorem 3.15. SP-AV is vulnerable to destructive control by partition ofars in model TE.

Proof.  Susceptibility holds by Lemma_3.6. To prove vulnerabilitye describe a polynomial-
time algorithm showing that (and how) the chair can exertrdeive control by partition of vot-
ers in model TE for sincere-strategy preference-basedggbvoting. Our algorithm extends the
polynomial-time algorithm designed by Hemaspaandra dHdR074)] to prove approval voting
vulnerable to this type of control. Specifically, our alglonh adds Loop 2 below to their algorithm,
and we will explain below why it is necessary to add this sedoop.

We adopt the following notation from [HHRO7a]. L&E,V) be an election, and for each voter
veV,letS, C Cdenotev's AV strategy. In each iteration of Loop 1 in the algorithimdve we will
consider three candidates,b, andc. Define the following five numbers:

We=|{veVl|ag S, b¢S,ceS}, Lc=[{veV]aeS, beS, cgS},
Da=|{veV|acS, b¢S, c£S}, Dp=|{veV|a¢S, besS, c£S}|, and
Dac=|{veV|aceS, b¢S, ceS}.
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In addition, we introduce the following notation. Given deation (C,V) and two distinct
candidatesc,y € C, let diff (x,y) denote the number of voters ¥ who preferx to y minus the
number of voters iV who prefery to x. DefineBy to be the set of candidatgs# x in C such that
diff (y,x) > 0.

The input to our algorithm is an electigi€,V ), where each votev € V has a sincere AV
strategyS, with 0 # S, # C (otherwise, the input is considered malformed and outnigfected),
and a distinguished candidatec C. On this input, our algorithm works as follows.

1. Checking the trivial cases: can be done as in the case of approval voting, see the proof
of [HHRO7&, Thm. 4.21]. In particular, i€ = {c} then output “control impossible” and
halt, sincec cannot help but win. IfC contains more candidates than oglyput c already
is not the unique SP-AV winner i(C,V) then output the (successful) partitiod, 0) and
halt. Otherwise, if|C|| = 2 then output “control impossible” and halt, ass the unique
SP-AV winner of(C,V) in the current case and so, however the voters are partitjcmaust
win—against the one rivalling candidate—at least one ®diein and also the run-off.

2. Loop 1: For eacha,b € C such that||{a,b,c}|| = 3, check whethe¥ can be partitioned
into V1 andV; such thascorgcy,) (@) > scorgeyy,) (C) andscorgey,) (b) > scorgeyy,) (C). As
shown in the proof of [HHRQ7a, Thm. 4.21], this is equivalenthecking

If (B.1) fails, thisa andb cannot prevent from being the unique winner of at least one
subelection and thus also of the run-off, so we move on taleshexta andb in this loop.

If (8.1) holds, however, output the partitigh,V,) and halt, wher&/ consists of the voters
contributing toDj, of the voters contributing t®,c, and of min\W;, D,) voters contributing
toW;, and where/, =V — V.

3. Loop 2: For eacld € B, partitionV as follows. Let/; consist of all voters iv who approve
of d, and letV, =V —V;. If d is the unique winner ofC,V;), then output(V4,V,) as a
successful partition and halt. Otherwise, go to the WextB..

4. Termination: If in no iteration of either Loop 1 or Loop 2 a successful gaoti of V was
found, then output “control impossible” and halt.

Let us give a short explanation of why Loop 2 is needed for SH3Astressing the difference
with approval voting. As shown in the proof of [HHRO7a, Thm24], if none of the trivial cases
applied, then conditiori_(3.1) holds for sormg € C with ||{a,b,c}|| = 3 if and only if destructive
control by partition of voters in model TE is possible for apgal voting. Thus, for approval voting,
if Loop 1 was not successful for any suarandb, we may immediately jump to the termination
stage, where the algorithm outputs “control impossibled halts. In contrast, if none of the trivial
cases applied, then the existence of candidatasdb with ||{a,b,c}|| = 3 who satisfy[(3.1) isi0t
equivalent to destructive control by partition of votersrindel TE being possible for SP-AV: itis a
sufficient, yet not a necessary condition. The reason iseyext if there are no candidatasandb
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who can prevent from winning one subelection (in some partition of votensyl &#om proceeding
to the run-off, it might still be possible thatloses or ties the run-off due to our rule of moving the
approval line in order to re-enforce our conventions forAFn this control scenario.

Indeed, if Loop 1 was not successful,will lose or tie the run-off exactly if there exists a
candidated # ¢ such thatiff (d, c) > 0 andd can win one subelection (for some partition of voters).
This is precisely what is being checked in Loop 2. Indeede tioat the partitior{Vi,V>) chosen in
Loop 2 ford € Bg is the best possible partition fdrin the following sense: Ifl is not the unique
SP-AV winner of subelectioriC,V;) then, for eactW C V, d is not the unique SP-AV winner of
subelection(C,W). To see this, simply note that @ is not the unique SP-AV winner qfc, V1),
then there is some candidatevith scorgc v, )(X) = scorgc,,)(d) = [|V1]|, which by our choice of
Vi impliesscorgc ) (X) > scorgcy)(d) for each subset/ C V. O

4 Conclusions and Open Questions

We have shown that Brams and Sanver’s sincere-strateggrenee-based approval voting sys-
tem [BS06] combines the resistances of approval and ptyradting to procedural control: SP-AV
is resistant to 19 of the 22 previously studied types of @ntOn the one hand, like Copeland
voting [EHHRO8], SP-AV is fully resistant to constructivergrol, yet unlike Copeland it addition-
ally is broadly resistant to destructive control. On theeothand, like plurality[[BTT92, HHRO7a],
SP-AV is fully resistant to candidate control, yet unlikeallity it additionally is broadly resistant
to voter control. Thus, for these 22 types of control, SP-A% Imore resistances, by three, and
fewer vulnerabilities to control than is currently knowrr Bmy other natural voting system with a
polynomial-time winner problem.

As a work in progress, we are currently expanding our studyR¥AV’s behavior with respect
to procedural control towards other areas of computatienaial choice. In particular, our goal
is to determine the complexity of manipulation [BTT89a] atbery [FHHO6] within SP-AV, in
a variety of scenarios. In addition, we propose as an iniegeand extremely ambitious task for
future work the study of SP-AV (and other voting systems alf)weyond the worst-case—as we
have done here—and towards an appropriate typical-cas@lewity model; see, e.g.l [MPS08,
PRO7]/ CS06, HH, EHRSO07] for interesting results and disonsa this direction.

Acknowledgments: We thank the anonymous MFCS-08 and COMSOC-08 refereesdurtiblp-
ful comments on preliminary versions of this paper.
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